TMA 055 : Diskret matematik
Tentamen 171005
Losningar
F.1 (i) Det ar latt att se att SGD(37,98) = 1 eftersom 37 ar ett primtal.

Dérmed vet vi att inversen till 37 (mod 98) finns, dvs kongruensen HAR en
l6sning. Vi hittar inversen genom Euklides algoritm. Framat far vi

98 =237+ 24,

37=1-24+13,

924 —1-13 + 11,

13=1-11+2,

11=5-241,

2=2-1+0.

Bakat far vi da

1=11-5-2
—11-5-(13 - 11)
=6-11-5-13
=6-(24-13)—-5-13
=6-24-11-13
=624 —11- (37 — 24)
=17-24 —11-37
=17-(98 —2-37) — 11-37
=17-98 — 45 - 37.

Fran den sista raden harleder vi att losningen till kongruensen ar x =
—45 (mod 98), eller om du foredrar positiva tal, z = 53 (mod 98).

(ii) 98 = 2- 7% 50 ¢(98) = ¢(2) - B(7T?) = (2 - 1)(7> = 7) = 1-42 = 42,
Hence, Euler’s Theorem states that, if n is an integer relatively prime to 98,
then

n*? =1 (mod 98).



Note that both 3 and 5 are relatively prime to 98. Hence (all congruences
are modulo 98)

3170 _ (342)4 32=1*.9=9
and
5% = (5%)% .58 =17 . 125 = 27.
Thus,
(3170 + 5" 4 1)% = (9 + 27+ 1)% = 37%,

Since 37 is a prime, it is also relatively prime to 98, so we can apply Euler’s
theorem again. Thus

378 == (3732 .37 L =12. 37 L =37 L.

And in part (i) we have already computed that 37! = 53 (mod 98).
So the answer is 53.

(iii) 19 is a prime, so Zjg is a field, so all the usual manipulations of alge-
braic equations are valid here. In particular, we can use the formula for the
roots of a quadratic equation to deduce that the solutions to the congruence
are given by

3+Vv32-4-2-10
2-2

(mod 19),

8
Il

that is,
z=4""[3+ V=71 (mod 19).

Now one sees immediately that, modulo 19, 4! = 5 and —71 = 5, so we
can simplify to

z =5(3+V5) (mod 19).

By exhaustive search, we find that (£9)2 = 5 (mod 19). Hence, the solution
becomes

r=5B+9)=15+45=15+£7=220r 8 =3 or 8 (mod 19).



F.2 The homogeneous equation is
Up — O6Up_1 + YUupy_o = 0.
The characteristic equation for this is
2% — 6z +9 =0,
which factorises as
(z —3)* =0,

and hence has the repeated root z = 3. Hence the general solution to the
homogeneous equation is

Since 3" and n - 3" are already solutions to the homogeneous equation, our
guess for a particular solution should have the form

ub = A-n* 3" + B.
Substituting into the recurrence relation, the requirement on A is that
A [n23" — 6(n —1)%3" " + 9(n — 2)%3" 2] = 3", (1)
whereas the requirement on B is that
B—-6B+9B =1. (2)

From (1) we deduce that A = 1/2 and from (2) that B = 1/4. Hence the
general solution to our recurrence relation is

2
n 1
Uy = (Cl+02n+—2>-3”+1.

It remains to insert the initial conditions :

1
n=0=>uy=1=0C) + —

o

1 1
”:1:>“1:123<C1+02+§>+Z.



Solving, we obtain Cy = 3/4, Co = —1. Hence the final answer is

3 n2 1
m=-—n+—1-3"+—.
U, (4 n 4+ 2) +4

F.3 (i) Clearly, x(G) > 3 since G contains many triangles. In fact, x(G) > 4
because the vertex h is at the centre of a wheel formed by d, g,%, f,h. This
5-cycle requires three colours, and then a fourth is needed for h. Similarly,
b is at the centre of a 5-cycle formed by v, a,d,e,c. On the other hand, the
graph is plane, hence x(G) < 4, by the Four-Colour Theorem. It follows
that x(G) = 4.

If we apply the greedy algorithm with the nodes ordered so that v is
first, and thereafter alphabetically, then we get a 4-coloring, namely (the
colors are 1,2,3,4)

BE= R

=N W N =

OO |T Y |<
N W N —

J
4 | w

(ii) Apply Dijkstra’s algorithm to build up the following tree

Step | Choice of edge | Labelling
1 {v, b} b:=3
2 {v,a} a:=4
3 {b,e} e:=4
4 {e,h} h:=6
5 {v,c} c:=7
6 {e,d} d:=7
7 {ea f} f=38
8 {dug} g:=9
9 {f.i} i=11
10 {f.J} j— 14
11 {i,w} w =17

Hence the shortest path from v to w is the pathv - b —e — f =1 — w
and has length 17.



F.4 (i) Firstly, one must decide in which of the four suits there are at
least three cards (note that, since there are only 5 cards in total, there is
no overlapping of these decisions). Then it reamins to decide whether the
hand contains 3,4 or 5 cards in the chosen suit. This leads to the following
formula for the total number of admissable hands :

) (3)]

(ii) Since p is a prime, each number amongst 1, 2, ..., p—1 has an inverse mod-
ulo p. Which numbers are their own inverses ? Well, 2 = ! (mod p) &
7?2 =1 (mod p) & z = +1 (mod p), so only 1 and p — 1 are their own
inverses.

So now the idea is the following. The numbers in the product comprising
(p — 1)!, other than 1 and p — 1, can be grouped in inverse-pairs, such that
the product of each pair is congruent to 1 (mod p). It follows that

p-D'=1-(p—1)= -1 (mod p), v.s.v.

(iii) Clearly, D; = Cy = 1, since the only sequence of length 0 is the empty
sequence, which satisfies any property you like. It now suffices to show
that the numbers D,, satisfy the same recurrence relation as the Catalan
numbers, i.e.: that, for every n > 1,

n
D, = Z Dmf]annm (3)
m=1
where T define Dy = 1 (note the m = 1 and m = n terms), for the sake of
consistency with the Catalan recurrence. It will be convenient to divide up
the sum on the HL of (3) in the three intervals m =1, 2 <m <mn —1 and
m = n, and rewrite as
n—1
Dy =Dp 1+ Z Dy 1Dy + Dy (4)
m=2
To prove (4), consider an admissable sequence a - - - a1 of length n— 1.
Suppose some partial sum equals zero, and if so let m tbe the first index
such that



Thus m can be any integer among 1,2,...,n — 1. Consider the two subse-
quences ai---amy and amy1 - Gn_m. The latter must satisfy exactly the
same conditions as the original sequence. Since it has length n — 1 — m,
there are D,,_,, choices for it. No partial sum of the subsequence a; - - - a,,
can equal zero. Thus a; = 1 (no choice there !). If m = 1, this already
gives as D, 1 the number of possibilites for the full sequence in this case,
which is the first term on the HL of (4). If 2 < m < n — 1 then consider the
subsequence as - - - a,,. By (5), a,, is uniquely determined by the previous
terms. Since a; = 1 and m is minimal s.t. (5) is satisfied, we see that the
subsequence as - - - a,, 1 must satisfy exactly the same conditions as at the
outset. Since it has length m — 2, there are Dy, 1 possibilities for it. By the
MP, for each m € {2,...,n — 1}, there are thus D,,, 1D,,_,, possibilities for
the full sequence. This gives the middle sum on the HL of (4).

Finally, the last term on the HL of (4) is just the number of length-(n — 1)
sequences for which no partial sum equals zero (i.e.: (5) is not satisfied for
any m € {l,..,n — 1}). By the same argument as that just given, this
forces a1 = 1 and the sequence as - - - a,,_1, which has length n — 2, to satisfy
exactly the same conditions as the original sequence. Hence, there are D,,_1
possibilities for it, as required.



