file: newHank (Draft 24/5 2000: iMAC.)

A new kind of Hankel-Toeplitz type operator connected with the complementary series

by M. Engliš, S. C. Hille, J. Peetre, H. Rosengren and G. Zhang

0. Introduction. Let us begin by recalling briefly some salient facts from classical Hankel theory (cf. [Ni]). Consider the Hardy class H^2(T), where T is the unit circle in C , and let H^2(T)^⊥ be its orthogonal complement in the space L^2(T). If ϕ is a holomorphic function, one defines the Hankel operator H_ϕ with symbol ϕ by the formula H_ϕf = P^⊥ϕ̄f (f ∈ H^2(T)) where P^⊥ stands for orthogonal projection onto H^2(T)^⊥. (If we instead project onto H^2(T) we get the (classical) Toeplitz operator.) In 1979 Peller (cf. [Pel]) proved that the Hankel operator H_ϕ is in the Schatten-von Neumann class S_p if and only if its symbol ϕ belongs to the Besov space B_pA(T), provided that 1 ≤ p < ∞; later, this result was extended to cover the case 0 < p < 1 also.

A basic property of the Hankel operator is its conformal invariance: the map ϕ → H_ϕ intertwines with certain natural actions of the group SU(1, 1). This has lead mathematicians to study more general operators with a similar property. This generalization can be done in several steps: replacing the Hardy class H^2(T) by the family of (generalized) weighted Bergman spaces A^ν = A^ν (D ) (ν > 0) over the unit disc D ; considering higher order analogues of Hankel operators; using, instead of operators, bilinear or even multilinear forms; passing to the limit ν → ∞, which leads to the famous Fock space and a degenerate limit of SU(1, 1), the Heisenberg group; replacing T, or rather its “interior” D , by a symmetric domain – this leads to other semi-simple groups than SU(1, 1) – or other domains, or even complex manifolds, with or without a group action; passing to dual (“compact”) situations; etc. (cf. e.g. [AFP], [JP], [JPR], [AFJP], [A], [PZ], [Ro]).

In particular, much of the classical Hankel theory can be extended to the case of the group SU(n, 1); instead of the disc there appears now the ball B in C^n . In this case we have an obvious extension of the previous weighted Bergman spaces; we are going to use the same letter for them, writing thus A^ν = A^ν (B). (Clearly, if n = 1 we have B = D so the notation A^ν is unambiguous.)

Generally speaking, Hankel theory forms a link between operator theory and the theory of representations of Lie groups. Whereas in traditional representation theory the focus is mostly on the identification, and the study in abstracto of unitary representations, in Hankel theory other problems appear also, which forces one to leave the Hilbertian scenario, such as – in the case one has a representation realized on a space of linear operators – membership in Schatten-von Neumann classes; boundedness; compactness; finite rank.

In a recent paper [DH], dealing with the group SU(n, 1), it was established that in certain cases the complementary series enters in the decomposition of the tensor product A^ν ⊗Ā^ν . In this paper we wish to realize the complementary series as a space of operators. This leads to a new type of operator apparently not studied before. Whether it is a Hankel or a Toeplitz operator is an academic issue. Therefore we use henceforth the two names together speaking of Hankel-Toeplitz type operator.

The bulk of the paper (Sections 1-5) will be about the case n = 1. In Sections 1-3 we review first some known facts about unitary representations of SU(1, 1). We define then

(Section 4) our Hankel-Toeplitz type operators denoted H_ϕ, acting on the spaces A^ν with 0 < ν <^1_2 ; the symbol ϕ is now not any more analytic. We verify that these operators have the desired intertwining properties and that they are Hilbert-Schmidt operators, as they should. (Note that, formally, the H_ϕ reduce to ordinary Toeplitz operators when ν = 1, and these are never Hilbert-Schmidt.) Finally, in Section 5 we begin at least the study of their Schatten-von Neumann properties; in particular, we uncover the presence of a “cut-off”. That is, we show that our Hankel-Toeplitz type operator can be in S_p only for sufficiently large values of p; so it can never be of finite rank (no Kronecker theorem).

Remark 0.1. (On the work of Wu.) One should bear in mind that for 0 < ν < 1 the spaces A^ν behave differently as compared to the case ν > 1 (ν = 1 is the limiting case of the Hardy class). These spaces, and the operators acting on them, have been investigated at length by Wu and others (see e.g. [Wu]; we refrain from making a detailed comparison here). □

Only in Section 6 we turn to the case of dimension > 1. In this situation we can construct Hankel-Toeplitz type operators H^{(k)}_ϕ , where k is integer ≥ 0 and ϕ a non-analytic symbol, with the desired intertwining property. If ν <^d_2 − k, where dimension is now indicated by the letter d, this produces Hilbert-Schmidt operators so we obtain effectively a unitary equivalence with the complementary series.

Finally, in the last section (Section 7) we show that the operators introduced in Section 6 also can be obtained with the help of certain sesquilinear differential operators which we, by analogy with how this word was used in [JP], refer to as transvectants.

Some notation (for the Reader’s benefit) dimension: n or d sets: (d = 1) D , T; (d > 1) B, S function spaces: (d = 1) H^2(T), A^ν = A^ν (D ), H^λ; (d > 1) A^ν = A^ν (B)

Hankel-Toeplitz type operators: H_ϕ (Introduction only), H_ϕ, H^{(k)}_ψ

other operators or transforms: U^α, S^ν , M_ϕ, T^ν_g , K, J , R, R (means two different things!)

integral kernels: K^ν (z, w) (reproducing kernel in A^ν ), H_H (ditto in an imbedded Hilbert space H; Section 3 only), H_ϕ(z, w) (kernel of H_ϕ) group: (d = 1) G = SU(1, 1); (d > 1) G = SU(d, 1) Schatten-von Neumann class: S_p N. B. – In Sections 4-5 (d = 1), ν, α, λ are quantities connected by α = 2ν, λ = 2 − α;

in Sections 6-7 (d > 1), by α = 2ν + 2k, λ = d + 1 − α.

N. B. – The sign □ is used not only for “end of proof”, but also for “end of remark”.

1. Review of irreducible unitary representations of SU(1, 1). It will be con-

venient to set G^{def}= SU(1, 1); the elements of this group thus are matrices g = (¯ δ γ̄ γ δ )

where γ and δ are complex numbers with |δ|^2 − |γ|^2 = 1. The universal covering group of G will be denoted ~G.

As is well-known, the irreducible unitary representations of G (and its universal cover) come in several series (cf. e.g. [L] or [Su]). Below we recall briefly their definition choosing as the underlying manifold either the unit disc D or, perhaps even better, its boundary T = ∂D with G acting on these sets via fractional linear transformations.

1. P r i n c i p a l s e r i e s. We consider the Hilbert space of square integrable functions over T with norm

(1.1) ‖f‖^2 = 1 2π ∫ T |f(x)|^2|dx| < ∞.

Then letting G act (with gx = αx + β γx + δ ) via either f(x) → f(gx)|γx + δ|^{−(1+is)} or f(x) → f(gx)|γx + δ|^{−(1+is)} sign(γx + δ), where s is any real number, we obtain an irreducible unitary representation. There are thus two principal series parametrized by the real number s. We are not going to use any of them; it is only for the Reader’s benefit that we have mentioned them here.

2. C o m p l e m e n t a r y s e r i e s. Let us first define the potential operator U^α acting on smooth functions on T,

U^αf(x) = c_α 2π ∫ T |1 − xȳ|^{−α}f(y) |dy|, where 0 < α < 1. Here c_α is a constant which is normalized by the prescription that U^α1 = 1; it will be computed in the following section.

Letting ⟨·, ·⟩ stand for the scalar product corresponding to the norm in (1.1) the formula ‖f‖^2_α = ⟨U^αf, f⟩ = c_α 2π ∫ ∫ T×T |1 − xȳ|^{−α}f(x)f(y) |dx| |dy| gives a norm. This follows from the fact that the kernel |1 − xȳ|^{−α} is positive definite for α precisely in the interval 0 < α < 1. It is invariant under the group action f(x) → f(gx)|γx + δ|^{−λ} ≡ f^g(x) provided that λ is related to α via the formula λ = 2 − α . Proof of the invariance. Indeed, changing the variables of integration yields

‖f‖^2_α = c_α 2π ∫ ∫ T×T |1 − gxgy|^{−α}f(gx)f(gy) |dgx| |dgy|. Now one has the identities

(1.2) 1 − gxgy = 1 − xȳ (γx + δ)(γy + δ) and (1.3) |dgx| = |dx| |γx + δ|^2 ; |dgy| = |dy| |γy + δ|^2 . Thus we obtain, using (1.2) and (1.3),

‖f‖^2_α = c_α 2π ∫∫ T×T |1 − xȳ|^{−α}f(gx)|γx + δ|^{−(2−α)}f(gy)|γy + δ|^{−(2−α)} |dx| |dy| = = c_α 2π ∫∫ T×T |1 − xȳ|^{−α}f^g(x)f^g(y) |dx| |dy| = = ‖f^g‖^2_α. □

Taking the completion of smooth functions in the norm ‖ · ‖_α gives a Hilbert space denoted H^λ on which we have a unitary representation of G which can be proved to be irreducible. If we let λ vary in the interval 1 < λ < 2, these representations make up the complementary series.

3. H o l o m o r p h i c d i s c r e t e s e r i e s. For ν > 1 we denote by A^ν the Hilbert space of holomorphic functions in D , square integrable with respect to the weighted probability measure dμ_ν ,

dμ_ν (z) = ν − 1 π (1 − |z|^2)^{ν−2}dx dy. The norm in A^ν is thus given by

(1.4) ‖f‖^2_ν = ν − 1 π ∫ ∫ D |f(z)|^2(1 − |z|^2)^{ν−2}dx dy. The group G acts on A^ν via the transformations f(x) → f(gx)(γx + δ)^{−ν} . (Note that, strictly speaking, we have, unless ν is integer, a projective representation, that is, an action of the covering group G̃.)

If ν → 1 the measure dμ_ν tends to the normalized arc length measure on the circumference T, ν − 1 π (1 − |z|^2)^{ν−2}dx dy → 1 2π |dz| (z = x + iy); thus it is natural to define A^1 = H^2.

If 0 < ν < 1 we can still define A^ν taking the integral in (1.4) in a generalized sense (analytic continuation of the parameter; this is the method of M. Riesz).

The invariance of the norm can be established by first proving it for ν > 1, in a similar way as was done in the case of the complementary series, and then performing an analytic continuation.

4. A n t i - h o l o m o r p h i c d i s c r e t e s e r i e s. This series arises by taking the complex conjugates of the functions belonging to the previous spaces A^ν . We denote the corresponding spaces by Ā^ν ; thus, each space Ā^ν consists of anti-holomorphic functions f(z̄) and the group G acts Ā^ν on the via the transformations f(x) → f(gx)(γx + δ)^{−ν} .

In view of the F. Riesz lemma, we can also identify the space Ā^ν with the dual of A^ν , Āν ≈ (Aν )′. 2. More about the spaces H^λ and A^ν . We begin with the space H^λ and say then, more in passing, a few words about A^ν also.

1. T h e s p a c e H^λ. First we wish to calculate the norm, in the H^λ-metric, of the elements of the standard orthogonal basis {x^m} (m = 0, ±1, ±2, . . . ). To this end we need to calculate U^αx^m. As, quite generally, U^αf = U^αf̄, it suffices to take m ≥ 0.

We have the double series expansion

|1 − xȳ|^{−α} = (1 − xȳ)^{− α2} (1 − xȳ)^{− α}2 = ∞∑ k,ℓ=0 (^α_2 )_k k! (^α_2 )_ℓ ℓ! x^kȳ^kx̄^ℓy^ℓ.

Here we used the Pochhammer symbol or factorial:

(u)_p = u(u + 1) . . . (u + p − 1) (p = 0, 1, 2, . . . ),

where conventionally (u)_0 = 1 for p = 0. We have to multiply this by y^m and integrate. Then, in view of the orthogonality, all terms drop out except those for which k = m + ℓ. Thus we find U^αx^m = c_α ∞∑ ℓ=0 (^α_2 )_{ℓ+m}(^α_2 )_ℓ (ℓ + m)!ℓ! x^m. Let us write

(ℓ + m)! = 1 · 2 · . . . · m(m + 1) . . . (m + ℓ) = m!(m + 1)_ℓ

and, similarly,

(^α_2 )_{ℓ+m} =^α_2 (^α_2 + 1) . . . (^α_2 + m − 1)(^α_2 + m) . . . (^α_2 + m + ℓ − 1) = (^α_2 )_m(^α_2 + m)_ℓ.

Then the last sum can be rewritten as

(^α_2 )_m m! ∞∑ ℓ=0 (^α_2 + m)_ℓ(^α_2 )_ℓ (m + 1)_ℓ 1 ℓ! = (^α_2 )_m m!^2

F_1(^α_2 ,^α_2 + m; m + 1; 1),

where_2F_1 stands for the hypergeometric function. Now recall Gauss’s famous formula:

(2.1)_2F_1(a, b; c; 1) = Γ(c)Γ(c − a − b) Γ(c − a)Γ(c − b) . In our case it gives

2F_1(^α_2 ,^α_2 + m; m + 1; 1) = m! Γ(1 − α) Γ(1 −^α_2 + m)Γ(1 −^α_2 ) .

As (^α_2 )_m =

Γ(^α_2 + m)

Γ(^α_2 ) , this again implies that

U^αx^m = c_α

Γ(^α_2 + m)Γ(1 − α) Γ(1 −^α_2 + m)Γ(1 −^α_2 )Γ(^α_2 ) x^m. In particular, taking m = 0 we find that (recall that U^α1 = 1)

(2.2) c_α =

(Γ(1 −^α_2 ))^2 Γ(1 − α) .

Thus, eliminating c_α, we can write

U^αx^m =

Γ(^α_2 + m) Γ(1 −^α_2 + m) : Γ(^α_2 ) Γ(1 −^α_2 ) x^m =

(^α_2 )_m (1 −^α_2 )_m x^m. Here we have assumed that m > 0. Upon formally replacing m by |m| we can also write an analogous formula valid regardless of the sign of m.

Hence the desired formula for the α-norm of x^m:

‖x^m‖^2_α = ⟨U^αx^m, x^m⟩ =

(^α_2 )_{|m|} (1 −^α_2 )_{|m|} . This again gives the expression of the norm of an arbitrary function f ∈ H^λ in terms of its Fourier coefficients f̂(m):

‖f‖^2_α = ∞∑ m=−∞ (^α_2 )_{|m|} (1 −^α_2 )_{|m|} |f̂(m)|^2.

2. T h e s p a c e A^ν . Finally, we turn to the spaces A^ν (ν > 0). In any case we have the following expression for the norm of the powers of z:

‖z^n‖^2_ν = n! (ν)_n (n = 0, 1, 2, . . . ), so the norm of a general element f ∈ A^ν , in term of its Fourier (or Maclaurin) coefficients, is given by

‖f‖^2_ν = ∞∑ n=0 n! (ν)_n |f̂(n)|^2 (n = 0, 1, 2, . . . ). For ν > 1 this is proved by integration and in general by analytic continuation.

It follows that the space A_ν has a reproducing kernel given by the formula

K(z, w̄) = K^ν (z, w̄) = (1 − zw̄)^{−ν} = ∞∑ n=0 (ν)_n n! (zw̄)^n.

3. Decomposition of A^ν ⊗Ā^ν . The representation of the universal covering ~G of G in the Hilbert space tensor product A^ν ⊗ Ā^ν is trivial on the center of ~G. It therefore factors to a representation of G. The explicit decomposition of this representation of G into a direct integral of irreducible unitary representations was first performed in [ØZ]. Recently it has been shown that A^ν ⊗ Ā^ν is equivalent to a canonical representation as defined in [VGG], see also [DH] and [H1]. In that context, they also computed the decomposition.

A very interesting aspect of the result – from our point of view – is the occurrence of the complementary series representation H^{2−2ν} as an invariant subspace in A^ν ⊗ Ā^ν when 0 < ν <^1_2 (this fact is also stated in [Ne1]; see also the interesting paper [Ne2] as well as Remark 4.1 infra). This will result in the new kind of Hankel-Toeplitz type operators mentioned in the title.

We would like to spend some words on the computation of the decomposition. The method that will be explained is not the one from [ØZ], but the approach as in [DH], [H1]. It has the advantage that it can be generalized more easily to other groups like SO(1, n), SU(p, q), Sp(1, n) and others, or to tensor product of the form A^{ν1} ⊗ Ā^{ν2} . See also [DP] and [H2].

The space A^ν ⊗ Ā^ν can be considered as a Hilbert space of functions on D × D that are holomorphic in the first and anti-holomorphic in the second variable, and in which point evaluation is a continuous linear functional. As such it has a reproducing kernel, which is

(3.1) ((z_1, z_2), (w_1, w_2)) → K^ν (z_1, w_1)K^ν (z_2, w_2).

A function f ∈ A^ν ⊗Ā^ν is completely determined by its restriction to the diagonal Δ(D ) = {(z, z) : z ∈ D }. Let R : A^ν ⊗Ā^ν → C^∞(D ) be this restriction map. Now G acts in C^∞(D ) by means of f(x) → f(gx)|γx + δ|^{−2ν} , and R is equivariant.

Lemma 3.1. The image of R is precisely the Hilbert space H(|K^ν |^2) determined by the reproducing kernel |K^ν |^2(z, w) = |K^ν (z, w)|^2 = |1 − zw̄|^{−2ν} . Proof. By taking w_1 = w_2 in (3.1) it is clear that the Hilbert space H(|K^ν |^2) is contained in the image of R. Let F be in the orthogonal complement of R^{−1}(H(|K^ν |^2)). Because K^ν (·, z) ⊗ K^ν (·, z) is an element of this inverse image, F (z, z) = ⟨F, K^ν(·, z) ⊗ K^ν (·, z)⟩ = 0 for all z ∈ D . Therefore F = 0. □

Let 1 denote the function constant one in A^ν . Corollary. The vector 1 ⊗ 1 is cyclic in A^ν ⊗ Ā^ν for G. Proof. The function 1 = |K^ν |^2(·, 0) = R(1 ⊗ 1) is cyclic in H(|K^ν |^2). □ If (π, H) is any unitary representation with cyclic vector v_0, then

(3.2) v → f_v(g)^{def}= ⟨v, π(g)v_0⟩_H

gives a continuous G-equivariant embedding of H into C^∞(G), when G acts in the latter space by left translation. By means of the Haar measure on G, C^∞(G) can be identified with a subspace of the space D^′(G) of distributions on G. Thus H embeds continuously and equivariantly into D^′(G). In the terminology of [S] it is an invariant Hilbert subspace of D^′(G). As such its reproducing kernel H_H : D(G) → D^′(G) is given by H_H(φ) = φ ∗ f_v, where ∗ denotes convolution product.

In our situation, 1 ⊗ 1 is not only cyclic, but it is also left fixed by

K = S(U(1) × U(1)) = {( e^{iφ} 0 0 e^{−iφ} ) : 0 ≤ φ < 2π } ≃ U(1).

Because D ≃ G/K, A^ν ⊗ Ā^ν can be realized as a Hilbert subspace of D^′(D ). Identifying functions on D with functions on G that are right-K-invariant, the reproducing kernel H_ν : D(D ) → D^′(D ) is given by H_ν (f) = f ∗ ψ_ν , where

ψ_ν (g) = ⟨1 ⊗ 1, g · 1 ⊗ 1⟩_Aν_⊗¯_Aν = |δ|^{−2ν} .

It satisfies ψ_ν (k_1gk_2) = ψ_ν (g) for all k_1, k_2 ∈ K and g ∈ G.

If A denotes the one-parameter subgroup of the elements

a_t = ( cosh t sinh t sinh t cosh t ) , t ∈ R, then G = KAK. Thus ψ_ν is completely determined by its restriction:

ψ_ν (a_t) = (cosh t)^{−2ν} ,

and this is precisely the function used in [VGG] to define canonical representations. The canonical representation corresponding to ψ_ν is therefore equivalent to the tensor product A^ν ⊗ Ā^ν .

The Hilbert spaces of both the principal series (without “sign”) and the complementary series contain the constant function 1. It is cyclic because the representations are irreducible, and it is left fixed by K. Define

φ_z (g)^{def}= 1 2π ∫_{2π} 0 |−γx + δ|^{−(1+z)}|dx|. Then φ_z is the reproducing kernel f_1 (see (3.2)) of the principal series if z = is, s ∈ R, and of the complementary series H^λ if z = α = 2 − λ, 1 < λ < 2.

In the weak sense, ψ_ν can be expressed in terms of an integral of φ_z in D^′(G), z ∈ iR ∪ (0, 1). Theorem 3.1. i. If ν ≥^1_2 , then

ψ_ν = 1 Γ(ν)^2 ∫_∞ 0 φ_{is} · a(s)ds, ii. If 0 < ν <^1_2 , then

(3.3) ψ_ν = 2π cot πν

Γ(2ν) Γ(ν)^2

· φ_{1−2ν} + 1 Γ(ν)^2 ∫_∞ 0 φ_{is} · a(s)ds. Here a(s) = | | | | Γ(^{is+1}_2 )Γ(^{is−1}_2 ) Γ(^{is}_2 ) | | | | 2 .

The direct integral decomposition of A^ν ⊗Ā^ν can now be derived from these expressions for ψ_ν , see [S]. In particular one can conclude from (3.3) that the complementary series representation H^{2−2ν} is an invariant subspace of A^ν ⊗ Ā^ν for 0 < ν <^1_2 . So there should exist a G-equivariant map of H^{2−2ν} into the Hilbert-Schmidt operators S_2(A^ν ). This map will be ϕ → H_ϕ, where H_ϕ is the Hankel-Toeplitz type operator to be defined in the next section.

4. The Hankel-Toeplitz type operator. Let ν ∈ (0,^1_2 ) be fixed and set (recall that α = 2 − λ) λ = 2 − 2ν or α = 2ν .

Thus λ lies in the interval (1, 2). To every element ϕ ∈ H^λ we associate a Hilbert-Schmidt operator H_ϕ acting from A^ν to itself, H_ϕ ∈ S_2(A^ν ). Formally, it is given by the integral

H_ϕf(x) = 1 2π ∫ T ϕ(y)f(y) (1 − xȳ)^ν |dy| (f ∈ A^ν , x ∈ D ). This gives H_ϕf as an element of A^ν in terms of its boundary values. We call H_ϕ the Hankel-Toeplitz type operator with symbol ϕ.

Remark 4.1. Before we proceed to show that the map ϕ → H_ϕ has the desired properties, let us look at some equivalent versions of this correspondence. This will facilitate our discussion of the unit ball. First, identifying S_2(A^ν ) with A^ν ⊗ Ā^ν gives the map K sending ϕ to the integral kernel

H_ϕ(z, w̄) = H_ϕ(k_w)(z) = 1 2π ∫ T ϕ(y) (1 − zȳ)^ν (1 − yw̄)^ν |dy|, where we have written k_w(·) = K^ν (·, w). Second, one may consider the adjoint operator J from A^ν ⊗ Ā^ν to H^λ (note that both representations are self-dual). Formally, it is determined by the identity ⟨J (f ⊗ ḡ), ϕ⟩ = ⟨f ⊗ ḡ, Kϕ⟩ = 1 2π ∫ T ϕ(y)⟨f, k_y⟩⟨g, k_y⟩ |dy|. Now, for f and g polynomial, the reproducing formula holds also on the boundary, so that ⟨J (f ⊗ ḡ), ϕ⟩ = ⟨R(f ⊗ ḡ), ϕ⟩_L2_{(T)} = ⟨(U^α)^{−1}R(f ⊗ ḡ), ϕ⟩_Hλ , where R is the operator of restriction to the diagonal of the boundary: R(f ⊗ ḡ)(x) = f(x)g(x) (x ∈ T). Thus we have found that, at least formally,

J = (U^α)^{−1}R .

This is how Neretin constructs these operators in [Ne2]. □

To gain a better feeling for the operator H_ϕ let us also introduce the following integral operator on T:

(4.1) S^ν h(x) = 1 2π ∫ T h(y) (1 − xȳ)^ν |dy| (x ∈ T).

For ν = 1 it reduces to the Szegö projection. Therefore we call S^ν the Szegö transformation of weight ν. One readily sees what is the effect of S^ν on basis elements:

S^ν x^n = (ν)_n n! x^n n ≥ 0 0 n < 0 .

Denoting further the operation of multiplication by ϕ by M_ϕ we can then write

H_ϕ = S^ν M_ϕ .

Lemma 4.1. If we let h transform with biweight (1, 1 − ν), then S^ν transforms with weight ν.

Proof. Let us replace, in (1), x by gx making at the same time a change of variables in the integral, y → gy: S^ν h(gx) = 1 2π ∫ T h(gy) (1 − gxgy)^ν |dgy| (x ∈ T). Proceeding as in Section 1 (see (1.1) and (1.2)) one finds S^ν h(gx)(γx + δ)^{−ν} = 1 2π ∫ T h(gy)(γy + δ)^{−1}(γy + δ)^{−(1−ν)} (1 − xȳ)^ν |dy| (x ∈ T). Setting, quite generally, T^g_{(ν1 ,ν2)}h(x) = h(gx)(γx + δ)^{−ν1} (γx + δ)^{−ν2} , with T^g_{(ν,0)} = T^g_ν , this can also be stated as

T^g_ν S^ν = S^ν T^g_{(1,1−ν)} ,

which is all that we need. □

From this lemma we again readily deduce the following.

Corollary 4.1. Let ϕ and f transform according to the rules ϕ(x) → ϕ(gx)|γx + δ|^{−λ} and f(x) → f(gx)(γx + δ)^{−ν} respectively. Then H_ϕf transforms with weight ν, that is, we have the formula T^g_ν H_ϕ = H_T^g_{λ ϕ}T^g_ν . □

Next we verify that we indeed get Hilbert-Schmidt operators.

Lemma 4.2. The operator H_ϕ for ϕ ∈ H^λ is Hilbert-Schmidt in A^ν and its Hilbert- Schmidt norm is given by ‖H_ϕ‖^2_{S2} = c^{−1}_α ‖ϕ‖^2_α where c_α is the constant defined in Section 2 (see (2.2)).

Proof. Using the above formula for S^ν x^n, one finds for any integer r

(4.2) H_xr z^n = (ν)_{n+r} (n + r)! z^{n+r} n + r ≥ 0, 0 n + r < 0 (n = 0, 1, 2, . . . ).

It follows that ⟨H_ϕz^n, z^m⟩ = ϕ̂(m − n). As z^n/‖z^n‖_ν (n = 0, 1, 2, . . . ) is an orthonormal basis of A^ν , we thus have

‖H_ϕ‖^2_{S2} = ∞∑ m,n=0 |⟨H_ϕz^n, z^m⟩|^2 ‖z^n‖^2_ν ‖z^m‖^2_ν = ∞∑ m,n=0 |ϕ̂(m − n)|^2 ‖z^n‖^2_ν ‖z^m‖^2_ν = ∞∑ m,n=0 |ϕ̂(m − n)|^2 (ν)_n(ν)_m n! m! .

However, we saw in Section 2 that c_α ∞∑ n=0 (ν)_n(ν)_{n+k} n! (n + k)! = (ν)_k (1 − ν)_k (k = 0, 1, 2, . . . ).

Consequently,

‖H_ϕ‖^2_{S2} = c^{−1}_α ∞∑ k=−∞ |ϕ̂(k)|^2 (ν)_{|k|} (1 − ν)_{|k|} = c^{−1}_α ‖ϕ‖^2_α. □

Remark 4.2. We indicate an alternative way of deriving the above results, although the underlying idea is essentially the same. We realize the tensor product A^ν ⊗ Ā^ν as a space of functions F (z, w) on D × D , holomorphic in z and anti-holomorphic in w. Given such a function F (z, w), corresponding to an element in A^ν ⊗ Ā^ν , the corresponding operator is (4.3) f(z) → ⟨f(·), F (z, ·)⟩_Aν , where (this can easily be proved) for a fixed z ∈ D the function F (z, ·) is in Ā^ν . We obtain then the realization of the complementary series as a space of functions on D as follows. Generally speaking, let ϕ_λ(z) be the spherical function on D ,

ϕ_λ(z) = ∫ ∂D ( 1 − |z|^2 |1 − zb̄|^2 )^{1−λ}_2

|db| = (1 − |z|^2)^{1−λ2}_2F_1(^{1−λ}_2 ,^{1−λ}_2 , 1, |z|^2).

For 0 < λ < 1, ϕ_λ is positive definite (see e.g. [He], p. 484 and references given there) and thus we get an irreducible unitary representation of G, denoted as before by H^λ, realized as a space of functions on D with the regular G-action. We construct an intertwining operator from H^λ to the tensor product A^ν ⊗ Ā^ν by polarization. Notice that ϕ_λ(z) is the restriction of a (unique) function holomorphic in z and antiholomorphic in w, to wit the function ϕ_λ(z, w) = ∫ ∂D ( 1 − zw̄ (1 − zb̄)(1 − bw̄) ) 1−λ_2 |db| = (1 − zw̄)^{1−λ2}_2F_1(^{1−λ}_2 ,^{1−λ}_2 ; 1; zw̄).

There is a formal intertwining operator from H^λ to the space of functions f(z, w) holomorphic in z and antiholomorphic in w, with the same action as in A^ν ⊗ Ā^ν , namely

H^λ → A^ν ⊗ Ā^ν : ∑ j c_j ϕ_λ(g_j z) → (1 − zw̄)^{−ν} ∑ j c_j ϕ_λ(g_jz, g_jw).

To prove that H^λ is a discrete part we thus need only to prove that the image of ϕ_λ is in A^ν ⊗ Ā^ν , for λ = 1 − 2ν. But then the image is

(1 − zw̄)^{−ν} (1 − zw̄)^{1−λ2}_2F_1(^{1−λ}_2 ,^{1−λ}_2 ; 1; zw̄) =_2F_1(ν, ν; 1; zw̄) = ∞∑ n=0 (ν)_n(ν)_n n! (zw̄)^n n! , so its tensor norm square is ∞∑ n=0 ( (ν)_n(ν)_n n! )_2

(ν)^{−2}_n = ∞∑ n=0 ( (ν)_n n! )_2

=_2F_1(ν, ν; 1; 1) = c^{−1}_α < ∞

by formula (4.3). □

We may summarize our findings as follows.

Theorem 4.1. For every ϕ ∈ H^λ the Hankel-Toeplitz type operator H_ϕ is a Hilbert- Schmidt operator on A^ν where λ = 1 − 2ν and 0 < ν <^1_2 with the Hilbert-Schmidt norm given by ‖H_ϕ‖^2_{S2} = c^{−1}_α ‖ϕ‖^2_Hλ .

The symbol map ϕ → H_ϕ is an isometry from H^λ into S_2(A^ν ) and it intertwines with the natural actions of the group G on these spaces. □

Corollary 4.2. Making the identification S_2(A^ν ) = A^ν ⊗ Ā^ν we have a representation of the complementary series in the Hilbert tensor products A^ν ⊗ Ā^ν with 0 < ν <^1_2 .

This last fact follows from the results in [DH]. □ 5. Cut-off. In this Section we consider membership of our Hankel-Toeplitz type operator H_ϕ in Schatten-von Neumann classes. (For the theory of Schatten-von Neumann classes see e. g. [Si].) We know already (Section 4) that H_ϕ is in S_2 for any symbol ϕ ∈ H^λ (see Theorem 4.1).

We are going to apply a very well-known reasoning. Assume that we have H_ϕ ∈ S_p where ϕ ≢ 0. As for some Fourier coefficient it holds that ϕ̂(r) ≠ 0, taking averages over rotations about the origin 0 ∈ D , we see that 0 ≠ H_xr ∈ S_p also. The pth power of the S_p-norm of an operator is the sum of the corresponding powers of its singular values. So we must compute the singular values, say, s_n (n = 0, 1, 2, . . . ) of H_xr .

For simplicity let r ≥ 0. From (4.2) one finds

H^∗_xr z^{n+r} = (ν)_n n! z^n and hence H^∗_xr H_xr z^n = (ν)_{n+r} (n + r)! (ν)_n n! z^n. We conclude that, again in view of Stirling’s formula,

s_n = √ (ν)_{n+r} (n + r)! (ν)_n n! = 1 Γ(ν) · √ Γ(n + r + ν) Γ(n + r + 1)

Γ(n + ν) Γ(n + 1) ∼ 1 Γ(ν) n^{−(1−ν)}. Thus_∞ ∑ n=0 s^p_n < ∞ ⇐⇒ p(1 − ν) > 1 or^1_p < 1 − ν.

Thus, to sum up, we have established the following theorem.

Theorem 5.1. There exists a Hankel-Toeplitz type operator H_ϕ with non-vanishing symbol ϕ, ϕ ≢ 0, belonging to the Schatten-von Neumann class S_p(A^ν ) if and only if 1 p < 1 − ν. In other words, we have the cut-off at^1_p = 1 − ν. □

Corollary 5.1. There are no Hankel-Toeplitz type operators with non-vanishing symbol which are of finite rank. □

Remark 5.1. (on the case ν >^1_2 ) The definition of H_ϕ makes formally sense for any ν. For instance, we can define it on the vector space of all polynomials. If^1_2 < ν < 1 we can still conclude that we get S_p-operators only if^1_p < 1 − ν. If ν > 1 the interpretation of our computation is that the operator is never bounded (unless the symbol vanishes). Note also that for ν = 1, H_ϕ reduces to the classical Toeplitz operators mentioned in the introduction. □

6. The case of the unit ball in C^d . We consider the complex vector space C^d with its standard Hermitian inner product ⟨·, ·⟩, denoting the unit ball by B = B^d. Let dm(z) be the Lebesgue measure on C^d and consider, for ν > d, on B the normalized weighted measure dμ_ν defined by dμ_ν (z) = C_ν (1 − |z|^2)^{ν−d−1}dm(z), where C_ν = 1 π^d Γ(ν) Γ(ν − d) is the normalizing constant. Consider also the Bergman space A^ν = A^ν (B) of square integrable holomorphic functions with respect to dμ_ν . It has the reproducing kernel K^ν (z, w) = (1 − ⟨z, w⟩)^{−ν} . The group G = SU(d, 1) of biholomorphic mappings of B acts unitarily on the space A^ν via (a projective representation) f(z) → f(gz)J_g(z)^{νd+1} , where J_g is the Jacobian determinant of g ∈ G. The reproducing kernel K^ν (z, w) is positive definite for all ν > d. This follows also from the binomial expansion

(6.1) K^ν (z, w) = ∞∑ m=0 (ν)_m m! ⟨z, w⟩^m;

indeed, this shows that K^ν (now taking (6.1) as a definition) is positive definite for all ν > 0. We thus get an analytic continuation of the Hibert spaces A^ν for all ν > 0. (When ν = 0 we get the trivial Hilbert space consisting of only the constant functions.) We let Āν be the conjugate of the Hilbert space Aν , namely the space consisting of the complex conjugates f̄ of the functions f in A^ν . Moreover, the group G acts on Ā^ν by taking formally complex conjugates.

Our main concern will be the tensor product A^ν ⊗ Ā^ν . Note that the group action of G on the tensor product forms a genuine representation of this group. As in the case of the unit disc, there is a family of unitary representations of G realizing a complementary series on the spaces H^λ of functions ψ on the unit sphere S = S^{2d−1} = ∂B in C^d , with norm ‖ψ‖^2_λ = ∫ ∫ S×S ψ(x)ψ(y) |1 − ⟨x, y⟩|^{d+1−λ} dσ(x)dσ(y), where dσ is the normalized area measure on S. Similarly to the unit disc, this can be written as ‖ψ‖^2_λ = ⟨U^{d+1−λ}ψ, ψ⟩, where U^αψ(x) = ∫ S |1 − ⟨x, y⟩|^{−α}ψ(y) dσ(y). We now construct the intertwining operators of our complementary series into the tensor product A^ν ⊗ Ā^ν . We view the elements in A^ν ⊗ Ā^ν as functions on B × B, holomorphic in z and anti-holomorphic in w. For any integer k ≥ 0 and a function ψ on ∂B we set

H^{(k)}_ψ (z, w) = ∫ S (1 − ⟨z, w⟩)^kψ(s) (1 − ⟨z, s⟩)^{k+ν} (1 − ⟨s, w⟩)^{k+ν} dσ(s) . Theorem 6.1. The operator K^{(k)} : ψ → H^{(k)}_ψ (z, w)

is up to a non-zero constant a unitary intertwining operator from the space H^{d+1−2ν−2k} into the tensor product A^ν ⊗ Ā^ν , for 0 ≤ k <^{d−2ν}_2 .

Proof. As is indicated in Section 4, we need only to prove that H^{(k)}_ψ is in A^ν ⊗ Ā^ν for some ψ ≠ 0 in H^{d+1−2ν−2k}. The result then follows from Schur’s lemma. Taking ψ = 1 we have H^{(k)}_ψ (z, w) = (1 − ⟨z, w⟩)^k ∞∑ m,n=0 (ν + k)_m m! · (ν + k)_n n! ∫ S ⟨z, s⟩^m⟨s, w⟩^ndσ(s).

The integral can be calculated directly (see e.g. [Ru], p. 18): ∫ S ⟨z, s⟩^m⟨s, w⟩^ndσ(s) = m! (d)_m ⟨z, w⟩^mδ_{m,n} where δ_{m,n} is the Kronecker symbol. Thus H^{(k)}_ψ (z, w) = (1 − ⟨z, w⟩)^k ∞∑ m=0 (ν + k)_m(ν + k)_m m!(d)_m ⟨z, w⟩^m.

Now (1 − ⟨z, w⟩)^k = ∑_k j=0(−1)^j (_k j ) ⟨z, w⟩^j and therefore

H^{(k)}_ψ (z, w) = k∑ j=0 ( k j ) (−1)^j ⟨z, w⟩^j ∞∑ m=0 (ν + k)_m(ν + k)_m m!(d)_m ⟨z, w⟩^m =

= ∞∑ m=0 C_m⟨z, w⟩^m with

C_m = k∑ j=0 (−1)^j ( k j ) (ν + k)_{m−j} (ν + k)_{m−j} (m − j)!(d)_{m−j} . Let us rewrite the coefficient C_m in terms of the hypergeometric function. Notice that ( k j ) = (−1)^j (−k)_j j! , (u)_{m−j} = (−1)^j (u)_m (−u − m + 1)_j for any u. Thus we have

C_m =

(ν + k)_m(ν + k)_m

(d)_mm! k∑ j=0 (−k)_j j! (−m)_j (−d − m + 1)_j (−ν − k − m + 1)_j (−ν − k − m + 1)_j = (ν + k)_m(ν + k)_m

(d)_mm! × ×_3F_2(−k, −m, −d − m + 1; −ν − k − m + 1, −ν − k − m + 1; 1). To get the right approximation formula of C_m for large m we use Thomae’s transformation formula (see [GR], p. 59), 3F_2(−n, a, b; c, d; 1) = (d − b)_n (d)_n^3 F_2(−n, c − a, b; c, 1 + b − d − n; 1), to obtain

C_m =

(ν + k)_m(ν + k)_m(−ν − k + d)_k (d)_mm!(−ν − k − m + 1)_k × ×_3F_2(−k, −ν − k + 1, −d − m + 1; −ν − k − m + 1, 1 + ν − d; 1). The sum_3F_2(−k, −ν − k + 1, −d − m + 1; −ν − k − m + 1, 1 + ν − d; 1) is bounded for large m. Moreover, we have | | | (ν + k)_m(ν + k)_m(−ν − k + d)_k (d)_mm!(−ν − k − m + 1)_k | | | = | | | (ν + k)_m(ν + k)_m(ν − d + 1)_k (d)_mm!(ν + m)_k | | | ≈ ≈ 1 m^{d+1−2ν−k} , whence

(6.2) |C_m| = O ( 1 m^{d+1−2ν−k} ) . We calculate now the Hilbert-Schmidt norm of H^{(k)}_ψ . From the binomial expansion (6.1) we see that the expression^{(ν)m}_{m!} ⟨z, w⟩^m there corresponds to the orthogonal projection from A^ν into the subspace of homogeneous polynomials of degree m, whose dimension is (_{m+d−1} d−1 ) . Thus ‖ ‖ ‖ (ν)_m m! ⟨z, w⟩^m ‖ ‖ ‖ 2 A^ν ⊗Ā^ν = ( m + d − 1 d − 1 ) = (d)_m m! , that is, ‖⟨z, w⟩^m‖^2_{Aν ⊗Āν} = (d)_mm! (ν)^2_m . The elements ⟨z, w⟩^m are pairwise orthogonal. Thus H^{(k)}_ψ is in the tensor product space if and only if the series

(6.3) ‖H^{(k)}_ψ ‖^2_{Aν ⊗Āν} = ∞∑ m=0 C^2_m‖⟨z, w⟩^m‖^2_{Aν ⊗Āν} = ∞∑ m=0 C^2_m

(d)_mm! (ν)^2_m

is convergent. Now

(d)_mm! (ν)^2_m

≈ m^{d+1−2ν} so using (6.2) we see that the above series (6.3) is approximately_∞ ∑ m=1 1 m^{d+1−2ν−2k} , which series again is convergent if and only if 2ν + 2k < d. This completes the proof. □ Remark 6.1. The condition on the parameters can also be written ν <^d_2 − k, so if let formally d = 1 and take k = 0 then it reduces to the prevous condition ν <^1_2 (see Section 4; remember that we have assumed that k ≥ 0). □

Remark 6.2. The coefficients C_m appearing in the proof of Theorem 6.1 form a system of orthogonal polynomials. More precisely, let us write

p_k(m) =

(d)_mm! (ν)^2_m C_m. It follows from Thomae’s transformation formulas that p_k(m) =_3F_2(−k, −m, 2ν + k − d; ν, ν; 1), which shows that p_k(m) is a polynomial in m of degree k.

To deduce an orthogonality relation, choose two integers k, l in the range 0 ≤ k, l < d 2 − ν. It then follows from Schur’s lemma that (with ψ = 1) ∞∑ m=0 (ν)^2_m (d)_mm! p_k(m)p_l(m) = ‖H^{(k)}_ψ ‖^2_{Aν ⊗Āν} δ_{k,l} (this reduces to (6.3) when k = l). Clearly, the p_k do not form a complete system, since their orthogonality measure has only finitely many finite moments. Therefore, they are not in the Askey Scheme of hypergeometric orthogonal polynomials [KS]. They may, however, be viewed as a limit case of the Racah polynomials, and also as dual to (a special case of) the continuous dual Hahn polynomials. More precisely, the equation q_k(x(2ν + x − d)) = p_x(k) defines a polynomial q_k of degree k which is essentially a continuous dual Hahn polynomial. The finitely many points 0 ≤ x <^d_2 − ν, x integer, then correspond to the discrete part of the orthogonality measure for q_k. From a group-theoretic point of view, the polynomials p_k and q_k have an interpretation as a rather special kind of Clebsch–Gordan coefficients.

The constant appearing in (6.3) can be obtained formally as a limit from the norm constant for Racah polynomials or by mimicking the corresponding computation in [AW]. It is given by

‖H^{(k)}_ψ ‖^2_{Aν ⊗Āν} = (−1)^k

Γ(d)Γ(d − 2ν)

Γ(d − ν)^2 2ν − d 2ν − d + 2k (1 + ν − d)^2_kk! (ν)^2_k(2ν − d)_k .

Denoting this constant by C we have that ( √ C)^{−1}K^{(k)} is an isometric operator from H^λ into the tensor product.

Remark 6.3. Identifying the function H^{(k)}_ψ (z, w) with an operator on A^ν as in Section 3 and 4, it is now a combination of Toeplitz and differential operators. Indeed the operator H^{(k)}_ψ on f ∈ A^ν is

H^{(k)}_ψ f(z) = ⟨ f, ∫ S ψ(s)(1 − ⟨·, z⟩)^k (1 − ⟨s, z⟩)^{k+ν} (1 − ⟨·, s⟩)^{k+ν} dσ(s) ⟩ A^ν . Taking f to be a polynomial and replacing the integral on S by εS, with 0 < ε < 1, in the above inner product and, finally, pulling out the integral sign we obtain the expression ∫ εS ψ(s) (1 − ⟨z, s⟩)^{k+ν} ⟨ f, (1 − ⟨·, z⟩)^k (1 − ⟨·, s⟩)^{k+ν} ⟩ A^ν dσ(s). Observe that (1 − ⟨w, z⟩)^k (1 − ⟨w, s⟩)^{k+ν} = (1 − ⟨w, s⟩ + ⟨w, s − z⟩)^k (1 − ⟨w, s⟩)^{k+ν} = = k∑ j=0 ( k j ) ⟨w, s − z⟩^j (1 − ⟨w, s⟩)^{j+ν} =

= k∑ j=0 ( k j ) ∑ |β|=j j! β! w^β (s̄ − z̄)^β (1 − ⟨w, s⟩)^{j+ν} ,

where β = (β_1, · · · , β_d) are multi-indices with nonnegative integer components with the usual convention that s^β = s^{β1}_1 . . . s^{βd}_d and β! = β_1! . . . β_d!, and where the sum is over all β with β_1 + · · · + β_n = j. Therefore, taking w as the independent variable in A^ν , we obtain ⟨ f, (1 − ⟨w, z⟩)^k (1 − ⟨w, s⟩)^{k+ν} ⟩ A^ν = k∑ j=0 ( k j ) ∑ |β|=j j! β! (s − z)^β ⟨ f(w), w^β (1 − ⟨w, s⟩)^{j+ν} ⟩ A^ν ,

To find the inner product we differentiate the reproducing property f(s) = ⟨f(w), (1 − ⟨w, s⟩)^{−ν}⟩_Aν to get ∂^βf(s) = (ν)_j ⟨f(w), w^β(1 − ⟨w, s⟩)^{−ν−j}⟩_Aν . Putting the formulas together we get ∫ εS ψ(s) (1 − ⟨s, z⟩)^{k+ν} ⟨ f, (1 − ⟨w, z⟩)^k (1 − ⟨w, s⟩)^{k+ν} ⟩ A^ν dσ(s)

= k∑ j=0 ( k j ) 1 (ν)_j ∑ |β|=j j! β! ∫ εS ψ(s)(s − z)^β ∂^βf(s) (1 − ⟨z, s⟩)^{ν+k} dσ(s).

Now for polynomial f this integral is absolute convergent when ε → 1, for fixed z ∈ B. We thus get

H^{(k)}_ψ f(z) = k∑ j=0 ( k j ) 1 (ν)_j ∑ |β|=j j! β! ∫ S ψ(s)(s − z)^β ∂^βf(s) (1 − ⟨z, s⟩)^{ν+k} dσ(s) . □

Remark 6.4. We can also perform the polarization operator on the spherical function for G = SU(d, 1) to prove Theorem 6.1. Furthermore, we can consider, more generally, the tensor product of A^{ν1} ⊗ Ā^{ν2} with two different parameters ν_1 and ν_2. Its decomposition is done in [H2]. □

7. A sesquilinear transvectant. In [JP], in the case of D , higher order bilinear Hankel forms were constructed with the help of certain bilinear differential operators termed transvectants, a notion borrowed from classical invariant theory and presumably first used by Clebsch. (The extension to the multilinear situation was performed in [Ro].) Now we show, in the case of B, that the operators H^{(k)}_ϕ introduced in Section 6 in a similar way are generated by corresponding sesquilinear differential operators. If d = 1 (B = D ) and k = 0 this has already been indicated in Remark 4.1, in which case the transvectant is nothing but the multiplication operator f ⊗ g → fḡ.

So let us place ourselves in the d-dimensional situation of Section 6. If K^{(k)} denotes the map ϕ → H^{(k)}_ϕ , then its adjoint J^{(k)} admits the factorization

J^{(k)} = (U^α)^{−1}R^{(k)} ,

where U^α is the same potential transform as in Section 6, α = 2ν + 2k, and R^{(k)} is given by R^{(k)}(f, ḡ)(s) = ⟨ f ⊗ ḡ, (1 − ⟨z, w⟩)^k (1 − ⟨z, s⟩)^{ν+k}(1 − ⟨s, w⟩)^{ν+k} ⟩ A^ν ⊗Ā^ν . In order to formulate our result let us introduce the radial derivative,

Rf(s) = d∑ j=1 s_j ∂_j f(s),

and the sesquilinear Beltrami differential parameter^1,

(∂ ⊗ ¯∂)(fḡ) = d∑ j=1 ∂_j f ∂_j g.

Theorem 7.1. R^{(k)} is a local operator and we have the following explicit formula:

R^{(k)}(fḡ) = 1 (ν)^2_k k∑ j=0 (−1)^j ( k j ) (∂ ⊗ ¯∂)^j ( (R + ν)_{k−j} ⊗ (R̄ + ν)_{k−j} ) (fḡ) .

1Historical note. Classicaly, Eugenio Beltrami defined two “differential parameters”; the first one Δ_1 is the corresponding gadget in the real case, while the second one Δ_2 is just the Laplace operator.

It is remarkable that this sesquilinear differential operator gives a formal intertwining operator from the tensor product to the complementary series.

Proof. That R^{(k)} is a local operator means simply that it is, at each point s ∈ B, a finite linear combination of products of derivatives. If s = 0 then this is obvious, as only finitely many Taylor coefficients intervene. The general case follows then by the covariance.

To establish the explicit presentation we note first that expanding (1−⟨z, w⟩)^k according the binomial theorem (see proof of Theorem 6.1) it suffices to deal with the expressions

(7.1) ⟨ f ⊗ ḡ, ⟨z, w⟩^j (1 − ⟨z, s⟩)^{ν+k}(1 − ⟨s, w⟩)^{ν+k} ⟩ A^ν ⊗Ā^ν (j = 0, 1, . . . , k). Furthermore, we need also some preparations involving the operator R. Differentiating the reproducing property f(s) = ⟨ f(·), 1 (1 − ⟨·, s⟩)^ν ⟩ A^ν yields Rf(s) = ν ⟨ f(·), ⟨·, s⟩ (1 − ⟨·, s⟩)^{ν+1} ⟩ A^ν . Next, writing^2 ⟨z, s⟩ (1 − ⟨z, s⟩)^{ν+1} = 1 − (1 − ⟨z, s⟩) (1 − ⟨z, s⟩))^{ν+1} = 1 (1 − ⟨z, s⟩)^{ν+1} − 1 (1 − ⟨z, s⟩)^ν , we find Rf(s) = −νf + ν ⟨ f(·), 1 (1 − ⟨·, s⟩)^{ν+1} ⟩ A^ν , or (7.2) ⟨ f(·), 1 (1 − ⟨·, s⟩)^{ν+1} ⟩ A^ν = 1 ν (R + ν)f(s). Using formula (7.2) recursively we have ⟨ f(·), 1 (1 − ⟨·, s⟩)^{ν+(k−j)} ⟩ A^ν = 1 (ν)_{k−j} (R + ν)_{k−j} f(s) and consequently 1 (ν)^2_{k−j} ( (R + ν)_{k−j} ⊗ (R̄ + ν)_{k−j} ) (fḡ)(s) = ⟨ f(z)ḡ(w), 1 (1 − ⟨z, s⟩)^{ν+(k−j)}(1 − ⟨s, w⟩)^{ν+(k−j)} ⟩ A^ν ⊗Ā^ν . (7.3)

2Here we are using one of the perhaps most conspicuous identities in mathematics: a 1 − a = −1+ 1 1 − a .

Let the operator ∂ ⊗ ¯∂ act on (7.3), 1 (ν)^2_{k−j} (∂ ⊗ ¯∂)^j ((R + ν)_{k−j} ⊗ (R̄ + ν)_{k−j} )(fḡ)(s)

= (ν + k − j)^2_j ⟨ f(z)ḡ(w), ⟨z, w⟩^j (1 − ⟨z, s⟩)^{ν+k}(1 − ⟨s, w⟩)^{ν+k} ⟩ A^ν ⊗A^ν ; that is, ⟨ f(z)ḡ(w), ⟨z, w⟩^j (1 − ⟨z, s⟩)^{ν+k}(1 − ⟨s, w⟩)^{ν+k} ⟩ A^ν ⊗Ā^ν = 1 (ν)^2_k (∂ ⊗ ¯∂)^j ( (R + ν)_{k−j} ⊗ (R̄ + ν)_{k−j} ) (fḡ)(s); this clearly implies the sought formula. □

Remark 7.1. (a different approach) Instead of using ∂ ⊗ ¯∂, R, R̄ one can simply write R^{(k)} with the aid of the Wirtinger operators ∂_j and ¯∂_j (j = 1, . . . , d) with respect to the coordinates.

This time we expand the kernel of R^{(k)} as (1 − ⟨z, w⟩)^k (1 − ⟨z, s⟩)^{ν+k}(1 − ⟨s, w⟩)^{ν+k} = k∑ j=0 (−1)^j ( k j ) ⟨z, w⟩^j (1 − ⟨z, s⟩)^{ν+k}(1 − ⟨s, w⟩)^{ν+k} =

= k∑ j=0 (−1)^j ( k j ) ⟨z, w⟩^j (1 − ⟨z, s⟩)^{ν+j}(1 − ⟨s, w⟩)^{ν+j} ( 1 + ⟨z, s⟩ 1 − ⟨z, s⟩ )_{k−j} ( 1 + ⟨s, w⟩ 1 − ⟨s, w⟩ )_{k−j} =

= k∑ j=0 k−j∑ p,q=0 (−1)^j ( k j )( k − j p )( k − j q ) ⟨z, w⟩^j⟨z, s⟩^p⟨s, w⟩^q (1 − ⟨z, s⟩)^{ν+j+p}(1 − ⟨s, w⟩)^{ν+j+q} .

Expanding the three numerator factors by the multinomial theorem gives ∑ j,p,q (−1)^{|j|} k!(k − |j|)! (k − |j| − |p|)!(k − |j| − |q|)!j! p! q! s̄^ps^qz^{j+p}w̄^{j+q} (1 − ⟨z, s⟩)^{ν+|j+p|}(1 − ⟨s, w⟩)^{ν+|j+q|} ,

where the sum is now over multi-indices j, p, q with |j|+|p|, |j|+|q| < k. Since, in general, ∂^jf(s) = (ν)_{|j|} ⟨ f(·), (·)^j (1 − ⟨·, s⟩)^{ν+|j|} ⟩ A^ν , we obtain the explicit formula

R^{(k)}(f ⊗ ḡ)(s) = ∑ j,p,q (−1)^{|j|} k!(k − |j|)! (k − |j| − |p|)!(k − |j| − |q|)!j! p! q! s^ps̄^q∂^{j+p}f(s)∂^{j+q}g(s) (ν)_{|j+p|}(ν)_{|j+q|} . □

References

[A] J. Arazy, Boundedness and compactness of generalized Hankel operators on bounded symmetric domains. J. Funct. Anal. 137 (1996), 97-151.

[AFJP] J. Arazy - S. Fisher - S. Janson - J. Peetre, Membership of Hankel operators on the ball in unitary ideals. J. Lond. Math. Soc., II. Ser. 43 (1991), 485-508.

[AFP] J. Arazy - S. Fisher - J. Peetre, Hankel operators on weighted Bergman spaces. Am. J. Math. 110 (1988), 989-1053.

[AW1] R. Askey - J. Wilson, A set of orthogonal polynomials that generalize the Racah coefficients or 6-j symbols. SIAM J. Math. Anal. 10 (1979), 1008–1016.

[DH] G. van Dijk - S. C. Hille, Canonical representations related to hyperbolic spaces. J. Functional Anal. 147 (1997), 109-139.

[DP] G. van Dijk - A. A. Pasquale, Canonical representations of Sp(1, n) associated with representations of Sp(1). Enseign. Math. (to appear).

[GR] G. Gasper and M. Rahman, Basic hypergeometric series. Cambridge University Press, Cambridge, 1990.

[H1] S. C. Hille, Canonical representations. Ph. D.-thesis, University of Leiden, 1999. [H2] S. C. Hille, Decomposition of tensor products of scalar unitary holomorphic and anti-holomorphic representations of the universal covering group of SU(1, n). Report W98- 12, University of Leiden, June 1998.

[JP] S. Janson - J. Peetre, A new generalization of Hankel operators (the case of higher weights). Math. Nachr. 132 (1987), 313-328.

[JPR] S. Janson - J. Peetre - R. Rochberg, Hankel forms and the Fock space. Rev. Mat. Iberoam. 3 (1987), 61-138.

[KS] R. Koekoek - R. F. Swarttouw, The Askey scheme of hypergeometric orthogonal polynomials and its q-analogue. Report no. 98-17, Delft University of Technology, 1998, available at

http://aw.twi.tudelft.nl/ koekoek/research.html.

[L] S. Lang, SL_2(R). (Graduate Texts in Mathematics 105.) Springer-Verlag, New York 1985.

[Ne1] Yu. A. Neretin, Discrete occurrences of representations of the complementary series in tensor products of unitary representations. Funktsional. Anal. i Prilozhen. 20 No. 1 (1986), 79–80. [Russian.] English translation: Funct. Anal. Appl. 20 (1986), 68-70.

[Ne2] Yu. A. Neretin, The restrictions of functions holomorphic in a domain to curves lying on its boundary, and discrete SL_2(R)-spectra. Izv. Ross. Akad. Nauk Ser. Mat. 62, No.3, 67-86 (1998). [Russian.] English translation: Izv. Math. 62, No.3, 493-513 (1998).

[Ni] N. K. Nikol’skiǐ, Treatise on the shift operator. Spectral function theory. (Grundlehren der Mathematischen Wissenschaften 273.) Springer-Verlag, Berlin, 1986.

[ØZ] B. Ørsted - G. Zhang, L^2-versions of the Howe correspondence. I. Math. Scand. 80 (1997), 125-160.

[PZ] J. Peetre - G. Zhang, Harmonic analysis on the quantized Riemann sphere. Int. J. Math. Math. Sci. 16 (1993), 225-243.

[Pel] V. V. Peller, Hankel operators of class S_p and their applications (rational approximation, Gaussian processes, the problem of majorizing operators). Math. USSR, Sb. 41 (1982), 443-479.

[Ro] H. Rosengren, Multilinear Hankel forms of higher order and orthogonal polynomials. Math. Scand. 82 (1998), 53-88.

[Ru] W. Rudin, Function Theory in the Unit Ball of C^n . (Grundlehren der Mathematischen Wissenschaften 273.) Springer-Verlag, New York, 1980.

[S] L. Schwartz, Sous-espaces d’espaces vectoriels topologiques et noyaux associés. (Noyaux reproduisants.) J. Anal. Math. 13 (1964), 115-256.

[Si] B. Simon, Trace ideals and their applications. (London Mathematical Society. Lecture Note Series 37.) Cambridge University Press, Cambridge, 1979.

[Su] M. Sugiura, Unitary representations and harmonic analysis. An introduction. North-Holland/Kodansha, Amsterdam/Tokyo, 1990.

[VGG] A. M. Vershik - I. M. Gel’fand - M. I. Graev, Representations of the group SL(2, R) where R is a ring of functions. Uspekhi Mat. Nauk 28(5) (1973), 83-128. [Russian.] English translation: Russian Math. Surveys 28(5) (1973), 87-132.

[Wu] Z. Wu, A class of bilinear forms on Dirichlet type spaces. J. Lond. Math. Soc., II. Ser. 54 (1996), 498-514.

[Z] G. Zhang, A weighted Plancherel formula II. The case of the ball. Studia Math., 102 (1992), 103-120.

Abstract

Let A^ν denote the weighted Bergman spaces either over the disc D or over the complex ball B in dimension d > 1. In a recent paper (G. van Dijk - S. C. Hille, Canonical representations related to hyperbolic spaces. J. Functional Anal. 147 (1997), 109-139) it was established that in certain cases the complementary series enters in the decomposition of the tensor product A^ν ⊗ Ā^ν .

In this paper we wish to realize the complementary series as a space of operators. More precisely, we associate, in the case of D , to every “symbol” ϕ a Hankel-Toeplitz type operator H_ϕ acting in A^ν (0 < ν <^1_2 ). We prove that H_ϕ is Hilbert-Schmidt if and only if ϕ belongs to the Hilbert space H^λ of the complementary series of representations of SU(1, 1), where λ = 2 − 2ν. As for Schatten-von Neumann properties of H_ϕ, we establish

the presence of a cut-off occuring at p where 1 p = 1 − ν.

In the case of B we define covariantly k different Hankel-Toeplitz type operators denoted

H^{(k)}_ψ in A^ν , where ψ is the symbol and 0 ≤ k < d − 2ν 2 . We show that the operators H^{(k)}_ψ also can be obtained with the help of certain sesquilinear differential operators which we, by analogy with how this word is used in the connection with (bilinear) Hankel forms, refer to as transvectants.

Classification: 22E46; 44A85; 47B10.

Keywords: holomorphic representation; complementary series; Hankel-Toeplitz type operator; generalized weighted Bergman space; Hilbert-Schmidt class; Schatten-von Neumann class; cut-off; sesquilinear transvectant.

Authors’ addresses

Miroslav Engliš Mathematical Institute Academy of Sciences 11567 PRAGUE 1 C z e c h R e p u b l i c Electronic mail: englis@math.cas.cz Phone: +420 - 2 - 220 90 723 Fax: +420 - 2 - 222 116 38

Sander Cornelis Hille Telematica Institute P.O. Box 589 2300 AN ENSCHEDE T h e N e t h e r l a n d s Electronic mail: hille@telein.nl Phone: +31 - 53 - 485 04 51

Jaak Peetre Centre for Mathematical Sciences Division of Mathematics Lund University Box 118 S-221 00 LUND S w e d e n Electronic mail: jaak@maths.lth.se Phone: +46 - 46 - 222 43 09 Fax: +46 - 46 - 222 42 13

Hjalmar Rosengren Technische Universiteit Delft Toegepaste Wiskundige Analyse Postbus 5031 2600 GA DELFT T h e N e t h e r l a n d s Electronic mail: hjalmar@maths.lth.se Phone: +31 - 15 - 278 64 08

Genkai Zhang Department of Engineering, Physics and Mathematics Karlstad University S-651 88 KARLSTAD S w e d e n Electronic mail: Genkai.Zhang@kau.se Phone: +46 - 54 - 83 81 31 Fax: +46 - 54 - 83 84 49