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we need information about Ego's age at sampling. Thus the population space
is defined to be
= Ry x N x Q7

with the obvious product ¢-algebra to be denoted by €. This space can be re-
stricted to a tree-type space of the kind advocated by Neveu (1986) and Chau-
vin (1986). For the interpretation in terms of random trees (Aldous, 1991) that
might indeed be an advantage.

Recall that a branching process started from a newborn O-individual is suit-
ably defined on S x €, the first coordinate being the ancestor’s starting type.
When referring to such a process, we shall write o, for the type of z € I and
7y for her birth-time, defined recursively from 1y = 0 and the successive ages
at child bearing in the line leading to x, cf. Jagers, 1989, though notation is
slightly different there.

3 'The Life Kernel and its Stable Population Law

The probability structure of the process is determined by a life kernel F, on
{§2,A), the probability measure according to which the choice of life-career of
an s-type is performed. In Jagers (1989) it is shown how such a kernel determines
a unique Markov branching probability measure over (Q, A7), once Ego’s type
has been fixed. We denote this measure, as well, by P,, s € § being this starting
type. More generally, if Ego’s type is chosen according to a probability measure
7 on (5,8}, then P, is the corresponding measure, P, = Js Pim(ds). The
expectations are E, and E,, respectively.

The crucial réle for the development of a population is played by the repro-
duction kernel u, defined as the expected number of births of children of various
types and at various ages:

plr,ds x dt) = E {£(ds x dt)].

The population is supposed to be Malthusian and supercritical, this meaning
that there is a number o > 0, the Malthusian parameter, such that the kernel
Alad,
[2 o]
j{r.ds;a} = ,\ e"* ulr,ds x dt)
o

has Perron root one and is what Shurenkov {1989) calls conservative. (This cor-
responds to irreducibility and a-recurrence in the terminology of Niemi and
Nummelin (1986).) By the abstract Perron-Frobenius theorem (Shurenkov,
1989, p. 43, or Nummelin, 1984, p. 70}, there is then a o-finite measure 7
on the type space (5, §), and strictly positive a.e. [x] finite measurable function
h on the same space, such that

\. fi{r, ds; a)n{dr) = »(ds),
s

\ h{s)i{r, ds; e} = h{r).
5

Further we require strong or positive a-recurrence in the sense that h ¢ L]
and

0<g ﬂ\ te” “ h(she(r, ds x dtyn(dr) < oo.
SxSx Ry

(In population dynamics this entity might be interpreted as the stable age atb
childbearing, though some care has to be exercised about this in the multi-type
case, as we shall see.} Then we can (and shall) norm to

\. hdr = §.
5

Throughout we also make the homogeneity assumption that inf A > 0. Then = is
finite and can {and will) also be normed to a probability measure. These are the
conditions (on u alone) for the general Markov renewal theorem of Shurenkov
(1989}, p. 107. Finally, we assume that the reproduction kernel is non-lattice
and satisfies the natural condition

sup si{s, S x {0,¢]) < 1

for some € > 0. Note that we assume only non-latticeness, rather than spread-
outness of the kernel. We shall summarize all these conditions by referring to
the population as non-lattice strictly Malthusian. (Clearly there is a lattice
analog of our results, relying upon the lattice Markov renewal theorem, ¢f.
Shurenkov {1989}, p. 122. There you will also find the concept of latticeness
developed in a multitype context, with the meaning that there is a stepping
time unit, independent of starting and ending position in the type space, but
a phase which may depend on both: for some d > 0 and ¢ : § —» [0, d), and
Lac(s) == {{r,t)ir € S, € Ry, t = ¢(r) — c(s) + nd, for some n = 0,1,.. )

m({sinls, 5 x Ry) > pls, Lac(s))}) = 0).

In order, finally, to give a presentation of the stable population measure on
(£2,A) we need notation for some random elements on this space: T} will denote
Ego’s age at sampling, 5¢ her type, and Ry her rank, i.e. ordinal number in
her sibship. T; is Ego’s mother’s age, when she gave birth to Ego, 5) her type,
and R; her rank. And so on backwards. Similarly we let I/, U/, ... denote the
whole lives of Ego, Ego’s mother, ... , and Z° the population initiated by Ego.
Z',2%,.. . can be used to denote Ego’s mother’s life and daughter process except
Eqgo, grandmother’s daughter process, except mother and her progeny ete. Thus,
27 is the coordinate projection ) — Q7 Similarly, Ty is the projection of the
population space onto its first coordinate R4 and the sequence of ranks is the
projection onto N, cf. the figure. Also recall that a;, r; are the type and
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.. .ma;m mzal:ﬁa,?.ov € dsp) =
fg

= Eplf(dsn; o)) Es [E(dsn—y;a)]. .. E,[E(dse; )]

w{dsy ) jt(8n, dsn-1) . - fi(51, dsg),

where

£(A;a) "ﬂ\c e"HE(A x di),

we have used the eigenmeasure property [ ji(s, ds,}r(ds) = n(ds,), and written
a(1), (i) instead of oy, 7;, since the P,, reduce to measures over the life space
here. The asserted form of transition and marginal probabilities follow from this
joint distribution of types. The convergence fi*(s,5) — h(s) follows directly
from the lattice Markov renewal theoremn (Shurenkov, 1989, p. 122). Of course,
it can also be brought back to a limit theorem for Markov chains by the trick of
norming ji to a kernel with mass one, h{r)i(s, dr)/h(s}. The stationarity can
be checked directly.

i

Without spelling this out as another proposition, let us state that the sequence
{{R,, Sn)} of ranks and types also constitutes 4 Markov chain. Indeed, given
the sequence of types, the ranks even become conditionally independent. The
rank marginals are given by P(Rg = i) = E.[e"*"()], and

P(Ro=i)= [

i (s, ) Exle™ " 0(i) € ds] — \ h(s)Eple™ @, o(i) € ds],
5 5

as n — co. Though the distribution of, at least, Ry is important for birth
rank studies, the joint behaviour of types and times between births seems of

greater import both mathematically, and in tracing populations backwards, e.g.
in evolutionary genetics.

Proposition 2 The sequence of types and interbirth times backwards from Ego,
{50, Tu}5® define a Markov renewal process. They have the transilion kernel

Hols, dr x dt)
x(dr) ’

P(Sne1 € ds, Thsr € dt | S, = r) = n(ds)

The distribution of Sy is =, To 1s ezponentially distribuied with the Malthusian
parameter, and independent of the rest.

(50, Tn) ~ .\ b:LTJ SNiptals, dr x dt)n(ds) lv‘\ h(ripa (s, dr x dt)m{ds),
5 5

as n — 00,

w Proof The proof follows the pattern of the preceding one, and is left out.

]

Armong otber things, this shows that the expected age of the mother at the birth
of a random child is

m, N = \‘ tem pulmw, ds x dt),
5 XHN#.
whereas the expectation of the asymptotic distribution of T3, 1 — o0 is

g = e~ “this)u(m, ds x dt).
SxRae

Here, of course, u{m,ds x dt) = ? plr, ds x asiml,_ . .

In analogy with Proposition 2, the sequence { Ry, Sq, Tn} nom.wm«;ﬁmw a Z.ﬁw(c.q
renewal process, with a transition kernel that is easily determined from Defini-
tion 1. Actually, more generally:

Proposition 3 The sequence of ranks, types, and lives backwards from Ego has
the Markov properly

wvﬁma.rn = .q.w.m.ﬁ..?w = «m.m._ﬁ.ﬁ.?— € A m NW: = m_.m.ﬂ =T, m\-—_ Mw.z..,:..rwm..lu p..v =

Ejemo0) An {ofi) € dr}]
E e-er0ho(i) e dr}

The distribution of (Ra, S0, Un} 15 m.ar..usq?.f o(i) € ds]P{A),i € N s € 5 A€
A, whereas in the notation

jials, B) = E,[€(B;a); A,

= Eple" ") 0(5) € ds)]

PR, =1,5 €ds,Un € A) =

= E.[e=*", o(i) € ds] .\ (e, S)jea(s, dr) =
5

- m,amm..al..x o(i) € ds] &w hirYjra(s,dr),

as n — o0.

Proof The proof is again (rather complicated but) not hard by insertion.
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last coordinate., Non-singularity means that for almost all r, s with respect to
w{dr)fi{r, ds} this measure is non-singular with respect to Lesbegue measure.

Thanks to this strong Markov renewal theory, the proof is rather straightfor-
ward, ¢f. Jagers {1992}, by use of the regularity condition sup, (s, §x[0,¢}} < 1
for some € > 0, in order to guarantee houndedness of e E,[y], where

H
w=#{zrelin m:HM~m+Q!ﬂavﬁ$x+
ref

is the total population at time ¢ of a branching process started at time 0. Of
course, there is also a lattice variant of this result, ¢f. Shurenkov (1989, p. 122
and 134).

For sets E as above, we call

< (E) = B[z )/ EJus,

the composition in expectation of a branching population at time {, started at
time 0 from an ancestor of type s € 5. By summation over various 1 € N and
replacing the interval [0, a] by Borel sets B, this can obviously be extended to a
probability measure over the measurable subsets of R, x N x Q7 which depend
only upon n € N steps backwards, i.e. belong to the c-algebra generated by
sets of theform E= Bx M x N® x Ax V= Be B(Ry),M C N*, A¢g A~
for fixed, but arbitrary n € N. We denote the latter by C,, and write C,, (B) for
the sub-o-algebra, where the first coordinate is fixed to be B.

Corollary 2 Under the assumptions of Theorem I, consider a B € B(Ry),n €
N,oandany E€ Co(B) such that By = 45,7 =0, . .n—~1 Writet = (in_1,...40)
and assume that e” P, (t — 7, € B) is directly Riemann integrable. Then, the
composition in ezpectation of a non-lattice, strictly Malthusian, and supercritical
branching population at time {, started al tume O from an ancestor of r-almost
any lype s € 5, satisfies

PE(E) = Eu[zX")/ Bulw] = \m et B, [e=o™; A] = P(E),

as i — 00

Proof This is only checking the direct Riemann integrability. Note that 2 is
fixed, and of course matters in the coordinate projection singling out A from E,
cf. the discussion preceding Definition |.

0

Corollary 3 If reproduction {i.e. some convolution power of the reproduction
kernel) is non-singular,, besides the conditions of Theorem I, then for m-almost
all s P;, — P in total variation, as t — oo,

Proof By Theorem 1, the convergence is uniform over sets E € C, for n fixed,
at least if they are of the form E = Bx M x N x A x Qe Be B(Ry), M C
N™ A € A7» But these sets, n € N constitute an algebra that generates { =
V52 €, The rest follows by approximation.

Leaving composition in expectation, we turn to the actual composition,
muaaunnhwv B .ﬂﬁkm\.cn.

As for classical cases, convergence here requires the famed z log z-condition. 1t
has the following general form: Write

£ = .\ e~ h(s)E(ds x dt).
MX»«W.‘T
Then the condition is ) .
E[Elogt €] < oc.
From Jagers {1989} we have:

Theorem 2 Add the zlog z-condition and finiteness of (5 x Ry) to the as-
sumptions of Theorem 1. Further assume that, for fized t, y, s uniformiy inte.
grable over its starting type oo = 5 € 5. Then, as t — 00,

e~z o wh(x(a))/af

in L'[P,), for m-almost all s € 5. Here w 15 a non-negative random varigble
with E,[w] = h(s).

Note that we have w with E,[w] = h{s), rather than expectation one as asserted
in op. cit.. It is the unnormed random variable w that is the limit of the intrinsic

martingale
wy = MU e hi{o,)
rgL

(a.s. if only sequences of lines L are considered, in LY otherwise, ¢.f. op. eil.},
From its definition (and Thecrem 2} it is clear that w > 0 = g - o0 The
converse of this is needed to show that for bounded characteristics x

2 fu = Exlx{a)]
if only 3 — oo,

Lemma 1 For a strictly Malthusian process, assume that inf,¢5 Pylw > 0 > 0.
Then, w> 0y —+ 00 a. 8. Pys€ 5.
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UN LIEN ENTRE RESEAUX DE NEURONES
ET SYSTEMES DE PARTICULES:
UN MODELE DE RETINOTOPIE

C. KIPNIS' , E. SAADA'

Hésumé

Nous étndions un modéle stochastique de rétinotopie introduit par M. Cottrell
et J.C. Fort. Nous faisons une nouvelle démonstration qui généralise leurs résuliats
sur la convergence de ce processus, grace b des techniques de systémes de particules.
Celles-ci fournissent également une méthode de simulation de la loi limite.

1. Introduction

Lralgorithme de Kohonen (éerit en 1982, voir [10L[11]) modele un processus
d'auto-organisation des liens neuronaux, la rétinotopie. il s’agit de I'stablissement
d’une bijection bicontinue entre des cellules de lu rétine (représentée par {0... . 7+
1}?) et du cortex {représenté par {0,1]?). Chaque cellule rétinienne est relide a
plusieurs cellules corticales, les liens sont renforeds proportionnellement au produit
de Vintensité des stimuli requs par la rétine, et de Pexcitation des celiules cortirales
{principe de Hebb}. Les cellules corticales images de cellules rétiniermes voisines
deviennent elles-mémes voisines dans {0, 1]? {auto-organisation).

Toutefols, une étude rigoureuse de ce modéle historique est délicate en dimen-
sion supérieure & 1 (voir [1],{4].[9]). Nous nous intéressons done ict 2 un algorithme
modifié proposé en 1986 par M. Cottrell et J.C. Fort ([3]), qui est & bords fxés, et
qui localise I'interaction (le prix en est malheureusement une perte du réalisie bi-
ologique). Dans [3], ce modéle est complitement analysé en dimension 1, eh certains
résultats étendus en dimension 2.

Nous souhaitons illustrer par cet article Pintérét de Putilisation des techniques
de systémes de particules (ici la dualité) pour Panalyse de réseaux & interaction
locale: dans la section 2, nous décrivons le modele de Cottrell et Fort, puis nous
Uinterprétons comme un systéme de particules, le processus e lissage. Celuici est
dual d'an processus de marches aléatoires couplées. Cette dualité fournit une nog-
velle démonstration de la convergence du processus initial, via le caleul des moments
de la variable limite, et permet une sinelation plus rapide de cette dernidre (section

3
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