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Abstract

Recently Wilson [12] introduced an important new technique for lower dimgn
the mixing time of a Markov chain. In this paper we extend Wilson’s technique to
find lower bounds of the correct order for card shuffling Markoaink where at
each time step a random card is picked and put at the top of the deck. Tssezla
of such shuffles are addressed, one where the probability thatracave is picked
at a given time step depends onidentity, the so called move-to-front scheme, and
one where it depends on p®sition

For the move-to-front scheme a test function that is a combination of $evera
different eigenvectors of the transition matrix is used. A general methdihfting
and using such a test function, under a natural negative dependendiion, is
introduced. Itis shown that the correct order of the mixing time is given &piased
coupon collector’s problem corresponding to the move-to-front sclatmand.

For the second class, a version of Wilson'’s technique for complex-taigen-
values/eigenvectors is used. Such variants were presented in [1fJGintiere we
present another such variant which seems to be the most natural dhesfpartic-
ular class of problems. To find the eigenvalues for the general case skttond
class of problems is difficult, so we restrict attention to two special casdise fiirst
case the card that is moved to the top is picked uniformly at random from ttebo
k = k(n) = o(n) cards, and we find the lower bourid?/(472k(k — 1))) logn.

Via a coupling an upper bound exceeding this by only a factor 4 is fourtds T
generalizes Wilson’s [11] result on the Rudvalis shuffle and Goel'sggilt on top-
to-bottom shuffles. In the second case the card moved to the top is withbityba
1/2 the bottom card and with probability/2 the card at positiom — k. Here the
lower bound is again of ordérn?/k?) log n, but in this case this does not seem to be
tight unlessk = O(1). What the correct order of mixing is in this case is an open
question. We show that whén= n/2 it is at leasto (n?).

Introduction

How many steps does a Markov chain need to get close to saaitigh This question has
attracted a great amount of interest during the last fewaks;gartly because computer
development has supplied the possibility of powerful MCMRuliation techniques.

Much interest has been focusedaard shufflingchains, i.e. chains whose state space

is the symmetric group$,,. During the 1980’s and early 1990’s a lot of progress was

*Chalmers University of Technology. Research supportedheystvedish Research Council.

1



made and good upper and lower bounds, and often cutoffs,foene for a great variety
of different card shuffling techniques. Among these the B@aconisg log, n cutoff
for the riffle shuffle (see [2]) is the most celebrated redalthe mid-90’s the subject fell
into a relative silence as the available techniques did uaffice to solve the remaining
unsolved problems.

However, quite recently the subject was revitalized by Wils [12] introduction of a
powerful new technique to lower bound the mixing time. Thesids to find an easily ex-
pressed (right) eigenvector of the transition matrix, esponding to an eigenvalue close
to 1, and use this eigenvector to construct a test functioifil 2], Wilson established es-
sentially tight (i.e. tight up to a constant) lower boundsrfeighbor-transposing shuffling
and also for so called lozenge tilings. A variant of Wilsaeshnique for complex-valued
eigenvalues/eigenvectors was used by Mossel, Peres atidiSia establish a tight lower
bound for the cyclic-to-random shuffle. Wilson himself usadther such variant to estab-
lish the©(n? log n) mixing time for the Rudvalis shuffle. (This result was geniesal by
Goel [4] who considered random-to-bottom shuffling in gahgdonasson [6] developed
a version of Wilson'’s technique where the test function ity oeeded to be constructed
from something sufficiently close to an eigenvector, thereding able to establish the
©(n?log n) mixing time for the overhand shuffle.

In the present paper this development is continued. We densandom-to-top shuf-
fles, i.e. card shuffling chains where every transition if1ighat some card is moved from
its present position to the top of the deck without affecting relative positions of the
other cards. The shuffles will be biased, i.e. such that the te&en to the top is in gen-
eral not chosen uniformly at random from all the cards. Wester two classes of biased
random-to-top shuffles:

(1) Eachcard, k, is once and for all given a probabilify, and the card taken to the
top is chosen according to these probabilities, regardiette present order of the
deck.

(2) Same as (1) except that the probabilityis assigned tpositionk in the deck.

The case described by (1) is often referred to asntieee-to-front schemelt will
always be assumed (without loss of generality) that alltfi® are positive. The move-
to-front scheme clearly describes an irreducible apecidirkov chain, so it converges
to its stationary distribution whose nature is such thapttedability of having card; in
positiony, j € [n], equals

De; Des Pey,

1_p01 1_p61_p62 1—2?:_11]963.

Dey

Y

see e.g. [9]. To the best of my knowledge, convergence ratéls¢d move-to-front scheme
have only been studied for the case where alli}i® are equal; the ordinary random-to-
top shuffle for which one has a cutoff afog n shuffles, see [1]. Rodrigues [9] studied
a variant of the move-to-front scheme where the identitiethe cards moved to top
at different shuffles are dependent. For the ordinary teatalom shuffle the mixing
time is given by the classical coupon-collector’s problem.Section 3 we show that
the corresponding biased coupon-collector’s problemergimneral case gives the correct
answer up to a constant factor. Our lower bounds are edtelligia an extension of
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Wilson'’s technique where several different eigenvalugsfesectors are used to construct
the test function.

Case (2) withp,_1 = p, = 1/2 is known as the Rudvalis shuffle. Therefore we
refer to case (2) from now on @eneralized Rudvali@r GR) shuffles. The special case
when for somé: < n the card moved to the top is chosen uniformly among the bottom
k = k(n) cards, is in the terminology of Goel [4] referred to as ltmétom-to-topshuffle.
Whenk = O(1) it is known that the mixing time is of order® log n; for the Rudvalis
shuffle, see Hildebrand [5] and Wilson [11] and for the geheasge see Goel [4]. Goel
also estimated the mixing time for other values:oiWhenk = ©(n) it is shown that is
at least of orden log n and at most of ordet? log n and that wherk is sufficiently close
ton the correct order is log n. In Section 4, which is devoted to GR shuffles, we improve
the previous results on the bottom-to-top shuffles. Fer o(n) we find that the correct
order of the mixing time i$n3/k?) log n and find upper and lower bounds that only differ
by a factor 4. In the case = O(n) it is shown that the mixing time i®(nlogn). The
upper bounds are found via coupling and to estimate the caupime we use the trick
of imagining the top of the deck as shifting cyclically onepsdown the deck for every
time step. Then if a card is only observed at times it is tod¢clits motion is described
by a random walk whose step size has mean 0 and variance afigrd&his can then
be used together with the nature of the coupling to conclbdditme to get a particular
card matched is roughly boundedhyimes the time taken for a random walk of this type
started at:/2 to exit the interval0,n]. The lower bounds are found using a version of
Wilson’s technique designed to handle complex-valuede@ees/eigenvectors. Wilson
[11] and Saloff-Coste [10] designed other such variantsy Bit&o pointed out that if one
tries to apply Wilson’s original lemma in complex-valuedea without further thought,
one often ends up with results that are much to weak to be efast. Our version is the
perhaps most straightforward adaption of Wilson'’s techeitp the complex-valued case
and it does not need the chain under study to be lifted to @iastpte space. It works
well for the present applications and we believe that itidyfgenerally applicable, but it
would e.g. not solve all problems in [11].

The lower bound technique in principle works for GR shufflegeneral. However
in practice it is very difficult to find the eigenvalues, even the motion of a single card,
but in the simplest cases. In addition to the bottom-to-toyffe, we also carry out the
calculations for the cases_, = p, = 1/2 for differentk’s and find a lower bound which
is almost identical to the one for the bottom-to-top shuffiehvithe same:. However,
unlike the bottom-to-top case, this lower bound does nangeebe of the correct order
in this case, unless = O(1). We show that whek = n/2, the mixing time is at least
O(n?). In fact single-card motion take8(n?) steps to mix, so this is an example of a
situation where the second eigenvalue for single-cardanatoes not capture the correct
order of the mixing time, not even for the single-card ch&self. Unfortunately we have
not been able to produce any good upper bound, and it is a vele guestion what the
order of mixing really is.

The next section gives the necessary preliminaries.
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2 Preliminaries

2.1 Basic definitions

The most common way to measure the distance between twolplibbmeasures: and
v on a finite setS' is by thetotal variation normgiven by

o= vl = 5 3 ln(s) — v(s)| = max(u(4) — w(4).

ACS
seS

If {X:}¢2, is an aperiodic irreducible Markov chain on state spéi@nd with stationary
distribution, started from a fixed state then itsmixing time 7,,,;., is defined via

7(s) :=min{t: |[P(X; € ) — 7| < %}
and

Tomiz = mquT(s).
The mixing time is often expressed in terms of some measutbeotize of the state
space. When doing so one implicitly considers a sequence dédMahains{ X'}, n =
1,2,3, ... on state spaceS” and with stationary distributions”, where the state spaces
are such thats”| 1 oo in some natural way. In our cas& = S,,, the symmetric group on
n cards and the mixing time is expressed in relation to the rurmobcardsy, asn — oo.
The sequence of Markov chains is said to haee@ffat,,;, := 7. if for everya > 0

miz

lim ||P(Xfi 1), €)= 7" =0

n—oo

and
T [ P(Xi_y,,. € ) 7"l =1
2.2 Coupling

A common technique to find upper bounds on the mixing tineigling Supposg X, }

is the Markov chain under study, started from a fixed stateaximizing(s), and that
{Y;} is a chain with the same transition rule, but started frortictarity. Suppose also
that the updates of the two chains have been set umupled in such a way that as soon
asX;, =Y, for somety, thenX; =Y, forallt > t,. Put

T :=min{t : X; = Y;}.

ThenT is called thecoupling timeand thecoupling inequality(see e.g. [7, Section 1.2])
states that for al,

IP(X, € ) — x|l < P(T > t).

The coupling inequality follows from the definition of totadriation norm and the simple
observation that on the evefit’ < ¢}, X; andY; are the same.
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2.3 Wilson’s technique

Here we state and prove a basic version of Wilson’s techrtiogtewill later develop in a
few different ways. Le{ X, };°, be an irreducible aperiodic Markov chain on state space
S and with stationary distribution, starting from a fixed state,. Let® : S — C and

v € (0,1/2) be such that for every € S,

E[®(X11)|X; = 8] = (1 —7)2(Xy),

i.e.1 — v is an eigenvalue for the transition matrix of the chain éni@d a corresponding
eigenvector. LeR? be a number such that

R > maxE[|®(X; 1) — ®(X,)|?|X; = s].

ses
THEOREM 2.1 Fix a > 0 and let
 log|®(s0)| — 3log 3
' —log(1 —7)
Then|P(X;€:)—n||>1—aforallt <T.

Proof. By inductionE®(X;) = (1 — v)'®(so). ThereforeEd(X,.,) = 0, with X,
denoting a state chosen from the stationary distributiant. &b = &(X; ;) — (X3).
We have that

E[|®(Xi41) " Xi] = E[|@(Xis1) + ADJ*|X]
= (1= 29)|2(X,) P + E[[AQP|X,] < (1 - 29)[2(X)[* + R.
By induction using that < 1/2,

R
E|[®(X,)]* < (1= 27)|2(s0)[* + 2

Thus, again using that < 1/2,
R
Var®(X,) = E[(X,)]* — [EQ(X,)[* = ((1-27)" = (1= 7)*)[®(s0)]* + 5

By Chebyshev’s inequality
R a
— > — ) < =
P(|9(X,) — E®(X,)| > va> <3

and, on letting — oo,

HCESENEAES

Thus ift is such thatE®(X;)| > 24/R/(va), we have|P(X; € -) — 7| > 1 — a. This
however, is the case precisely wheq 7'. O



3 The move-to-front scheme

Recall the move-to-front scheme: A deckrotards is shuffled by the following rule: To
each cardk, £ € [n], we attach once and for all a probability. We assume without
loss of generality thap, > 0 for everyk and thatp; > p, > ... > p,. We will also
for technical reasons work under the mild condition that< 1/3 for everyk. At each
time step a card is chosen according to these probabilitieseen moved to the top of the
deck without altering the relative positions among the otlaeds. Let{ X, };°, denote the
Markov chain on the symmetric groufy, defined in this way, started from a permutation
Xy = so maximizing the time taken to reach stationarity.

3.1 Upper bound

To find an upper bound on the mixing time we use coupling. Fisrile need another
deck{Y;} started from stationarity, to be updated according to timeestansition rule.
The coupling is given by the following simple rule: At eacimé step let the same card
be moved to the top for the two decks. et= min{t¢ : X; = Y;} be the coupling time.
Considering only one of the decks, a moment’s thought revwbatsat the first time that
all but one card has at least once been picked to the top, dee of the cards no longer
depends on their starting positions, but can be read off tetelp from in what order
they have been moved to the top. More precisely, the latercitzas been picked, the
higher up in the deck it is, with the still untouched card a tery bottom of the deck.
Now considering again both decks, this means that at this tita two decks must agree.
Therefore the problem can be solved by solving the biasegaugollector’s problem
naturally appearing from the different card probabilities

1

P(T >t) < P(at least two cards not touched by timje< » (1 — pg)".
1

3
|

b
Il

Thus, putting,

n—1

T, = min{t : Z(l — )t <

k=1

}

=~ =

the coupling inequality tells us that,;, < 7,. Our next task is to prove tha is, up to a
constant, the correct mixing time.

3.2 Lower bound

Because of the fact that different cards are picked with iffeprobabilities, it is difficult
to find eigenvectors for single eigenvalues that evaluatell, aare sufficiently concen-
trated around their mean to provide a good enough test umér sharp lower bounds.
We shall circumvent this problem by combining eigenvectmsesponding to several
different eigenvalues. For a general treatment of the ideaassume that the setting is
the same as in Section 2.3, but thbat-+;, ®,), j = 1,..., m are possibly different eigen-
value/eigenvector pairs for the transition matrix. Forligity assume that thé,’s are
scaled in such a way that for gll max,cs E[|A®,|*|X; = s] < ;. (The scaling does not
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in any way affect the lower bound that comes out in the end wiaters is the relation
between the variance @f;(X;) and®,(s,).) Assume also that for evepy k andt,

Cov(®;(X;), Pr(X,)) < 0.

The test function we shall use is the following:
O(X;) = PH(Xy) =D a;®;(X,)
j=1

where then; = a;(t), j € [m], form a unit vector, i.e} "™ | a7 = 1. The precise choice
of the ¢;'s should be made in such a way that the lower bound achievegtisized.
Reasoning as in the proof of Theorem 2¥ar®;(X,;) < 1/2. Thus, by the negative
covariance assumptioar®(X;) < 1/2 and by lettingt — oo, Var®(X,,) < 1/2.
Note also thaltd(X;) = > 7", a;(1 — 7)) ®;(so) andEP(X,,) = 0. Continuing along
the lines of the proof of Theorem 2.1 now reveals that X, € -) — «|| > 1/3 as long
ast is such thafE®(X,)| > V6, i.e. if | 7" a;(1 — 7;)'®;(s0)| > /6 for an optimal
choice of thez;’s.

Let us now move back to the move-to-front scheme. Let the d&ok with cardr in
position 1, cardh — 1 in position 2, ..., card in positionn and denote this state as before
by so. Assume for simplicity that is even. For every odd € [n], define

T . ol
D;(X;) =< PP .'f Xt(? +1) < .Xt(J)
— o EX() <X+ D).

In words ®; is assigned the positive value when caré 1 is above card in the deck
and the negative value when the opposite situation occumsn®; is an eigenvector for
the eigenvalug — ~; wherey; := p; + p;11. We have thaE[|A®;|*|X;] < p; < 7; SO
the general situation just described applies if it can bevshibat the®;’s are negatively
correlated. However the simplicity of the situation allofes a direct calculation of the
covariance ofb;(X;) and®,(X,), j # k:

— (1 — o~ A \tPiPE
E[®;(Xe)Pr(X:)] = (1 — v — %) .
and
, (1~
E[®;(Xy)] = (1 =) %
SO

Cov(®;(X), Bu(X) = (1 =25 =)' = (1= %) (1 = 3))ZE <0,

J
Since®;(syg) = pj/v; > 1/2 it follows from above that the variation distance from
stationarity is at least/3 whent is such thafy .. ;4 a;(1 — ;)" > 2v/6. In order to
make this bound om as good as possible we pick th¢s so that the left hand side is
maximized, i.ea; = (1 — )"/ (O rroaa(l — )*)Y2. Doing so we get that variation
distance is at leadt/3 for ¢ such that

> M-y =24

j:jodd



In order to put this in relation te, above, recall that ajh;’s are assumed not to exceed
1/3 Therefore(l —7;)%* > (1—2p;)* > (1 —p;)*. Note also thad _ . ; 4q4(1 —p;)* >
5 Zj ! (1 — p;)%. Therefore variation distance is at leags as long as

n—1

> (1—py)™ > 48.

j=1

Putr, for the largest for which this inequality holds. Now in casg < log(3/4)/ log(1—
Pn_1), then(l —p,_1)™ > 3/4. In this caser, is not a good lower bound and a better
one is given by the trivial one; := max{t : (1 — p,_1)" > 3/4}. (Trivial because the
probability at stationarity of having card— 1 above carg, is at leastl /2 and it is less
than1/4 at timer,.) However sinceZ?:‘ll(l — p;)8 ) < 48 and (1 — p;)m T < 3/4
forallj <n-—1

= 25 1+1) 3 19
(m+l) <48 (=

7 <

| =

=1

.

Hencer, < 25(m; + 1) and so the biased coupon collector’s problem yields thescorr
mixing time up to a factor of 25. Assume now that— p, ;)™ < 3/4 so that(1 —
p;j)™*tt < 3/4forall j. Then

3 1
1 — \25(10+1) < (= 19 1 — p. 6(t0+1) < —(1—1p. 6(m0+1)
and so
n—1 n—1 1
(1- p])25(70+1) < 184 Z(l - p])6(70+1) < 1
7=1 j=1

Thusrt, < 25(1 + 1). The following theorem summarizes the results of this secti

THEOREM 3.1 Consider the move-to-front scheme with card probabilifies; € [n]
with p; < 1/3 for everyj. Put

n—1

T, := min{t : Z(l —p;)t <

i=1

}.

| =

o= Tu — 1 < Tmix S Ty-

25

Examples.

(a) The ordinary random-to-top shuffle. Here = 1/n for everyj. We getr, =
(14 o(1))nlogn andgnlogn < 7., < nlogn. Of course, it is well known that
nlogn is a cutoff in thIS case.



(b) Put

— A
IN <

<
J

VARSIE

2

—= 1
p; = n%—l n
e

n(n+1)’ n

Herer, = (1 + o(1))in?logn, so the correct order of the mixing timeri$ log n.

(c) Letp; =57 1/(>°_, k1). Then witht = cn(logn)? it is readily seen that

ni(l )= Q(1), whenc <1
— bi) = o(1), whenc>1
]:

Thereforer, = (1 + o(1))n(logn)? and the order of the mixing time ig(log n)?.

(d) Putp; =2(n+1—7)/(n(n+1)). Witht = cn?,

if, say,c > 1. Thereforen? is the correct order of the mixing time. This is thus a
case where the time taken to reach stationarity dependsaéntrely on the time
taken to find the few most unprobable cards.

4 Generalized Rudvalis shuffles

4.1 Lower bounds

The eigenvalues for the GR shuffles that are at least realyoaedessible are those for
the motion of a single card. These typically turn out to be plex Now taking a closer
look at the proof of Theorem 2.1 reveals that there is nothinigthat technically prevents
A :=1—~ from being complex-valued. However, the typical situai®auch thaty is of
much larger order thah — ||, but it is the latter that indicates the correct mixing time.
Therefore one would like a variant of Theorem 2.1 where oredfact works withl — | A|
rather thany. Wilson [11] developed such a method in order to take carbéebriginal
Rudvalis shuffle and some variants of it. One ingredient innéshod is to extend the
Markov chain to a larger state space by incorporating tinbe it In our case such an
extension seems unnecessary and the following varianeimtist natural way to attack
the problems at hand:

Let the setting be as in Theorem 2.1 with the exception thateigenvalue is now
(1 —7)e® for somey € (0,1/2] and somé € [0, 7] and R is such that

R> measchHe’wCI)(XtH) — O(X,)PIX, = s].

THEOREM4.1 Assume the setting above, pick> 0 and letT" be as in Theorem 2.1.
Then fort < T,

|P(X;€)—7|>1—a.



Proof. As in the proof of Theorem 2.E®(X;) = (1 —7)!e®(s) andEP (X ) =
0. Put, fort =0,1,2,3, ...,

U (X)) = e MD(X,).
Then for everyt, EV,(X;) = (1 — 7)'®(s) andEV¥,(X,,) = 0 and

R > r?eagiEH\PtH(XtH) — Uy (X)X, = s].

Now completely mimic the proof of Theorem 2.1 widh (X}) playing the dle of &(X}).
Doing so yields the desired resuil.

Recall that in the general GR shuffle setting, the card movéukttop is chosen from
position & with probability px, £ € [n]. This entails that the motion of a single card,
is in itself a Markov chain: Given thatis in positionk at timet, then at timef + 1, ¢
is in position 1 with probabilityp;, in positionk with probability m,, := Zj<k p; and in
positionk + 1 with probability M}, := ., p;. PuttingX for an eigenvalue of this chain
andx for a corresponding eigenvector, these must satisfy thatems

Az = pray + myxy + Mpxpi,

k= 1,2,...,n. Unfortunately this system of equations is very difficultstave in gen-
eral, so from now on we focus on some special cases. Howegrse the exact eigenval-
ues cannot be expressed on closed form and we will consdgoeit be able to produce
expressions that are very close to the eigenvalue. Whenngrgloat a given expression
is indeed close to an eigenvalue, the following lemma is wsgful. The lemma should
be more or less well-known but we have not been able to find p&gifsc reference, so a
proof is supplied.

LEMMA 4.2 LetDD be the closed unit disc in the complex plane. Assumefthd — C
is analytic, f(0) = 0 and|f'(z)| > 1 for everyz in D. Then there exists a poin € D
such thatf(z) = 1.

Proof. LetV := f(ID) and letu be the leftmost point of the positive real axis that
intersects the boundary of; formally

u:=1inf{a € [0,00) :a ¢ V'}.

We want to prove that—![0, u] contains a smooth path frotto OD. The setf 1[0, u]
may not be connected, but pufor the component of 1[0, ] that contains the origin.
We claim thatp is a path of the desired type. By the assumptionfbthe setp can be
covered by open balls on which the restrictionfagé an open bijective map with analytic
inverse. Since is compact this cover can be taken to be finite; putl,, . . ., U, for the
covering balls. Sinc¢|y, has a well-defined analytic inverse U; is a smooth path
segment for every. Putting thel/;’s together shows thatis a smooth path and singes
closed, it contains its endpoints. Finally to prove thatehdpoint,w # 0, of p is ondD,
assume for contradiction that € D°. Thenw is the center of an open bafl, contained
in DY on which f has analytic inverse. SinggO) C V°, f(O) is crossed by0, u] and
henceO is crossed by a segment @fcontradicting thatv is the endpoint.
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Next we claim thatf|, is a bijection onto0, u|: If this was not the case, then by
continuity, for somej, f|,nv, would not be bijective. (We may regayd, as a continuous
real-valued function defined on a closed intervaRof This contradicts to the bijectivity
of flu,.

Thusp can be parameterized the natural way, i.e. by lettibg = f~(s), s € [0, u].
For an arbitrary: € p, write z = p(s), s € [0, u] and get, by Cauchy’s Theorem,

s=f@)= [  flw)dw= / (o)) (w)do.

p[0.s]

Hencef’(p(v))p'(v) = 1 for almost everyw. Whence, by hypothesis,

5= / 1 o) @)ldo > / " @)lde.

However the right hand side is the length ofnd sincep goes from the origin to the
boundary ofD, its length is at least 1. Thus> 1, i.e. f(ID) contains 1, as desiredl

A slight strengthening of the proof of Lemma 4.2 proves tmafact /(D) O D:
Replace the positive real axig oo) with any raye[0, 0o), § € [0, 27) and redefine: as
u = inf{a € [0,00) : ae?? ¢ V'}. Then, repeating the proof with only a small adjustment
for the e?-factor again gives, > 1. Sinced was arbitrary, we have shown:

THEOREM4.3 Let f : D — C be analytic withf(0) = 0 and|f’(z)| > 1 for every
z € C. Thenf(D) D D.

The way in which Lemma 4.2 will be used is the following: Suppthat for some,
we have thaff (z,) = 6. Suppose also thaf’(z)| > M for all z within distancej/M of
2p. Then by Lemma 4.2 applied to the map— 1 — f(zo + §/M), f has a zero within
distance)/M of z.

4.1.1 The bottom-to-top shuffle

Recall that now the card taken to the top of the deck is chosdoromy among the
bottom#k cards. As above, putandx for an eigenvalue and a corresponding eigenvector
for single-card motion and assume without loss of gengrtidatz; = 1. Then the above
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system of equations fdr\, x) becomes:

A = i)
)\.TQ = I3
AL3 = T4
)\xnfk = Tn—k+1
1 k-1
ATy g1 = E Tﬂfn—k+2
1 1 k—2
ATyt = E kxn k+2 T 2 ——Tp_k43
1 2 k—3
ATp_pg3 = E T En—h+3 + T Tk
3 1 n k—2 n 1
Lp—1 = ]C ]{? Tn—1 kxn
1 k-1
AL, = — n-
x 2 + 2 x

Working backwards we get from the last equation that

1
kx— (k—1)

Ty =

The second last equation gives

. T 1 .
TN CEZ TR (k-1 "

or A = (k—2)/k. Unless\ = (k — 2)/k, the third last equation now tells us that

" _%—F%In_l_ 1 —
T ONCES TR (k-1 "

or A = (k — 3)/k. By induction

1
kh— (k—1)

Tp = Tp-1 = ... = Tpn—k+1 —

or\ e {0 1/k,2/k,...,(k—2)/k}. By the firstn — k equationsg; = 1,25 = \, 23 =

A Ty = AT ’“ Unless\ € {0,1/k,2/k,...,(k — 2)/k}, the two expressions
for ZTn_p1 MuUst be equal This gives the foIIowmg characteristic ¢éigueor \:

k—1 1

)

A) = AR
9N ? ’

Now assume that = o(n). Then no eigenvalue less than- 2/k will provide a good
lower bound so we can focus ors solving the characteristic equation. So how do we
find solutions to this equation? It is fairly easy to guess there may be a solution close

12



to A = ¢, wherew = 27 /n, so let us first simply puk = (1 — v)e™, insert this into the
equation and make an approximate calculation of whaen should be. We have Afis
assumed to be very small:

—i(k—1)w k-1 —ikw
o) ~ (1 = e - Ly e L

The imaginary part of this is very small. The real part is agpnately

(k—1)2 , k-1 R 1
R AL
~ —%nv#—(k(k; D _ (k‘—21) Yw?,

To make the last expression vanish, we must put

_ (R
T=\2)
We thus guess that\) has a zero very close tg := (1 — (’;)wQ/n)ei“’. We now need

to prove that this is indeed the case. To make things a bi¢etsshandle, transform the
characteristic equation by putting= \e~*“, thereby getting

E—1 _, 1.
f(Z) — zn—k-‘,—l . 3 e—zwzn—k . _ez(k’—l)w =0

for which we want to prove there is a root very closezto:= 1 — (’;)uﬂ/n. More
precisely we will use Lemma 4.2 to show that the distance fegno the nearest root is
O(k*n=*) = o(k*w?/n). Whence there is a root of the form- (1 +o(1)) (5)w?/n. First
we calculatef”:

fl(z) = 2"kt ((n —k+1)z— (n— kl:(k — 1>e_i“’).

Next we evaluatef’(z) for an arbitrary point: such thatz — 2| < (%)w?/2n. Such a
point can be written as — ¢(5)w?/n, where|c| € (1/2,3/2). We have

7 = =0 (in-k+ 11 -e(§) )

= BEZD G o) tiw + 0 )

_ (- 0(1>><k(n —k+1) —k(n —k)(k-1) OU?n=2) + O(n"1)
i(C=PEZD,, 1 op-2))

a4 0(1))<% +i27r(kk— 1))

13



Thus f'(2) = (1 + o(1))n/k for all z within distance(})w?/2n of z,. If it can now be
shown thatf(z) = O(k*n=3), it will follow from Lemma 4.2 thatf has a zero within
distanceO(k3n~*) of 2, as desired. However

f(z) = zg—kﬂ _ E —iw n—k __ lei(k—l)w

—e "%
n—k+1(k\ , k-1 n—k(k\ , w?
:1_T<2)w I S (2)“’)(1_7_””)
1 (k—1)2w* 2 -3
_E(l -y Tk = Huw) + O(k*n™")
(k—1)(n—k)—k(n—k+1) (kY , (k—Dw* (k—1)>2w? _
= oy (2)w + o + o +O(k"n™")

and some algebraic manipulation reveals that all termshe®t4*n—3)-term at the end
cancel.
We have thus established for the bottom-to-top shuffle aernemue of the form\ =

(1 — ) wherey = (1 + o(1))2=2=1 andg = (1 + o(1))2* and a corresponding
eigenvector given by

x =[N AR AR AT
Now let Z/ denote the position of cargat timet, putm = |n/2], ®/(X;) = Ty and
(X)) =) DI(X,).
7j=1

By linearity of expectation and what we just show@Id(X,,,)|X,] = \®(X;). To
apply Theorem 4.1 witlp as test function, we need to cheekx,cs E[|e ® (X, 1) —
d(X;)|?|X; = s]. However, deterministically, all the — k top cards move one step down
the deck at each shuffle, and for such a cgron positionr,

7707 (X 1) = I(X0)| = |e A = V| <y = O(K*n ™).

For the card that is moved to the top/ changes from\"~* to 1, a change of order
O(kn~1). Finally for & — 1 of the cards at the bottom of the deck, their corresponding
®J’s stay put at\"~*, so for these cards

707 (Xop1) = B5(X0)] = (L4 0(1)[1 = ™| = On ™).
Using the triangle inequality,

79D (X)) — B(XY)| < mO(K*n %) + O(kn™') + kO(n™1) = O(kn™Y)
and consequently

max E[|e ™ ® (X, 1) — (X)) | X, = s] = O(k*n?).

seS

14



We may thus apply Theorem 4.1 with = O(k*n~2). Observing that(sy) = O(n) if
we start with the cards in order (this is why we use only hafd¢hards when defining),
and puttingz = 1/2, we then get the following lower bound whén= o(n):

n3 1 8R)

T=(140(1)) log ®(s¢) — = log —

2m2k(k — 1) < 2 v
n 1 k*n=?

—(1+o0(1)—— (logn— =log =

oW g (togn = 5108 77.)

= (1+o0(1)) log n.

Am2k(k — 1)
Now what about the cage= ©(n)? In this case it is fairly easy to find a lower bound of
ordernlogn, just as one would expect from tihe= o(n) lower bound just given. This
can be done either by using the- 2/k eigenvalue and the corresponding eigenvector
in Theorem 4.1 or by softer probabilistic reasoning as fer @inverse) random-to-top
shuffle; afterenlogn steps cardh will still be very close to the bottom of the deck.
However, an intriguing fact about these shuffles is that whenreally large; e.gk >
2n/3, then the second eigenvalue for the single card chain iseaaway from 1 than for
the casé = n. This seems to suggest that the bottom-to-top shuffle watyy ks= 0.9n
could in fact be faster then the random-to-top shuffle. Unfoately we have not been
able to find any good evidence about whether this is indeedake or not, and it would
be quite interesting to know the answer to this problem.

In summary, we have found the following result:

THEOREM4.4 A lower bound on the mixing time for the bottom-to-top shufflererkhe
card taken to the top at a given shuffle is chosen among therhétt= o(n) cards is
given by

_m
Am2k(k — 1)

Whenk = ©(n) the mixing time i$2(n logn).

(14 0(1)) log n.

Note that takingk = 2 in Theorem 4.4 recovers the previously kno%an?’ logn
lower bound for the Rudvalis shuffle.

4.1.2 GR shuffles withp,,_, = p, = 1/2

To avoid parity problems, we must assume that odd. Using the same notation as for
the bottom-to-top shuffle above, the equations for the emger/eigenvector pairs now
become

xry = 1
)\x]’ = xj+1,j:1,2,...,n—k—1
1 1

Alp_p = §+§$n—k+1
1 1 )
)\Zb'j = §$j+§l'j+1,j:n—k+1,n_k+27~"un_1
1 1
)\ n — = ~tn-.
T 2+2$

15



Solving forward using all but the last equation we get

Tr=120 =\ ... Ty = \N"F1

9

Tpoper = 22" F =1 2y o = CA=1)2A"F—1), ... 2, = (2A—=1DF 12N F —1).

Invoking the last equation we also havg = 1/(2\ — 1) and since the two expressions
for z,, must agree we get the characteristic equation

g\ =@ =D —-1)—1=0.

Again we make separate treatments of the cases)(n) andk = O(n), beginning with
the former.

Whenk = o(n) we suspect that a useful eigenvalue can found quite closeTtbere-
fore 2\ — 1 ~ \? so it is a good idea to start with the equation one gets by nyatkiis
replacement:

1 1
A) = AR 2\ =,
f(A) 5 5 0

Puttingu := \* andn = ck we get

c+1 1 1

2
e S}
H 2t T3

Sincec = Q(1) this equation resembles the characteristic equation &ébtttom-to-top
shuffle. It has a solution very close to

271—2 - 27

p=pto := (1 — g)eﬁ

and so a zero of (A) can be found very close to

k2w?

2n

A== (1= =—)e™.

Let us check how close to a solutiog is:

E2w?

2n

1 k2 w?

(1 —
2( 2n

)Qk p2ikw _ 1

)n-l—lceikw o
2

f(o) = (1 -

2,,,2

:<1_M

- +{Xﬁn4»(1—

+ ikw + O(k?)n’?’))

—é<1+CKﬁn%»<1—2ﬁw2+2ﬂmka%%f%>—

DN | —

k 1
:—”;;k%ﬂ—iﬁw1+ﬁw?+ow%l%zixﬁn3y

Since
f'A) = (n+k)N"TFE — kA = (1 4 0(1))n

16



in a large enough surrounding af, Lemma 4.2 implies thaf has a zero in a point;
at distanceD(k*n~*) from )\,. Next we check how far off; is from being a zero of.
Compare\? and2)\; — 1:

20 — 1 =X =2) -1 - X2+ 0(k’ )

k2w? w?
=2(1 — 1— — +34 SN -1
(1= 5 )= 5 +iw+O0n™)
k2w?

—(1— +O(k*'n™ %) (1 — 2w® + 2iw + O(n™?)) + O(k*n~?)

n
=w? +o(n?).
Thus
(2A1 — 1) = A3% + kw? + o(kn™?).
Therefore, since\; is a zero off,
14+ g(A) = A + kw? + o(kn™2)) (2N 7% — 1)
=1+2f(\) + (14 o(1))(kw* + o(kn™?)) = 1+ kw? + o(kn™?),

sog(A\1) = (1 + o(1))kw?. Howeverg'(\) = (1 + o(1))2n in a sufficiently large sur-
rounding of)\; to allow us to appeal to Lemma 4.2 for the conclusion thiaas a zero in
a point), at distancé1 + o(1))kw?/(2n) from \;. By the triangle inequality

k 2
Ao = ol = (1+0(1) 5~ + O(k*n™")

and so\,, the eigenvalue we set out looking for, can be written as

A=(1- v)e_w
where
(1+ o(l))szfg — v<(1+ o(l))i%%fg +1)

andd = (1 + o(1))%.
Next we apply Theorem 4.1 with the eigenvalue and correspgreigenvectorg, we
have just found. For carg] put®’(X;) = Ty M = |n/2| and

(X)) =D DI(X,).
7j=1

To boundA := |e=?®(X,, ;) — ®(X,)|, observe that the top — k cards, just as for the
bottom-to-top shuffle, deterministically move one step ddke deck. Thus each of them
contribute(1+0(1))y = O(k*n=3) to A, so by the triangle inequality they cannot together
contribute more tha® (k*n~2). Of thek cards between positiom — % and positionn,
k — 1 cards will move one step up the deck or stay put and will theiadividually
contributeO(n~') and together at mog?(kn~') to A. Finally one card will move from
position one of the bottond positions to the top, thereby contributidg(kn~!) to A.
Summing up, we get thah is bounded byO(kn~') and Theorem 4.1 may be applied
with R = O(k?n~2). Puttinga = 1/2 and noting thatb(sq) = O(n) if so has the cards
in order, we get almost the same lower bound that we got fobdttm-to-top shuffles:

17



THEOREM4.5 Consider the GR shuffle whepg_,, = p, = 1/2 andk is odd. Ifk =
o(n), then a lower bound on the mixing time is given by

n3

(1 +0(1))m

logn.

Again note that we retrieve the previously known lower botordhe Rudvalis shuffle,
this time by puttingc = 1.

The case: = O(n) is again a little more difficult since it is harder to tell inrgeal
as exactly as for the cage= o(n) where the second eigenvalue is to be found. However
it is fairly easy to show that there is an eigenvalue for wtode hasy = ©(n~!) and
6 = O(n~') and that there are no other non-trivial eigenvalues witbf lower order
than this. Applying Theorem 4.1 with the corresponding engetor then gives a lower
bound of©(nlogn), as expected from the lower bound for= o(n). With some care
one can come up with more explicit bound$ i specified, e.g. wheh = n/2, the same
methods as those used above yield an eigenvaluey)e?” wherey = (1+0(1))*%2 and
0 = (1+ o(1))2w. Applying Theorem 4.1 then gives the lower bound

T =(1+0(1))

log n.
2log 2n e
However, this is, at least not in general, the correct ordl@me@mixing. To show this, let
us give the casé = n/2 some extra consideration: L&} be the position of a specific
card at time (counting0, ..., n — 1 for the positions rather than . .., n). Put

U =7, + (Zt — k)+ —t modk

andV; = U; — U;_; modk. ThenE[V;|X;_,] = 0 andVar(V;| X;_,) is 1 whenU,_; > k
and O wherU,_; < k. Thus

VarU; = E[E[U2|X,_1]] = E[U2 | + E[V?|X,_1]] < VarU,_; +1,
so by inductionVarU, < t. However then, by Chebyshev’s inequality,
P(|Uig-sp2 — Uy — 10702 > 0.01n) < 0.01

while at stationarity a deviation like this would have a pablity of more than 0.9. We
have shown:

THEOREM4.6 Suppose that even. Then the mixing time of th&R shuffle withp,, =
Pnj2 = 1/2isQ(n?).

The proof of Theorem 4.6 can be made to work whea cn for any rational constant
c and then gives a lower bound of ordet. However we have not been able to turn this
Q(n?) lower bound for single cards into &n(n? log n) bound for the whole deck, mainly
because of the strong dependence between the motions efediffcards. When is
irrational things are more unclear; it is not hard to seeith#tis case the mixing time for
single cards is in fad®(n log n), but it seems hard to imagine that the whole deck would
mix much faster for irrational values of

What the true order of mixing is fop, = p,_x = 1/2, seems to be a wide open
question. One natural guess is that the mixing timé (g3 logn) for all £ and either a
proof or a counterexample to this would be very interesting.
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4.2 Upper bounds

As already pointed out, we will only be able to provide a goppder bound for the bottom-
to-top shuffle. Thus we are again considering the situatibares at each time step the
card moved to the top of the deck is chosen uniformly at ranfiiom thek bottom cards.
As usual, denote the state of the deck at tirbg X, and letX, be any fixed state. (Since
the bottom-to-top shuffle describes a simple random walk gime stationary distribution
is uniform and the particular starting state does not affeztonvergence rate.) For each
t=0,1,2,3,..., let the mappings, : S, — S, be given by

Bilo)=n—1n—-2...10) o0

(where the positions of the permutations are for converieev denoted, 1,2, ..., n—
1). PutY; = 5,(X;). In wordsY; is X, with positionk + ¢ (modulon) regarded as position
k,k=0,1,...,n — 1. Clearly

[P(Yr €)=l =[P(X; €)=

so we may, and will, work witly; instead ofX, itself. The process$Y;} describes the
(time-inhomogenous) Markov chain one gets by at timmaking a random-to-bottom
shuffle modula: on the subset of position$, := {n—k+1—t,n—k+2—t,...,n—t}
modulon. (The set4, corresponds to the bottoinpositions for{ X, }.)

We will couple another procedd’;} with the same updating mechanism but started
from stationarity, with{Y;}. The coupling rule is the following: For all cards,such that
Yi(c) € Ay andY/(c) € A;, movec to positionn — ¢ in Y if and only if it is moved also
inY;. If the card moved irY; is not in anA;-position inY/, then pick forY,’ a card chosen
uniformly from those cards that are in dp-position inY} but not inY;. Clearly{Y}} has
the correct updating distribution and the coupling has t¢itlewing important properties:

e Acardcin {Y;} cannot pass its copy iflY} } unlessY;(c) andY/(c) are both inA,.

e Once a card: has been in am;-position inY; andY, simultaneously, it will be
matched as soon as it leavds This is because the only way a card can ledye
is by being picked as the card moved to the bottomlpénd by the nature of the
coupling this happens simultaneously for the two decks.

Consequently: LeT;(c) be the first time that cardhas been ind, simultaneously for
the two decks:

To(c) :== min{t : Y;(c) € A, andY]/(c) € A}

and letl, = max, Ty(c). Then attiméel;, all cards outsidel;,, must be matched. However
then, by the nature of the shuffle and the couplagcards will be matched as soon as
all cards inAr, have leftA,. PuttingT for the first time this has happened, the coupling
inequality tells us that

IP(Y; € ) ==l < P(T > 1),

so for the rest of this section we focus on estimaiihd@y the standard coupon collector’s
problem, for anyu > 0, P(T' — Ty > (1 + a)klogk) = o(1) unlessk = O(1) in which
caseP(T — Ty > f.) = o(1) as soon ag,, = €2(1). Now what abouf?
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Consider the motion of a single catdn {Y;}. Denote the time interval between two
successive occasions wheteavesA;, by acyclefor c. A moments thought reveals that
during a cycle- movesk — G steps down the deck (modulg, whereG is a random vari-
able with geometric distribution with parameteic. Thus, putting; = 7,(c) for thej'th
time,j = 1,2,3,.. ., thatc leavesA,, the proces$Y~, (c) }32, describes a random walk on
Z,, with step size distributiok — G. Keeping track of how crosses the top/bottom border
of the deck we get a random walk @with step size distributio: — G; in particular
the step size mean is 0 and the step size variank1s— 1/k) = k(k — 1). Now con-
sideringc’s motion in {Y/} gives a corresponding sequenieg} of stopping times and
a corresponding random walk with the same properties../Let min{j : 7; > Ty(c)}
Then ifYy(c) > Yy(c),

M<T <T<Ty<..<Ty=T;<Ti1="Trq1<...
or
7'1<7'{<7'2<T£<...<T§71:TJ<T}:TJ+1<...

depending on iffy(c) coincides withe enteringA; in Y, or Y. If Yy (¢) < Y(c) then these
relations with the primed and non-primed quantities irttarged hold. In the sequel we
assume thatj(c) > Yj(c); the other case is treated analogously.

PutS; = Y7, (c) —YTI; (c). Then{S;} for the first.J —1 steps behaves like the difference

between two independent random walksZn Thus{S;} itself for the first/ — 1 steps
describes a symmetric random walk Bnwvith step size variancgk(k — 1). To make this
exact, define a third deck’}”} such that,” coincides withY; for ¢t < Ty(c), but letY,”
evolve independently of; from time7;(c) and on. Associate in analogy with the above
with Y/ the stopping times;’ and putU; = Y7, (¢) — Y/, (c). Then{U;} describes a
random walk, started from somewhere betwéamdn, that for all time is the difference
between two random walks of the kind encountered abovelamdincides withS; for
the first.J — 1 steps. The procesd/;} also has the property that if it aftgrsteps has
at least once passed the origin or vertexthen; > J; this follows from the above
properties of the coupling. Thu&(c) is bounded by the first tim&; passes outside the
interval [0, n].

Let us now bound the probability thgt/;} has not passed outsid@ =] in, say, jo
steps. This probability is maximized whély = n/2 so let us assume that this is the case.
Put

1 n
W= el s)

so thatlV, = 0, {WW,} has step size variance 1 afiglpasses outsidg, n — 1] whenV
passes outside

R =D PG = D)

From here we must treat the cages- o(n) andk = ©(n) separately. Assume first that
k = o(n). Let

-

M = -
232 k(k—1)
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By Donsker’s Theorem (sinck®/ — oo) (see e.g. [3, Section 7.6])

1 D
{MWMQS}SE[O,OO) - {Bs}se[o,oo)

asn — oo, where{ B, } stands for standard Brownian motion. Thus

P(Vs < so ¢ |—Wagzs| < 1) = (1 + 0(1))P(Vs < so : |By| < 1)

where the last bound can be found e.g. in [3, Section 7.8h Wit= (1+0(1))(8/7?) logn
the right hand side is(n~'). Translating this back t¢U,} tells us that the probability
thatU; has not passed outsifle n] after(1+o(1))(8/7%) M?*log n stepsis(n~'). Thus,
with

2

Joi=(1+ 0(”)%

logn

we have
P(J > jo) = o(n”").

Now how long does it take beforenas gone throughy, cycles? This time, sa¥;, can be
written as

Jo
T =n+ ij
j=1

wheren is the time taken untit leavesA, for the first time, and th¢;’s are thej, inde-
pendent cycle times. Sinegrepresents the time taken for a partial cyejas stochas-
tically dominated by a random variabfg with the same distribution a§, ..., ¢;, and
so 17 is dominated by, := Zj‘;o ;. Theg,'s have distributionn — k£ + G, where
G is geometric with parametdr/k. HenceET> = n(j, + 1) and we want to bound
P(T; > (14+a)n(jo+1)) for an arbitrary smak > 0. However this probability coincides
with the probability thatB < j, whereB is binomial with parameter&in + k) (jo + 1)
and1/k. Sincej, = Q(logn) andk = o(n) it follows from standard Chernoff bounds

that
P(Ty > (1+ a)njo) = o(n™).

Thus P(7j, > (1 4 a)njo) = o(n~") and since it was shown above thatJ > j,) =
o(n~1) and sincel;(c) < 74, we get that

P(Ty(c) > (1 + a)njo) = o(n™").
Summing over the cards,
P(Ty > (14 a)njo) = o(1).
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Finally, sincek = o(n), klog k is of smaller order thanjo, (or whenk = O(1) thenf,
is of smaller order thanj,) and so

P(T > (1+ a)njo) = o(1).

We have thus arrived at the following upper bound on the ngixime:

3

Tomie < (14 qmﬁ

logn.
In the casé: = O(n) the above approach does not work exactly as it stands for two
reasons:

e Sincen andk are of the same order, the Brownian motion approximation doés
work.

e Theklogk term forT — T, is of the same order asj,

However it is easy to modify the arguments slightly to giveugper bound of the type

Cnlogn for some constant’. A more detailed analysis would also give an estimate for

C', but since these estimates appear to be well above what anld guess are the correct

figures (e.g. when is close ton, an estimate of' lands well above 1), we omit that here.
The following theorem summarizes our results on the botiotop shuffle:

THEOREMA4.7 Let7,,;, be the mixing time for the bottom-to-top shuffle where the card
taken to the top at each shuffle is chosen among the bdttwemds. Then it = o(n),
3 TL3

n
1 g mix 1 o(1 2

S L— log n.
an?k(k — 1) e n

(1+0(1))
If £ = O(n), thent,,;, = O(nlogn).

Acknowledgments. | would like to thank Laurent Saloff-Coste and Yuval Peres for
valuable discussions. | am also grateful to Svémér and Johan Karlsson for their help
on Lemma 4.2. Finally | would like to thank the referee for arthugh reading and many
valuable comments.

REFERENCES

1. D. ALbous AND P. DiIAcoNis, Shuffling cards and stopping timesmer. Math.
Monthly93 (1986), 333-348.

2. D. BAYER AND P. DIACONIS, Trailing the dovetail shuffle to its lai&nn. Appl.
Probab.2 (1992), 294-313.

3. R. DURRETT, “Probability: Theory and Examples,” Wadsworth & Brooks/€ol
1991.

4. SHARAD GOEL, Analysis of top to bottom shuffles,
htt p: // wwww. cam cor nel | . edu/ ~shar ad/

22



5. M. HILDEBRAND, Rates of Convergence of Some Random Processes on Finite
Groups, PhD Thesis, Harvard University, 1990.

6. J. DNASSON The overhand shuffle mixes #(n? log n) steps,
http://ww. mat h. chal mers. se/ ~j onasson/ recent. ht m

7. T. LINDVALL , “Lectures on the Coupling Method,” Wiley, 1992.

8. E. MOSSEL Y. PERES AND A. SINCLAIR, Shuffling by semi-random transpo-
sitions, inProceedings of the 45’'th annual IEEE symposium on Foundatmf
computer science (FOCS 2002004), 146-154.

9. E. RODRIGUES Convergence to stationarity for a Markov move-to-frontesuole,
J. Appl. Probab32(1995), 768-776.

10. L. SALOFF-COSTE, Total variation lower bounds for Markov chains: Wilson’s
lemma, in “Random walks and Geometry,” pp. 515-532, WalteGdeyter GmbH
& Co. KG, Berlin, 2004.

11. D. B. WILSON, Mixing time of the Rudvalis shuffleglectron. Comm. Probal8
(2003), 77-85.

12. D. B. WILSON, Mixing times of lozenge tiling and card shuffling Markov ahs,
Ann. Appl. Probab14 (2004), 274-325.

Johan Jonasson

Dept. of Mathematics

Chalmers University of Technology
S-412 96 Sweden

Phone: +46 31 772 35 46

j onasson@at h. chal ners. se

23



