
Uniqueness and non-uniquenessin per
olation theory�Olle H�aggstr�om and Johan JonassonChalmers University of Te
hnologyMay 3, 2005Abstra
tThis paper is an up-to-date introdu
tion to the problem of uniqueness ver-sus non-uniqueness of in�nite 
lusters for per
olation on Zd and more generallyon transitive graphs. For iid per
olation on Zd, uniqueness of the in�nite 
lus-ters is a 
lassi
al result, while on 
ertain other transitive graphs uniquenessmay fail. Key properties of the graphs in this 
ontext turn out to be amenabil-ity and nonamenability. The same problem is 
onsidered for 
ertain dependentper
olation models { most prominently the Fortuin{Kasteleyn random-
lustermodel { and in situations where the standard 
onne
tivity notion is repla
edby entanglement or rigidity. So-
alled simultaneous uniqueness in 
ouplings ofper
olation pro
esses is also 
onsidered. Some of the main results are provedin detail, while for others the proofs are merely sket
hed, and for yet othersthey are omitted. Several open problems are dis
ussed.1 Introdu
tionPer
olation theory began in 1957 when Broadbent and Hammersley [18℄ introdu
edthe, now standard, iid bond per
olation model on Zd. They did this to model aporous stone on a mi
ros
opi
al level in order to study the question of whetherthe 
enter of the stone gets wetted when it is immersed into a bu
ket of water.Sin
e then per
olation theory has attra
ted an enormous amount of interest. This ispartly be
ause of its appli
ability: The independen
e in the model makes it possibleto handle and still it is not too unrealisti
 for many random media. It has alsoproved fruitful to use 
omparisons with iid per
olation in order to obtain resultsfor various types of dependent per
olation models. However, the main reason forthe interest is the mathemati
al beauty of the topi
 with its abundan
e of easilyformulated 
onje
tures of whi
h many have proved to be very diÆ
ult to settle andwhi
h have inspired the development of powerful mathemati
al te
hniques.With the 
omme il faut slip of notation, we write Zd for the graph whose vertexset is Zd and whose edge set 
onsists of all pairs of verti
es sitting at Eu
lideandistan
e 1 from ea
h other. While per
olation theory began on Zd, the model makes�The resear
h of both authors supported by the Swedish Resear
h Coun
il.1



2perfe
t sense on any 
onne
ted graph G = (V;E): Let ea
h edge be retained withprobability p (and deleted with the remaining probability 1 � p) independently ofall other edges. On Zd in d � 2 dimensions, it is a fundamental fa
t, dating ba
k toBroadbent and Hammersley, that the o

urren
e of an in�nite 
onne
ted 
omponent{ or an in�nite 
luster, as we will also 
all it { has probability 0 or 1 depending onwhether p is below or above a 
ertain 
riti
al threshold p
 2 (0; 1). When there arein�nite 
lusters one may ask how many, and this is the topi
 of the present surveypaper.Let us brie
y mention a motivational example from real life. Take G = (V;E) bethe graph whose vertex set 
onsists of all mathemati
ians, and 
onne
t any two ofthem by an edge e 2 E if they have ever 
oauthored a mathemati
al paper. The dis-tan
e in this graph between a given mathemati
ian v and Paul Erd}os is 
olloquiallyreferred to as v's Erd}os number. If we de�ne a mathemati
ian to be a person whohas authored at least one pie
e of work that by May 2004 had found its way into theMathS
iNet database, and two su
h mathemati
ians to be 
oauthors if they have ajoint publi
ation in that database, then the graph 
onsists of about 401 000 verti
es,and a good deal of other interesting statisti
s and graph 
hara
teristi
s are avail-able; see Grossman [43, 44℄. About 83 000 of the nodes are isolated, 
orrespondingto mathemati
ians with no 
oauthors. The largest 
onne
ted 
omponent { the one
ontaining Erd}os { 
ontains about 268 000 verti
es; these are all the mathemati
iansthat have �nite Erd}os numbers. The se
ond largest 
onne
ted 
omponent 
ontainsonly 32 verti
es. This striking 
ontrast between the size of the largest and the se
ondlargest 
onne
ted 
omponent may be phrased as uniqueness of the giant 
omponent,and 
alls for our attention. Is this a spe
ial feature of so
ial networks (as opposedto graph stru
tures arising in other appli
ations) or even of the so
ial stru
ture ofmathemati
ians, or is it an instan
e of a mu
h more general phenomenon?Something similar happens in the well-known Erd}os{R�enyi random graph, 
on-sisting of n verti
es where ea
h pair is linked by an edge with probability p, inde-pendently of all other pairs. (Equivalently, the Erd}os{R�enyi random graph 
an beseen as bond per
olation with retention parameter p on the 
omplete graph with nverti
es.) There is an enormous literature on this model; see, e.g., Bollob�as [15℄ orJanson et al. [70℄. The most natural way to s
ale p as n ! 1 is to �x 
 and letp = 
n , and the 
lassi
al result going ba
k to Erd}os and R�enyi [30℄ is that the pro-portion of verti
es sitting in the largest 
onne
ted 
omponent tends in probabilityto a 
onstant, whi
h is 0 when 
 � 1 and stri
tly positive when 
 > 1. On the otherhand, it is fairly straightforward to show that for all 
, the proportion of verti
essitting in the se
ond largest 
omponent, tends in probability to 0. Hen
e, for 
 > 1and n large, we obtain another instan
e of the uniqueness of the giant 
omponentphenomenon.In this paper, as in most of mathemati
al per
olation theory, we will only bedealing with in�nite graphs1, where the issue of uniqueness of the giant 
omponenttranslates naturally into the question of whether there is a unique in�nite 
luster.This has the advantage of always having a 
lear-
ut yes/no-answer, in 
ontrast tothe �nite setting where it is not always totally obvious what one really should meanby a giant 
omponent.1However, in re
ent years, there have been some very interesting developments in the proje
tof bridging the in�nite and the large-but-�nite in per
olation theory; see, e.g., [17℄ and [16℄.



3From now on, G = (V;E) will denote the underlying in�nite graph on whi
h theper
olation pro
ess takes pla
e. G will always be assumed to be 
onne
ted. Somemore terminology: An iid bond per
olation with retention parameter p on the graphG = (V;E) is a random element X of f0; 1gE whose distribution Pp is produ
tmeasure with marginals (1�p; p). We identify X with the subgraph of G 
ontainingall verti
es v 2 V and pre
isely those edges e 2 E taking value X(e) = 1. WhenX(e) = 1 we speak of e as an open edge whereas if X(e) = 0 we say that e is 
losed.In the equally natural pro
ess of iid site per
olation, it is the verti
es, ratherthan the edges, that are retained at random (independently, ea
h with probabilityp). As far as qualitative results are 
on
erned, it is usually of little importan
ewhether bond or site per
olation is 
onsidered. Here we will, with few ex
eptions,fo
us on bond per
olation; most results and proofs have obvious analogues for siteper
olation.The most basi
 question to ask about X is whether it 
ontains an in�nite 
luster.Write C for this event, i.e., the event that X 
ontains at least one in�nite 
luster.It follows from the Kolmogorov 0-1-law that Pp(C) is either 0 or 1. Furthermore, itis intuitively obvious that Pp(C) should be non-de
reasing in p, sin
e adding edgesto X 
annot destroy an in�nite 
luster. This intuition is turned into mathemati
alrigor via the following 
oupling, whi
h will be useful to us several times later in thispaper:Coupling 1.1 The simultaneous 
oupling 
onstru
tion. Asso
iate withea
h edge e 2 E a random variable Ue uniformly distributed on the unit interval.For ea
h p 2 [0; 1℄, de�ne Xp(e) = I[0;p)(Ue). Then, for any p, Xp = fXp(e)ge2E isan iid bond per
olation with retention parameter p, i.e., Xp has distribution Pp.For 0 � p1 < p2 � 1, we have in the simultaneous 
oupling 
onstru
tion thatXp1(e) � Xp2(e) for every e 2 E, and 
onsequently Pp(C) is non-de
reasing in p.Combined with the observation that Pp(C) must be 0 or 1, this implies the existen
eof a 
riti
al probability p
 = p
(G) 2 [0; 1℄ su
h thatPp(C) = � 0; p < p
1; p > p
 :For a given vertex v 2 V , de�ne �v(p) = Pp(v $1), where fv $ 1g is the eventthat v is in an in�nite 
luster. In many 
ases, su
h as when G = Zd (and moregenerally when G is transitive; see De�nition 1.2 below), �v(p) is independent of the
hoi
e of v 2 V , and we write �G(p) instead (or just �(p) if it is obvious whi
h graphis meant). Clearly, Pp(C) = 0 implies that �v(p) = 0 for any v. Conversely, underour universal assumption that G is 
onne
ted, Pp(C) > 0 implies �v(p) > 0 for anyv; this is easy to see, for instan
e using Coupling 2.5 below. Hen
e, the followingalternative 
hara
terization of the 
riti
al value p
(G) holds: for any v 2 V , we have� �v(p) = 0; p < p
�v(p) > 0; p > p
 :When p < p
 the per
olation said to be sub
riti
al while for p > p
 it is said to besuper
riti
al, and for p = p
 it is said to be 
riti
al. Whether Pp(C) is 0 or 1 at
riti
ality depends on the 
hoi
e of G. For G = Zd with d � 2, it is believed that



4�G(p
) = 0. This is known only for d = 2, where it was established by the work ofHarris [62℄ and Kesten [76℄, and for d � 19 due to Hara and Slade [61℄. The 
ases3 � d � 18 is what remains of the most 
lassi
al long-standing open problem of allin per
olation theory. Benjamini and S
hramm [12℄ (we will soon hear more abouttheir paper) extended the 
onje
ture �G(p
) = 0 to the 
lass of transitive graphs withp
 < 1; this was later shown to be the 
ase for a large 
lass of graphs by Benjaminiet al. [9℄ { see Theorem 7.3 below { but the full 
onje
ture remains open.We move on to the main topi
 of this paper: In super
riti
al per
olation, howmany in�nite 
lusters are there? A very brief history of this problem is as follows.In his 
lassi
al 1960 paper, Harris [62℄ showed that on Z2 one has p
 � 1=2,and by 
ombining this with the self-duality of Z2 he was able to dedu
e that forany super
riti
al p there is a.s. a unique in�nite 
luster. The world then had towait until 1987 before Aizenman et al. [3℄ were able to extend this to d � 3 andthus establish uniqueness of the in�nite 
luster in all dimensions. A 
ouple of yearslater, Burton and Keane [19℄ obtained an alternative proof whi
h is mu
h shorterand easier to 
omprehend, and more amenable to generalizations. Consequently,the Burton{Keane proof has be
ome the standard one to present in textbooks and
ourses (see, e.g., Grimmett [37℄), and we will follow suit.Soon afterwards, the subje
t was given an additional spark in a paper by Grim-mett and Newman [42℄ who showed that there are interesting graphs for whi
h onehas uniqueness of the in�nite 
luster for some p but not for others. The spe
i�
 ex-ample they used was the Cartesian produ
t graph G = Td�Z where Td is a regulartree of degree d+ 1, and they showed that the desired phenomenon o

urs when dis large enough: When p is suÆ
iently 
lose to p
, there are in�nitely many in�nite
lusters, while uniqueness holds when p is suÆ
iently 
lose to 1. The Grimmett{Newman paper 
an be seen as a forerunner to the highly in
uential paper from 1996by Benjamini and S
hramm [12℄, who suggested { 
orre
tly, as it turned out { thata fruitful generality in whi
h to study per
olation would be the transitive and thequasi-transitive graphs; see the following de�nition. A frenzy of a
tivity and inter-esting results followed upon the Benjamini{S
hramm paper, in
luding a number ofresults 
on
erning uniqueness versus non-uniqueness of in�nite 
lusters.Definition 1.2 Let G = (V;E) be an in�nite graph. A bije
tive map f : V ! Vsu
h that ff(u); f(v)g 2 E if and only if fu; vg 2 E is 
alled a graph automor-phism for G. The graph G is said to be transitive if for any u; v 2 V there existsa graph automorphism mapping u on v. More generally, G is said to be quasi-transitive if V 
an be partitioned into a �nite number of vertex sets V1; : : : Vk su
hthat for any i 2 f1; : : : ; kg and any u; v 2 Vi, there exists a graph automorphismmapping u on v.Heuristi
ally, the graph G is transitive if and only if it \looks the same" as seen fromany vertex { examples in
lude both the usual Zd latti
e and the Grimmett{Newmanexample Td � Z { while quasi-transitivity means that there are only �nitely many\kinds" of verti
es.The topi
 of uniqueness (and non-uniqueness) of in�nite 
lusters in per
olationtheory was reviewed already in a 1994 paper entitled Uniqueness in per
olationtheory by Meester [83℄, but as we shall see the subje
t has developed vastly sin
ethen. The title of the present paper is meant as an allusion to Meester's paper, and



5as an indi
ation of the shift in the subje
t's 
enter of mass that has taken pla
eduring the last de
ade. See also Grimmett [39℄ for a more re
ent treatment, with asomewhat di�erent emphasis 
ompared to ours.The rest of this paper is organized as follows. In Se
tion 2, we 
onsider theZd 
ase, and give the uniqueness arguments of Harris [62℄ and Burton and Keane[19℄. In Se
tion 3, we outline the more re
ent work 
on
erning per
olation on moregeneral transitive (and quasi-transitive) graphs following the footsteps of Grimmettand Newman [42℄ and Benjamini and S
hramm [12℄. Se
tions 4{9 are then devotedto des
ribing this work in more detail, in
luding a number of proofs. Then, inSe
tion 10, we move on to questions 
on
erning so-
alled simultaneous uniquenessin 
oupling 
onstru
tions su
h as the one in Coupling 1.1, and in Se
tion 11 webrie
y mention similar issues for so-
alled dynami
al per
olation. In Se
tions 12and 13, we 
onsider what happens when we let go of the iid assumption in favor ofdependent per
olation models; prime examples are the random-
luster model anduniform spanning trees. Some parti
ular results for dependent per
olation on Z2are 
onsidered in Se
tion 14. Finally, in Se
tions 15 and 16, we 
onsider whathappens if we fo
us not on 
onne
ted 
omponents, but rather on entangled or onrigid 
omponents.Before moving on, let us �nally emphasize that we make no 
laims at a 
omplete
overage of the topi
 of uniqueness vs non-uniqueness of in�nite 
lusters in per
ola-tion theory { the subje
t is mu
h too large for that. In our 
hoi
e of material, wehave (apart from some early fundamentals of the subje
t) mainly been guided byour wish to in
lude those topi
s that we feel have developed most vigorously duringthe last de
ade, but the 
hoi
es are of 
ourse open to 
riti
ism. Two topi
s thatwere treated at some length by Meester [83℄ but are 
ompletely omitted here, are
ontinuum per
olation [84℄ and fra
tal per
olation [24℄.2 Per
olation on ZdWe begin this se
tion with Harris' [62℄ proof of uniqueness of the in�nite 
lusterfor iid bond per
olation on Zd. For this, we will need to 
onsider the dual of Z2.For later use, we take the opportunity to de�ne the dual graph of a planar graph ingeneral.Definition 2.1 Let G = (V;E) be a planar graph with a spe
i�ed embedding in R2 .The dual graph Gy = (V y; Ey) is the graph in whi
h V y is the set of fa
es of G andfor u; v 2 V y, fu; vg 2 Ey i� the fa
es u and v share an edge in E.For G = Z2, it is natural to pi
ture the dual as a 
opy of the original Z2-latti
e,shifted in R2 by the ve
tor (12 ; 12).Now if X is an iid bond per
olation with retention parameter p on G then thedual per
olation Xy on Gy is de�ned by letting a given edge in Gy be open in Xy i�its 
rossing edge in G is 
losed in X. By this de�nition Xy is an iid bond per
olationon Gy with retention parameter 1� p. The point of 
onsidering dual per
olation forZ2 is that the 
onne
ted 
omponent of a vertex v 2 Z2 is �nite i� v is surroundedby a 
ir
uit, i.e., a 
y
le of open edges, in Xy. This statement is easy to believe but
umbersome to prove in full rigor (see, e.g., Kesten [77℄); we state it here withoutproof.



6 Harris' result on uniqueness is the following.Theorem 2.2 (Harris [62℄) The in�nite 
luster of super
riti
al per
olation on Z2is a.s. unique.Proof. By an ingenious sequen
e of geometri
 arguments that we do not presenthere, Harris showed that on Z2 per
olation does not o

ur for p = 1=2.2 The dualof Z2 is isomorphi
 to Z2 itself and if one takes p = 1=2 the dual per
olation Xy hasexa
tly the same probabilisti
 behavior as the original per
olation X. Let B be alarge box in Z2 
entered at the origin. Sin
e a.s. there is no in�nite path of openedges in X interse
ting B, B is a.s. surrounded by a 
ir
uit in Xy. Thus B mustalso be surrounded by a 
ir
uit in X. Using Coupling 1.1, we realize that this alsoholds for all higher values of p, in parti
ular for all p for whi
h per
olation o

urs.This means that no two separate in�nite 
lusters 
an both interse
t B, be
ause theywould then have to be be joined by the 
ir
uit. Sin
e the size of B was arbitrarythis shows that there 
an only be one in�nite 
luster. 2Harris' argument, although beautiful, is obviously highly dependent on the planarstru
ture of Z2, and it would be a waste of time to try to generalize the argument inorder to prove, e.g., uniqueness of the in�nite 
luster for per
olation on Zd for d � 3.More than 25 years later, Aizenman et al. [3℄ were able to prove uniqueness of thein�nite 
luster for per
olation on Zd in arbitrary dimension d. Their proof was ratherdiÆ
ult, but a substantially simpler proof was soon obtained by Burton and Keane[19℄. The Burton{Keane proof exploits only two aspe
ts of the graph stru
ture ofZd: transitivity (re
all De�nition 1.2) and so-
alled amenability. Amenability will
ontinue to play an important role in later se
tions, so we will state and prove theuniqueness result in that generality.To de�ne amenability, we �rst need a notion of isoperimetri
 
onstants. For anin�nite 
onne
ted graph G = (V;E) de�ne its edge-isoperimetri
 
onstant as�E(G) = infW j�EW jjW j ;where the in�mum ranges over all �nite 
onne
ted subsets W of V , and �EW is theset of edges with one end-vertex in W and one in V nW .Definition 2.3 Take G to be a graph with edge-isoperimetri
 
onstant �E(G). If�E(G) = 0 then G is said to be amenable, while if �E(G) > 0 then we say that Gis nonamenable.We remark that it is equally natural to de�ne the (inner) vertex-isoperimetri
 
on-stant as�V (G) = infW j�VW jjW jwhere �VW is the set of verti
es of W with at least one neighbor in V nW . If Ghas bounded degree (in parti
ular, if G is transitive), then �V (G) = 0 i� �E(G) = 02Consequently p
 � 1=2. It qui
kly be
ame a famous open problem to show that this inequalityfor p
 is in fa
t an equality. 20 years later, Kesten [76℄ proved that p
 indeed equals 1=2.



7so that the notion of amenability is independent of whether it is de�ned using theedge-isoperimetri
 or the vertex-isoperimetri
 
onstant.To see that the Zd latti
e is amenable, it suÆ
es to take Wn = f�n; : : : ; ngd andnote that j�EWnjjWnj tends to 0 as n ! 1. Thus, uniqueness of the in�nite 
luster forper
olation on Zd is a spe
ial 
ase of the following result.Theorem 2.4 (Burton and Keane [19℄) Assume that G is transitive and amen-able. Then super
riti
al per
olation on G a.s. produ
es a unique in�nite 
luster.In fa
t, although as mentioned in Se
tion 1 it is believed that if G is transitive andp
 < 1 then Pp
(C) = 0 (i.e. that there is no in�nite 
luster at 
riti
ality), the proofof Theorem 2.4 works to show that if there is an in�nite 
luster at 
riti
ality, thenit is a.s. unique.Like many arguments in this �eld { we shall see a number of examples later on inthis paper { the Burton{Keane proof makes repeated use of a te
hnique 
olloquiallyknown as lo
al modi�
ation. Perhaps the 
learest way to des
ribe the te
hnique isvia the following 
oupling.Coupling 2.5 The lo
al modifier. Fix p 2 (0; 1) and an in�nite graph G =(V;E). Let E denote the set of all �nite subsets of E. The set E is 
ountable,and it is therefore possible to �nd a probability measure on E whi
h assigns positiveprobability to all elements; let Q be su
h a probability measure. Two f0; 1gE-valuedrandom obje
ts X and X 0, ea
h having distribution Pp, may be obtained as follows.1. Pi
k a �nite edge set F 2 E randomly with distribution Q.2. Conditionally on Step 1, and for ea
h edge e 2 E n F independently, setX(e) = X 0(e) = 0 or 1 with respe
tive probabilities 1� p and p.3. Conditionally on Steps 1 and 2, and for ea
h edge e 2 F independently, setX(e) = 0 or 1, and independently X 0(e) = 0 or 1, ea
h with probability p oftaking value 1.This 
oupling was expli
itly introdu
ed by H�aggstr�om [52℄, but arguments based onvariants of the 
oupling had appeared impli
itly many times before. It may at �rstsight look inno
uous, but we shall soon see examples of its usefulness.An important preliminary step towards Theorem 2.4 is the following result ofNewman and S
hulman [86℄.Lemma 2.6 Fix p 2 [0; 1℄ and a transitive graph G = (V;E). The number of in�nite
lusters arising in iid bond per
olation on G with retention parameter p is an a.s.
onstant, taking one of the values 0, 1 and 1.Proof. De�ne the random variable N as the number of in�nite 
lusters, and forn 2 f0; 1; 2; : : :g [ f1g let Dn denote the event that N = n. We �rst show that Nis an a.s. 
onstant. To this end, assume for 
ontradi
tion that there is an n su
hthat 0 < Pp(Dn) < 1 (2.1)and �x su
h an n.



8 For W � V , write X(W ) as shorthand for fX(v)gv2W . For v 2 V and a posi-tive integer k, let B(v; k) denote the set of verti
es sitting within (graph-theoreti
)distan
e k from v, and de�ne the analogous edge setBE(v; k) = fe 2 E : both endpoints of e are in B(v; k)g :De�ne the random variable IDn as the indi
ator of the event Dn. Furthermore, forinteger k and v 2 V , de�ne In;v;k as \the best guess" of IDn given X(BE(v; k)), bywhi
h we mean thatIn;v;k = � 0 if Pp(DnjX(BE(v; k))) � 1=21 if Pp(DnjX(BE(v; k))) > 1=2 :It is an immediate 
onsequen
e of Levy's 0-1-law (see, e.g., [27, Se
t. 4.5℄) that for�xed v,limk!1 In;v;k = IDn almost surely. (2.2)Next let w1; w2 : : : be a sequen
e of verti
es su
h that for ea
h k, wk sits at distan
e atleast 2k from v (the point of this being that BE(v; k) and BE(wk; k) do not interse
t).Clearly the pair (IDn ; In;wk;k) has the same joint distribution as (IDn ; In;v;k), and wetherefore get from (2.2) that In;wk;k 
onverges in probability to IDn. Combining thiswith (2.2) again yieldslimk!1Pp(In;wk;k = In;v;k = IDn) = 1 : (2.3)On the other hand, In;v;k and In;wk;k are independent, be
ause they are de�ned ondisjoint edge sets, and it follows using the assumption (2.1) thatlimk!1Pp(In;wk;k = 1 = 1� In;v;k) = Pp(Dn)(1� Pd(Dn)) > 0But this 
ontradi
ts (2.3), so the assumption (2.1) must be false, and we have shownthat the number of in�nite 
lusters N is an a.s. 
onstant.It remains to rule out that this a.s. 
onstant equals some n 2 f2; 3; : : :g. Fixsu
h an n, and also a vertex v 2 V , and assume for 
ontradi
tion thatPp(N = n) = 1 : (2.4)Then (sin
e G is 
onne
ted) there exists a k su
h that with positive probabilityB(v; k) is interse
ted by all n in�nite 
lusters. Now pi
k X;X 0 2 f0; 1gE and F 2 Ea

ording to the lo
al modi�er (Coupling 2.5). By the 
hoi
e of k, we have withpositive probability that all in�nite 
lusters in X interse
t B(v; k). Conditional onthat event, we have with positive probability that F = BE(v; k) and X 0(BE(v; k) �1). But if these things happen, then X 0 has a unique in�nite 
luster, so thatPp(N = 1) > 0
ontradi
ting (2.4), as desired. Hen
e, N must be 0, 1 or 1. 2Proof of Theorem 2.4. We will essentially follow [37, Se
t. 8.2℄; the proof thereis on Zd but is easily translated to the 
urrent setting. By Lemma 2.6 it suÆ
es



9to rule out the possibility that X 
ontains in�nitely many in�nite 
lusters. Firstnote that it may be assumed that the degree of the verti
es in G is at least 3 sin
eotherwise G would be isomorphi
 to Z, a trivial 
ase. We say that a vertex v 2 Vis a trifur
ation if(a) v is in an in�nite 
luster,(b) v is in
ident to exa
tly three open edges, and(
) the removal of v divides its in�nite 
luster into exa
tly three disjoint in�nite
luster (and thereby no �nite 
lusters).Suppose that A is a �nite set of trifur
ations belonging to the same in�nite 
lusterK. Say that a member of A is an outer member if at least two of the disjoint in�nite
lusters resulting from its removal 
ontain no other member of A. We 
laim thatA must 
ontain some outer member. To prove that, pi
k a member v1 of A. Ifv1 is not outer, then at least two of the disjoint in�nite 
lusters resulting from itsremoval 
ontain other members of A. Let v2 and v3 be su
h members. Now 
onsiderv3. If v3 is outer we are done. If not, the removal of v3 results in three disjointin�nite 
lusters of whi
h exa
tly one 
ontains v1 and v2 and one 
ontains some othermember, v4, of A. Now repeat for v4: If v4 is outer we are done. If not its removalresults in three disjoint in�nite 
lusters of whi
h exa
tly one 
ontains v1; v2 and v3and one 
ontains some other member, v5, of A. Keep repeating this pro
edure untilan outer member is found. This will happen sooner or later sin
e A is �nite.Next we 
laim that if A is again a �nite set of trifur
ations in the same in�nite
luster, then the removal of all of them will divide the 
luster into at least jAj + 2disjoint in�nite 
lusters. We do this by indu
tion on jAj. The 
laim is obviouslytrue when jAj = 1 so assume that it also holds for jAj = j and 
onsider a set Aof j + 1 trifur
ations in the same in�nite 
luster. Let v be an outer member of A.Remove all verti
es of A n fvg. This divides the in�nite 
luster into at least j + 2disjoint ones. Now remove v. Sin
e v is outer, this results in an extra in�nite 
lusteras desired.Thus an in�nite 
luster with j trifur
ations in a �nite set W � V must interse
t�W in at least j + 2 verti
es. Consequently W 
annot 
ontain more than j�W j � 2trifur
ations. Now let t denote the probability that a vertex v 2 W is a trifur
ationand let T (W ) denote the number of trifur
ations in W . Sin
e G is transitive t doesnot depend on the parti
ular vertex. Therefore ET (W ) = jW jt. On the other handT (W ) is bounded by j�W j � 2 and sot � j�W j � 2jW j :Sin
e G is amenable the ratio on the right hand side 
an be made arbitrarily smallby a suitable 
hoi
e of W . Thus t = 0.For the pun
h-line, we use the lo
al modi�er again. Pi
k X;X 0 2 f0; 1gE andC 2 E a

ording to Coupling 2.5. Assume for 
ontradi
tion that N = 1 withPp-probability 1. We 
an then �nd a �nite 
onne
ted vertex set W su
h that withpositive probability, at least three of the in�nite 
lusters in X interse
t W . Con-ditional on this event, we have positive probability for the event that F = EW ,



10where EW is the set of edges e 2 E whose endpoints are both in W . Conditional onthese events, ea
h out
ome of X 0(EW ) has positive probability, and it is easy to seethat some of them 
onsist of three disjoint simple paths ea
h emanating from one ofthese in�nite 
lusters (a di�erent one for ea
h of the three paths) that are disjointex
ept that they all end at the same vertex v 2 V . If X 0(EW ) happens to be su
ha 
on�guration, then v is a trifur
ation for X 0. Hen
e, v has positive probability ofbeing a trifur
ation, so that t > 0, whi
h is a 
ontradi
tion. 23 Per
olation on more exoti
 graphsIn this se
tion, we brie
y outline the history of uniqueness versus non-uniquenessof in�nite 
lusters for per
olation beyond the 
lassi
al Zd setting, postponing proofsand other details to Se
tions 4{9.Having 
ome as far as establishing uniqueness of the in�nite 
luster on Zd (andmore generally on amenable transitive graphs), it is natural to ask how mu
h furtherthis result extends. Perhaps to all (
onne
ted) graphs? The answer is no, even ifwe restri
t to transitive graphs, and the most straightforward way to see this is to
onsider the 
ase when G is a tree. Re
all from Se
tion 1 that Td for the in�nitetree of degree d+1, i.e., for the (unique) 
onne
ted a
y
li
 graph whose verti
es allhave degree d+ 1. The 
riti
al value p
(Td) for iid bond per
olation on Td satis�esp
(Td) = 1=d, whi
h is easy to show using, e.g., a bran
hing pro
ess argument. It isthen not a diÆ
ult task to dedu
e that for d � 2 and any p 2 (1=d; 1), the numberof in�nite 
lusters is a.s. 1.Thus, we have established the existen
e of two types of transitive graphs: those{ su
h as Zd with d � 2 { for whi
h per
olation with p 2 (p
; 1) always yields aunique in�nite 
luster, and those { su
h as Td with d � 2 { for whi
h per
olationwith p 2 (p
; 1) always yields in�nitely many in�nite 
lusters. Lemma 2.6 leaves uswith one more possibility: perhaps there are graphs whi
h yield a unique in�nite
luster for some p 2 (p
; 1), and in�nitely many in�nite 
lusters for other values ofp 2 (p
; 1)?Interestingly enough, it turns out that there do exist transitive graphs exhibitingthis 
onsiderably more intri
ate behavior. The �rst example was found in a 1990paper by Grimmett and Newman [42℄. They 
onsidered the Cartesian produ
t graphG = Td � Z, where Cartesian produ
ts are de�ned as follows.Definition 3.1 Let G1 = (V1; E1) and G2 = (V2; E2) be two graphs. The Cartesianprodu
t G1�G2 has vertex set V1� V2 and f(u1; u2); (v1; v2)g is an edge of G1�G2i� either u1 = v1 and fu2; v2g 2 E2 or u2 = v2 and fu1; v1g 2 E1.Thus a produ
t graph G1 � G2 has one \G1-dimension" and one \G2-dimension"and we refer to and edge f(u1; u2); (v1; v2)g as a G1-edge if u2 = v2 and a G2-edgeif u1 = v1. A basi
 example of a produ
t graph is Z� Z, whi
h is identi
al to thesquare latti
e Z2.Grimmett and Newman proved for d � 6 that in iid per
olation on Td�Z in thesuper
riti
al phase p 2 (p
; 1), the number N of in�nite 
lusters satis�es N = 1a.s. for p suÆ
iently 
lose to p
, and N = 1 for p suÆ
iently 
lose to 1:



11Theorem 3.2 (Grimmett and Newman [42℄) Let d � 6, let G = Td � Z and
onsider an iid bond per
olation X on G with retention parameter p. We then havep
 < 1 and the existen
e of p1 and p2 su
h that p
 < p1 � p2 < 1 su
h that� for p 2 (p
; p1), X 
ontains a.s. in�nitely many in�nite 
lusters, whereas� if p 2 (p2; 1), X 
ontains a.s. a unique in�nite 
luster.The natural 
ondition for this result is d � 2 rather than d � 6, and as later remarkedby S
honmann [93℄, it 
an in fa
t be shown to hold in that greater generality usinga 
ombination of ideas from [93℄ and from Sta
ey [95℄. The result is easier to provefor large d; in Se
tion 4 we will outline a proof for d � 65.Given Theorem 3.2 and Lemma 2.6, it is extremely natural to 
onje
ture thatit should be possible in the statement of Theorem 3.2 to 
ollapse p1 and p2 into asingle value, uniquely separating the N =1 and the N = 1 parts of the super
riti
alregime. This would rule out the alternative (and unlikely-sounding) that N swit
hesba
k and forth between 1 and 1 as p in
reases from p1 to p2. Lettingpu = pu(G) = inffp : Pp(there is a unique in�nite 
luster) = 1g;one would thus believe that when p > pu, one has a.s. uniqueness of the in�nite
luster. This is 
alled uniqueness monotoni
ity, and was established (in mu
h greatergenerality) in a pair of papers published ba
k-to-ba
k in the same journal issue in1999: H�aggstr�om and Peres [56℄ proved uniqueness monotoni
ity for transitive (andquasi-transitive) graphs under the additional assumption of so-
alled unimodularity(see De�nition 5.2 below) and S
honmann [94℄ gave a di�erent proof where theunimodularity 
ondition was shown to be super
uous. See Se
tion 5.Thus for all G there exists a threshold pu 2 [p
; 1℄ su
h that uniqueness of thein�nite 
luster holds for all p > pu, but for no p < pu. At this point, a numberof extremely natural questions arise: For whi
h graphs do we have pu > p
? Forwhi
h graphs do we have pu < 1? And what happens at pu? (These questions andothers were asked, in the setting of transitive and quasi-transitive graphs, in the1996 paper by Benjamini and S
hramm [12℄.)For the regular tree Td we saw that pu = 1. The uniqueness results in Se
tion2 imply that pu = p
 for G = Zd in any dimension d, and more generally whenG is transitive and amenable. The Grimmett{Newman example exhibits the moreinteresting behavior that p
 < pu < 1. Benjamini and S
hramm [12℄ 
onje
tured thefollowing:Conje
ture 3.3 Let G be any in�nite 
onne
ted transitive graph. Then pu > p
if and only if G is nonamenable.The Burton{Keane argument (i.e., the proof of Theorem 2.4) took 
are of the `onlyif' part, so if the 
onje
ture is true, then the Burton{Keane argument is in a ratherdeep sense sharp. If true, the 
onje
ture would also provide a beautiful per
olation
hara
terization of amenability (analogous 
hara
terizations in terms of randomwalks and the Ising model have been obtained by, respe
tively, Kesten [74, 75℄ andJonasson and Steif [72℄). The `if' part of the 
onje
ture remains, in its full generality,open, but progress has been made in a number of dire
tions: The �rst general step



12towards the proving the `if' part was taken by Lalley [78℄ who proved that pu > p
for 
ertain planar Cayley graphs. This was improved by Benjamini and S
hramm[13℄ who veri�ed the 
onje
ture for all planar graphs with the property of havingone end (see the following de�nition). In a di�erent dire
tion, Pak and Smirnova-Nagnibeda [88℄ proved that pu > p
 for the Cayley graph of any nonamenable groupprovided the set of generators is properly 
hosen. These results are dis
ussed infurther detail in Se
tions 6 and 7. We 
onsider proving (or disproving!) Conje
ture3.3 in its full generality to be one of the main open problems in this area.Moving on to the problem of determining when pu < 1, the following 
on
eptturns out to be of some importan
e.Definition 3.4 Let G = (V;E) be an in�nite 
onne
ted graph and for W � Vlet NW be the number of in�nite 
lusters the removal of W from G results in. Thenumber supW NW , where the supremum is taken over all �nite W , is 
alled thenumber of ends of G.For example, Z has two ends, Zd for d � 2 has one end, and the regular tree Tdwith d � 2 has in�nitely many ends. The Grimmett{Newman example G = Td �Zhas one end. (However it does not fall under the jurisdi
tion of any of the generalresults mentioned this far.) Babson and Benjamini [6℄ showed that pu < 1 holds ona 
ertain 
lass of one-ended graphs; see Se
tion 8. This 
ontrasts with the situationon a regular tree, where one has pu = 1 (but also in�nitely many ends).Finally, there is the issue of what happens at the uniqueness 
riti
al value pu;this question is most pertinent when p
 < pu < 1. Do we get N = 1 or N = 1?Somewhat surprisingly, the answer turns out to depend on G. S
honmann [93℄proved that on Td � Z then the number of in�nite 
lusters at pu is 1, and Peres[90℄ generalized this by showing that for produ
ts G � H of graphs where at leastone of G and H is nonamenable, the number of in�nite 
lusters at pu 
annot be1. In 
ontrast, Benjamini and S
hramm [13℄ showed that for planar nonamenablegraphs with one end, there is a unique in�nite 
luster at pu. See Se
tion 9 forfurther dis
ussion of these results. To determine in general for whi
h nonamenabletransitive graphs uniqueness holds at pu is a highly interesting, but possibly quitediÆ
ult, open problem.4 The Grimmett{Newman example G = Td � ZIn this se
tion we outline a proof, under a stronger 
ondition on d, of the Grimmett{Newman result that the super
riti
al regime of iid per
olation on Td � Z has botha uniqueness and a non-uniqueness part:Proposition 4.1 Let d � 17, let G = Td �Z and 
onsider an iid bond per
olationX on G with retention parameter p. If p 2 (1=d; 1=(4pd+ 1)) then X a.s. 
ontainsin�nitely many in�nite 
lusters, whereas if p > 1=2, then X a.s. 
ontains a uniquein�nite 
luster.Note, to understand the relevan
e of the d � 17 
ondition, that d = 17 is thesmallest integer for whi
h 1=d < 1=(4pd+ 1).



13The proof requires a 
ouple of lemmas, and for those we need some more notationand ba
kground. For per
olation on a graph G we denote for two verti
es u; v 2 Gby fu $ vg the event that there is a path of open edges between u and v. Fortwo disjoint vertex sets W;W 0 � V , we write W $ W 0 for the event that fu$ vgo

urs for some u 2 W and v 2 W 0.An event A � f0; 1gE is said to be in
reasing if for all �; �0 2 f0; 1gE su
h that�(e) � �0(e) for every e 2 E and � 2 A, we also have �0 2 A. Re
all the Harris{FKG inequality (see, e.g., Harris [62℄ or Grimmett [37℄), whi
h says that underthe produ
t measure Pp, the indi
ator fun
tions of any two in
reasing events arepositively 
orrelated.Lemma 4.2 Suppose that for a given p, per
olation on a transitive graph G produ
esa unique in�nite 
luster. Then there exists an a > 0 su
h that Pp(u $ v) � a forevery pair of verti
es of G.Proof. Obviously, �(p) > 0. By the Harris{FKG inequality and the assumptionof uniqueness of the in�nite 
luster,Pp(u$ v) � Pp(fu$1g \ fv $1g)� Pp(u$1)Pp(v $1)� �(p)2so putting a = �(p)2 proves the lemma. 2Lemma 4.3 (S
honmann [94℄) Suppose that iid per
olation on a transitive graphG for a given p behaves in su
h a way that for every a > 0 there is an N suÆ
ientlylarge so that Pp(B(u;N)$ B(v;N)) � 1� a for every u and v. Then there is a.s.a unique in�nite 
luster.This result is intuitively easy to believe: if, for �xed u, Pp(B(u;N)$ B(v;N))is bounded away from 0, then with positive probability B(u;N) is interse
ted by anin�nite 
luster whi
h is suÆ
iently \omnipresent" that it appears to rule out theexisten
e of other in�nite 
lusters. Or to put it in another way: if the a.s. numberof in�nite 
lusters is 0 or 1, then some small parts of the graph sitting suÆ
ientlyfar from ea
h other should have a very hard time 
onne
ting to ea
h other. But toprove this is fairly 
ompli
ated, so the proof is omitted.Proof of Proposition 4.1: Assume �rst that p 2 (1=d; 1=(4pd+ 1)). Sin
e G
ontains Td as a subgraph it is 
lear that p
(G) � 1=d and so per
olation o

ursat p. Suppose for 
ontradi
tion that X 
ontains a unique in�nite 
luster. Then byLemma 4.2 the probability that two verti
es are 
onne
ted via paths of open edgesis bounded away from 0. We will show that this is not the 
ase for the present valueof p.Fix a vertex t of Td. Then (t; z) is a vertex of G for every z 2 Z. We will provethat Pp((t; 0)$ (t; k)) tends to 0 as k in
reases. We will do this by a path 
ountingargument: In order for f(t; 0)$ (t; k)g to o

ur there must be a path of open edges



14of some length n � k between the two verti
es. The number of paths from (t; 0) to(t; k) of length n is bounded by4n(d+ 1)n=2where the fa
tor 4n is a bound for the number of ways of spe
ifying for ea
h edge inthe path whether it goes up or down in the Z-dire
tion or away from or towards tin the Td-dire
tion, and the (d+1)n=2 is for spe
ifying where the at most n=2 edgesleading away from t in Td are heading. The probability that a given path of lengthn is open is pn, and soPp((t; 0)$ (t; k)) � 1Xn=k(4ppd+ 1)nwhi
h tends to 0 as k !1, as desired.Next we move to the se
ond part of the theorem, so assume now that p > 1=2.We will use Lemma 4.3. Let u = (tu; zu) and v = (tv; zv) be two arbitrary verti
esof G. We need to show that for any a > 0 we 
an pi
k N so large that B(u;N) is
onne
ted to B(v;N) with probability at least 1�a. Pi
k a bi-in�nite path Q in Tdpassing through tu and tv. Then H := Q�Z is a subgraph of G isomorphi
 to Z2 andboth u and v belong to H. Sin
e p > p
(Z2) we know that the per
olation restri
tedto H will a.s. 
ontain an in�nite 
luster and by Theorem 2.4 it will be unique. PutAv(N) and Av(N) for the events that B(u;N) and B(v;N) respe
tively interse
tthe in�nite 
luster of the per
olation restri
ted to H. When N is large enoughPp(Au(N)) = Pp(Av(N)) > 1� a=2 and so by Bonferroni's inequalityPp(B(u;N)$ B(v;N)) � Pp(Au(N) \ Av(N)) > 1� aas desired. 2An alternative proof of the p > 12 part of Proposition 4.1, not using Lemma4.3 but instead the notion of 
luster frequen
y of Lyons and S
hramm [82℄, will beoutlined in Se
tion 8. That part of Proposition 4.1 was generalized by H�aggstr�om etal. [57℄ to a result that states that if G is the produ
t of d in�nite 
onne
ted graphsthen pu(G) � p
(Zd). The proof in [57℄ is a similar appli
ation of Lemma 4.3 asthe one given here, but 
an, if one so wishes, be repla
ed by the 
luster frequen
yte
hnique in Se
tion 8.5 Uniqueness monotoni
ityThis se
tion is devoted to the result that per
olation on transitive graphs with p > pua.s. produ
es a unique in�nite 
luster. First we need to de�ne a few 
on
epts andwe begin with Cayley graphs.Definition 5.1 Let H be a 
ountable group and suppose that S is a �nite symmetri
set of generators. De�ne a graph G = G(H;S) with vertex set H su
h that fu; vg isan edge i� there exists an element s 2 S su
h that u = vs. The graph G is 
alled a(right) Cayley graph of H.



15Re
all from De�nition 1.2 the notion of automorphisms of a graph G. The setof all su
h automorphisms is denoted Aut(G), and 
onstitutes a group under theoperation of 
omposition. A subgroup H of Aut(G) is said to a
t transitively on Vif for all two verti
es u and v there is an element h 2 H taking u to v. All Cayleygraphs G are transitive sin
e the underlying groupH itself 
an via left multipli
ationbe identi�ed with a subgroup of Aut(G) a
ting transitively on G. Most transitivegraphs one 
omes a
ross in the literature, in
luding all the examples seen so far inthis paper, are Cayley graphs. However not all transitive graphs are Cayley graphs;we will shortly give an example of su
h a graph.A slightly larger 
lass of transitive graphs is the 
lass of unimodular transitivegraphs, de�ned as follows.Definition 5.2 Let G = (V;E) be a transitive graph and let Aut(G) denote thegroup of automorphisms of G. Let H be a 
losed subgroup of Aut(G). For v 2 V ,de�ne the stabilizer of v with respe
t to H as the subgroup StabH(v) = fh 2 H :hv = vg. Then H is said to be unimodular if for every u; v 2 VjStabH(u)vj = jStabH(v)uj:The graph G is said to be unimodular if there exists a unimodular 
losed subgroupH of Aut(G) that a
ts transitively on V .A Cayley graph G of a 
ountable group H is always unimodular: It is trivialthat H itself represents a unimodular 
losed subgroup sin
e jStabH(u)vj = 1 for allu and v. In fa
t the whole automorphism group Aut(G) is then also unimodular,see [10, Se
t. 6℄. On the other hand there are unimodular transitive graphs that arenot Cayley graphs: It is fairly easy to verify that all planar biregular3 graphs areunimodular, while Chaboud and Kenyon [22℄ showed that a planar biregular graphwith degree d and dual degree k is a Cayley graphs i� ijk for some i 2 f2; 3; : : : ; dg.For instan
e, no planar biregular graph where k is prime and d < k is a Cayleygraph.The following simple example of a graph whi
h is transitive but not unimodular(and therefore not a Cayley graph) is due to Tro�mov [97℄: In the binary tree T2pi
k a dire
ted bi-in�nite path. For a vertex on the path, denote its neighbor in thedire
tion of the path its parent. From this one 
an in a natural way identify any pairof neighboring verti
es of T2 as the parent and the 
hild. Now 
reate a new graphG by adding, for every vertex, an edge between that vertex and its grand-parent.Then G is 
learly transitive. However Aut(G) is not unimodular: If u is a vertexand v its parent, then jStab(u)vj = 1 whereas jStab(v)uj = 2.Next we dis
uss the important mass-transport prin
iple, whi
h is due to Ben-jamini et al. [10℄. Consider an automorphism invariant random pro
ess X assigningvalues from some �nite set F to the edges of the graph G = (V;E); automorphism in-varian
e means that for any edge set ffx1; y1g; : : : ; fxk; ykgg and any automorphismf of G, the distribution of(X(fx1; y1g); : : : ; X(fxk; ykg))3A planar graph is said to be biregular if it is regular and moreover all fa
es have the samenumber of edges.



16is the same as that of(X(ff(x1); f(y1)g); : : : ; X(ff(xk); f(yk)g)) : (5.1)(The basi
 example of su
h a pro
ess is when X is an iid bond per
olation.) Letm : V � V � FE ! R+ be a fun
tion whi
h is invariant under the diagonal a
tionof Aut(G), i.e. su
h that for every automorphism g and every u; v 2 V and every! 2 F V one has m(u; v; !) = m(gu; gv; g!). Intuitively we think of m(u; v; !) asthe amount of mass that is transported from u to v when X = !.Theorem 5.3 (The mass-transport prin
iple) If G is transitive and unimod-ular, then the expe
ted amount of mass transported out of a vertex equals the expe
tedamount of mass transported into it, i.e. for any vertex uEXv2V m(u; v;X) = EXv2V m(v; u;X):The proof gets 
onsiderably simpler if one restri
ts to the 
ase of Cayley graphs,so we will settle for that; for a proof in the general 
ase we refer to [10℄. The mass-transport prin
iple as formulated here fails on non-unimodular graphs, although avariant involving a 
ertain \re-weighting" of mass does hold; again see [10℄.Proof of Theorem 5.3 for Cayley graphs: This is straightforward: If u and vare verti
es, then they are also members of the underlying group H and there is aunique element h = vu�1 2 H su
h that v = hu. ThusXv2V Em(u; v;X) = Xh2H Em(u; hu;X) =Xh2H Em(h�1u; u; h�1X)= Xh2H Em(h�1u; u;X) =Xv2V Em(v; u;X)where the third equality follows from the automorphism invarian
e of X. 2Theorem 5.4 (H�aggstr�om and Peres [56℄) Let G be a unimodular transitivegraph. Consider iid bond per
olation on G and let N denote the number of in�nite
lusters. If p1 < p2 and Pp1(N = 1) = 1, then also Pp2(N = 1) = 1.Proof. Let p2 > p1 > p
(G). Pi
kXp1; Xp2 2 f0; 1gE a

ording to the simultane-ous 
oupling 
onstru
tion (Coupling 1.1), so that in parti
ular Xp1 has distributionPp1 and Xp2 has distribution Pp2. The theorem follows if we 
an show that a.s. ev-ery in�nite 
luster of Xp2 
ontains an in�nite 
luster of Xp1 . Sin
e Xp2(e) � Xp1(e)for every e it suÆ
es to show that every in�nite Xp2-
luster interse
ts an in�niteXp1-
luster.For ea
h vertex u de�neD1(u) = inffdist(u; v) : v is in an in�nite 
luster of Xp1g;where dist(u; v) is the graph-theoreti
al distan
e between u and v. Put C(u;Xi)for the 
onne
ted 
omponent in the open subgraph given by Xi 
ontaining u. LetA(u) be the event fD1(u) = minv2C(u;Xp2 )D1(v) > 0g. In words A(u) is the event



17that u is not in an in�nite Xp1-
luster, but no vertex in u's Xp2-
omponent is 
loserto an in�nite Xp1-
luster than u itself. Now if Xp2 
ontains an in�nite 
lusterthat interse
ts no in�nite 
luster of Xp1, then that 
luster must 
ontain a vertex u
losest to an in�nite Xp1-
luster and so for this vertex the event B(u) := A(u) \fjC(u;Xp2)j = 1g o

urs. Thus we will be done as soon as we have establishedthat P (B(u)) = 0: (5.2)Partition B(u) as B(u) = B1(u)[Bf (u) where B1(u) is B(u) interse
ted withthe event that the number of verti
es of u's in�nite Xp2-
luster that are 
losestto an in�nite Xp1-
luster is in�nite and Bf (u) is B(u) interse
ted with the eventthat this number is �nite. Equation (5.2) will be veri�ed when we have shown thatP (B1(u)) = P (Bf(u)) = 0. For Bf (u) we use the mass-transport prin
iple: Letm(x; y;X) = 1 if y is a vertex in C(x;Xp2) that is 
losest to an in�nite 
luster ofXp1, and m(u; v;X) = 0 otherwise. Sin
e the outgoing mass from any vertex isbounded by 1, the expe
ted in
oming mass to a vertex is also bounded by 1 by themass-transport prin
iple. However on Bf(u) the in
oming mass to u is in�nite, andso we must have P (Bf(u)) = 0.It remains to prove that P (B1(u)) = 0. Write B1(u) = [1k=1B1k (u) whereB1k (u) = B1(u) \ fD1(u) = kg. That B1k (u) has probability 0 
an be seen bylooking at the whole situation the following way: First 
ondition on Xp1 and then
ondition on Xp2(e) for all edges not in
ident to verti
es within distan
e k� 1 fromin�nite Xp1-
lusters. The 
onditional distribution on these remaining edges is theniid, with probability (p2� p1)=(1� p1) for en edge to be open in Xp2. But if B1k (u)o

urs then in�nitely many disjoint paths of length k of su
h edges 
an tie thein�nite Xp2-
luster of u to an in�nite Xp1-
luster and so this will a.s. happen. Thisproves that P (B1k (u)) = 0 for every k and thereby also that P (B1(u)) = 0. Wehave thus established (5.2), and the proof is 
omplete. 2Our next task is to prove S
honmann's generalization of Theorem 5.4; see The-orem 5.6 below. The following lemma (Lemma 1.1 of [94℄) states that an in�nite
luster a.s. 
ontains arbitrarily large balls.Lemma 5.5 (S
honmann [94℄ Suppose that the iid bond per
olation X on a tran-sitive graph G = (V;E) a.s. 
ontains an in�nite 
luster and let M be an arbitrarypositive integer. Then a.s. every in�nite 
luster of X 
ontains a ball of radius M .Proof. Fix a vertex u and let A = A(u) be the event that u is in an in�nite
luster that does not 
ontain a ball of radius M . We want to prove that P (A) = 0.For all positive integers k put Ak for the event that u is 
onne
ted to a vertex atdistan
e 2kM from u and that the restri
tion ofX to the ball of radius 2kM 
enteredat u does not 
ontain a ball of radius M in its open subgraph. Clearly Ak # A sothat P (Ak) # P (A). If it 
an be shown that for some 
onstant a = a(M) > 0 wehave P (Ak+1jAk) < 1� a, then it will thus follow that P (Ak) # 0 as desired.Suppose that � is a 
on�guration in Ak+1. Then there is a vertex x at distan
e2kM +M from u that is 
onne
ted to u. Pi
k the �rst su
h x (a

ording to somearbitrary ranking of the verti
es) and map � to the 
on�guration �0 whi
h agrees



18with � outside the ball of radiusM 
entered at x and for whi
h all edges of that ballare open. Clearly �0 2 Ak nAk+1 and sin
e G is lo
ally �nite there is a �nite numberof 
on�gurations that are mapped to the same �0. Therefore P (A
k+1jAk) > a forsome a > 0, as desired. 2In the proof of the general result we will also need the 
on
ept of \growing the
luster of a vertex u" whi
h is an iterative pro
ess designed to �nd the 
luster ofu by looking at the edges one by one in the following way: Suppose that u is avertex of a transitive graph G on whi
h a bond per
olation pro
ess takes pla
e.Order the edges of G is some arbitrary way, put C0(u) = fug and �C0(u) = ;.Then given Cn�1(u) and �Cn�1(u), 
he
k if there is an edge that goes between avertex in Cn�1(u) and V nCn�1(u) that is not in �Cn�1(u). If there is no su
h edgethe pro
ess stops and we get C(u) = Cn�1(u) and �C(u) = �Cn�1(u). If there issu
h an edge, look at the smallest one, e, and 
he
k if it is open or 
losed in X.If e is open then let Cn(u) be Cn�1(u) with the end vertex of e outside Cn�1(u)added and �Cn(u) = �Cn�1(u) \ �ECn(u). If e is 
losed then Cn(u) = Cn�1(u) and�Cn(u) = �Cn�1(u) [ feg. Note that if the 
luster of u is in�nite then the pro
essnever terminates, whereas if the 
luster of u is �nite the �nal Cn(u) 
onsists of theverti
es in this 
luster and �Cn(u) 
oin
ides with its edge boundary.Theorem 5.6 (S
honmann [94℄) Let G be a transitive graph. Consider iid bondper
olation on G and let N denote the number of in�nite 
lusters. If p1 < p2 andPp1(N = 1) = 1, then also Pp2(N = 1) = 1.Proof. Use the same notation as in the proof of Theorem 5.4. The presentsituation di�ers from the one of Theorem 5.4 in that we do not assume that G isunimodular and that we therefore do not have a

ess to the mass-transport prin
iple.However sin
e mass-transport was not used to show that P (B1(u)) = 0 it suÆ
esto prove that P (Bf(u)) = 0.Put Bf (u) = E(u) [ E 0(u) where E 0(u) = Bf(u) \ fD1(u) � 2g and E(u) =Bf (u)\fD1(u) = 1g. We 
laim that if P (E(u)) > 0, then also P (E 0(u)) > 0 and soit suÆ
es to show that P (E 0(u)) = 0. To prove the 
laim, assume that P (E(u)) > 0and let EM(u) be the event that E(u) o

urs and that all the verti
es of u's in�niteXp2-
luster that are in
ident to an in�nite Xp1-
luster are within distan
eM from u.Sin
e EM(u) " E(u) we have forM large enough that P (EM(u)) > 0. Now 
hangingany X-
on�guration by 
hanging the state of every edge within distan
e M from uto (0; 0) only 
hanges its probability by a bounded 
onstant fa
tor. But this 
hangemaps any 
on�guration in EM(u) to a 
on�guration where E 0(v) happens for somevertex v (in one of the in�nite 
lusters that remain from u's in�nite Xp2-
luster).To prove that P (E 0(u)) = 0 we �x an arbitrary a > 0 and show that P (E 0(u)) <a. To this end, pi
k an integer M so large that a given ball of radius M interse
tsan in�nite 
luster of Xp1 with probability ex
eeding 1� a.In order to make things work out smoothly we use what S
honmann refers to asa \dupli
ation tri
k": Let Z 0 = (Z 0p1; Z 0p2) and Z 00 = (Z 00p1; Z 00p2) be two independent(f0; 1gE)2-valued random obje
ts with the same distribution as X = (Xp1 ; Xp2).We start by growing the 
luster of u in Z 0p2 as de�ned before the statement of thetheorem, with the small adjustment that we stop the pro
ess if we �nd ourselves in



19a situation where Cn(u) 
ontains a ball of radius M . By Lemma 5.5 this will a.s.happen if the 
luster of u is in�nite.Put I for the random time when the pro
ess stops. In words I is the �rst timewhen we have either found that the Z 0p2-
luster of u is �nite and 
ontains no ball ofradius M or when we have found that it 
ontains su
h a ball. If we �nd ourselvesin the latter situation we say that the event F1 has o

urred. It was just noted thatE 0(u) is up to a set of measure 0 
ontained in F1. On F1, put Y for the 
enter ofthis ball. (If there is more than one possible su
h 
enter, then pi
k one a

ordingto some arbitrary ranking of the verti
es.) De�ne Z = (Zp1; Zp2) 2 (f0; 1gE)2 byputting Z = Z 0 on all internal edges of CI(u) and all edges of �CI(u) and puttingZ = Z 00 on all other edges. Clearly Z has the same distribution as X so it willbe suÆ
ient to prove that E 0(u) 
annot happen for Z. (Note that the way Z isobtained from Z 00 is similar to the lo
al modi�er (Coupling 2.5), ex
ept that here Qis deterministi
.)Let F2 be the sub-event of F1 where the ball at Y interse
ts an in�nite Z 00p1-
lusterand note that on F2 we have, by the 
onstru
tion of Z, that the Zp2-
luster of u iswithin distan
e 1 from an in�nite Zp1-
luster, in parti
ular E 0(u) does not o

ur.We have shownP (E 0(u)) � P (F1 \ F 
2 ):Sin
e F1 is measurable with respe
t to Z 0 and sin
e Z 00 is independent of Z 0 we haveby the 
hoi
e of M thatP (F2jF1) � 1� a:It follows that P (E 0(u)) � P (F1 \ F 
2 ) � P (F 
2 jF1) < a as desired. 26 The non-uniqueness phase for Cayley graphsIn this se
tion and the next, we prove the two most general results known todayon the existen
e of a non-uniqueness phase for nonamenable transitive graphs: The
ase of Cayley graphs with a suitably 
hosen set of generators of Pak and Smirnova-Nagnibeda [88℄ whi
h is treated in this se
tion, and and the 
ase of planar graphswith one end of Benjamini and S
hramm [13℄ whi
h we defer to Se
tion 7. We beginwith some preliminaries.Let G = G(H;S) be the nonamenable Cayley graph of the 
ountable group Hwith the symmetri
 set S of generators. Let d = jSj be the degree of G. Put� = �(G) = �(H;S) = �E(G)=d. Clearly � < 1 and sin
e G is nonamenable� > 0. For two verti
es u and v, let p(n)(u; v) denote the probability that simplerandom walk on G started at u is at v after n steps. Put � = �(G) = �(H;S) =lim supn!1[p(n)(u; v)℄1=n, the spe
tral radius of G. The quantity is independentof u and v and sin
e G is nonamenable, � > 0, see [74℄. In fa
t the statement � > 0is equivalent to nonamenability of G and one 
an quantify the relation between �and �, see [85℄:� � d(1� �)d� 1 : (6.1)



20 From (6.1) it follows that if fGng is a sequen
e of Cayley graphs su
h that�(Gn)! 0, then �(Gn)! 1. This fa
t is all that we will need from (6.1).The following two lemmas 
an be found in [12℄:Lemma 6.1 Let G be a nonamenable graph with isoperimetri
 
onstant �E. Thenp
(G) � 1�E + 1 :Proof. Consider per
olation with p > 1=(1 + �E). Fix a vertex u and growthe 
luster of u as des
ribed in the previous se
tion. If p < p
 then the pro
esswill a.s. eventually terminate with a �nite Cn(u) su
h that all edges of its edgeboundary �ECn(u) have been found to be 
losed. The number of open edges foundin the pro
ess will then be jCn(u)j and the number of 
losed edges will be at leastj�ECn(u)j. In other words the fra
tion of the edges that will be found to be openwill be at mostjCn(u)jj�ECn(u)j+ jCn(u)j � 11 + �E :However the states of the edges looked at in the pro
ess form an iid sequen
e fXigwhere P (Xi = 1) = p > 1=(1 + �E) and so by standard large deviation theory thereis a positive probability that there is no positive integer n su
h that the fra
tion ofthe �rst n Xi's ex
eeds 1=(1 + �E). In other words there is a positive probabilitythat the pro
ess of growing the 
luster at u never terminates, whi
h is exa
tly whatwe wanted to prove. 2Lemma 6.2 If G is a transitive graph with degree d for whi
h�(G)p
(G)d < 1;then p
(G) < pu(G).Proof. The idea is the same as in the proof of Proposition 4.1: Let p < 1=(d�)and show that Pp(u $ v) be
omes arbitrarily small when u and v are far enoughapart. The result then follows from Lemma 4.2. Here we will again use a dupli
ationtri
k: Consider two independent 
opies X1 and X2 of the per
olation. If for some� > 0 we 
an �nd verti
es u and v arbitrarily far apart su
h that u is 
onne
ted tov in X1 with probability at least �, then the eventB(u; v) := fu is 
onne
ted to v in both X1 and X2ghas probability at least �2. Thus it suÆ
es to prove that Pp(B(u; v)) ! 0 asdist(u; v)!1.Fix u and let a be a 
onstant larger than but 
lose enough to 1 so that ap <1=(d�). For n 2 Z+ put Nn(u) for the number of paths of length n from u to itself,i.e. Nn(u) = p(n)(u; u)dn. By de�nition of � one 
an �nd n0 su
h that n � n0 impliesthat p(n)(u; u) � (a�)n, when
e Nn(u) � (ad�)n. Fix a vertex v at distan
e k � n0from u.



21Now for B(u; v) to o

ur it is ne
essary that there exists a self-avoiding pathof edges open in X1 from u to v and one su
h path of edges open in X2. If we
on
atenate these two paths we get a path of some length n � 2k from u to itselfthat passes v on
e, su
h that the edges before v are open in X1 and the edges afterv are open in X2. For a given path from u to itself passing v on
e of length n, theprobability that its edges are open in this way is pn. Thus the expe
ted number ofsu
h open paths is bounded by Nn(u)pn � (apd�)n. ConsequentlyPp(B(u; v)) � 1Xn=2k(apd�)n ! 0as k !1. 2We are now ready to deal with the Pak{Smirnova-Nagnibeda result. What wewill show is that with any given symmetri
 set S of generators p
(H;Sk) < pu(H;Sk)for k large enough. Here Sk is the multiset of elements of H of the type s1s2 : : : sk,s1; s2; : : : ; sk 2 S, where ea
h element that 
an be so produ
ed is taken with mul-tipli
ity equal to the number of ways that it 
an be written this way. Thus, to beentirely 
orre
t, Gk := G(H;Sk) is a Cayley multigraph rather than a Cayley graph.Note that the degree of Gk is jSjk = dk.Theorem 6.3 (Pak and Smirnova-Nagnibeda [88℄) With Gk as above and klarge enough,p
(Gk) < pu(Gk):Proof. By the de�nition of �(H;S) = �(G1) the probability that simple randomwalk on G1 started at u is at v after n steps, de
ays like e��(G1)n. Sin
e n steps ofrandom walk on Gk is the same as kn steps of random walk on G1 it thus followsthat �(Gk) � �(G1)k; in parti
ular �(Gk) ! 0. As observed above this also entailsthat �(Gk)! 1.If we 
an show that �(Gk)p
(Gk)dk ! 0, then the result follows from Lemma6.2. However by Lemma 6.1�(Gk)p
(Gk)dk � �(Gk) 1�E(Gk)dk = �(Gk)�(Gk) ! 0:27 The non-uniqueness phase for planar graphsIn this se
tion we prove the result of Benjamini and S
hramm [13℄ on the existen
eof a non-uniqueness regime for per
olation on nonamenable transitive planar graphs:Theorem 7.1 (Benjamini and S
hramm [13℄) Let G be a nonamenable planartransitive graph with one end. Then p
(G) < pu(G).



22 An important ingredient in the proof is planar duality, so this is a good pla
e tore
all some basi
 fa
ts about planar duals.In general the planar dual Gy of an in�nite planar graph G is a multigraph andmay have �nite vertex set, but when G is in�nite with degree at least 3, as willalways be the 
ase here, Gy is an in�nite graph.If G is transitive, then this does not guarantee that Gy is transitive; it may noteven be regular as many of the standard planar latti
es reveal. However if Gy isregular (in whi
h 
ase one says that G is biregular) then it is also transitive. This isa well known fa
t, but the only written proof we are aware of 
an be found in [54℄.More generally: G is quasi-transitive if and only if Gy is quasi-transitive. (Re
allthat a graph is said to be quasi-transitive if its automorphism group partitions itsvertex set into �nitely many orbits, instead of only one as in the transitive 
ase.)The dual of a planar transitive graph G may not have bounded degree, 
onsidere.g. G = T2, but if G is assumed to have one end. then Gy has bounded degree andalso one end. This is so be
ause ifGy has verti
es of in�nite degree, then every vertexof G is in
ident to a fa
e with in�nitely many boundary edges and so the removal oftwo neighbors of G partitions G into at least two in�nite subgraphs, 
ontradi
tingthat G has one end. Thus sin
e Gy is quasi-transitive it has bounded degree. Also,sin
e Gy has bounded degree, any �nite set W of its verti
es is 
onne
ted to therest of the graph by only �nitely many edges. Thus W is surrounded by a 
y
le ofedges in G. This 
y
le is in turn surrounded by a 
y
le in Gy. This means that theremoval of W does not partition Gy into more than one in�nite subgraph and so Gyhas one end.An important observation is the following. Any �nite 
onne
ted set of verti
esin G is surrounded by a 
y
le in Gy and if G has one end, then also every �nite
onn
ted set of verti
es in Gy is surrounded by a 
y
le in G.The Benjamini{S
hramm result that is the topi
 of this se
tion is 
on
erned withnonamenable transitive planar graphs with one end. By [13, Prop. 2.1℄ su
h graphsare always unimodular and in fa
t the 
on
lusion holds with transitivity weakenedto quasi-transitivity as shown in Lyons and Peres [80, Se
t. 7℄. We are thus free touse mass-transport ideas to prove the result. Our �rst step towards Theorem 7.1 is ageneralization of Lemma 6.1 to per
olation pro
esses that are not ne
essarily iid butonly automorphism invariant. Suppose that X is an invariant bond per
olation on aunimodular graph G = (V;E) and assume that X a.s. 
ontains no in�nite 
lusters.Put p for the probability that a given edge is open. For all verti
es u let, as above,C(u;X) be the 
luster of u in X. De�ne a mass-transport fun
tion m by lettingm(u; v;X) = 1=(jC(v;X)j � j�VC(v;X)j) if u 2 �VC(v;X) and v 62 �VC(v;X).Otherwise let m(u; v;X) = 0. In other words all verti
es that are in the boundaryof a 
luster distribute unit mass among all the \inner" verti
es of that 
luster.The probability that a given vertex is an inner vertex of a 
luster is bounded frombelow by the probability the all edges in
ident to it are open, whi
h in turn is, byBonferroni's inequality, at least 1 � d(1� p). Sin
e X 
ontains only �nite 
lustersa.s. the expe
ted in
oming mass to a vertex is thus at least(1� d(1� p))�V1� �V :



23On the other hand the expe
ted outgoing mass from a vertex i bounded from aboveby the probability the the vertex is in the boundary of a 
luster, whi
h is in turnbounded by the probability that at least one edge in
ident to it 
losed, i.e. by d(1�p).By the mass-transport prin
iple we getd(1� p) � (1� d(1� p))�V1� �Vwhi
h entailsp � 1� �Vd :Consequently,Lemma 7.2 (Benjamini et al. [10℄) Let X be an automorphism invariant bondper
olation on a unimodular transitive graph G with degree d su
h that the probabilitythat a given edge is open ex
eeds 1��V (G)=d. The a.s. X 
ontains in�nite 
lusters.We will need the following result, whi
h is of 
ourse higly interesting also in itsown right.Theorem 7.3 (Benjamini et al. [9℄) Let G = (V;E) be a unimodular nona-menable transitive graph and let X be a 
riti
al iid bond per
olation on G. Then Xa.s. 
ontains no in�nite 
lusters.Proof. First we rule out the possibility of having a unique in�nite 
luster.Assume that X a.s. 
ontains a unique in�nite 
luster U . For v 2 V let U(v) be theset of verti
es u of U su
h that dist(v; u) = dist(v; U), i.e. the set of verti
es of Uthat are 
losest to v.Let a > 0 be a small number and let Ya be an iid bond per
olation on G withretention parameter a, independent of X. Put X n Ya for the per
olation pro
essone gets by taking an edge to be open if it is open i X and 
losed in Ya. Then X nYais iid per
olation with parameter p
(G)� a and thus sub-
riti
al.Now de�ne another per
olation pro
ess Za by de
laring ea
h edge e = fu; vg 2 Vto be open in Za if dist(u; U) < 1=a, dist(v; U) < 1=a and U(u) [ U(v) is 
ontainedin a 
onne
ted 
omponent of X n Ya. Then a.s.lima#0 P (Za(e) = 1jX) = 1so by the Dominated Convergen
e Theoremlima#0 P (Za(e) = 1) = 1:Thus a may be pi
ked so small that P (Za(e) = 1) > 1� �V (G)=d so by Lemma 7.2Za a.s. 
ontains an in�nite 
luster. However if v1; v2; v3; : : : are the verti
es of anin�nite self-avoiding open path in Z and ui 2 U(vi) then by the de�nition of Za allthe ui's are in the same 
luster of X n Ya and the sequen
e fuig 
ontains in�nitelymany distin
t verti
es. This 
ontradi
ts the sub-
riti
ality of X n Ya.



24 Now assume that X 
ontains in�nitely many in�nite 
lusters. Re
all from theproof of Theorem 2.4 the de�nition of a trifur
ation: A trifur
ation is a vertex su
hthat exa
tly of the edges in
ident to it are open and the removal of it splits anin�nite 
luster into three in�nite 
lusters. In the proof of Theorem 2.4 it was arguedthat the set T of trifur
ations is with positive probability nonempty i� X 
ontainsin�nitely many in�nite 
lusters a.s. It is a simple exer
ise to show that indeed T willalmost surely be nonempty in this 
ase. Furthermore we 
laim that if a trifur
ation vis removed from the open subgraph of X, then ea
h of the three in�nite 
lusters thatthis results in, 
ontains another trifur
ation. To prove this de�ne a mass-transportfun
tion m by putting m(u; v;X) = 1 if v is the unique trifur
ation that is 
losestin the open subgraph of X to u, and m(u; v;X) = 0 otherwise. Then the expe
tedoutgoing mass from a vertex v is bounded by 1. However if v is a trifur
ation whereone of the three in�nite 
lusters its removal results in has no other trifur
ation,then v would get unit mass from all verti
es in that 
luster. Thus this 
an a.s. nothappen.We shall now 
onstru
t a forest (i.e. a graph whose 
onne
ted 
omponents aretrees) F = F (X) with T as vertex set in su
h a way that the distribution of F isautomorphism-invariant: First assign to ea
h v 2 T a random variable �(v) that isuniformly distributed on [0; 1℄ and independent of X and f�(u) : u 6= vg. Then for agiven v 2 T , let X1, X2 and X3 denote the three in�nite sub-
lusters of X that theremoval of v results in. For ea
h i put an edge between v and the one among thetrifur
ations, t, in Xi that are 
losest inX to v that has the smallest �(t). The graphF 
onstru
ted in this way is 
learly automorphism-invariant and it is also a forest.To see the latter, assume for 
ontradi
tion that F 
ontains a 
y
le (v0; v1; v2; : : : ; vk),v0 = vk. Then by the 
onstru
tion of F we must have that dist(vi; vi+1) is the samefor all i. Therefore �(v0) > �(v1) > : : : > �(vk) = �(v0) a 
ontradi
tion.Note that now that we know that F is a forest, obviously every 
omponent ofF is a 
opy of T2. Note also that every 
omponent of F is 
ontained in an in�nite
luster of X.Again we will use an iid bond per
olation Ya as above, independent of X. De�nea per
olation Za on F by letting and edge be open if its two end-verti
es are in thesame 
luster of X n Ya. Sin
e X n Ya 
ontains no in�nite 
lusters, neither does Za.For v 2 T let K(v) denote the 
luster of v in Za and let �FK(v) denote K(v)'svertex-boundary in F . Sin
e the 
omponents of F are binary trees, at least half ofthe verti
es of K(v) are in �FK(v). Therefore for a given vertex v 2 VP (v 2 T; v 2 �FK(v)) � 12P (v 2 T ):However the probability that an edge in F is 
losed in Za tends to 0 as a tends to0 and so the left-hand side tends to 0. On the other hand the right-hand side isnonzero and independent of a, a 
ontradi
tion. 2Note that for the �rst part of the proof (no unique in�nite 
luster at 
riti
ality),the fa
t thatX is iid per
olation was only used through its property of automorphisminvarian
e. Thus, the same proof yields the following more general result, whi
h willserve as one more ingredient in the proof of Theorem 7.1.



25Corollary 7.4 Let X be an automorphism invariant bond per
olation on a uni-modular transitive nonamenable graph su
h that X a.s. has a unique in�nite 
luster,C. Then a.s. p
(C) < 1.The following lemma is from [13, Lem. 3.3℄.Lemma 7.5 Let X be an iid bond per
olation on a nonamenable planar transitivegraph G with one end and let Xy be the dual per
olation on Gy. Then a.s. at leastone of X and Xy 
ontains in�nite 
lusters.Proof. If X as well as Xy 
ontain only �nite 
lusters a.s. then, sin
e G andGy both have one end, every 
luster of X is surrounded by a 
ir
uit in Xy and vi
eversa, see Se
tion 2. De�ne the rank of a 
luster of X as follows. First say thata 
luster has rank 0 if it does not 
ontain a 
ir
uit that surrounds a 
luster of Xythat in turn 
ontains a 
ir
uit that surrounds a 
luster of X. Then re
ursively setthe rank of a 
luster C of X as one plus the maximum rank of 
lusters that aresurrounded by a 
ir
uit of a 
luster of Xy that is surrounded by a 
ir
uit of X.De�ne the rank of a vertex v to be the rank of its 
luster.Now de�ne an automorphism-invariant per
olation Y on G by saying that anedge is open if the rank of both its end-verti
es ex
eed a given number R. Clearlythe probability that an edge is open tends to 1 as R!1, so we 
an let R be 
hosenso that this probability ex
eeds 1� �V (G)=d. Then by Lemma 7.2, Y must 
ontainin�nite 
lusters, a 
ontradi
tion against the very nature of Y . 2Theorem 7.6 Let G be a nonamenable planar transitive graph with one end, letX be iid bond per
olation on G and let Xy be the dual per
olation on Gy. Thena.s. either X and Xy both 
ontain in�nitely many in�nite 
lusters or one of them
ontains a unique in�nite 
luster and the other no in�nite 
lusters.Proof. By Lemma 7.5 at least one of X and Xy must 
ontain in�nite 
lusters.If X 
ontains in�nitely many in�nite 
lusters, these must be separated by somein�nite 
luster of Xy and vi
e versa. Also if X a.s. 
ontains in�nitely many in�nite
lusters, then pi
k a �nite 
onne
ted subgraph H of G so large that H with positiveprobability interse
ts two in�nite 
lusters in G n H. Sin
e there is also a positiveprobability that all edges of H are open in X we �nd that with positive probabilityXy 
ontains at least two in�nite 
lusters. Hen
e ifX 
ontains in�nitely many in�nite
lusters, the so does Xy and vi
e versa.It remains to rule out the possibility that X and Xy both 
ontain a uniquein�nite 
luster. In order to obtain a 
ontradi
tion, 
onsider the graph H formed byletting the verti
es of H be the union of V , V y and the points where an edge of G
rosses an edge of V y (
onsidering a �xed given embedding of G in the plane). Theedges of H are the \half egdes" of G and Gy, i.e. formally the pairs f
; vg where
 is a 
rossing and v is one of the end verti
es of one of the two edges that 
rossat 
. Note that H is quasi-transitive. De�ne an invariant per
olation, Y , on H bede
laring an edge f
; vg to be open i� fu; vg is open (in X or Xy), where u is theother end vertex (in G or Gy) of the edge in G or Gy that has a 
rossing in 
. Now ifX and Xy both have a unique in�nite 
luster a.s. then Y has a.s. exa
tly two in�nite
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lusters. It is now tempting to refer to Lemma 2.6 to make the 
on
lusion that thisis impossible. However, Y is not an iid per
olation and therefore we 
annot do so.Lu
kily we have other means to deal with this situation: Assume that Y a.s has twoin�nite 
lusters. Pi
k one of the 
lusters, C, uniformly at random, put W for the setof edges of H 
onne
ting V (C) to the verti
es of the 
omponent of GnC 
ontainingthe other in�nite 
luster. PutW y for the set of edges in the dual of H 
rossing edgesof W . Then W y is an invariant per
olation on the dual of H and by planarity it
onsists of a in�nite path. Hen
e p
(W y) = 1, a 
ontradi
tion to Corollary 7.4. 2Proof of Theorem 7.1: First we 
laim that pu(G) = 1 � p
(Gy): Let X beper
olation on G with retention parameter p and and let Xy be the dual per
olation.If p < pu(G) then by Theorem 7.6, Xy 
ontains (in�nitely many) in�nite 
lustersand so 1� p � p
(Gy). On the other hand if p > pu(G) then the same theorem tellsus that Xy does not 
ontain in�nite 
lusters and so 1� p � p
(G).Next we 
laim that p
(G)+p
(Gy) < 1 for if this had not been the 
ase then withp = p
(G), by Theorem 7.3, none of X or Xy 
ontains an in�nite 
luster, another
ontradi
tion to Theorem 7.6.Putting this together yieldsp
(G) < 1� p
(Gy) = pu(G)as desired. 28 Uniqueness for p 
lose to 1When is pu < 1? On the tree Td, d � 2, one has pu = 1 even though p
 < 1.This phenomenon also o

urs on any transitive graph G with more than one end forwhi
h p
(G) < 1, sin
e the removal of a �nite set of edges splits the graph into atleast two in�nite 
onne
ted graphs and there is always a positive probability thatall edges of that set are 
losed. So in order to have any hopes for proving uniquenessfor some p < 1, one-endedness needs to be assumed. We shall start by returning tothe p > 12 half of Proposition 4.1 in the Grimmett{Newman example Td �Z (whi
his obviously one-ended). Here we restate that half, (with a weaker 
ondition on d,but note that the d � 17 
ondition there was not ne
essary for the p � 12 part):Proposition 8.1 Let d � 2, and let G = Td � Z. For iid bond per
olation on Gwith p > 12 , we get a.s. a unique in�nite 
luster.Let us sket
h an alternative proof of this result based on the notion of 
lusterfrequen
y, invented by Lyons and S
hramm [82℄, rather than on Lemma 4.3. (Anan
estor of 
luster frequen
y for the Zd setting is 
luster density, for whi
h an analogof Theorem 8.3 below was established by Burton and Keane [19℄.) Let G = (V;E)be a transitive graph, and let Z(0); Z(1); : : : be a simple random walk on G startingfrom some �xed vertex. If now Y is a f0; 1gV -valued random obje
t satisfyingautomorphism invarian
e (the obvious analog of (5.1) with bonds repla
ed by sites),then Y (Z(0)); Y (Z(1)); : : : be
omes a stationary pro
ess. Thus, the ergodi
 theorem



27tells us that the limitlimn!1 1n n�1Xi=1 Y (Z(i))exists, and a simple appli
ation of Lev�y's 0-1-law shows that the limit depends a.s.only on Y (and not on the random walk). This motivates the following de�nition.Definition 8.2 Let G = (V;E) be a transitive graph, and �x y 2 V as well as abond per
olation 
on�guration � 2 f0; 1gE, and write Cy for the 
luster of � 
on-taining y. Let Z(0); Z(1); : : : be simple random walk on G starting from some �xedvertex. The 
luster frequen
y of Cy is de�ned aslimn!1 1n n�1Xi=1 IfZ(i)2Cygprovided that the limit exists a.s. and is independent of the random walk.Lyons and S
hramm [82℄ established the following.Theorem 8.3 For iid bond per
olation4 on a transitive graph G = (V;E), we getwith probability 1 that every 
luster has a well-de�ned 
luster frequen
y.Proof. We shall employ a 
oupling idea that yields a di�erent, and in our opinioneven more instru
tive, proof than the one in [82℄. Fix y 2 V , pi
k the bond per
ola-tion pro
ess X 2 f0; 1gE a

ording to Pp, and pi
k Y 2 f0; 1gV as follows: for ea
h
luster C of X independently, let all verti
es of C take value 0, or let them takevalue 1, with probability 1=2 ea
h. The distribution of Y is obviously automorphisminvariant, and we get thatlimn!1 1n n�1Xi=1 Y (Z(i)) (8.1)exists and is independent of the random walk.Next, pi
k Y 0 2 f0; 1gV by settingY 0(x) = � 1� Y (x) if x 2 CyY (x) otherwise,and note that Y 0 has exa
tly the same distribution as Y . Hen
e, alsolimn!1 1n n�1Xi=1 Y 0(Z(i)) (8.2)exists and is independent of the random walk. Combining what we know about thelimits in (8.1) and (8.2), we get thatlimn!1 1n n�1Xi=1 (Y (Z(i))� Y 0(Z(i))) (8.3)4We fo
us here on the iid setting, but in fa
t the result as well as its proof go through without
hange in the more general setting of automorphism invariant per
olation.



28exists and is independent of the random walk, and the same thing forlimn!1 1n n�1Xi=1 jY (Z(i))� Y 0(Z(i))j (8.4)be
ause all terms in (8.3) have the same sign (positive if Y (y) = 1 and negativeotherwise). ButjY (Z(i))� Y 0(Z(i))j = IfZ(i)2Cygso that the limit in (8.4) is in fa
t the 
luster frequen
y of Cy. 2Proof of Proposition 8.1: Write �Z2(p) for the probability in iid bond per
olationon Z2 that the origin is in an in�nite 
luster, and re
all from Se
tion 1 that �Z2(p) > 0when p > 12 . By the same token as in the proof of Lemma 4.2, we get thatPp(u$ v) � �Z2(p)2 (8.5)for any u; v 2 Z2.Swit
hing to per
olation on Td�Z, re
all from Se
tion 4 that for any two verti
esu and v in this graph there is a subgraph of Td � Z isomorphi
 to Z2, and that we
an therefore 
on
lude that (8.5) holds for any u; v 2 Td � Z as well.Fix a vertex y in Td�Z and then pi
k a p0 2 (12 ; p). It follows from (8.5) that withpositive Pp0-probability, the 
luster Cy has a 
luster frequen
y freq(Cy) satisfyingfreq(Cy) � �Z2(p0)2> 0 ;and note that if so happens, then Cy must be in�nite. But the existen
e of somein�nite 
luster C with freq(C) > 0 is a tail event, so that by Kolmogorov's 0-1-lawPp0(9 an in�nite 
luster C with freq(C) > 0) = 1 : (8.6)The sum of freq(C) over all 
lusters C is easily seen to be bounded by 1. Hen
e,using (8.6), we get with Pp0-probability 1 that there exist �nitely many in�nite 
lus-ters maximizing 
luster frequen
y (among all 
lusters in the parti
ular per
olation
on�guration that we happened to get); 
all su
h a frequen
y-maximizing 
lusterspe
ial.Now 
onsider the usual enhan
ement from p0 to p, so that in other wordsXp0; Xp 2f0; 1gE are pi
ked jointly as in Coupling 1.1. We saw in Theorem 5.4 that a.s. anyin�nite 
luster in Xp will 
ontain some in�nite 
luster in Xp0. But an inspe
tion ofthe proof of Theorem 5.4 shows that it goes through virtually un
hanged to showthat any in�nite 
luster in Xp 
ontains a spe
ial in�nite 
luster in Xp0. Hen
e Xphas a.s. only �nitely many in�nite 
lusters, and by Lemma 2.6 it therefore has onlyone. 2We next move on from the Grimmett{Newman example to more general one-endedtransitive graphs and a result of Babson and Benjamini [6℄ in the dire
tion of es-tablishing a uniqueness phase for p 
lose to 1. First we note that when G is planarwith one end it was shown in the proof of Theorem 7.1 that pu(G) = 1� p
(Gy) andsin
e Gy has bounded degree, p
(Gy) > 0 and hen
e pu(G) < 1. Thus the planar
ase is already settled. But in fa
t the assumption of planarity 
an be removed:



29Theorem 8.4 (Babson and Benjamini [6℄) Let G = (V;E) be a one-endednonamenable Cayley graph of a �nitely presented group. Then pu(G) < 1.The assumption of nonamenability is not essential in any other respe
t than thatit ensures that p
(G) < 1. The result also trivially holds for amenable graphs withone end provided that p
(G) < 1.We will be 
ontent with sket
hing some of the ideas behind Theorem 8.4. De�nea 
utset to be a set F of edges su
h that with F removed the graph (V;E n F ) hasat least two in�nite 
onne
ted 
omponents. Note that sin
e G has one end a 
utsetmust be in�nite. If X is an iid bond per
olation on G with more than one in�nite
luster, then the set of 
losed edges X must 
ontain a 
utset, so if we 
an show thatfor p large enough the probability for this is 0, then we will be done.For that we use the fa
t that there exists a number D < 1 su
h that a 
ut-set on G must 
ontain an in�nite set ff1; f2; f3; : : :g of distin
t edges su
h thatdist(fi; fi+1) � D for all i, where the distan
e between two edges is the minimaldistan
e between two of their end-verti
es. This fa
t is a dire
t 
onsequen
e of [6,Cor. 4℄ whose proof we omit; a simpler proof (also omitted here) 
an be found inTim�ar [96℄ and in Lyons and Peres [80, Se
t. 6.6℄.Now let d be the degree of G. The probability that there exists set of edgesff1; f2; : : :g of the kind just des
ribed with the �rst n of the fi's 
losed in X, isbounded by (2dD(1� p))n Hen
e the probability that X 
ontains a 
utset of 
losededges is 0 when p � 1� 1=(2dD), implying Theorem 8.4.9 The situation at puThe question in fo
us in this se
tion is what happens when p = pu. In the 
ase ofper
olation on planar graphs with one end the answer is more or less already givenby the results of Se
tion 7:Theorem 9.1 (Benjamini and S
hramm [13℄) Let G = (V;E) be a planar tran-sitive graph with one end. Then per
olation at pu(G) a.s. produ
es a unique in�nite
luster.Proof. LetX be an iid bond per
olation onG with p = pu(G) and let as usualXydenote the dual per
olation on Gy. By the proof of Theorem 7.1, pu(G)+p
(Gy) = 1so Xy is 
riti
al per
olation on Gy. The graph Gy is unimodular (this was dis
ussedin Se
tion 7) and we may therefore apply Theorem 7.3 to dedu
e that Xy 
ontainsno in�nite 
lusters. Hen
e, by Theorem 7.6, X 
ontains a unique in�nite 
luster. 2The situation on planar graphs is not general. The next result of S
honmannshows that for the Grimmett{Newman example of Se
tion 4 the situation is theopposite.Theorem 9.2 (S
honmann [93℄) Let G = Td � Z. Then a.s. per
olation atpu(G) does not produ
e a unique in�nite 
luster. In parti
ular if d is 
hosen so thatp
 < pu, e.g. if d is suÆ
iently large, then per
olation at pu a.s. produ
es in�nitelymany in�nite 
lusters.



30 S
honmann's result was soon afterwards generalized by Peres to the following:Theorem 9.3 (Peres [90℄) Let G = (VG; EG) and H = (VH ; EH) be two in�-nite 
onne
ted transitive graphs and assume that G is nonamenable. Then iid bondper
olation on G�H at pu(G�H) a.s. does not produ
e a unique in�nite 
luster.Sin
e Theorem 9.3 is more general and has a proof that is not harder to followthan the original proof of Theorem 9.2, we present only the proof of Theorem 9.3.Proof. Assume that p0 is su
h that per
olation on G � H with retentionparameter p0 a.s. produ
es a unique in�nite 
luster. We will show that then thereexists p� < p0 su
h that per
olation with retention p� also produ
es a unique in�nite
luster. We will do this by showing that for some p� < p0 it is the 
ase that forany a > 0 one 
an pi
k N so large that Pp�(B(u;N) $ B(v;N)) > 1 � a for anyu; v 2 VG � VH . The theorem then follows from Lemma 4.3.We use the simultaneous 
oupling 
onstru
tion (Coupling 1.1) of per
olationpro
esses for all p: Assign to the edges, e, independent uniform [0,1℄ random vari-ables U(e) and denote the underlying probability measure by P . For p 2 [0; 1℄put O(p) for the set of edges e with U(e) � p and note that O(p) has the distri-bution of the open edges of iid per
olation with retention p. Put C(u; p) for the
onne
ted 
omponent of the vertex u in (VG� VH ; O(p)) and for a set W of verti
esput C(W; p) = [u2WC(u; p).Sin
e G is nonamenable there exists by Lemma 7.2 a number � > 0 su
h thatany invariant site per
olation pro
ess on G for whi
h a given vertex is open withprobability at least 1� �, a.s. produ
es in�nite 
lusters. Fix su
h an �.Now put C1(p0) for the unique in�nite 
luster in (VG � VH ; O(p0)) and de�neA1 = A1(r) = fu 2 VG � VH : B(u; r) \ C1(p0) 6= ;g:Fix r so large that P (u 2 A1(r)) � 1� �=6. Next de�neA2 = A2(r; n) = fu 2 VG�VH : 8v; w 2 B(u; r+1)\C1(p0) : dist(v; w;O(p0)) < ng:Here dist(v; w;O(p)) refers to the distan
e between v and w in (VG � VH ; O(p)).Now �x n so large that P (u 2 A2(r; n)) � 1� �=6.Let d = dG + dH denote the degree of G�H and �x p1, p2 and p� so thatp0 � �6dr+n < p1 < p2 < p� < p0:Now de�neA3 = A3(r; n; p1) = fu 2 VG�VH : U(e) 62 [p1; p0℄ for all edges e in B(u; r + n)g:Then P (u 2 A3) � 1��=6. Put A = A1\A2\A3 and note that P (u 2 A) � 1��=2.Fix two verti
es h1; h2 2 VH and letB = fg 2 VG : (g; h1) 2 A ^ (g; h2) 2 Ag:Then B is the set of open verti
es of an invariant site per
olation on G su
h thatP (g 2 B) � 1� � for any given vertex g and hen
e B a.s. has in�nite 
lusters.



31Consider an in�nite path (g1; g2; g3; : : :) in B. Sin
e (gj; h1) 2 A1 there is a vertexuj 2 C1(p0) in B((gj; h1); r). Sin
e (gj; h1) 2 A2 \ A3 for all j there is a path fromuj to uj+1 of length at most n in O(p1). Con
atenating these paths for j = 1; 2; 3; : : :gives an in�nite path in O(p1) that 
omes within distan
e r from (gj; h1) for every j.By an analogous argument there is an in�nite path (v1; v2; : : :) in O(p1) that 
omeswithin distan
e r from (gj; h2) for every j. Thus for any vertex g 2 VG we haveP (B((g; h1); r)$ B((g; h2); r) in O(p2)) j jC(g1; B)j =1) = 1: (9.1)This is so be
ause there is an in�nite number of edge disjoint paths that 
an jointhe two paths above in O(p1) and all of these have a positive probability of beingopen at level p2 whatever their status at level p1. Similar arguments were used inSe
tion 4.Now pi
k R0 so large that the probability that for g 2 VG the ball B(g; R0) in Ginterse
ts an in�nite 
luster of B is at least 1 � a=2, and put R = r + R0. Taking(9.1) into a

ount together with the triangle inequality shows thatP (B((g; h1); R)$ B((g1; h2); R) in O(p2)) � 1� a2 : (9.2)Fix two verti
es u = (gu; hu) and v = (gv; hv) of G � H. For h 2 VH put Fhfor the event that B(u;R)$ B((gu; h); R) and B(v; R)$ B((gv; h)). By (9.2), Fhhas probability at least 1� a for any h. Therefore Fh o

urs for in�nitely many hwith probability at least 1 � a. However on this event the sets C(B(u;R); p2) andC(B(v; R); p2) 
ome in�nitely often within distan
e 2R + dist(gu; gv;EG) of ea
hother. Thus sin
e p� > p2P (B(u;R)$ B(v; R) in C(p�)) � 1� aas desired. 210 Simultaneous uniquenessConsider the simultaneous 
oupling 
onstru
tion (Coupling 1.1) of iid bond per
o-lation on Zd for all p 2 [0; 1℄. We know from the results in Se
tion 2 (Theorem 2.4,say) that for ea
h p > p
P (Xp has a unique in�nite 
luster) = 1 :Sin
e there are un
ountably many su
h p's, it is not a priori obvious whether or notthe order of the quanti�ers 
an be ex
hanged in this statement, i.e., whetherP (for all p > p
; Xp has a unique in�nite 
luster) = 1 : (10.1)This question of simultaneous uniqueness was �rst posed by Matthew Penrose, andappeared in print in Grimmett [35℄, where it was pointed out that (10.1) holds ford = 2. This follows easily from the 
ontour argument in the proof of Theorem 2.2.Soon thereafter, Alexander [4℄ established (10.1) for d � 3 as well as for a wider
lass of per
olation pro
esses in d-dimensional Eu
lidean spa
e.



32 The issue of simultaneous uniqueness in the more general 
ontext of transitivegraphs, was later 
onsidered by H�aggstr�om and Peres [56℄ and H�aggstr�om et al. [57℄.In that setting, (10.1) of 
ourse needs to be repla
ed byP (for all p > pu; Xp has a unique in�nite 
luster) = 1 :This was established under the unimodularity assumption in [56℄ and without that
ondition in [57℄. In fa
t, the results in [56℄ and [57℄ have impli
ations for thenon-uniqueness phase (p
; pu) as well. The general result is the following.Theorem 10.1 Consider the simultaneous 
oupling 
onstru
tion of iid bond per-
olation for all p 2 [0; 1℄ on a transitive graph. With probability 1, we have for allp1; p2 su
h that p
 < p1 < p2, that any in�nite 
luster in Xp2 
ontains an in�nite
luster in Xp1.In other words, when we gradually raise p in the simultaneous 
oupling 
onstru
tion,the only thing that ever happens to in�nite 
lusters after p = p
 is that they growand merge { no new in�nite 
lusters are ever born.To prove Theorem 10.1 is a matter of modifying the proof of Theorem 5.6 in su
ha way that the order in whi
h edges are sear
hed in the pro
edure exploring a 
lusteris based not on a pre-�xed ordering but on the uniform [0; 1℄ variables of Coupling1.1, turning in e�e
t the exploration pro
edure to so-
alled invasion per
olation [23℄.See [57℄ for the details.11 Dynami
al per
olationSimilar in spirit to the question of simultaneous uniqueness 
onsidered in the previ-ous se
tion, is the study of so-
alled dynami
al per
olation (H�aggstr�om et al. [58℄).Here the per
olation pro
ess evolves in 
ontinuous time in the following manner.Fix G = (V;E) and the parameter p 2 (0; 1). Ea
h edge e 2 E independently 
ipsbetween states 0 (
losed) and 1 (open) a

ording to a two-state 
ontinuous timeMarkov 
hain whose 
ip rate is p when in state 0, and 1 � p when in state 1. Theunique stationary distribution for this Markov 
hain pla
es mass 1 � p on state 0and mass p on state 1. Hen
e, if we take the entire pro
ess f0; 1gE-valued pro
ess(X(t))t�0 to begin with X(0) 
hosen a

ording to produ
t measure Pp on f0; 1gE,then X(t) has distribution Pp for all t. Thus, for any �xed t � 0,P (X(t) has an in�nite 
luster) = � 0 if p < p
1 if p > p
 :Analogously to the simultaneous uniqueness issue in Se
tion 10, we have a nontriv-ial task if we wish to strengthen this statement by inter
hanging the order of thequanti�ers, i.e., by saying thatP (for all t; X(t) has no in�nite 
luster) = 1 if p < p
 (11.1)and P (for all t; X(t) has an in�nite 
luster) = 1 if p > p
 : (11.2)



33It turns out (see [58℄) that (11.1) and (11.2) hold for dynami
al per
olation onarbitrary graphs, whereas the situation at p = p
 is 
onsiderably more intri
ate:there exist graphs G su
h that at the 
riti
al value there is Pp
-a.s. no in�nite 
luster,while in the dynami
al per
olation pro
ess an in�nite 
luster shows up in X(t) atsome random ex
eptional times t; likewise there are graphs G whi
h Pp-a.s. have anin�nite 
luster, yet in the 
orresponding dynami
al per
olation pro
ess there is at
ertain ex
eptional times no in�nite 
luster.Con
erning uniqueness of the in�nite 
luster for super
riti
al per
olation on Zd,Peres and Steif [91℄ showed that this 
an be strengthened to a \for all t" statementin dynami
al per
olation. More pre
isely, for G = Zd and p > p
, they demonstratedthat the dynami
al per
olation pro
ess (X(t))t�0 satis�esP (for all t; X(t) has a unique in�nite 
luster) = 1 :The same paper o�ers a detailed and beautiful analysis of the somewhat exoti
ways in whi
h the number of in�nite 
lusters may vary in time in 
riti
al dynami
alper
olation on 
ertain non-homogeneous trees.12 Dependent per
olationGenerally speaking, one of the most obvious (and, indeed, most-studied) dire
tionsfor extending the iid bond per
olation model studied in previous se
tions, is to relaxthe iid assumption and allow for (various kinds of) dependen
e between edges. Su
hpro
esses 
an be of great interest in themselves (as will be amply exempli�ed in thenext se
tion), or sometimes (as we saw in the proof of Theorem 7.3) even serve astools in the analysis of iid per
olation.To work with arbitrary probability measures on f0; 1gE would, however, be totake things a bit too far, as not mu
h of interest 
an be said in su
h a general setting.So we still need some 
onditions.For per
olation on Zd, translation invarian
e is an extremely natural (and, inthe per
olation literature, almost universally employed) 
ondition. A probabilitymeasure � on f0; 1gE (where E is the edge set of the Zd latti
e) is said to betranslation invariant if a f0; 1gE-valued random obje
t with distribution � has thefollowing property: for any �nite edge set ffx1; y1g; : : : ; fxk; ykgg � E and anyz 2 Zd, the distribution of(X(fx1; y1g); : : : ; X(fxk; ykg))is the same as that of(X(fx1 + z; y1 + zg); : : : ; X(fxk + z; yk + zg))(
f. the de�nition (5.1) of automorphism invarian
e).Translation invariant per
olation on Zd does not in general inherit the uniquenessof the in�nite 
luster property of iid per
olation. For a trivial example, 
onsider theper
olation pro
ess on Z2 where all verti
al edges are a.s. open, while all horizontaledges are a.s. 
losed; 
learly, this results in an in�nite number of in�nite 
lusters. Amore 
hallenging task is to 
onstru
t, given a �nite k � 2, a translation invariant



34per
olation pro
ess resulting a.s. in pre
isely k in�nite 
lusters. But it 
an be done,as shown by Burton and Keane in the very interesting follow-up paper [20℄ to theirfamous breakthrough [19℄ dis
ussed in Se
tions 1 and 2.So more 
onditions are needed in order to dedu
e uniqueness of the in�nite
luster. A striking suÆ
ient 
ondition (in the setting of translation invarian
e) isthe notion of �nite energy, dating ba
k to Newman and S
hulman [86℄:Definition 12.1 For an arbitrary graph G = (V;E), a probability measure � onf0; 1gE is said to have �nite energy5 if it admits 
onditional probabilities su
hthat for a f0; 1gE-valued random obje
t X with distribution �, any e 2 E, and any� 2 f0; 1gEnfeg, we have0 < �(X(e) = 1 jX(E n feg) = �) < 1 : (12.1)In fa
t, the uniqueness result of Burton and Keane [19℄ (earlier quoted as Theorem2.4) was originally stated in the setting of �nite energy per
olation pro
esses on Zd:Theorem 12.2 (Burton and Keane [19℄) Any �nite energy translation invari-ant bond per
olation pro
ess on Zd produ
es a.s. at most one in�nite 
luster.To adapt the proof of Theorem 2.4 to this non-iid setting, let us �rst inspe
t wherein the proof of Theorem 2.4 the iid assumption is a
tually used. This happens intwo pla
es, namely,(a) to dedu
e in Lemma 2.6 that the number of in�nite 
lusters is an a.s. 
onstant,and(b) in the appli
ation of the lo
al modi�er (Coupling 2.5) to produ
e trifur
ations.Now, the a.s. 
onstan
e of the number of in�nite 
lusters in (a) is no longer trueunder the 
onditions of Theorem 12.2, but this is easily taken 
are of by ergodi
de
omposition of the probability measure in question. (Here one should verify thatthe �nite energy property is preserved under ergodi
 de
omposition, a detail thatBurton and Keane slipped in [19℄ but whi
h has been 
lari�ed several times later,e.g., in [32, Lem. 1℄ and [82, Lem. 3.6℄.)As to (b), 
onsider the following generalization of Coupling 2.5 to the non-iidsetting.Coupling 12.3 The lo
al modifier in a non-iid setting. Let G = (V;E) bean in�nite graph, and let � be a probability measure on f0; 1gE. A 
oupling of twof0; 1gE-valued random obje
ts X and X 0, both with distribution �, 
an be obtainedas follows. Let Q be a probability distribution on the set E of all �nite subsets of Esu
h that Q assigns positive probability to ea
h element of E.1. Pi
k F 2 E a

ording to Q.5Lyons and S
hramm [82℄ found it fruitful to distinguish between insertion toleran
e (meaningthat the �rst inequality in (12.1) holds), and deletion toleran
e (ditto for the se
ond inequality). Ifthe probability in (12.1) is bounded away from 0 and/or 1, then we speak of uniform �nite energy,uniform insertion toleran
e and uniform deletion toleran
e.



352. Pi
k X(EnF ) a

ording to the distribution pres
ribed by �, and set X 0(EnF ) =X(E n F ).3. Pi
k X(F ) a

ording to the 
onditional distribution that � pres
ribes, givenX(E n F ).4. Independently of Step 3, pi
k X 0(F ) a

ording to the 
onditional distributionthat � pres
ribes, given X 0(E n F ).Note that if � equals produ
t measure Pp, then Coupling 12.3 redu
es to Coupling2.5. We may furthermore note in the more general setting where � has �nite energy,all out
omes of X(F ) and X 0(F ) have positive 
onditional probability given Steps1 and 2. Therefore, we may for the 
onstru
tion of trifur
ations in the proof ofTheorem 12.2 pro
eed just as in the proof of Theorem 2.4, only repla
ing Coupling2.5 by Coupling 12.3. The rest of the proof is identi
al to that of Theorem 2.4, soTheorem 12.2 is established.13 Dependent per
olation: examplesAs elsewhere in mathemati
s, extending per
olation-theoreti
 results to more generalsettings would be of questionable value unless these settings are shown to in
ludesome interesting 
on
rete examples. For the theory of dependent per
olation thatwe began to dis
uss in the previous se
tion, there is no shortage of su
h examples.One of the most important examples is the random-
luster model, introdu
ed ina 1972 paper by Fortuin and Kasteleyn [31℄. After a relatively 
alm period, interestin the model 
aught on again around 1990 following 
ontributions by Edwards andSokal [28℄, whi
h 
lari�ed the model's intimate relation to Ising and Potts models,and Aizenmann et al. [1℄, whi
h initiated a modern probabilisti
 analysis of the modelusing sto
hasti
 domination and 
orrelation inequality te
hniques. The level ofa
tivity has sin
e then remained high, with a vast number of papers on appli
ationsto Ising and Potts models as well as studies of the random-
luster model as an obje
tworthy of attention in its own right. This work has been surveyed in, e.g., Georgiiet al. [34℄ and Grimmett [38℄, and is the topi
 of an up
oming book by Grimmett[40℄.On a �nite graph G = (V;E), the random-
luster measure �Gp;q with parametersp 2 [0; 1℄ and q > 0 is de�ned as the probability measure on f0; 1gE whi
h to ea
h� 2 f0; 1gE assigns probabilityqk(�)ZGp;q Ye2E p�(e)(1� p)1��(e) (13.1)where k(�) is the number of 
onne
ted 
omponents (in
luding isolated verti
es) ofthe graph G� = (V; fe 2 E : �(e) = 1g), and ZGp;q is a normalizing 
onstant. Notethat taking q = 1 redu
es to iid per
olation with retention parameter p, whereastaking q 6= 1 in general leads to dependen
e between edges. Single-edge 
onditionaldistributions are easy to 
ompute from (13.1): if X 2 f0; 1gE is taken to have



36distribution �Gp;q, then we have for any edge e = fx; yg 2 E and any � 2 f0; 1gEnfegthat �Gp;q(X(e) = 1 jX(E n feg) = �) = � p if x$ y in �pp+(1�p)q otherwise, (13.2)where \x $ y in �" means that there exists a path from x to y only using edges ewith �(e) = 1.It is not immediately 
lear how one should extend the notion of random-
lustermeasures to the 
ase where G = (V;E) is in�nite; note that f0; 1gE is then un
ount-able, so that ea
h � 2 f0; 1gE ought to re
eive probability 0, and a dire
t de�nitionlike (13.1) 
learly will not do. Instead, two approa
hes have been proposed, namely(a) using DLR (Dobrushin{Lanford{Ruelle) equations, and (b) taking weak limitsof �nite-graph random-
luster measures.In approa
h (a), originally 
onsidered in the 1960's for Gibbs measures in in�nitevolume, the idea is that single-edge 
onditional probabilities (and more generally
onditional distributions on �nite sets) should behave as on �nite graphs. Thus,for an in�nite graph G = (V;E), we 
all a probability measure � on f0; 1gE aDLR random-
luster measure for G with parameters p and q if (13.2) holds for alle 2 E and �-almost all � 2 f0; 1gEnfeg. The 
orresponding agreement of 
onditionaldistributions on arbitrary �nite edge sets follows easily (see, e.g., [34, Lem. 6.18℄).In approa
h (b), we �rst de�ne a sequen
e (Gn)n�1 of �nite subgraphs of G su
hthat(i) V1 � V2 � � � � ,(ii) ea
h x 2 V is in all but at most �nitely many Vn's,(iii) ea
h e = fx; yg 2 E is in En if and only if x and y are both in Vn,and 
all su
h a sequen
e an exhaustion of G. Consider now the sequen
e (�Gnp;q )n�1 ofrandom-
luster measures for the graphs (Gn)n�1. It may happen that these 
onvergeweakly (in the sense of 
onvergen
e of probabilities of all 
ylinder events) to aprobability measure � on f0; 1gE, in whi
h 
ase we 
all � a limiting random-
lustermeasure for G with parameters p and q. A standard 
ompa
tness argument showsthat su
h a limit 
an always be obtained by passing to a subsequen
e if ne
essary.For q � 1 more 
an be said. Then the right-hand side of (13.2) be
omes in-
reasing in �, an observation that opens up the door to a wonderful ma
hinery ofsto
hasti
 domination (mu
h of it based on the so-
alled Holley Inequality, see, e.g.,[34℄ for a detailed introdu
tion to how this works) whi
h among other things showsthat, for any n, the proje
tions on f0; 1gEn of the measures (�Gn+mp;q )m�0 is sto
has-ti
ally in
reasing in m. It follows that the sequen
e �G1p;q; �G2p;q; : : : 
onverges (withoutpassing to a subsequen
e) to a probability measure on f0; 1gE whi
h thereby quali-�es as a limiting random-
luster measure for G with parameters p and q; we denoteit by �G;freep;qwhere \free" is short for \with free boundary 
ondition", a notion that will be
lari�ed through 
ontrast to its \wired" 
ounterpart in the next paragraph. Another
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onsequen
e of the sto
hasti
 domination ma
hinery is that �G;freep;q is independentof the 
hoi
e of exhaustion (Gn)n�1. For the 
ase where G is the Zd latti
e, wetherefore get that �G;freep;q is translation invariant.An alternative limiting pro
edure (still when q � 1) is to repla
e �G1p;q; �G2p;q; : : :by the measures �G1;wiredp;q ; �G2;wiredp;q ; : : : de�ned by modifying �Gnp;q in su
h a way thatk(�) in (13.1) 
ounts only those 
onne
ted 
omponents that do not interse
t theboundary �V Vn (re
all that �V Vn is de�ned as the set of all x 2 Vn that haveat least one neighbor in V n Vn). This is tantamount to viewing all verti
es ofthe boundary �V Vn as a single one, or in other words to \wiring" them to ea
hother. The same sto
hasti
 domination arguments as those alluded to in the previousparagraph (ex
ept that the sto
hasti
 monotoni
ity goes in the other dire
tion) yield
onvergen
e to a probability measure�G;wiredp;qwhere \wired" is short for \with wired boundary 
ondition".So far we have been silent on the issue of existen
e of DLR random-
lustermeasures. Avoiding the issue for just a few more lines, let us remark that it isstraightforward to show that (still for q � 1) any DLR random-
luster measure forG with parameters p and q must be sandwi
hed between �G;freep;q and �G;wiredp;q in thesense of sto
hasti
 domination.For the 
ase where G equals the Zd latti
e (or more generally an amenable tran-sitive graph), Grimmett [36℄, and independently P�ster and Vande Velde [92℄, foundthe following elegant solution to the problem of existen
e of DLR random-
lustermeasures. The �rst key observation is that the single-edge 
onditional probabili-ties in �Gnp;q are bounded away from 0 and 1 uniformly in n (by (13.2), they are infa
t always between pp+(1�p)q and p). This 
an be shown to imply the �nite energyproperty of the limiting measure �G;freep;q , to whi
h Theorem 12.2 therefore 
an beapplied to dedu
e the �G;freep;q -a.s. uniqueness of the in�nite 
luster. Considering fora moment what it means to have an in�nite 
luster, we see that for any fx; yg 2 Ewe 
an �G;freep;q -a.s. �nd some suÆ
iently large �nite subgraph of G 
ontaining x andy, su
h that by looking in the box we 
an verify either that x and y are in the same
luster, or that (at least) one of them is in a �nite 
luster not equal to the 
luster
ontaining the other. This last property is a kind of a.s. 
ontinuity in � of the eventx $ y showing up in (13.2), and this turns out to be suÆ
ient for establishing theDLR equation (13.2) for �G;freep;q . The same argument applies to �G;wiredp;q , so we havethe following.Theorem 13.1 (Grimmett [36℄, Pfister and Vande Velde [92℄) For therandom-
luster model on an amenable transitive graph G with parameters p 2 (0; 1)and q � 1, we have that �G;freep;q and �G;wiredp;q are both DLR random-
luster measures,and that they both put full measure on the event of having at most one in�nite
luster.Combining this result with the aforementioned sandwi
hing relation, shows thatuniqueness of DLR random-
luster measures for an amenable transitive graph Gwith parameters p and q � 1 is equivalent to having�G;freep;q = �G;wiredp;q :



38This last equality is known to hold, loosely speaking, for \most" but not all pairs(p; q). For su
h a result, the amenability 
ondition is essential; see H�aggstr�om [46℄and Jonasson [71℄. See also Grimmett [36, 38, 40℄ for more on this fas
inatingproblem in the Zd setting.So what about DLR properties of �G;freep;q and �G;wiredp;q on nonamenable graphs,where the uniqueness devi
e Theorem 12.2 is not available? The problem was settledto the following unexpe
ted answer by Jonasson [71℄ and Georgii et al. [34℄: For q � 1and an arbitrary graph G, �G;freep;q is always a DLR random-
luster measure, whereas�G;wiredp;q need not be. Instead, �G;wiredp;q satis�es the modi�ed DLR equation�Gp;q(X(e) = 1 jX(E n feg) = �) = ( p if x C ! y in �pp+(1�p)q otherwise, (13.3)where \x C ! y in �" is short for the event thateither x C ! y in �, or x and y are both in in�nite 
lusters.We may think of the de�nition of x C ! y as a kind of \
ompa
ti�
ation of G atin�nity" of the graph: to walk from one vertex x to another vertex y, it is allowed towalk from x \to in�nity", and then ba
k from in�nity to y. This alternative de�nitionof DLR random-
luster measures goes ba
k to H�aggstr�om [46℄, who studied su
hmeasures on trees, where the older 
hoi
e (13.2) of DLR equation redu
es, somewhatboringly, to iid per
olation. Note that for graphs exhibiting �G;wiredp;q -a.s. uniquenessof the in�nite 
luster, the right-hand sides of (13.2) and (13.3) 
oin
ide, so that thislater development does not 
on
i
t with Theorem 13.1. Examples of graphs where�G;wiredp;q fails to exhibit uniqueness of the in�nite 
luster are studied in [46℄ and inH�aggstr�om et al. [54℄.As a further appli
ation of the aforementioned sto
hasti
 domination ma
hinery,we have for �xed q � 1 and any in�nite G that �G;freep;q is sto
hasti
ally in
reasingin p, and likewise for �G;wiredp;q . The measures 
an be shown to satisfy a 0-1-law forthe existen
e of in�nite 
lusters, when
e there exist 
riti
al values 0 � p
;wired �p
;free � 1 (depending on G and q) su
h that�G;freep;q (9 an in�nite 
luster) = � 0 if p < p
;free1 if p > p
;free (13.4)and �G;wiredp;q (9 an in�nite 
luster) = � 0 if p < p
;wired1 if p > p
;wired : (13.5)For transitive graphs, Lyons [79℄ proved a random-
luster analog of the uniquenessmonotoni
ity results in Se
tion 5, thereby establishing the existen
e of 
riti
al values0 � pu;wired � pu;free � 1 satisfying analogs of (13.4) and (13.5) for the existen
eof a unique in�nite 
luster. We thus have four 
riti
al values p
;wired, p
;free, pu;wiredand pu;free (depending on G and q) for the random-
luster model on a transitivegraph. As to the ordering of these values, there is { besides determining when theinequalities are stri
t { only one nontrivial 
ase, namely the ordering between p
;free



39and pu;wired. These problems are treated in some detail in [54℄, where among otherthings it is shown that both p
;free < pu;wired and pu;wired < p
;free 
an happen.Let us now return to the more familiar situation where G is the Zd latti
e. Evenin this 
ase, however, mu
h less is understood about the random-
luster model forq < 1 
ompared to q � 1, due to the absen
e of various sto
hasti
 monotoni
ities.One interesting 
ase, however, whi
h nevertheless is fairly well-understood, is whenp and q are sent to 0 simultaneously in su
h a way that qp ! 0. Then, as shownby H�aggstr�om [45℄, any sequen
e of random-
luster measures (either in sense (a) orsense (b) above) 
onverges weakly to the so-
alled uniform spanning tree measureof Pemantle [89℄. This measure arises also (and is in fa
t de�ned) by the followinglimiting pro
edure: Let (G1; G2; : : :) be an exhaustion6 of Zd, let �n denote themeasure on f0; 1gEn 
orresponding to pi
king a spanning tree for Gn at random,uniformly. The limiting measure � = limn!1 �n on f0; 1gE exists in the usual senseof 
onvergen
e of 
ylinder probabilities.Inspe
ting the properties of �, we �nd that it is translation invariant, but that itfails to satisfy the �nite energy 
ondition. Hen
e, the usual argument for uniquenessof the in�nite 
luster no longer works. But this 
ouldn't possibly matter, we wouldlike the reader to interje
t at this point, be
ause surely a limit of spanning trees forGn will be a spanning tree for Zd (and therefore 
onne
ted)? Well, not always. Inthe beautiful main result of [89℄, it is shown that � yields a.s. a spanning tree whend � 4, whereas for d � 5 an in�nite 
olle
tion of in�nite trees is a.s. obtained. SeeBenjamini et al. [11, 8℄ for some subsequent fas
inating work on the topi
 of theseuniform spanning tree measures, on Zd as well as on more general graphs.On the topi
 of limits of random spanning trees as per
olation-theoreti
 obje
ts,we would like to mention that the other 
anoni
al way to 
hoose a spanning tree fora �nite graph at random { so-
alledminimal spanning trees { allows the same kind ofin�nite-volume limit. For a �nite graph G = (V;E), the minimal spanning tree arisesby �rst assigning iid weights to the edges a

ording to some 
ontinuous distribution(the pre
ise 
hoi
e of this distribution is in
onsequential, so one usually takes it tobe uniform on [0; 1℄ as in Coupling 1.1), and then pi
king the spanning tree for Gwhose total edge-weight is minimized (note that there will be no tie a.s.). The limitalong an exhaustion (G1; G2; : : :) of Zd yields a measure on f0; 1gE that is 
loselyrelated to invasion per
olation. It is natural to ask whether 
onne
tivity in thislimiting obje
t depends on the dimension d in similar fashion as the 
orrespondinguniform spanning tree obje
ts. Newman and Stein [86℄ gave heuristi
 argumentsfor getting a single spanning tree for Zd when d � 7, and an in�nite 
olle
tion ofsu
h trees when d � 9 (the 
ase d = 8 appears to be \the 
riti
al dimension" andeven harder to de
ide), but so far this has been rigorously established only for d = 2(Alexander [5℄). See also Lyons et al. [81℄ for a study of these obje
ts beyond theZd setting.14 Dependent per
olation on Z2In this se
tion, we will 
ontinue our study of dependent per
olation, but restri
tto the Z2 latti
e, whi
h has some parti
ular geometri
 features not exhibited in6In addition to 
onditions (i){(iii) above, we now also need to take ea
h Gn to be 
onne
ted.



40transitive graphs more generally. The key feature appears to be the 
ombinationof planarity and amenability, and the arguments of this se
tion go through mutatismutandis for other (reasonable) planar latti
es in two-dimensional Eu
lidean spa
e.We swit
h in this se
tion to site per
olation rather than bond per
olation, thus
onsidering a f0; 1gZ2-valued random obje
t X. Similarly as in bond per
olation, weare interested in 
lusters of 1's, or 1-
lusters, for short, meaning 
onne
ted 
ompo-nents in the subgraph of Z2 obtained by removing all verti
es x su
h that X(x) = 0and all edges in
ident to su
h verti
es. The main novel feature of the present se
-tion (
ompared to previous se
tions) is that we will simultaneously be interested in0-
lusters, de�ned in the same way as 1-
lusters but with the roles of states 0 and1 inter
hanged.Rather than ask, as usual, for uniqueness of the in�nite 1-
luster, we 
an be evenmore ambitious and ask for uniqueness of the in�nite 
luster in the setting whereboth 1-
lusters and 0-
lusters are 
onsidered simultaneously.The uniqueness results of Se
tion 2 (in parti
ular Theorem 2.4) are straightfor-ward to adapt to the setting of site per
olation. Thus, for iid site per
olation on Z2,we know that there is a.s. at most one in�nite 1-
luster, and likewise a.s. at mostone in�nite 0-
luster. The question at hand is therefore whether or not an in�nite1-
luster and an in�nite 0-
luster 
an 
oexist.Another known fa
t of iid site per
olation on Z2 is that the 
riti
al value p
 foremergen
e of an in�nite 
onne
ted 
omponent ex
eeds 12 (the stri
t inequality was�rst obtained by Higu
hi [63℄, while the weaker statement p
 � 12 is an
ient { viewedon the time-s
ale of the history of per
olation { and follows by 
ombining the resultsof Harris [62℄ and Hammersley [60℄). It follows that for no value of the retentionparameter p do an in�nite 1-
luster and an in�nite 0-
luster 
oexist.We may now note that su
h as strong uniqueness result does not extend to the Z3setting; this follows from the result of Campanino and Russo [21℄ that the 
riti
alvalue for site per
olation on Z3 is stri
tly less than 12 , so that at the symmetrypoint p = 12 (as well as in a nontrivial interval around it) we have a.s. 
oexisten
eof an in�nite 1-
luster and an in�nite 0-
luster. Coexisten
e of in�nite 
lusters ofboth 
ategories 
an happen also for planar latti
es in the hyperboli
 plane, as 
aneasily be dedu
ed from the results in Se
tion 7. (On the other hand Corollary 7.4
an be used to show that in the hyperboli
 plane, 
oexisten
e of a unique in�nite1-
luster and a unique in�nite 0-
luster a.s. does not o

ur, analogously to the proofof Theorem 7.6.)On the other hand, the Z2 latti
e does feel a bit narrow for en
ompassing aunique in�nite 1-
luster together with a unique in�nite 0-
luster, and results onthe impossibility of su
h 
oexisten
e on Z2 ought to be available beyond the iidsetting. An early result in this dire
tion was obtained by Cognilio et al. [26℄ inthe setting of Gibbs measures for the ferromagneti
 Ising model. For more generalresults, 
onditions will be needed, and translation invarian
e alone will not do asshown, e.g., by 
ounterexamples of Burton and Keane [19℄. In the seminal paperby Gandol� et al. [33℄, the notion of positive 
orrelations was identi�ed as being of
entral importan
e in this setting. Re
all the following de�nition.Definition 14.1 For a �nite or 
ountable set V , a fun
tion f : f0; 1gV ! R issaid to be in
reasing if it is in
reasing in ea
h of its 
oordinates. A probability



41measure � on f0; 1gV is said to exhibit positive 
orrelations if for any boundedin
reasing f; g : f0; 1gV ! R we have�(fg) � �(f)�(g) :(In parts of the probability literature, this is also known as positive asso
iations.)Positive 
orrelations holds for produ
t measures { a result that goes ba
k to Harris'
lassi
al paper [62℄ { while extremely useful 
riteria for positive 
orrelations in de-pendent settings are provided by (various versions of) the FKG (Fortuin{Kasteleyn{Ginibre) inequality; see, e.g., [34℄. The main result of Gandol� et al. is the following.Theorem 14.2 (Gandolfi, Keane and Russo [33℄) If � is a translation invari-ant probability measure on f0; 1gZ2 satisfying (a) positive 
orrelations, (b) invarian
eunder inter
hange of or re
e
tion in 
oordinate hyperplanes, and (
) ergodi
ity underhorizontal translations and under verti
al translations separately, then the numberof in�nite 1-
lusters plus the number of in�nite 0-
lusters is �-a.s. at most 1.This generalizes the Ising model result of Cognilio et al. [26℄, and has later foundinteresting appli
ations in { and adaptations to { the study of a wide variety oftwo-dimensional systems in
luding the Potts model (Chayes [25℄, H�aggstr�om [49℄),the hard-
ore model (H�aggstr�om [48℄), the bea
h model (Hallberg [59℄), and the ran-dom triangle model (H�aggstr�om and Jonasson [53℄), plus an appli
ation to rigidityper
olation that we will talk about in Se
tion 16.Here, instead of the somewhat involved geometri
 arguments needed to proveTheorem 14.2, we will settle for a shorter and remarkably elegant proof of thefollowing variant of the result, where the 
ondition of �nite energy is added (whi
hallows a slight weakening of the ergodi
ity assumptions). The �nite energy 
onditionholds in several (but not all) of the aforementioned appli
ations.Theorem 14.3 If � is a translation invariant probability measure on f0; 1gZ2 sat-isfying (a) positive 
orrelations, (b) invarian
e under inter
hange of or re
e
tionin 
oordinate hyperplanes, (
') ergodi
ity, and (d) �nite energy, then the number ofin�nite 1-
lusters plus the number of in�nite 0-
lusters is �-a.s. at most 1.Proof. Following Georgii et al. [34℄, we will employ a beautiful geometri
 argumentoriginally due to Yu Zhang [99℄. First note that Theorem 12.2 adapts with zeroadditional 
ompli
ation to the setting where bond per
olation is repla
ed by siteper
olation, so that we know that there is a.s. at most one in�nite 1-
luster and atmost one in�nite 0-
luster.Writing A (resp. B) for the event that there is a unique in�nite 1-
luster (resp.0-
luster), we may thus assume, for 
ontradi
tion, that �(A\B) > 0. By ergodi
ity,we then have�(A \ B) = 1 : (14.1)Take �n to denote f�n; : : : ; ng2, i.e., �n is the box of side-length 2n + 1 
enteredat the origin. De�ning An (resp. Bn) as the event that the unique in�nite 1-
luster(resp. 0-
luster) interse
ts �n, we have from (14.1) that we 
an �nd an n suÆ
ientlylarge so that�(An \ Bn) � 0:999 :



42Take ALn (resp. ARn ; ATn ; ABn ) to denote the event that for some vertex x on the left(resp. right, top, bottom) side of the boundary of �n we 
an �nd an in�nite self-avoiding path of 1's starting at x but not 
ontaining any other vertex in �n. De�neBLn ; BRn ; BTn and BBn analogously, and write :ALn for the 
omplement of the eventALn , et
. Note thatAn = ALn [ ARn [ ATn [ ABn ;and also that all four events on the right-hand side are in
reasing. By the assumedpositive 
orrelations property (a), we thus have�(An) = �(ALn [ ARn [ ATn [ ABn )= 1� �(:ALn \ :ARn \ :ATn \ :ABn )� 1� �(:ALn)�(:ARn )�(:ATn )�(:ABn ) :By 
ondition (b) all four events on the last line have the same �-probability, and we
an dedu
e that�(:ALn) � (1� �(An))1=4and that�(ALn) = �(ARn ) � 1� (1� �(An))1=4� 1� 0:0011=4> 0:82 : (14.2)By the same token, we get�(BTn ) = �(BBn ) > 0:82 : (14.3)Finally, we de�ne the event D = ALn \ ARn \BTn \ BBn , and use (14.2) and (14.3) to
on
lude that�(D) � 1� 4(1� 0:82)= 0:28 (14.4)> 0 : (14.5)Now 
onsider the geometry of the in�nite 
lusters on the event D. The path wit-nessing the event ALn must of 
ourse be in an in�nite 1-
luster, and likewise for thepath witnessing ARn . But by uniqueness of the in�nite 1-
luster these in�nite 
lustersmust be one and the same. Note, 
ru
ially, that this in�nite 1-
luster blo
ks the twoin�nite 0-
lusters witnessing BTn and BBn from merging, so that there must be atleast two in�nite 0-
lusters. Hen
e, (14.5) 
ontradi
ts the a.s. uniqueness of in�nite0-
lusters, and we are done. 215 EntanglementConsider iid bond per
olation on Z3. For p 2 (0; 1), we may imagine the o

urren
eof disjoint 
onne
ted 
omponents that 
an nevertheless not be separated or \pulled



43apart". As a 
on
rete example, 
onsider two 
onne
ted 
omponents ea
h 
onsistingof a 
ir
uit of eight verti
es, the �rst one going through the verti
es(0; 0; 0); (0; 0; 1); (0; 0; 2); (0; 1; 2); (0; 2; 2); (0; 2; 1); (0; 2; 0); (0; 1; 0)and ba
k to (0; 0; 0), while the se
ond goes through(�1; 1; 1); (0; 1; 1); (1; 1; 1); (1; 1; 2); (1; 1; 3); (0; 1; 3); (�1; 1; 3); (�1; 1; 2)and ba
k to (�1; 1; 1). These two 
onne
ted 
omponents form a single entangled
omponent.In entanglement per
olation { studied �rst in the physi
s literature by Kantorand Hassold [73℄ and later in mathemati
s by Aizenman and Grimmett [2℄, Holroyd[65, 67℄, Grimmett and Holroyd [41℄ and H�aggstr�om [50℄ { the model is the usualiid bond per
olation, but fo
us is shifted from 
onne
ted 
omponents to entangled
omponents. The phenomenon of entanglement is (like knot theory) intrinsi
allythree-dimensional, and for this reason the study of entanglement per
olation has sofar dealt ex
lusively with the Z3 latti
e.Before we 
an pro
eed with the results, a series of de�nitions is needed. Bya sphere in R3 , we mean a subset of R3 homeomorphi
 to the unit sphere fx 2R3 : kxk = 1g, where k � k denotes Eu
lidean norm; for te
hni
al reasons, we alsoneed to impose the 
ondition that a sphere is a 
ompa
t union of a �nite numberof polyhedral pie
es. The 
omplement of a sphere S has pre
isely two 
onne
ted
omponents, 
alled the inside and the outside (in the obvious way). For a sphere Sand an arbitrary set A 2 R3 , S is said to separate A if A interse
ts both the insideand the outside of S, but not S itself.We will identify any edge in Z3 with the unit length 
losed line segment 
onne
t-ing its endpoints. For a subset F of the edges of Z3, write [F ℄ for the union of the
orresponding line segments.For F �nite, it is now 
lear what we ought to mean for F to be entangled, namelythat no sphere exists whi
h separates [F ℄. Extending this to in�nite F 
an be donein several reasonable but non-equivalent ways; see [41℄. For de�niteness, we settlehere for the following. An in�nite edge set F is said to be entangled if for every�nite F 0 � F there exists another �nite set F 00 su
h that F 0 � F 00 � F and F 00 isentangled.For iid bond per
olation on Z3 there exists (by the same arguments as those inSe
tion 1 for the 
riti
al value p
) a 
riti
al value pe 2 [0; 1℄ su
h thatPp(an in�nite entangled 
omponent exists) = � 0 if p < pe1 if p > pe : (15.1)Obviously, sin
e a 
onne
ted subgraph of Z3 is automati
ally entangled, we havepe � p
. Aizenman and Grimmett [2℄ strengthened this to the stri
t inequalitype < p
, and later Holroyd obtained the (surprisingly diÆ
ult, although see [29℄ fora striking example of a similar and \equally obvious" statement that turns out tobe false) result that pe is stri
tly positive. Combining these results, we thus get0 < pe < p
 :



44Numeri
al simulations (see [73℄) suggest a rather narrow gap between pe and p
:p
 � pe � 1:8 � 10�7 : (15.2)As to the issue of uniqueness of the in�nite entangled 
omponent, Grimmett andHolroyd [41℄ demonstrated thatPp(9 a unique in�nite entangled 
omponent) = 1 (15.3)for all p > p
. H�aggstr�om [50℄ then improved this by showing that (15.3) holds for allp > pe. In view of (15.2), this sounds like a rather unimpressive improvement, but itis in line with the general (and well-justi�ed) obsession among per
olation-theoriststo prove properties of super
riti
al per
olation not just for p large but all the waydown to the 
riti
al value.A few words about the proof te
hniques employed for the uniqueness results in[41℄ and [50℄ are in order. The Burton{Keane trifur
ation argument outlined inSe
tion 2 is an extremely powerful idea, and would 
ertainly be a very natural �rstattempt at proving (15.3). DiÆ
ulties arise, however, when trying to 
arry out thelo
al modi�
ations that form a 
entral ingredient in the Burton{Keane approa
h.This is due to the highly errati
 and non-lo
al7 
hara
ter of entanglement (
omparedto 
onne
tivity). For instan
e, removing a single edge 
an 
ause an in�nite entangled
omponent to fall apart into in�nitely many �nite entangled 
omponents; see [65℄or [41℄ for striking examples.In order to prove (15.3) for p > p
, Grimmett and Holroyd [41℄ instead 
hose toexploit a beautiful result of Barsky et al. [7℄ to the e�e
t that when p > p
(Z3) anin�nite 
onne
ted 
omponent arises even when restri
ting the per
olation pro
ess tothe upper half-spa
e in Z3. A kind of sequential exploration (not entirely unlike theone in the proof of Theorem 5.6) of the entangled 
omponent 
ontaining a given ver-tex x is de�ned, and every time this exploration pro
ess enters a hitherto untou
hedhalf-spa
e, it has a fresh non-zero probability of hitting an in�nite 
onne
ted 
om-ponent of this half-spa
e. It follows that if the entangled 
omponent 
ontaining xis in�nite, then it must a.s. interse
t the in�nite 
onne
ted 
omponent in Z3 (whi
hwe know from Se
tion 2 is unique), and therefore 
ontain it. But obviously only oneentangled 
omponent 
an do so, when
e (15.3) follows.This approa
h obviously does not work for p 2 (pe; p
) sin
e then there is noin�nite 
onne
ted 
omponent to hit. H�aggstr�om [50℄ instead found an elaborateway to over
ome the diÆ
ulties with adapting the Burton{Keane approa
h. Abird's-eye view of his proof is as follows. First, a uniqueness monotoni
ity result forin�nite entangled 
omponents was obtained, borrowing ideas from [56℄ (see Se
tion5). It follows that if uniqueness fails somewhere on (pe; 1℄, it must do so on aninterval of nonzero length. Assuming (for 
ontradi
tion) that uniqueness fails, we
an therefore �nd two di�erent values p1 < p2 at whi
h it fails. An easy adaptation ofLemma 2.6 shows that there must be in�nitely many in�nite entangled 
omponentsat p = p1. Using Coupling 1.1 and a suitable way of merging entangled 
omponentsin Xp1 depending on what happens in Xp2 (de�ned as a kind of \interpolationbetween 
onne
tivity and entanglement", spe
i�
ally designed to avoid the non-lo
al7The entanglement 
on
ept 
onsidered here should of 
ourse not be 
onfused with the one inquantum me
hani
s, despite the fa
t that the term \non-lo
al" 
omes up in both 
ontexts.



45behavior mentioned above) yields a 
on�guration whose 
omponents exhibit analogsof trifur
ations, and a 
ontradi
tion 
an be dedu
ed as in the original Burton{Keaneargument. See [50℄ for the details.16 RigidityYet another physi
ally interesting property of per
olation 
on�gurations, besidesentanglement and 
onne
tivity, is rigidity. While entanglement is a weaker no-tion than 
onne
tivity (a 
onne
ted graph is automati
ally entangled), rigidity isstronger. Imagine ea
h edge in a graph as a hard rod; roughly speaking, the graphis rigid if it 
annot be deformed via smooth movements of its verti
es.Rigidity is a dimension-dependent 
on
ept. Consider for instan
e four verti
esin generi
 position in R2 or R3 , 
onne
ted to ea
h other in a 
y
le. The resultingstru
ture is non-rigid, be
ause two non-adja
ent verti
es may be pulled apart orpushed towards ea
h other. Adding a diagonal to the four-
y
le makes the graphrigid in two dimensions, but not in three dimensions where it 
an still be bent (abit like opening a book) along the diagonal edge.For a rigorous de�nition, we pro
eed as follows (see, e.g., Holroyd [64℄ for moredetail). Let G = (V;E) be a �nite graph, and �x d � 2. An embedding of G in Rdis a map r : V ! Rd , and the pair (G; r) is 
alled a framework. A d-dimensionalmotion of (G; r) is a di�erentiable family frt : t 2 [0; 1℄g of embeddings of G in Rdsu
h that for all x; y 2 V sharing an edge fx; yg 2 E, and all t, we havekrt(x)� rt(y)k = kr(x)� r(y)k : (16.1)The motion is rigid if (16.1) holds for all x; y 2 V (not just those pairs sharingan edge), and the framework (G; r) is said to be (d-dimensionally) rigid if all its(d-dimensional) motions are rigid.Whether the framework (G; r) is rigid turns out to depend not on G but also onthe embedding r. The good news, however, is that either almost all or almost no(with respe
t to jV jd-dimensional Lebesgue measure) embeddings are rigid, and wesay that G is d-dimensionally rigid if almost all its embeddings in Rd are rigid.As with entanglement, there are some options in how to extend the notion ofrigidity to in�nite graphs. Analogously to what we did in Se
tion 15, we opt for thefollowing. An in�nite graph G = (V;E) is said to be rigid if every �nite subgraphof G is 
ontained in some rigid �nite subgraph of G.Rigidity in the 
ontext of per
olation was �rst studied by Ja
obs and Thorpe[68, 69℄. In two dimensions, it is pointless from a rigidity point of view to work withthe Z2 latti
e, whi
h is in itself non-rigid (and 
ontains no rigid subgraphs with morethan a single edge); more interesting is the triangular latti
e T, whi
h is rigid. Foriid bond per
olation on T, we have, analogously to (15.1), the existen
e of a rigidity
riti
al value pr 2 [0; 1℄ su
h thatPp(an in�nite rigid 
omponent exists) = � 0 if p < pr1 if p > pr :Obviously, p
 � pr � 1. Holroyd improved this in both ends, top
 < pr < 1



46and in fa
t showed this for a large 
lass of other latti
es in two and higher dimensions;the main proviso is that the latti
e itself is rigid. Unlike for entanglement (re
all(15.2)), the gap pr�p
 appears (for T) to be substantial: p
(T) = 2 sin(�=18) � 0:347[98℄ while simulations in [69℄ suggest that pr(T) � 0:660.Con
erning uniqueness of the in�nite rigid 
omponent, Holroyd [64℄ showed foriid per
olation on T thatPp(9 a unique in�nite rigid 
omponent) = 1for all p 2 (pr; 1℄ with at most 
ountably many ex
eptional p. This may to theinexperien
ed reader sound like a rather bizarre result, but in fa
t results withpre
isely this kind of proviso are not un
ommon in statisti
al me
hani
s; see, e.g.,[14, Thm 4.1℄ or [55, Thm 1.2℄. And it does sound less strange with the following
lari�
ation: Write �r(p) for the Pp-probability that the origin is in an in�nite rigid
omponent. Holroyd established uniqueness of the in�nite rigid 
omponent for allp > pr su
h that �r(p) is 
ontinuous at p. Note now that �r(p) is obviously in
reasing,and that an in
reasing fun
tion 
an have at most 
ountably many dis
ontinuities.Holroyd's uniqueness result involved an adaptation of the Burton{Keane trifur-
ation approa
h. Similarly as for entanglement per
olation in the previous se
tion,the adaptation was a highly non-trivial task, stemming from the fa
t that rigidity,like entanglement, behaves in a highly non-lo
al manner: lo
al 
hanges to a 
on-�guration 
an have global e�e
ts in terms of rigidity that are far more diÆ
ult to
ontrol than those of 
onne
tivity.Using planarity ideas based on the Gandol�{Keane{Russo [33℄ uniqueness resultthat we dis
ussed in Se
tion 14, H�aggstr�om [51℄ was able to remove the possible
ountable ex
eptional set in Holroyd's result, and establish uniqueness of the in�niterigid 
omponent for all p (although the setting was still restri
ted to the triangularlatti
e T).In fa
t, both Holroyd's and H�aggstr�om's approa
hes involved spe
i�
ally planarfeatures. The question of how to establish uniqueness of the in�nite rigid 
omponentsin higher dimensions (or even for non-planar latti
es in dimension d = 2) thereforeremained open for a 
ouple of years, until H�aggstr�om in his next paper [52℄ onrigidity found a way to prove the desired uniqueness for all p > pr(G) on any d-dimensional latti
e G (suitably de�ned) that is in itself rigid. The overall approa
hin [52℄ is similar to that for entanglement per
olation in [50℄ outlined at the end ofSe
tion 15 { �rst obtain a uniqueness monotoni
ity result along the lines of Se
tion5, and then, assuming non-uniqueness happens for some p, look at per
olation attwo di�erent su
h parameter values p1 and p2 simultaneously in order to 
onstru
tan \intermediate" 
on�guration to whi
h a Burton{Keane-type argument 
an beused to establish a 
ontradi
tion { but the overall implementation of this programturns out to be a bit of a rough ride.One short
oming, �nally, of the general result in [52℄ is that it is silent on whathappens at the 
riti
al value p = pr, in 
ontrast to the earlier result in [51℄ forT where having more than one in�nite rigid 
omponent at 
riti
ality is ruled out.(For rigidity as well as entanglement, the nonexisten
e of an in�nite 
omponentat 
riti
ality is far less 
on�dently expe
ted 
ompared to the 
lassi
al 
onje
tureof nonexisten
e of in�nite 
onne
ted 
omponents at p = p
 for Zd, mentioned inSe
tion 1.)
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