TheFinite Element Method for the Wave Equation



The Wave Equation I

We consider the scalar wave equation modelling acoustic wave
propagation in a bounded domain Q?, with boundary I":

1 O%u
()2 o2

—Au=0, inQx(0,7T),

u(-,0) =0, %(-,0):]", in Q,

6nu\rl =0, on I' x (0,7),

where u(x, t) is the pressure and ¢(x) is the wave speed depending on

(1)

x = (x1,x2,x3) € §2, t is the time variable, T" is a final time, and f is a

load vector.



\ Finite Element Discretization I

We now formulate a finite element method for (1) based on using
continuous piecewise linear functions in space and time. \We discretise

2 x (0,7T) in the usual way denoting by K; = { K} a partition of the
domain €2 into tetrahedra K (h = h(x) being a mesh function
representing the local diameter of the elements), and we let J, = {J} be
a partition of the time interval (0, T") into time intervals J = (ty_1, ti] of
uniformlengthm =t — t_1,k=1,..., N.

To formulate the finite element method for (1) we introduce the finite

element space ;" defined by :

W = {ue H(Q x J):u(-,0) =0, O,ulr =0},

Wy = {ueW":ulgxs € PL(K)x P (J),VK € K;,VJ € Ji},
(2)



where P;(K) and Py (J) are the set of piecewise linear functions on K
and J, respectively.



‘Fully discrete scheme'

To obtain discrete scheme we apply CG(1) in space and time and seek a
discrete solution in the space W} for « spanned by the functions

u(z,t) =) ) uipi(x)n(t),

[=0 1=1

where ;(x) and v;(t) are standard continuous piecewise linear functions
In space and time, respectively.



Substituting this into (1), we obtain the following system of linear
equations:

1 2 1
M(u*t —2u*+u* 1) = TQFk—T2A(6uk_1—|—§uk—|—6uk+1), k=1,..,N—1,
(3)
with initial conditions :
ou
0) = — = 0. 4
u(0) 5 | (4)

Here, M is the mass matrix in space, A is the stiffness matrix, F'* is the
load vector at time level ¢, k = 1,2, 3...,u s the unknown discrete
field values of u, and 7 is the time step.



The explicit formulas for the entries in system (3) at each element e can
be given as:

o 1

Mz’,j — (C_Q%aspj)ea

K’i] — (V@i;VS@j)ea (5)
Fj(? — (f7 ij)ea

where (., .). denotes the L, (e) scalar product. The matrix M. is the
contribution from element e to the global assembled matrix in space M,
K¢ is the contribution from element e to the global assembled matrix K.



W is a finite dimensional vector space, dim W} = M x N, with a basis
consisting of the standard continuous piecewise linear functions{y; }*,
in space and hat functions {1/, };"_, in time, where:

0, ift & [ti—1,ti+1],
¢l (t) — < ttz.__ttll__ll ’ If S :tl—la tl]l (6)
tlog—t : _
\tzlJ:;—tl’ ift € _tl7tl—|—1]1
i1 Yy Y141
O=1% ©1 -1 1 l1+1 INt1 =1



Thediscrete system of equations

Using basis of functions {¢;}2, in space and {«;};¥_, in time we have:
Up = ZfV:O Zf;\; untoi () (t). Substituting into (1) we get:

O (t) Ov(z, 1)
—ZZ%/ 27l /t o ot

=0 1=1 [—1

T Z Zum/ /tz “:1 Vi (x)Vu(x,t)y(t) dedt (7)

[=0 =1

// f(x)v(x,t) dedt Yo e Wi




We take v(z,t) = ¢;(x)1n (1) and get:

tiv1 9 o,
_Zzuh’l&/ —i()p;(@ )/t %Et) wat(t) dxdt

=0 =1 1—1
ti41 o
+ZZ%/ Vi(z)Vp;(z ¢z(t)¢m(t) dxdt (8)
[=0 =1 2

T
/ f(x)v(x,t) dedt Vv € Wi
Q Jo

10



Let U = u;! denote the vector of unknown coefficients,
M = (m;;), A = (a;;) are mass and stiffness matrices M x M in space,
correspondingly, with coefficients

m;j = / pi(z)pj(x) dr,
; (9)
Qij = /Q Vi(z)Ve;(x) dr,

P = (pim), K = (ki) are stiffness and mass matrices N x N in time
with coefficients

ti4+1
kzmz/ Ohi(t) O (1) it
t

ot o
) (10)

ti41

kim = i (6)Pm () dt,

t_

11



and the load vector b = (b,,,) with coefficients

/ /t ;l:l ) (2)Ym(t) dadt. (11)
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First, we compute K = (k) and P = (p;,n, ). Note, that
kim = 0,p1m =0unlessl =m — 1,1 = m,l = m + 1. Using the
definition of test functions (6), we compute first diagonal elements k;;:

ti41

ki = Yy () (t) dt

t_

N2 12 2
:/ () dt+/ (=) at==,
t;_1 T t T T

| (12)

A e R A e
_— T . T 3’

l

13



Similarly,

Verification: write (6) for ¢/;11 and ;1 and insert then into (14).

tiya

ki1 = () () di

ti—1

b 11
- [
t T T

14

(13)



tiya
Plitl = / Yr(t) i (t) dt

t—t t—t
=) ()

1
6
b (14)
Pl—1, = Yr—1 () (t) dt
ti—1
_ /tz+1 (tl+1 —t) . (tl —t) gt
t T T
1
= —T.
6

Verification: write (6) for ;1 and ¢;_; and insert then into (14).
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We compute coefficients of b in the same way to get:

%waL[iTﬂ@w@meMﬁ

=Aj@wmq[“t‘T”th

-t (15)
bl g — t
t [ f@psa) [ dnat

~¢Lﬂ@wwwm.
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We substitude computed coefficients to (8) and get the system of linear
equations (3):

M(uk—l—l . 2uk + uk—l) _ 7_2Fk

— TQA(luk_1 + guk + 1ukH), k=1,....N —1. (19
6 3 6

To obtain an explicit scheme we approximate M with the lumped mass

matrix M ¥ in space, the diagonal approximation obtained by taking the

row sum of M, as well use mass lumping in time by replacing the terms

sut~t 4 2uf 4 Zu¥t! by u*. By multiplying (16) with (M=)~ we

obtain an efficient explicit formulation:

't = 2R pouf —A(ME) I KW ok, k=1, ,N—1, (17)
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