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Five parts

I. General introduction on Inverse Problems
II. The parabolic operators

lIl. The Dirichlet to Neumann approach

IV. The Carleman estimates approach

V. The pointwise method approach
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The inverse toy problem

We consider

oru(x, t) — Au(x, t) + g(x, u(x,t) =0, forxe Q,te (0,T),

(1)
+ boundary conditions on 9Q x (0, T).

Letlr =90Qandset~ =T x (0, T), then we can define the so-called
bounded DtN map Ag:

Ng: Uz =¢—0,uonk,
where v(x) is the outward unit normal to 0 at x.
QOur goal :

Determine for (x, t) € Q x (0, T) by the knowledge of a partial
DtN map.
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Solutions "optic geometric "

The key words are :

- optic geometric solutions that means perturbations of exponential
harmonics in the form
efi(x.£+'r.i‘)

- density of product of solutions
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The strategy

The proof consists in the following steps :
e we carry out an "optic geometric” solution in Theorem (1)

e we deduce from this existence of "optic geometric” solution a
density result in Theorem (2)

¢ we end the proof via the main uniqueness result of Theorem (3).
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Solutions "optic geometric "

General settings:

Q=Q x (0, T) where Q is a bounded open set of R".
D;j = —igjand for a = (o, ..., ap), D* = D" ... Dp".
We consider the differential operator with constant coefficients

P(D)= > a.D"

loe|<m
where me N and a, € C. We state forae C":

P = +0; — iaVy — Ay.

The symbol of P is

P, ) =+ir+ac+¢cE (6,7)€R"XR
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Solutions "optic geometric "

General settings:

H2'(Q) = {u € L3(Q); 039, u € L3(Q), |a| + anyt < 2},

where a = (a1, az, ..., apn) is a multi-index with o; € NU {0} and
ant1 € NU{0}. In the following, v(x) is the outward unit normal to 9Q
at x and we denote by |V (| = (|02 + |0x[?)2.
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Solutions "optic geometric "

C. Proofs
0000000000

We assume the following result :
Lemma (0)
If u € L2(Q) verifies Pfu e L2(Q) then u € H>'(Q).

We set for g € L>(Q)

33: ={ue H*'(Q);+u — Au+qu=0in Q}
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Solutions "optic geometric "

Then we prove the following existence result

Theorem (1)

Letq € L>°(Q), ||q|| < M. Then exists a constant C depending on
Q, n, M such that for all (¢,7) € C" x C such that +ir + £.£ =0 and
Im(¢)| > C there exist w" € H>"(Q) verifying

TR —
) oz
¢ 1D = Tim(g)[ - €
and '

u:I: _ efl(f.x+7'.1‘)(1 + ng) c SC:]t'
Proof:

D1,2,3,4,5
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Density result

Thanks to the optic geometric solutions we get
Theorem (2)
Let(p,q) € L>(Q), then

F =vect{uv,uc S}, veS,}isdenseinl'(Q).

For the proof we use the

Lemma (1)

Let (k,I) e R" x R, k # 0. We can find a non negative constant Ry
such that if R > Ry there exist ({1, 7+) € C" x C verifying:

‘/m(gi)‘ > RaiiTﬂ: +£:t-£:|: - 07(£+77—+) + (5*77—*) - (k /)

Proofs

D6,7&D8,9
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Uniqueness: the settings

Consider Q an open bounded set of R”, and
N=Tr,Q=0x(0,T),Lg=0x {01, Xx=Tx(0,T).
We define: H2:3:0(5) = {¢ € H?#(); ¢(.,0) = 0 on I'} where

H?PP(S) = L3(0, T, H2P(T)) N HP(0, T, L3(),

C. Proofs
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Uniqueness result: the settings

If g €|L>(Q)|and ¢ € HZ:3:9(X) then Ug,, is the unique solution in
H?1(Q) of the boundary problem

u(.,0)=0inQ

otu—Au+qu=0inQ
(P)
u=ponkx,

such that

Ug.ollHe1(0) < CH@HH%‘%‘O(Z) for C independant of ¢.

Now, consider [" a subset of ' and set ¥/ =T x (0, T), then we can
define the bounded DtN map :

Ng: H#3O0(S) — H2# ()
© — aVUQ7¢,
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Main Theorem

We define Dy = {p € H2:39(X), ¢ = 0 outside ¥’}

Theorem (3)

The application : q € | L>(Q) | = Aq|p, is one to one

C. Proofs
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Proof of the uniqueness result

First we need to prove :

Lemma (2)
Letq € L>~(Q), w C Q an open set such thatw C Q and f € L2(w). If

/ fudxdt = 0,u € S, (resp.S;)
Q

then
/ofudxdt =0,uc S;,(resp.S;)

where:

Sgt ={ue H*'(Q), +u — Au+qu=0inQ},
Sq = {u,u = uq, for v € Do},
Sqg={v,v(,T)=u(.,T —1t) foru e S}

D11,12,13
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Proof of the uniqueness result

Density result:
Lemma (3)
Letp, g € I°°(Q). Then,
Fpq={uv,ue S5 veSH
is dense in L'(Q).
recall that:
Sy = {u,u = ug, for o € Do}

DSé ={v,v(.T)=u(., T —t)foru e SJ}
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Proof of the uniqueness result

Then using Previous Lemma and the following result
Lemma (4)
Letp,q € I°(Q). If App, = Ngip, then

/Q(p —Q)zdxdt =0, ze€ Fpg,

we get the desired uniqueness.

D 14,15
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A stability result

A (logarithmic) stability inequality is available assuming final
overdetermination plus more regularity on the potential.

We keep the same notations:
Q=0x(0,T), . =Qx{},x=Tx(0,T).

We define:

NI}

X = {(to, 9) € H'(Q) x H4(%); uyr = g(.,0)}.

C. Proofs
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A stability result

We know that If g € | L*°(Q) |and f = (Up, g) € x then

otu—Au+qu=0inQ
(P) U= uponXp
u=gonxk,

admits an unique solution u = u(q, f) € H>1(Q)

such that
[(u(q, Ol 10y < ClIflly-

C. Proofs
0000@00000
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A stability result

then we can state that the linear operator A,
Ng = (N A2) s x — H'(Q) x H24(T)
(u07g) =f— (U(q) f)\ZTa allu(qa f)\2)7
is bounded.

We plan to prove the next stability result

C. Proofs
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A stability result

Theorem (4)
Fori=1,2 letq; € L>°(Q) such that g; — q- € H}(Q) and

19ill i@y 1Gill o= (@) < M,

for M > 0.
Then
C I 1 B
_ 20 < STA. — Al ’
g1 — q2ll2(q) < {Og(w\m—/\qz} ’

if |Aq, — Ng,|| is sufficiently small, where C, o are two positive
constants depending on M.

D 16,17
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A stability result

Lemma (5)
Fori=1,2letq; € L>(Q) and ||qi||.~q) < M. Then exist ry such that
forall ¢ € R™" and r > ry, we find u™ € S, and v~ € S, verifying
oyt =e D1 L we ), v =e S0 4w ), with¢,, (€
C™'and ¢, + ¢ =C.
 we, iz We_llizga) < <,
* e llreaay V- lmeaa) < CED),
where C, ¢ are two positive constants depending on M and Q.

D 17,18,19,20
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What to improve by this method ?

How to arrange the infinite measurements needed by DtN method ?
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