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Introduction

Introduction

Presentation is based on the paper

@ L. Beilina, M. V. Klibanov, A posteriori error estimates for the
adaptivity technique for the Tikhonov functional and global
convergence for a coefficient inverse problem, submitted for
publication, 2009, available on-line at
http://www.ma.utexas.edu/mp_arc, 2009.

@ New a posteriori error estimate for the Tikhonov functional.
@ Formulate an adaptive algorithm.

@ Present efficiency of adaptivity technique for one CIP.



Statements of forward and inverse problems
Statements of forward problem
Statement of inverse problem

Statement of forward problem

As the forward problem, we consider the Cauchy problem for a
hyperbolic PDE

c(x)ur = AuinR3x (0,00), (1)

u(x,0) = 0,u:(x,0) =3d(x—x0). (2)
Equation (1) governs propagation of acoustic and electromagnetic
waves. In the acoustical case 1/4/c(x) is the sound speed. In the
2-D case of EM waves propagation, the dimensionless coefficient
c(x) = e,(x), where €,(x) is the relative dielectric function of the

medium. Let Q C R3 be a convex bounded domain with the
boundary Q € C3. Assume that the coefficient c (x) is

c(x) € [1,d],d=const. >1,c(x)=1for x c R\ Q, (3)
c(x) € C*(R?). (4) | -



Statements of forward and inverse problems

Statements of forward problem
Statement of inverse problem

Inverse Problem

We consider the following

Inverse Problem. Suppose that the coefficient ¢ (x) satisfies (3)
and (4), where the number d > 1 is given. Assume that the
function ¢ (x) is unknown in the domain Q. Determine the
function ¢ (x) for x € Q, assuming that the following function

g (x, t) is known for a single source position xq ¢ Q

u(x,t)=g(x,t),v(x,t) € 9Q x (0,00). (5)
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Statements of forward and inverse problems
Statements of forward problem
Statement of inverse problem

REMENS

@ In applications the assumption ¢ (x) = 1 for x € R3\ Q
means that the target coefficient ¢ (x) has a known constant
value outside of the medium of interest Q.

@ The function g (x, t) models time dependent measurements of
the wave field at the boundary of the domain of interest. In
practice measurements are performed at a number of
detectors, of course. In this case the function g (x, t) can be
obtained via one of standard interpolation procedures.

@ The question of uniqueness of this Inverse Problem is a well
known long standing open problem. It is addressed positively
only if the function ¢ (x — xg) in (2) is replaced with a
function f (x) such that f(x) # 0,Vx € Q. Corresponding
uniqueness theorems were proven via the method of Carleman
estimates.



Frechét Derivatives State and adjoint problems and their Frechét derivatives
The Frechét derivative of the Tikhonov functional

Frechét Derivatives

@ The first step of the adaptivity is the calculation of the
Frechét derivative of the Tikhonov functional. To do this, we
need, to calculate Frechét derivatives of state and adjoint
initial boundary value problems.

@ To achieve the latter, we need in turn to establish a certain
smoothness of solutions of state and adjoint initial boundary
value problems.

@ This smoothness cannot be guaranteed for the solution of the
problem (1), (2) because of the — function in the initial
condition.



Frechét Derivatives State and adjoint problems and their Freché ivatives

The Frechét derivative of the Tikhonov functional

Hence, we assume that the d-function in condition (2) is replaced
with a regularized one,

u(x,0) =0, u: (x,0) = g (x — x0), (6)
where
1 _
dp (x — x0) = Coexp (\x—x0\2_92> » Ix =Xl <¥ 7

0, |X - X0| >0

(7)
/59(X—X0)dx:1,
RrRm

where 6 > 0 is so small that dp (x — xp) = 0 for x € Q.



Frechét Derivatives State and adjoint problems and their Frechét

The Frechét derivative of the Tikhonov functi

Introduce the set Y of functions ¢ (x) satisfying the following
conditions

Y:{ ceC(R¥,c—1eH' (R L

=1in RAQ
G € Lo (R),c(x) € (1 — }’

c
d+w) for x€Q
(8)

where w € (0,1) is a small positive number. Let T = const. > 0.
It follows from results of Chapter 4 of [Ladizenskaja] that the
solution of the problem (1), (6) u € C> (R* x [0, T]),Vc € Y.



Frechét Derivatives State and adjoint problems and their Frechét derivatives
The Frechét derivative of the Tikhonov functional

State and adjoint problems and their Frechét derivatives

@ Let the function ¢ € Y. Since ¢ (x) = 1 outside of the domain
Q, then, given the function g in (5), one can uniquely solve
the initial boundary value problem (1), (5), (6) in the domain
(R¥*\Q) x (0, T). Thus, we can uniquely find the function u
in this domain.

@ Let Q1 be a convex bounded domain such that
QCQ,00N001 =2,001 € C>® and dg (x —xp) =0 in
ﬁl. Denote Q1 = Q; X (0, T) , ST =00 x (0, T) .

@ We assume that there exists a function a € C* (ﬁl) such
that a |gpo= 0,0pa |go= 1.

10/63



Frechét Derivatives State and adjoint problems and their Frechét derivatives
The Frechét derivative of the Tikhonov functional

Smooth extensions for boundary conditions

Let g (x,t) = u|s,, p(x,t) = Opu |s, . Since the function u can
be uniquely determined in (R¥\ Q) x (0, T), then functions g, p
can also be uniquely determined. It turns out that classic theorems
about existence of solutions of initial boundary value problems for
hyperbolic PDEs require that the boundary condition should have
a sufficiently smooth extension inside the domain of interest, see,
e.g., [Lad,Evans].

Hence, we assume that there exist two functions F, W such that

F.W e H(Qr), (9)
anF‘ST = p(X7 t)aanW‘STZE(X7 t)’ (10)
F(x,t) = W(x,t)=0forxeQ, (11)

F(x,0) = 0inQy,j=0,..,3. (12)
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Frechét Derivatives State and adjoint problems and their Frechét derivatives
The Frechét derivative of the Tikhonov functional

State and adjoint problems

Consider now solutions u and X of the following initial boundary
value problems (we do not use a new notation for u for brevity),

c(x)ug = Auin Qr,
u(x,0) = ut (x,0) =0, (13)
8”” |ST = p(X7 t) ;

c(x) Aee = AN in QT,
Ax, T)=Xe(x,T) =0, (14)
O sy = (8 —uls;)z(t).

We call these problems the “state problem” and the “adjoint

problem”, respectively.
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Frechét Derivatives State and adjoint problems and their Frechét derivatives

The Frechét derivative of the Tikhonov functional

In (14) z- (t) is a cut-off function, which is introduced to ensure
that compatibility conditions at S+ N {t = T} are satisfied. Here
€ > 0 is a small number. So, we choose such a function z. that

1fore [0, T —¢]

zz.€ C®[0,T], z(t) = Oforte (T—5,T]
between O and 1 for t € (T —¢, T — 5)
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Frechét Derivatives State and adjoint problems and their Frechét derivatives

The Frechét derivative of the Tikhonov functional

We now reformulate for our specific needs a result, which follows
immediately from Theorems 5 and 6 in section 7.2 of [Evans].
Consider the following initial boundary value problem
c(x)vie = Av+fin Qr,
v(x,0) = v¢(x,0) =0, (15)
Opv |5T =y (X, t) €y (ST) ,
where the function f € H* (Q7), k > 0. The weak solution

v € H' (Q7) of this problem satisfies the following integral identity
for all functions r € H* (Q1) with r(x, T) =0

/ (—c(x) vert + VvVr) dxdt — /yrdxdt - / frdxdt = 0. (16)
QT St Qr
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Frechét Derivatives State and adjoint problems and their Frechét derivatives

The Frechét derivative of the Tikhonov functional

Assume that there exists such an extension P(x, t) of the function
y (x, t) from the boundary St in the domain Q7 that

P e H*2(Q7), 0nP |s,= y (x,t),P(x,t) =0 for x € Q, and in
the case k > 2 let 8£P(x,0) =0,/=0,...,k and

0if (x,0) =0,i =0,...,k — 2. Consider the function v — P.
Dividing both sides of equation (15) by ¢ (x) and using above cited
theorems and the formula c"1Av =V - (C_IVV) -V (C_l) Vv,
we obtain that actually the weak solution v € H**1 (Q7) and the
following estimate holds

IVllwsor) < B [IPliwsagor) + Iflson] - (A7)

Here and below B = B (Y, Qr,a(x)) and

c=cC (B,ze, 1F sy ||W||H5(QT)> are different positive

constants depending on listed parameters.
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Frechét Derivatives State and adjoint problems and their Frechét derivatives

The Frechét derivative of the Tikhonov functional

Consider functions i = u— F, A = A — (W — a(x) u) z. and
substitute them in (13), (14). Then, using (9)-(12), (15) and (17),
we obtain that functions u, A € H* (Qt) and

lullecar) < BIFlscary: Wineer) < B (IFlscar) + 1Wilksan) -
(18)
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Frechét Derivatives State and adjoint problems and their Frechét derivatives

The Frechét derivative of the Tikhonov functional

Introduce the set Z of functions defined in g,
Z={f:feC(Q)NH (Q),04f € L ()}

Define the norm in Z as

3
£z = Wl gy + D 19l (o - (19)
i=1

Then Z is a Banach space, since convergence in the norm |-||,
implies convergence in both spaces C (ﬁl) and H! (Q1) . Let Y be
the set of restrictions of all functions of the set Y on the domain
Q;. Then it follows from (8) and (19) that Y is an open set in the
space Z and

a(x)—a(x)eZ ={feZ:f(x)=0in Q1 \Q}, Va,cc Y.
(20)
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Frechét Derivatives State and adjoint problems and their Frechét derivatives
The Frechét derivative of the Tikhonov functional

Frechét derivatives of state and adjoint problems with
respect to the coefficient ¢ (x)

Theorem 3.1. Assume that initial conditions (2) are replaced with
initial conditions (6), where the function 6y (x — xo) is defined in
(7). Let domains Q,Q; and the function a(x) be those specified
above and dg (x — xo) = 0 in Q1. Assume that there exist functions
F, W satisfying conditions (9)-(12). Consider the set Y as an
open set in the space Z. Let operators A : Y — HY(Qt) and
Ay 1 Y — H'(Q1) map every function c € Y in the weak solution
u(x,t,c) of the problem (13) and the weak solution \ (x,t,c) of
the problem (14) respectively, where in (14) u |s,:= u(x,t,c) |s, .
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Frechét Derivatives State and adjoint problems and their Frechét derivatives

The Frechét derivative of the Tikhonov functional

Then in fact functions u(x,t,c),\(x,t,c) € H*(Q7) and each
of the operators Ay and Ay has the Frechét derivative
Al (c)(b) =u(x,t,c,b) € H (QT) and
A, (c)(b) = X(x,t,¢,b) € H* (Qr) at each point c € Y, where
b(x) € Z' is an arbitrary function. In fact, functions B
€ H?2(Q7) and they are solutions of the following initial boundary
value problems

c(x) by = Au— b(x) ue (x,t,¢), in Qr,

21
u(x,0) = u (x,0) =0,0,u |s,=0; (21)
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Frechét Derivatives State and adjoint problems and their Frechét derivatives

The Frechét derivative of the Tikhonov functional

c(x) Aet = AX — b(x) At (x, £, €), in Qr,

. . . N (22)
)\(X7 T) = )\t (X7 T) = 07an)\ |ST: _ZEU |ST .

Denote

-
/ uhe) (x, t,c) dt,x e QVc e Y.
0

Then the operator As : Y — C Q).

20/63



Frechét Derivatives State and adjoint problems and their Frechét derivatives

The Frechét derivative of the Tikhonov functional

Proof. The validity of the statement about the smoothness of
functions u, A follows from (18).
In the proof we will use definition of the Frechet derivative:

Definition 1. Let X, Y be two Banach spaces, M C X be an open
set and the operator F : M — Y. We say that this operator has the
Frechet derivative F'(x) at the point x € M if there exists such a

linear operator F'(x) € L (X, Y) that for all h such that x+he M

F(x+h)— F(x) = F'(x)(h) +a(x,h), (1)
where
o O M)y
A 1 P @

Suppose now that conditions of Definition 1 are satisfied. Suppose
that x € M is such that {z : ||x — z|| < e} C M.
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Frechét Derivatives State and adjoint problems and their Frechét derivatives

The Frechét derivative of the Tikhonov functional

Consider vectors h € {h€ X : ||h|| <1} and let t € R, |t| < & be a

parameter. Then x + th € M and by (1), (2)
F (x 4 th) — F (x) = F'(x) (th) + a (x, th)
and since lim;_q ||th|| = ||A]| lim:—o |t| = O, then by (2)

o lla ey
8 Tel Thll

=0.
Dividing both sides of (3) by t and using (4), we obtain

lim F (x + th) — F (x)
t—0 t

= F'(x)(th) /t = F'(x)(h).

(3)
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Frechét Derivatives State and adjoint problems and their Frechét derivatives

The Frechét derivative of the Tikhonov functional

Now we apply above described definition for Frechet derivative to
our case. Consider an arbitrary function ¢ € Y. It follows from (8)
that there exists a sufficiently small number 1 € (0,1) such that
l-w(l—e1)<c(x)<d+w(l—e1). Let the function b € Z’
be such that ||b||c(§1) < 1w, where the set Z’ is defined in (20).

Then c+ b € Y. By (17)-(21) the function & € H? (Q7) and

4l h2(@ry < BIIF sy - ol 2 - (23)
Denote
utb(x,t) 1 =u(x,t,c+b),u(x,t):=u(x,t,c),
um  =uw(x,t,c,b)= (uC'H’ —u —27) (x,t).

Hence, u; € H2(QT).
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Frechét Derivatives State and adjoint problems and their Frechét derivatives

The Frechét derivative of the Tikhonov functional

We now figure out the equation for the function u;. By (19) and
(27)

Aul = (C —+ b) U§t+b — Cuft — Cﬁtt — bulft
= (c+b)uSP — (c+ b)uS — clig
= (C + b) (Uc+b — UC - Z]) + sztt = (C + b) Ui + bﬁtt'
tt

Hence, the function vy is the solution of the following intial
boundary value problem

(c+ b) urse = Aur—bliy;  u1(x,0) = u1¢(x,0) =0, Opuy |s5,=0.
(24)
Hence, (17), (23) and (24) imply that

lurllgry < ClbIZ- (25)
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Frechét Derivatives State and adjoint problems and their Frechét derivatives

The Frechét derivative of the Tikhonov functional

Hence,

u
i ol | _
16| ;—0 161l 7

lim HU(X7 t,C—l—b)—U(X, t,C)—E(X, t7c7b)HH1(Q7—) -0
bl z—0

1617
(26)

Note that we set A;: Y — H! (Q7),i=1,2 instead of

A; 1 Y — H2(Q7) only for the sake of the estimate (25). Since
the function u (x, t, ¢, b) depends linearly on b, then (25) and (26)
imply that the function T is indeed the Frechét derivative of the
operator A; at the point c.
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Frechét Derivatives State and adjoint problems and their Frechét derivatives

The Frechét derivative of the Tikhonov functional

@ Hence, we now can consider the function o (x, t, ¢, b) for any
beZ.
@ The proof for the operator Ay is similar.

o it follows from (18) and the embedding theorem that
functions u, A € C! (QT) , which implies the statement about
the operator As. [
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Frechét Derivatives State and adjoint problems and their Frechét derivatives
The Frechét derivative of the Tikhonov functional

How to derive equation (21) ?

If we replace h with b and t with 7 in the definition of the Frechet
derivative, we have

(c+7b)us™ = Auct™b. (6)
Consider J
<Euc+”’> l;—0= 1 (x,t). (7)

To find the left hand side of (7), just differentiate (6) formally with
respect to 7. Let UST™0 = 9, uc+7P. By (7) UT™0 | o= (x,t).
Hence, by (6)

bugt ™ + (c +7b) US> = UHTP, (8)
Now we set in (8) 7 := 0 and obtain equation (21):

Cly = AU — Cut?ta (9) 27/63



Frechét Derivatives State and adjoint problems and their Frechét derivatives
The Frechét derivative of the Tikhonov functional

The Frechét derivative of the Tikhonov functional

Assume that conditions o~f Theorem 3.1 hold. We define the
Tikhonov functional E: Y — R as

1 - 1 -~
E(c)= 5 /(u s, —&(x,t))%z(t) dxdt+§a/(c—cg/ob)2 dx,VceyY,
Sy Q

where a € (0,1) is the regularization parameter and Cglob € Y is
the approximation for the exact solution c¢* obtained on the
globally convergent stage, see the end of section 2. We use the
domain Q rather than €7 in the second integral term because of
(20).
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Frechét Derivatives State and adjoint problems and their Frechét derivatives

The Frechét derivative of the Tikhonov functional

Consider the associated Lagrange functional L(c),

L(c)=E(c)+ / (—c(x) utAt + VuV ) dxdt — /p)\dxdt,
QT St
u=u(x,t,c) € H(Qr),\ = \(x,t,c) € H*(Q71),

(27)
where functions u (x, t,c) and A(x, t, c) are solutions of initial
boundary value problems (13), (14). The reason why we consider
L(c) is that we want to simplify the calculation of the Frechét
derivative of E (c¢). By (13), (14) and (16) the integral term in the
first line of (29) equals zero. Hence,

L(c) = E(c) implying that L’ (¢) = E' (c),Vc € Y,
where L' (¢) and E’ (c) are Frechét derivatives of functionals L (c)

and E (c) respectively.
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Frechét Derivatives State and adjoint problems and their Frechét derivatives

The Frechét derivative of the Tikhonov functional

To obtain the explicit expression for L’ (c), we need to vary in (29)
the function ¢ via considering c + b € Y for b € Z' and then to
single out the term, which is linear with respect to b. When
varying ¢, we also need to consider respective variations of
functions u and X in (29), since these functions depend on c as
solutions of state and adjoint problems (13) and (14). By Theorem
3.1, linear, with respect to c, parts of variations of u and A are
functions u (x, t, ¢, b), X(x,t,c,b).
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Frechét Derivatives State and adjoint problems and their Frechét

The Frechét derivative of the Tikhonov functiona

Theorem 3.2. AssumeN that conditions of Theorem 3.1 hold. Then
for every function c € Y

-
E (c) = 1’ (c) = a(c — cgob) — /ut)\tdt’ (28)
0

E'(c)eC(9Q).
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Frechét Derivatives State and adjoint problems and their Frechét derivatives

The Frechét derivative of the Tikhonov functional

Proof.
We have

L(c)=E(c)+ [ (—c(x)uAt + VuVA)dxdt — | pAdxdt,
J /
u=u(x,t,c) € H(Qr),\ = \(x,t,c) € H*(Q1).
(29)

But here functions u = v = u(x,t,c) and A = X\ (x, t, c) depend
on ¢, because they are solutions of (19) and (20).
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Frechét Derivatives State and adjoint problems and their Frechét derivatives

The Frechét derivative of the Tikhonov functional

Now, consider in (29) L(c + b) —L(c) = E(c+ b) — E(c), we get

L(c+b)—L(c)=E(c+b)—E(c)

+ / (= (c 4+ b) (x) (uehe) (x, £, c + b) + (VuVA) (x, £, ¢ + b)] dicdt
QT

—/p)\ (x,t,c + b) dxdt
St

- / [—c () (uehe) (x, £, €) + (VuVA) (x, ¢, ¢)] dxdt+ / P (%, t, ) dxdt
QT St
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Frechét Derivatives State and adjoint problems and their Frechét derivatives

The Frechét derivative of the Tikhonov functional

Then single out the part which is linear with respect to b and thus
obtain L' (c) (b) :

i
I () (b):E’(c)(b):/ a(c—cg/ob)—/ut)\tdt b (x) dx
0

Q

+ / (—cutXtJrvUvX) dxdt — / phdxdt

QT St
+ / (—cAiur + VAVT) dxdt — /(E — u|s;) z, (t) udxdt,
QT St

VeeY,Vbe Z,
(30)
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Frechét Derivatives State and adjoint problems and their Frechét derivatives

The Frechét derivative of the Tikhonov functional

@ U and X are solutions of problems (21) and (22) respectively.

@ Since 1 (x,0) = X (x, T) =0, then (13), (14) and (16) imply
that second and third lines in (30) equal zero, which proves
the first line of (28).

@ The validity of the second line of (28) follows from the
statement of Theorem 3.1 about the operator Az. [
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A Posteriori Error Estimates in The Adaptivity

@ We work only with piecewise linear finite elements, because
they are used in our computations.

@ Consider a finite element mesh with the maximal grid step
size h. Let the function f € Z and let f! be its standard
interpolant on this mesh. From standard interpolation
estimates follows that

Hf - f’HC(ﬁl) < K|Vl h (31)

where the positive constant K = K (1) depends only on the
domain ;.
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A Posteriori Error Estimates in The Adaptivity

@ We introduce the space of finite elements Cj, with the norm
I, = Iy

@ Since dim C, < 00, then all norms in this space are equivalent.

Also, C C Z as a set. Hence, if the function ¢(x) is defined
in €1 and is such that
c(x)e Cpforxey; c(x)e(l—w,d+w) in

- . - S (32)
c(x)=1in U\, then c(x) € Y.
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A Posteriori Error Estimates in The Adaptivity

In Theorem 4.1 we assume that state and adjoint problems are
solved exactly for the case when the coefficient belongs to Cj.
Theorem 4.1. Assume that conditions of Theorem 3.1 hold.
Suppose that there exists a minimizer ¢, € Y of the functional
E(c) on the set V, as well as a minimizer c,, € Y of E(c) on the
set V, N Cy, (also, see (37)). Assume also that state and adjoint
problems (13) and (14) are solved exactly for both coefficients c,
and c.p.
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A Posteriori Error Estimates in The Adaptivity

Then the following approximate error estimate for the above
defined Tikhonov functional is valid

E(ca) — E (cha)| < (A (Q) K HE’(cah)HC(ﬁ)) IVealli, () b

where A () is the volume of the domain 2, K is the interpolation
constant from (31) and by (28)

T

E' (can) = @ (Gath — Catob) — / (uehe) (%, £ con) dt, (33)
0

where functions u (x,t,c,n) € H* (Q7) and
A (x,t,can) € H* (QT) are solutions of problems (13) and (14)
respectively with ¢ := cup.
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A Posteriori Error Estimates in The Adaptivity

Proof. Since the function cp, is @ minimizer of E(c) on V, N Gy,
then
E’' (Cah) (b) =0, Vb e C. (34)

Now we use the Galerkin orthogonality . We have splitting ,
— 1 i
Ca — Cha = (ca — Ca> + (ca — cha> .
Since, ¢/ — cho € Cp, then by (34) E' (can) (coll — cha) = 0. Hence,

E' (can) (ca — Cha) = E' (can) (ca - CA) . (35)
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A Posteriori Error Estimates in The Adaptivity

By Theorem 3.2 the function E’ (cn) € C () . Using (31), (?7?),
(33) and (35), we obtain the following approximate error estimate

IE(ca) = E(cha)ll < IIE"(Can)(ca — cl)ll
-
< lca — é”c(ﬁ) / ||a(Cah - Cglob) - /(ut)\t)(xa t, Cah)dtHdX
Q 0
< (AQ)KIE'(can)ll i) IV all L@y b O
(36)
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A Posteriori Error Estimates in The Adaptivity

While it was assumed in Theorem 4.1 that state and adjoint
problems (13) and (14) are solved exactly, in the computational
practice they are solved approximately with a small error. Hence, it
is desirable to express a posteriori error estimate through these
approximate solutions. This is done in Theorem 4.2.

Theorem 4.2. Assume that conditions of Theorem 3.1 hold.
Suppose that there exists a minimizer ¢, € Y of the functional
E(c) on the set V, as well as a minimizer c,p € Y of E(c) on the
set V, N Cp. Suppose that state and adjoint problems (13) and
(14) are solved exactly for ¢ := ¢, and that they are solved
computationally with an error for ¢ := c,p. Let functions

Up = Up (X, t, Cah) e H! (QT) S AR = Ap (X, t, Cah) e H! (QT) be
those approximate solutions. Suppose that functions

Upt, At € Loo (QT) -
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A Posteriori Error Estimates in The Adaptivity

Let functions u := u (X, t,Ca,), A := A(x, t, con) € H* (QT) (see
(18)) be exact solutions of problems (13) and (14) with ¢ := cyp.
Assume that

[t = unllr(@ry + 1A = Anllgry < € (37)

where ¢ € (0,1) is a small number.
Then the following approximate a posteriori error estimate is valid

E (ca) = E (cha)] < K (A@ 1D (canlliuay + €C) Va1 (e b
(38)
where the positive constant C was introduced in section 3 and
T
D (can) = @ (Ca — Catop) — / (unehne) (6, £ can) d.(39)
0
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A Posteriori Error Estimates in The Adaptivity

Proof. Since functions upt, Ape € Loo (QT) and functions

Cahs Cglob € Y, then by (39) the function D (cun) € Loo (2). Next,
using (41) and (45), we obtain the following approximate error
estimate

|E(ca) = E(cha)l < |E'(can)(Ca — C(i)|
< |D(can)(€a — i)l + IE'(can) — D(can)l(ca — €4)|

= [l + [l 2]l
(40)
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It follows from (31), (39) and (40) that

41 < (A KID (o)l Loey) IV alley b (41)

We now estimate |J,| in (40). It follows from (31), (33), (39) and
(40) that

T

| < K||vCa||Lw(Q)h/ /[(ut)\t)— (upedne)] (5, £, Can) dt| dx
Q 10
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A Posteriori Error Estimates in The Adaptivity

We have (uiAe) — (UpeAne) = (e — upe) Ae + tpe (At — Ape) . Next,
by (24) and (37)

lunllrory < lun = ull gy + Ul oy < €+ BIFlsior -
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A Posteriori Error Estimates in The Adaptivity

Hence, since ¢ € (0,1), we obtain, using the Cauchy-Schwarz
inequality that

/ /[ (uehe) — (UneAne)] (X, t, Can) dt | dx

< ||U - uhHHl(QT) H)‘HHl(QT) + HuhHHl(QT) A — )‘hHHl(QT) < C¢.
(42)

Hence,
| L] < CK [ Veall ) Ch-

Combining this with (40) and (41), we obtain (38). O
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A Posteriori Error Estimates in The Adaptivity

Mesh Refinement Recommendation.

Assume that conditions of Theorem 4.2 hold and that the function
D (can) (x) € C (). It follows from this theorem and Remark 4.1
that the mesh should be refined in such a subdomain of the
domain Q where values of the function |D (c,p) (x)| are close to
the number

T
mﬁax|D(cah) (x)| = mﬁax a (Cah — Cglob) ( / UpeAnt) (X, t, Can) dt| .
0
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The Adaptive Algorithm

Remarks on adaptivity

@ We solve approximately the following equation with respect to
the function c,, (x),

T
« (Cah Cglob / Uht)\ht) X, t, Cah) dt = 0. (43)
0

@ For each new mesh we first linearly interpolate the function
Cglob (X) on it.

@ On each mesh we iteratively update approximations ¢; of the
function ¢, via the quasi-Newton method with the classic
BFGS update formula with the limited storage [Nocedal].
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The Adaptive Algorithm

@ Denote

)
£"(x) = (e — Gaop) (x) — /0 (unene) (x. £, cF) d,

where functions vy (x, t,cf), Ap (x, t,cf) are computed via
solving state and adjoint problems with ¢ := ¢/
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The Adaptive Algorithm

Tne Adaptive algorithm

Step 0. Choose an initial mesh Kj, in €7 and an initial time
partition Jy of the time interval (0, T). Start with
the initial approximation c,? = Cglob and compute the
sequence of ¢; via the following steps:

Step 1. Compute solutions up (x, t,cf) and Ay (x, t, cf) of
state and adjoint problems of (13) and (14) on K},
and Ji.

Step 2. Update the coefficient ¢ := ¢/ on Kj.

Step 3. Stop computing cj if either [|g"[|1,(q,) < 01 or
norms ||g"[|1,(q,) are stabilized. Otherwise set
n:=n+1 and go to step 1. Here 6 is the tolerance
in quasi-Newton updates. In our computations we
took 01 = 107°.
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The Adaptive Algorithm

Step 4. Compute the function B (x),

-
Bh (x) = |a(can — Cg/ob / Unt Ant) (X, t, Can) dt] .
0

Next, refine the mesh at all points where
Bh (x) > B1 max By (x) . (44)
Q

Here the tolerance number ; € (0,1) is chosen by
the user.
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The Adaptive Algorithm

Step 5.

Step 6.

Construct a new mesh Kj, in Q1 and a new time
partition Ji of the time interval (0, T). On Ji the
new time step 7 should be chosen in such a way that
the CFL condition is satisfied. Interpolate the initial
approximation cgjop from the previous mesh to the
new mesh. Next, return to step 1 and perform all
above steps on the new mesh.

Stop mesh refinements if norms defined in step 3
either increase or stabilize, compared with the
previous mesh, see Table 1 in section 6 for details.
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Hybrid method

F d problem

Simulated e solution
ilts of the

Numerical Studies

Hybrid method

(a) Grom (b) G = Grem U Grpm (c) Grem = €2
The computational domain for the forward problem in our test is G
= [-4.0,4.0] x [—5.0,5.0]. This domain is split into a finite
element domain Grgy = Q =[—3.0,3.0] x [-3.0,3.0] and a
surrounding domain Ggpps with a structured mesh,
G = Grem U Gepp.
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Hybrid method

Numerical Studies
ilts of ecomtlurtlun using an adag

Forward problem

c(x)upr —Au=0, inGx(0,T),
u(x,0) =0, u(x,0) =0, in G,

8,,u|aG1 =f(t), on Gy x (0, t1],

Ontllyg, = —0eu, on AGy x (11, T), (45)
8”u|8G2 = —0tu, on 0Gy x (0, T),

8”u|8G3 =0, on 9G3 x (0, T),

where f(t) is the plane wave defined as

in(St—n/2)+1 2




Hybrid method
Forward problem
Simulated exact solution
Results of the glob convergent method
Synthesis of th onvergent algorithm with the adaptivity
Convergence adaptive method
Numerical Studies Results onstruction using an adaptive al
Results of reconstruction using an adaptive algorithm

Simulated exact solution

=S =

t=75 t=285 t=96 t=11.2

Figure: Isosurfaces of the simulated exact solution to the forward problem
(45) at different times with a plane wave initialized at the top boundary.
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Hybrid method
Forward problem
Simulated exact solution
Results of the globally convergent method
Synthesis of the globally convergent algorithm with the adaptivity
Convergence results in adaptive method
Numerical Studies Results of reconstruction usi n adaptive al
Results of reconstruction using an adaptive algorithm

Results of reconstruction in the globally convergent method

s
P —

a) €92 C) C11,2

Figure: Spatial distributions of some functions cp k. The function ci1 is
taken as the final result. The maximal value of c11,2 (x) = 3.8 within
each imaged inclusion.



d method
For 1 problem
Simulated exact solution
Results of the globally convergent method
S of tt ) nt algorithm with the adaptivity
results in adaptive method
Numerical Studies s f r sing an adaptive alg

Figure: a) The one-dimensional cross-sections of the image of the
function c, x computed for corresponding functions q 1 along the vertical
line passing through the middle of the right small square; b) Computed
Ly -norms of the Fp x = ||qnk [00 =V, |[15(—3,3)-
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Numerical Studies

Adaptivity technique

On all refined meshes we have used a cut-off parameter C,;: for
the reconstructed coefficient c,p. So that we re-define ¢, as

cun () = { Lone) om0 = G (092

Cglob (X), elsewhere.

We choose C.;y = 0 for m < 3 and Ceyr = 0.3 for m > 3, where m
is the number of iterations in the quasi-Newton method on each
mesh. Hence, the cut-off parameter ensures that we do not go too
far from our good first guess for the solution cgjop (x).
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d method
For 1 problem
Simulated exact solution
sults of the globally ¢ sent method

Numerical Studies
Results of reconstruction usin

Convergence results in adaptive method

n 4608 elements 5340 elements 6356 elements 10058 elements 14586 elements
1 0.0992683 0.097325 0.0961796 0.0866793 0.0880115

2 0.0988798 0.097322 0.096723 0.0868341 0.0880866

3 0.0959911 0.096723 0.0876543

4 0.096658

Table: Norms ||u |[r, —g||,r,) on adaptively refined meshes. Here

I+ =T x(0,T) and n is the number of updates in the quasi-Newton
method. These norms generally decrease as meshes are refined. Then
they slightly increase on the 4" refinement. Thus, using this table, we
conclude that on the four times refined mesh we get the final solution of
our inverse problem.
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Hybrid method
Forward problem
Simulated ct solution
sults of the globally convergent method
ynthesis of th / convergent algorithm with the adaptivity
results in adaptl\ e method
Numerical Studies Results of reconstruction uslng an adaptive algorlthm
Results of reconstruction using an adaptive

of reconstruction using an adaptive algorithm

a) 4608 elements  b) 5340 elements c) 6356 elements

d) 4608 elements €) 5340 elements  f) 6356 elements
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Hybrid method
Forward problem
Simulated ct solution
sults of the globally convergent method
ynthesis of the globally convergent algorithm with the adaptivity
Convergence results in adaptive method
Numerical Studies Results of reconstruction using an adaptive algorithm
Results of reconstruction using an adaptive algorithm

Results of reconstruction using an adaptive algorithm

g) 10058 elements h) 14586 elements

Seatar esut Scalar rasuit

[ B

i) 10058 elements  j) 14586 elements
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id method

Numerical Studies

Adaptively refined meshes a)-c),g),h) and corresponding images
d)-f), i),j) on the second stage of our two-stage numerical
procedure. In a) the same mesh was used as one on the globally
convergent stage. Comparison of d) with Fig. 2-c) (for

Cl12 = cg,ob) shows that the image was not improved compared

with the globally convergent stage when the same mesh was used.

However, the image was improved due to further mesh
refinements. Fig. j) displays the final image obtained after four
mesh refinements. Locations of both inclusions as well as 4:1
inclusions/background contrasts in them are imaged accurately.
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