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Solution of the problem of local minima
for a class of coefficient inverse
problems

e Developed by L. Beilina and M.V. Klibanov (2007)
e A numerical method X is globally convergent if:

1. A theorem is proved claiming convergence to a good
approximation for the correct solution regardless on a priori
availability of a good guess

2. This theorem is confirmed by numerical experiments for at
least one applied problem

y'—ay =0 —y(at) =Ce?.
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Solution of any PDE depends nonlinearly on its coefficients.

Any coefficient inverse problem is nonlinear.

Two major challenges in numerical solution of any coefficient
inverse problem: NONLINEARITY and llI-POSEDNESS.

Local minima of objective functionals.

Locally convergent methods: linearizaton, Newton-like and
gradient-like methods.
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FOUR OTHER NUMERICAL METHODS
INDEPENDENT ON THE FIRST GOOD
GUESS

1. The method of Novikov, —Au + g(x)u = Eu. Numerical
experiments: Burov, Morozov and Rumyantseva.

2. The method of Nachman, div (o (x,y) Vu) = 0. Numerical
results: Isaacson, Newell, Mueller, Siltanen.

3. The BC method of Belishev. General hyperbolic equations.

4. The 2-D Gelfand-Levitan-Krein method: Kabanikhin.
Numerical results in the book of Kabanikhin, Satybaev and
Shishlenin

Ut = Au 4 g(x,y)u in R?
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e Multiple measurements.
o Non-iterative methods: direct reconstruction.
e Previously a layer stripping with respect to the frequency for

Au+k?(1+c(x))u=0

was developed by Yu Chen (Inverse Problems 1997).
e Convergence theorem was not proven.
e The starting frequency was k = 0.
e The case of the unknown coefficient a (x) cannot be handled.
e Linearization instead of Carleman Weight Functions.
e Numerical reconstruction was nice.
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A hyperbolic equation
c(X)ur = Au —a(x)uin R" x (0,00),n = 2,3,

u(x,0)=0,u;(x,0) =5 (x —Xg) -

INVERSE PROBLEM. Let Q C R" be a bounded domain. Let one
of coefficients ¢ (x) or a(x) be unknown in Q but it is a given
constant outside of 2. Determine this coefficient in Q, given the
function f (x,t),

u(x,t) =f(x,t),x € 9Q,t € (0,00).
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Similarly for parabolic equation
c(X)Uy = Au —a(x)u in R" x (0,00),

u(x,0)=4(x —Xoq).

APPLICATIONS : Acoustics, electromagnetics, defects in photonic
crystalls (nano physics!), medical optical imaging
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Laplace transform:

W(x,s) = /u(x,t)e‘Stdt - /G(x,t)e_sztdt.
0 0

Aw — [szc (x) +a(x)} W= —4 (X — Xo),
Vs > sg = const > 0.

lim w(x,s)=0,Vs > sy =const > 0.

[X|—o0

W(x,s) > 0,Vs > sg.
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THE TRANSFORMATION PROCEDURE

First, we eliminate the unknown coefficient from the equation:
v =Inw.

Av + |Vv|? = s%c(x) +a(x) in Q,

e Let, for example c(x) =? For simplicity let a(x) = 0. It follows
from Romanov that

DZDY(v) = D¢DY {—M <1 +0 <%>>} ,S — 00.

g (X7X0)
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e Introduce a new function

Then 1
V(x,s)=0 <§> ,S — 0.

e Eliminate the unknown coefficient ¢ (x) via the differentiation:
q(x,s) = sV (X,8),

V(x,s) = —/q(x,T)dT% —/q(X,T)dT+V(X,§).

e V (x,3) is the tall function, V (x,S) ~ 0. But still we iterate with
respect to the tail.
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¢ This truncation is similar to the truncation of high frequencies.
e Obtain Dirichlet boundary value problem for the nonlienar
equation

2

5 5
Aq —ZSZVQ-/VQ (x,7)d7T +2s /Vq (X,T)d7:| (@H)
S S

5
+252VqVV —2sVV . /Vq (x,7)dT+2s (VV)2 =0,
S

q(x,s) =v(x,s), V(x,s) € 02 x [s,5]. (2)

e Backwards calculations

c(x) = Av +s2 (V\7)2,
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How To Solve the Problem (1)-(2)?

e Layer stripping with respect to the pseudo frequency s.

¢ On each step Dirichlet boundary value problem is solved for an
elliptic equation.

S=Sy <SN_1 < ...<S1<Sy=5,S_1—Si=h

g (x,s) =0n(x) fors € (sn,Sn_1]-

n—1

/Vq (X,7)d7T = (Sh—1 —S) V0n (X +hz:VqJ ,S € (Sn,Sn-1]-
=1
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e Dirichlet boundary condition:
an (X) = ¥y, (X), X € 09,

Hence,

[n(qn) =AQn—2 (s —2s(sp— 1—8) (hZ:VqJ ).an

+2 (32 —25(Sp-1 — s)) Van - VV (X,S) — €Qn

2
n-1
=2(Sp_1—S) [32 —s(Sp_1— s)} (Vn)? — 2sh? (Z \Yel (x))

i=1

+4sVV (X, 7) (hZ:VqJ ) —2s[VV (x,5)]%,s € (Sn—1,5n] -
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The Carleman Weight Function

Introduce the s-dependent Carleman Weight Function Cy, (s) by

Cnu (s) =exp[u(s —sn-1)],s € (sn,Sn-1],

where p >> 1is a parameter.

Www.ntnu.no \\ L.Beilina, M.Klibanov,




www.ntnu.no

e Multiply equation by Cy,, (s) and integrate with respectto s €
[Sn, Sn—1] -

Ln (Qn) = Agn — Aln p,h (h Z VQ| > -V0On — €0n

lin (i, h
szo((ﬁh))(vq”) ~Aan e <qu' X)>

+2A1, (1, h) VV (x,5) - (hZVq, x))

_A2n (N7 h) vqn -VV (X7§) - A2n (N7 h) [VV (X7§)]2 )

where

\
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Sh

1—e N

() = [ sy ===,
l1n (11, h) = / (Sh_1 —S) [32 —s(sp_1 — s)] Cny (8) ds,
Aun (o) = s [ (2= 25(50-2-9) G ().

Sn
2
Pon (1, h) = —=— / SCoyt (5) ds.
N
o (k )Sni1

\
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e Important observation:

M<—<<l for uh > 1.
lo (u,h)  — p

e Iterative solution for every qn

n—1
Ag)y, — A1n (h Z qu) -V — €9hk + A1inVa - VV,, =
j=1

2
I n ,h |
2% (Vo) Aanh (Z v X))

n-1

. N\ 2

j=1

A (X) = ¥ (X) , X € Q.
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e Hence, we obtain the function

q, = Jim Qhy, in C2F (Q) .
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CONVERGENCE THEOREM

For any function ¢ (x) € C* (Q) ,c (x) > d = const > 0 consider
the solution w; (x,5) € C2+* (Q) of the boundary value problem

Aw; —5%¢ (X)W, = 0,x € Q,

W¢ ‘aQ: gO(X,g) .

Denote the corresponding tail function as V¢ = Inw, (x,§) /5°.
Suppose that the cut-off pseudo frequency s is so large that for any
such function c (x) satisfying the inequality ||c — c*||Ca(§) < M* the
following estimate holds

IVVe = VV¥ca(q) < &

where ¢ € (0, 1) is sufficiently small number.
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Let VY (x,5) € C*™@ be the initial tail function, and let

ca(Q) =

|vve - vy

Let N < N be the total number of functions ¢, calculated by the
above algorithm. Suppose that the number N = N (h) is
connected with the step size h via Nh = 3,where the constant
6 > 0is independent on h. Let 5 be so small that

B < min L 3
- 2M*’ 56KM* )
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Then there exists a sufficiently small number

no = no (K (M*,Q2),M*) € (0,1) and a sufficiently large number
w=p(K(M* Q),M* n) > 1such that for all n € (0,79), for every
integer n € [1,N] and for every integer i € [1, my] the sequence
{al\ }o—, converges in the C2** (Q) norm. In addition, the
following estimates hold

* 1
o = Gy < 2K - M (= +30)
||Qn||cz+a(§) < 2M7,

o = len(ay < 28K (") (1-+7) (= +31).

REMARK. Our starting tail function is V = 0.

\
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Numerical examples

e Example 1
Our goal is to reconstruct one square using globally convergent
method. Exact c(x) = 3.4
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step 1
Contour Fill of Displacements, X-Displacements.

H-Displacements
007342
0095196

l 011297

012975

A,

a)s =6.55

Tail function for the exact solution

T ———

Lt

step 16
Contour Fill of Displacements, X-Displacements.

E-Displacermeats
0.0802
l 0079111
0088022
011683
013585
015476
0.17367
-0.19258
021149

02304 E

b) s = 7.45




Reconstruction of the coefficient  c¢(x)
with noise 5% with computed 24 and Qa4

step 4
Contour Fill of Displacements, X-Displacements.

a) q2,4 b) q474

step 4
Contour Fill of Displacements, X-Displacements.
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Reconstruction of the coefficient  c¢(x)
with noise 5% with computed 74 and Qg4

step 4
Contour Fill of Displacements, X-Displacements.

a) g7, b) do,a

step 4
Contour Fill of Displacements, X-Displacements.
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Reconstruction of the coefficient  c¢(x)
with noise 5% with computed ¢33, and

Q11,4

a) di1,1
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Stopping criterion in reconstruction of a
single square

K :
a) o =5% b) o0 = 5%
Figure: Computed relative L,-norms: a) ”VV"‘*‘kV_VV\:‘”"k_llli b) llcn’ﬂ?ﬂ’\k\_m
n, n,
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Stopping criterion

We compute relative L,-norms of gradients of tails

[IVVink — VVik-1l|

1)
IV Vil
and relative L,-norms of the target coefficient
llcnk — Cnk—1ll
) ) (2)
[lCnkll

We use these norms as the stopping rule for computation in our
iterative algorithm. We stop our iterative algorithm for computing of
the new function g, when both relative norms (1) and (2) are
stabilized.

\
\
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e Example 2
Our goal is to reconstruct 2 squares using globally convergent
method. Exact c(x)=3.4 in both squares.
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Tail function for the exact solution

A

=

H-Displacements

006026
l 0073253
0098247

011724

step 1
Contour Fill of Displacements, X-Displacements.

021221
02

A,

a)s =6.55

ste

P18
Cantaur Fill of Displacements, X-Displacements.

E-Displacermeats

006026
l 0079253
0085247
011724
013623
015523
017422
018321
021221

02312 E

b) s = 7.45




Reconstruction of the coefficient  c¢(x)
with noise 5% with computed 24 and Qa4

step 4
Contour Fill of Displacements, X-Displacements.

a) q2,4 b) q474

step 4
Contour Fill of Displacements, X-Displacements.
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Reconstruction of the coefficient  c¢(x)
with noise 5% with computed (g4 and

(10,4

a) Je.4
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Reconstruction of the coefficient  c¢(x)
with noise 5% with computed ¢33, and

Q11,3

a) di1,1
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Reconstruction of the coefficient  c¢(x)
with noise 5% with computed (11 4.

sepd e
Contour Fill of Displacements, %-Displacements 1 e
Deformation (X1 Displacements of Wave mavement, stp 4

a) G114 b) d11,4

step 4
Contour Fill of DI X-Di
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Example 3: Reconstruction of the
coefficient c(x) with noise 5%, when
exact c(x) = 3.4 in the left square, and
c(x) = 2.0 in the right square




step 1
Contour Fill of Displacements, X-Displacements.

H-Displacements
007324

l 011278

012956
014833
018311
-0.17388
019865
021343
02302

0096014

a)s =6.55

Tail function for the exact solution

T

step 16
Contour Fill of Displacements, X-Displacements.

-Displacerunts
005008
l 0078382
0087885
011678
. .0.13560
| oasse
017349
D824
02113

02302 E

b) s = 7.45




Computed tail function

- Displacataants - Displacaruants

007082
. -0.085885

010115

- -0.11841

013188

| ERrEE

014155 018221

N -0.15497 017747
k . 016808 k . 01e2r

step 4 01812 step 4 0208
| Contour Fill of Displacements, 3-Displacements. ‘ Contour Fill of Displacements, X-Displacements. ﬁ

a) tail in gs 4 b) tail in 11 4




Reconstruction of the coefficient

C(X

with noise 5% with computed 44 and Qs

z

B

step 4 10421
Cortour Fill of Displacements, X-Displacefrents i
Defamation (1 5] D of Wae movement, step 4.

a) Ja.a

z

S

Cortaur Fill of Displacements, X-Displacemerts
Defamation ( x1.5): Displacements of Wave movement, s

pd.

b) ds.4




Reconstruction of the coefficient  c¢(x)
with noise 5% with computed (304 and

0113

-

z
alx

step 4 1247 u hx [z 1 2685
Cortour Fill of Displacements, X-Displac emers. i Contaur Fill of Displacements, X-Displacemerts i
Defarmatian (x1): DI of Wave mavement, stdp 4 Defamation ( x1.5): Displacements of Wave movement, step 2.

a) J10,4 b) 11,3
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Reconstruction of the coefficient  c¢(x)
with noise 5% with computed ¢g4 and

0113

-

R z

G [eps 1 2169 u hx [z 1 2665
Contour Fill of Displacemenis, X-Displacemens. i Contour Fill of Displacements, X-Displacemerts. i
Deformation ( x1.5): Di of Wave movement, step 4. Deformation ( x1.5): Displacements of #ave movement, sigp 2.

a) Jg 4 b) d113
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Locally converget reconstruction by
guasi-Newton method

Figure: Spatial distribution of c in Example 2 (reconstruction of the two
small squares) with initial guess: a) c=1, b) c=1.5, ¢) c= 2.
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