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The dilute Bose gas in 3 dimensions

Consider N interacting, non-relativistic bosons in a box A of sidelength L.
Density p := N/|A| = N/L3.
The Hamiltonian of the system is, on the symmetric (bosonic) space @V L?(A),

N
HN = Z —Ai + Z V(Xi - X_j)7
i=1

i<j

and 0 < v is radially symmetric with compact support.
The ground state energy of the system is

_ (W, HyW)
Eo(N,A) :=inf Hy = inf > "7

The energy per particle in the thermodynamic limit is

e(p) = L—)ool,ll\lrr}|A|:p Eo(N,N)/N.



The scattering length
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Potential v is radial, positive with
compact support.

With g = v(1 —w) the scattering
equation can be reformulated as

1 : ~ g(k)
—Aw = §g7 l1.e. W(k) = W

and

2 (87r)_1/g < (8%)_1/v



The two-term formula

We study e(p) in the dilute limit pa®> — 0. The following formula is expected to be
true

= 128 3y1/2

e(p) 47rpa<1+ 15/r pa ) + o(pa(pa>)*’).

o Lenz (1929), Bogoliubov (1947), Lee-Huang-Yang (1957).

o Rigorous proof of leading term Dyson (1957, upper), Lieb-Yngvason (1998).

o Upper bounds giving second order term: Erdés-Schlein-Yau (2008), Yau-Yin
(2009) (and later work by Aaen and Basti-Cenatiempo-Schlein).

o Study of the limit for v becoming 'soft’ as p — 0: Lieb-Solovej, Giuliani-Seiringer
(2008), Brietzke-Solovej (2018).

o Bogoliubov theory for confined Bose gases (Gross-Pitaevskii limit)
Boccato-Brennecke-Cenatiempo-Schlein (2017-2021).



The Lee-Huang-Yang formula

Theorem (SF, Solovej 2020)

Given a potential v # 0, non-negative, radial, L*, with compact support there exist
C,n > 0 (depending on v) such that for all p sufficiently small,

e(p) = 47TP3(1 v ~ Cpa(pa®)z ™.

15\/‘(p"’3) )

o Combined with the upper bound from Yau-Yin (for smooth potentials) this proves
the Lee-Huang-Yang formula for the ground state energy.

e Extra work is required for the hard core case (work in progress).



Elements of the proof

o Localize to boxes of size { = K(pa)_%, K > 1. Localization non-standard since
need to preserve ‘Neumann gap’ and algebraic structure. To get a priori
information, localize to smaller boxes of size < (pa)_%. Here Neumann gap can
be used to control errors. Rest of analysis carried out on large box.

o Condensation. Let P projection on constant function, @ orthogonal complement.

no=>» P =Y Q.

A priori bounds control expected values (ng) and (ni). Energy error negligible if
localizing to subspace where ny < M, where M is of the order of the bound on

(ny).



2-particle terms/The 4Q term

Clearly 1@ 1=P1 @ P+ Q1 ® P2+ P1 ® @+ Q1 ® Q on L?(box) @ L?(box).

W(X,',XJ') = P,'PJ'WPJ'P,' + (Q,’PJ'WPJ'P,' + P,'QJ'WPJ'P,' + h.C.) + ...+ QinWQJ'Q,'
={QiQ; + (PiP; + PiQj + QiPj)w} w{Q; Qi + w(PiP; + P;Q; + QiPj)} + . ..

So (all sums over i # j): 5> w(x;,x;) > Qo+ Q1+ Q> + Q3, where
Q3 := Z P; Qjwi(xi, x;) Q; Qi + h.c.
Qs 1= Z P,'QJ'WQ(X,',XJ')PJ'Q,' + Z P,'QJ'WQ(X,',XJ')QJ'P,'
1
+ 5 Z(P,—ijl(x,-,)g)QjQi + h.c.),

1
Q1= PiQwa(xi, x))PiPj+ hec,  Qo:= 5 > PiPjwa(xi, ;) PP

and where w; = w(l —w) =~ g, wo = w(l — w?) = wi (1 +w).



Elements of proof Il

o Discarding the positive 4@Q term has renormalized the interaction. No "bare” w
left.

@ Rest of proof in 2nd quantization. In translation invariant setting, 1Q terms
disappear. In the real proof, 1@ terms are present and the cancelation of the 1Q
terms has to be done carefully.

Standard bosonic creation/annihilation operators ay, a:r(, k € (2me~1)Z3.
[ak, ak/] = 0, [ak, aL] = 5k,k’-
@ c-number substitution. Replace all ag, a:g by v/n.
Expect ng ~ n~ pf3 = K3(pa3)~2. So 1/ny < (pad)2.

o Localize 3Q-term: A preliminary analysis allows cut-offs in the 3Q-term to

soft-pair interactions only.



Elements of proof Ill

o Carry out the Bogoliubov diagonalization of the "idealized” quadratic operator,
i.e. with wy replaced by wy in quadratic terms. The error in this replacement is
5 =~ 2pgw(0)ny. This gives

Eo 2 EMMY + 3" Dybl by + Q5 + Qs.

@ Absorb Q3 in the positive diagonal operator ZDkbibk by a
completion-of-the-square argument. This gives rise to many (commutator) terms.
The main one of these cancels Q5*. The others are small.
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Localization

Let 0 < x € G°((5, 3)3) with [ x2 =1. For £ >0 and u € R3, we define

B(u) = tu+[F,5]> box of sidelength ¢ centered at (u.

Xu(X) = x(§ —u) the localization function y moved to B(u).
Q. =the orthogonal projection in L?(B(u)) to functions orthogonal to constants.
Lemma

There exists b, s > 0 such that for all o € H*(R3) and all £ > 0

(o, —Ap) > /]R3 <‘;07 Qu [Xulc(_iV)Xu —+ b€—2] Qu‘;0> du,

with K(p) = (Ip[? — 1(s0)7);.



