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M otivations

1 person in 3 will develop some form of
cancer In their life time.

Numerical Algorithms for Electron Beams — p.:



M otivations

1 person in 3 will develop some form of
cancer In their life time.

1 person in 5 will die from that cancer.

Numerical Algorithms for Electron Beams — p.:



M otivations

1 person in 3 will develop some form of
cancer In their life time.

1 person in 5 will die from that cancer.

Cancer Is the second leading cause of death,
but exceeds all other diseases in terms of
years of working life lost.

Numerical Algorithms for Electron Beams — p.:



M otivations

1 person in 3 will develop some form of
cancer In their life time.
1 person in 5 will die from that cancer.

Cancer Is the second leading cause of death,
but exceeds all other diseases in terms of
years of working life lost.

About half of all cancer patients receive
radiation therapy.
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M otivations

Any improvements to radio therapy will bene-
fit a great number of people.
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Radiation Oncology

Use of radiation to kill diseased cells

The ultimate goal:
Destroy the tumor with minimal damage to the normal

tissue.
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Radiation Oncology

Use of radiation to kill diseased cells

The ultimate goal:
Destroy the tumor with minimal damage to the normal

tissue.

Electrons, photons (X-ray), protons, neutrons
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Radiation Oncology
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They typically deliver 4 to

5MeV electron beams.
Electron therapy is used to

treat superficial tumor.
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Radiation ther apy planning

Calculate dose, or energy deposited per unit mass.
3D image of the tumor and surronding tissue.
choose a set of beams (intuitively).
calculate the dose.
generate a graph showing the dose volume distribution.

Decision weither the chosen set is optimal.
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Electron beams. Physical and clinical

Interactions, ionization.

Energy deposition.
- Collisional losses
- Radiative losses

Biological effects.
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Electron beams. M athematical modéel:

Variants of Boltzmann transport equation.

The Fermi pencil beam equation.

- Determine gquatitatively the broadening of
the beam.
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The monoenergetic transport equatior

let @ := [0, L] x R x R be a homogeneous slab.

vaw(Xa w)+at(X)¢(X7 CU) : / Os (X7 W'W/W(Xa w) dw' i @X‘SQ:
SQ

(0)

and associated with the boundary conditions

- Y(L,y, z,w) =0 if ¢ <0,
P(0,y,z,w) = 5-6(1 —§)d(y)d(z)  if€>0,
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The monoenergetic transport equatior

with X = (z,9,2) € Q,w = (§,n,¢) € S2. describing the spreading of
a pencil beam of particles normally incident at the boundary (0, y, z) of
the slab @. v is the density of particles at the point X moving in the
direction of w. o; Is the total cross section, whereas o, is the scattering

Cross section.
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The Fermi pencil beam equation

Derived from the Fokker-Planck equation.

[ wo - VxF = oAyt
© § ¥7(0,4,2,1,¢) = (y)d(2)d(n)d(C), if { > 0,
L YF(L,y,2,0,() =0, if € <0,

here wo = (1,7,¢), where (n,¢) e R x Rand A, . = 8?/0n? + 92 /0C.
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A model problem

( Uy + 2Uy = EUyy, (x,x1) € Q,
u,(x,y, +29) =0, for(z,y) € I, x I,
u(@, £yo,2) =0, Tz \ {suppfy,

| u(0,21) = f(zL),

2/

(0)

where FBT = {(z,2,)€0Q:3-n<0}, B=(1,2,0),and z, = (y,2) is
the transversal variable. Further, n := n(x,z, ) is the outward unit
normaltoI" at (x,x,) €T.
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A model problem

Our model problem corresponds to a forward-
backward (z changes the sign), convection dom-
Inated (e Is small), convection-diffusion eguation
of degenerate type (convection in (z,y) and diffu-
sion in z).
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Standard Galerkin

Find u;, € V}, g, such that

) (Uh,zs X)L + (2Un,y, X) + (Unz, X2)L =0, VX € Vig,

up(0,21) = fu(z1),

where f;, Is a finite element approximation of f. The mesh size h is
related to ¢ according to:

(0) h? <e<h.
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A Semi Streamline Diffusion M ethod

The test function has the form v + ovz with 0 > e,
B=(20),vs=0-V,ivand V, = (9/0y,0/0z),
and v satisfi es the boundary conditions.

(Up + U — €Uy, v+ 0Ug) L = (ug, V)L + 6(uy,vg)L + (0
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Thefully discrete problem

We split the SSD variational formulation as follows:
(D a(u,v) = (ug,v)1, + 0(eug, ug)r, + (euz,vz)r, +d(euz, (vp):)r.,

(-1) b(u,v) = 0(u,vg)r, + (u,v)1,,

and rewrite the problem as

find a solution u € H(I ) such that
() §
b(ug,v) + a(u,v) =0, Vo € Hy(IL).
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Thefully discrete problem

We consider the "space-time-discrete" ansatz

(‘1) LL‘ Yy 2 Zgz ¢z Y, <

where M ~ 1/h. We replace v by ¢; for j =1,---, M. This gives the
discretization method

(1) Zf %qﬁﬁZ@ a(¢i¢;),  j=1,--,M

Or in matrix form,
(-1) BEi(x) + A&i(x) = 0.
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Thefully discrete problem

Now we discretize in x using Backward Euler to get

&) BUP —U ) + k, AU = 0.

B = (b;;) is the matrix with entries b;; = b(¢;,¢;) and A = (a;;) with

entries a;; = a(pi, ¢;).
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Characteristic schemes

The Idea IS exact transport + projection.
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Characteristic schemes

Jp + 2Jy = €J,,, (x,x1) € Q,

J.(x,y,£tz9) =0, for(z,y) € I, x I,

L J(0,z1) = f(zL),

where @ Is a bounded domain

Q = Ix X Iy X IZ . [0713] X [_yOny] X [_Z(),ZQ],

F[E ={(r,x1 ) €0Q:06 -n<0},6=(1,20),x, =(y,z2)isthe
transversal variable and n := n(z, z, ) is the outward unit normal to "
at (z,xz,) €.

(-1) \
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Characteristic schemes

(-1) L) =Jd,+06-V.J—€eAJ=0,

where e ~ Co. A := 9*/0y* + 9% /02 is the transversal Laplacian
operator, and 3 = (z,0).
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Characteristic Galerkin

Forn=1,2...,N

{ find J»™ € V,, such that

fInyz Jh (2 Yo(z,)de, = fInyz J=l(g, —h,B)v(zy)dx,

(-1)

where #,, = z,, — x,,_1 and J»0 = f.
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Characteristic Gal

TnJh’n_l,




Characteristic Streamline Diffusion

Forn=1,2,...,N, find J* = J"|S, € V, such that

/ (JP 8-V L J") (046 (vg+6-V Lv)) dedr | + / eV L JMV L vdadx | + / ,
S S I

(-1)n n AL
where v} (z) ) = lima, o v(z £ Ax,x, ),

¢ = max(e, F(Ch*R(J")) /M, with

&) R(JY) = |Jh+ 8-V L I +|[JM)| /B
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Characteristic Streamline Diffusion

The streamline diffusion modification is given by §(v, + 3V _v). If g is
approximated by piecewise constants on each slab, the streamline
diffusion modification will disappear in the CSD-method.

Numerical Algorithms for Electron Beams — p.2¢



Characteristic Streamline Diffusion

Forn=1,2,..., N, find J»™ € V,, such that

/ eV | JPV | vdrdx | + / Jhrydr | = / T, J"" tvdz, , Vo eV
I, I, I,

Q)
where J"° = f and ¢ = F(Ch&|J"™ — T, Jv"=1|) /M,,.
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Characteristic Streamline Diffusion

We introduce

(-1) (Pow,v) = (6V | Pow,V 1 v) = (w,v), Vo € P,
to get
(-1) Jhr = p . ghn-1,
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| mplementation

DOLFIN

- user level.

- module level.

- kernel level.

- ODbject Orientedness.
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| mplementation

Exact Solution.

Tex?
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| mplementation

Exact Solution.
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Results

Initial conditions used

_s Dirac initial condition T _s Ditac initial condition 11
% 10 %10

W axwellian initial condiion Hyperbolic initial condition
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Results

Exact solution at z = 1.0
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Results

Computed solution using CSD.
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Results

Formation of layers.
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Results

Oscillatory bahaviour.
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Results

Streamline Diffusion and Characteristic
Streamline Diffusion are stable and accurate
methods for similar problems.
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