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Abstract. Our aim here is to give sufficient conditions on the finite element spaces near a point
so that the error in the finite element method for the function and its derivatives at the point have
exact asymptotic expansions in terms of the mesh parameter h, valid for h sufficiently small. Such
expansions are obtained from the so-called asymptotic expansion inequalities valid in RY for N > 2,
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1. Introduction and statement of main results. This paper is devoted to
the study of local interior asymptotic error expansions for the finite element method
for second order elliptic problems in R, N > 2. The aim here is to give sufficient
conditions on the finite element spaces near a point so that the error in the finite
element method for the function and its derivatives at the point have exact asymp-
totic expansions in terms of the mesh size parameter h, valid for h sufficiently small.
To our knowledge, what has been proved in the literature is in the piecewise linear
case and piecewise quadratics in two dimensions. This work takes place in RY for
more general finite element spaces than found in the literature, and our results are
of a more local character. This study relies on the so-called asymptotic error ex-
pansion inequalities at a point for the finite element method which were derived in
Schatz [29] and [31]. More specifically, our main tools in deriving asymptotic error
expansions are the results from [31] that are stated in the Lemmas 2.1 and 2.2 below.
The asymptotic error expansion inequalities, developed in [29] and [31], have several
interesting applications, e.g., as in [30], to improve superconvergence error estimates
and in the paper [1], where Richardson extrapolation was justified using asymptotic
error expansion inequalities. Hoffmann et al. [14] used the estimates in [31] to prove
that a class of recovered gradient estimators are asymptotically exact on each element
underlying mesh, provided certain conditions are fulfilled. Chen [7] and Guzman [13]
are using the results in [31] for finite element approximations of the solution of the
Stokes problem. In the present work we shall use asymptotic expansion inequalities to
derive asymptotic expansions that can be used in the traditional approach to justify
Richardson extrapolations.

*Received by the editors December 4, 2008; accepted for publication (in revised form) September
16, 2010; published electronically November 30, 2010.

http://www.siam.org/journals/sinum/48-5/74273.html

fDepartment of Mathematics, Chalmers University of Technology, SE-412 96 G&teborg, Sweden
(mohammad@chalmers.se). This author’s research was supported by the Swedish Foundation for
Strategic Research (SSF) in Gothenburg Mathematical Modelling Centre (GMMC).

fDepartment of Mathematics, Cornell University, 310 Malott Hall, Ithaca, NY 14853 (schatz@
math.cornell.edu). This author’s research was supported by NSF grant 06 -12599.

8Institute for Applied Analysis and Numerical Simulations, University of Stuttgart, Pfaffen-
waldring 57, D-75069, Germany (wendland@mathematik.uni-stuttgart.de).

2000



ASYMPTOTIC ERROR EXPANSIONS FOR THE FEM 2001

Let us first describe the problem more precisely and then state the results. Let
Q) be a domain in RY, N > 2, and for d > 0 let By(z0) be a ball of radius d centered
at xg. We shall assume that at the point xg, that we are interested in, there exists a
d > 0 such that By = Bg(zo) CC Q.

Consider the second order elliptic equation of the form

a 0%u(x)
(1.1) Lu(z) = — Z Gij o = f(x), in Bg(zo), a;; = constants.
e ;02
The local weak formulation of (1) is
(1.2) A(u,v) = / fudz for all v € W (Ba(zo)),
Ba(zo)
where
N
Ou Ov
(1.3) A(u,v) :/ aij— — | du, a;; = constants,
Ba(zo) ”221 ! O Ox; !
N
with &g > ClE? forall £€RY.
ij=1

Consider now the finite element approximations uy, of u. For this purpose for each
0 < h<1,let SM(By) € WL (Bg) be finite element space satisfying the Assumptions
A.1-A .4 given in Appendix A. These assumptions are satisfied by many types of
commonly used finite elements and are taken from the related assumptions given by
Schatz and Wahlbin in [32]-[34]. For our purpose here, think of them as any variety
of spaces of continuous functions on By(zg), which on each set 73, of a quasi-uniform
partition (of roughly size h) which covers By(xo), contain all polynomials of degree
strictly less than r where r > 2. For any set G C Bg, S*(G) is the restriction of
SM(Byg) to G and S"(G) are the subspaces of S™(G) of functions supported in G.

Now the finite element approximation uj, € S*(By) of u is assumed to satisfy

(1.4) Au—up, @) =0 forall ¢ e S"(Ba(zo)).
Let us begin with discussing asymptotic expansions for the values of functions at the
point xg.

DEFINITION 1.1. Let v > r+ 1 be an integer. A ~ term asymptotic expansion
for the function values at a point xg is an expression of the form

(1.5) u(zo) = un(zo) + Z W By (0, u) + R (h; 20, u),

r<k<y—1

where the error coefficients Ey, with k being an integer, are independent of h and the
remainder term R, is O(hY).

Our main result will be concerned with deriving 2r —2 term asymptotic expansions
for equations of the form (1.1) for » > 3.

The general case of variable coefficients and lower order terms

N N
(1.6) Lu=—Y" % (aij(x)%> +3 bi(2) g;‘_ te(x)u= f(z) in Ba(zo)
ij=1 "7 ¢ i=1 ¢

can also be treated by the methods given in [30] and [1]. However, in this case, which
is not treated here, we are only able to prove a one term asymptotic expansion.
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In order to find expansions of the form (1.5) we shall impose so-called self-
similarity conditions on the finite element spaces in a neighborhood of the point z.

Expansions of this type have been known for some time for some finite difference
methods (cf., e.g., Bohmer [6]). The main contributions to the finite element literature
are on plane domains and are due to Lin and coworkers. More specifically, in the case
of finite elements with r = 2 (in particular piecewise linear or bilinear elements), such
expansions were first derived at points  which are the vertices of a uniform triangu-
lation of the plane domain in Lin and Zhu [21], Lin and Lii [17], and Lin and Wang
[18]. Improvements and extensions of these expansions were then given in the papers
by Blum [3] and Blum, Lin, and Rannacher [4], where the recent paper contains an
excellent presentation of the derivation of the exact asymptotic expansion. Further
results of this kind can be found in the literature: Lin and Wang [19] improve the
results in [18], Lin and Xie [20] address superconvergence under natural assumptions,
Rannacher [25] studies mixed finite elements for the shell problem, Wang [36] derives
L>-estimates for mixed finite elements, Chen and Lin [8] consider the case of rect-
angular domains, Ding and Lin [11] consider the variable coefficient case, and Chen
and Rannacher [9] study the streamline diffusion method, where other references can
be found. Blum [2] and Blum and Rannacher [5] study the particular problem of an
asymptotic expansion near a corner. For a related study of the extrapolation of the
energy functional see Riide [27] and [28]. More on corner domains can be found in
Huang, Han, and Zhou, e.g., [15], where they assume sufficiently smooth initial data
and rectangular domains. Lin [16] considers an extrapolation technique for the eigen-
values on nonconvex domains. We recommend the survey articles by Rannacher [26]
and Blum [2]. For studies in unstructured grids, see Scott [35] and Xu and Zhang [37].

An outline of the remaining part of this paper is as follows: In section 1.1 we give
assumptions on the finite element spaces, in particular the self-similarity property, and
we state the main results of the paper: Theorems 1.1 and 1.2 which are concerned
with the accuracy of pointwise error estimates for the function and its first order
partial derivatives, i.e., (u—up)(xo) and d(u—wup)(xo)/Ox;, ¢ =1,..., N, respectively,
at certain (similarity) points xo of the grid. Section 2 contains preliminaries and
(versions) of the results from [31], which are used in the proofs of Theorems 1.1
and 1.2. Section 3 is devoted to the proofs of the main results, where we develop
a framework and reduce the problem to show convergence of a Cauchy sequence in
Lemma 3.2. Finally in Appendix A we recall the usual finite element assumptions
used throughout the paper. Below we denote by C a general constant independent
of the parameters involved in the estimates unless otherwise explicitly stated or clear
from the context.

1.1. Some assumptions on the subspaces and statement of the main
theorems. The requirements we shall make on the subspaces, near a point xg, are
motivated by looking at the meshes which are systematically refined in a neighborhood
of xy; for example, as in so-called nested spaces constructed to be used in the multigrid
methods. In order to do so it will be more convenient to work with a sequence of
subspaces Sy (B1(x0)), where for some sufficiently small h and fixed K > 1,

h

(for example, K =2, j=1,2,...,M,...,).

Now we state the most important assumption, Assumption A.5, on the finite ele-
ment spaces (the usual properties A.1-A.4 of the finite element spaces are listed in
Appendix A).
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DEFINITION 1.2. Two subspaces S.” (Bn, (z0)) and Sh(By, (w0)) are said to be
similar near xzq if the mapping (a scaling about )

(1.8 o)) = (a0 + e - a0))
(3

is a one-to-one mapping of S (Bn, (w0)) onto Shi (B, (z0)).

Examples of subspaces satisfying this definition are given in [1].

Assumption A.5 (on the mesh). We shall now assume that given z( there exists a
d > 0 and an integer kg such that for any pair of integers j and k with j > k > ko (i.e.,
hj < hg < hy,), the scaling Sﬁk(Bdhk/hj (x0)) is similar, near xg, to Shi (B, (z0)).
This just says that from some mesh size hy, on the mesh on a disk of radius d is
constantly uniformly refined about xg, resulting in self-similar subspaces about z.

In what follows we shall use the following notation: For m > 0 an integer, 1 <
p < oo and G C Q, W;”(G) denotes the usual Sobolev space of functions with
distributional derivatives of order up to m which are in L,(G). Define the seminorms

1/p
> IDull} if 1<p< oo,
|u|WZ_Z(G) = la|=3
> IDullz(q) if p=oo,
lal=3
and the norms
m 1/p
» .
ZO |U|W,{(G) if 1<p<oo,
lullwme) = mj*
Z |“|Wg;(c) if p=ooc.
§=0

If m >0, W, ™(G) is the completion of C§°(G) under the norm

+-=1

D=
| =

||u||ng(G) = sup /Guwdx,

weCEe(G)
Hd’”wgn(c):l

Our first result is as follows.

THEOREM 1.1. Letr > 3, r+1 < v < 2r — 2, and suppose that Assumption
A.5 is satisfied in a ball of radius d > Ch centered at xg, and suppose u — uyp, satisfies
(1.4). Further suppose that u € W2 (Bq(zo)). Then

(1.9) u(zo) = un(zo) + Z CoD%u(z0)hlol | + R,
r<|al<y-1

where

(1.10) IR, | < C(m|\UI\Wgo<Bd<zo>) +d P u - “h”wp‘t(Bd(wo)))'
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Remark 1.1. Tt is unreasonable to expect that an estimate like (1.9) holds at a
point if the “shape of the mesh” changes at the point as h changes. This is suggested
by the fact that the interpolation error at a point depends heavily on the shape of the
domain in which zg is located; hence our need for the Assumption A.5 of the similarity
near the point xg. However, if the mesh is quasiuniform as h — 0, we can show that
there is a subsequence of these expansion coefficients which converges in a limit to
an asymptotic expansion at a point which does not require a similarity condition to
hold. But, this does not seem to be a useful result.

We now give an asymptotic expansion for first derivatives. Note, however, if xq
is a point of the mesh where Ouy,/0x; is discontinuous, then we define

8ﬂh . auh
(1.11) oz, (20, 0) = sl—1>%1+ oz, (xo + sB),
where 8 = (f1,...,n) is any unit vector chosen so that for s sufficiently small, say,

0 < s < sg, Oup/0x; exists and has a limit as s — 0. There may be many possible
choices of %L;’;(xo,ﬁ). Obviously, giw’:(a:o,ﬁ) = %L;(xo) at points xg, where %’; is
continuous.

Now we state our second result.

THEOREM 1.2. Suppose the assumptions of Theorem 1.1 hold, but with r > 2;
then fori=1,2,...,N and u € WX (By),

Ou(zo)  Oup(xo, B)

(1.12) e > CaDu(mo)hl=t | + R,
! ! r<]a|<y-1

where h =h;, j=k,k+1,..., and

(1.13) IRL| < c(m [ullyyzr s, + A NP lu— uhl\wp—t(3d>)-

2. Preliminaries. Our starting point in proving Theorems 1.1 and 1.2 will be
results from Schatz in [31], so-called asymptotic expansion inequalities which we state
for equations of the form (1.4).

LEMMA 2.1. Forr >3, r+ 1<~ <2r—2, v integer, let u € WX (Bq(xo)) and
suppose d > Ch for some C chosen sufficiently large. Then the following “asymptotic
expansion inequality” holds:

[(u— un)(@o)| < C <1“%) lhr > 1D uao)] + -

la|=r

(2.1) +R7T T ID%u(o)| + 17 [[ullw (5.4(w0))

la|=y—1

+d7t7N/pHu — uh”Wp_t(Bd(wo))'
Here, ¥y =1 if v =2r — 2, and 7 = 0 otherwise.

Remark 2.1. The estimate (2.1) is valid on irregular meshes.

Remark 2.2. The case r = 2 is excluded from (2.1). The reason is that, for r = 2,
there are no asymptotic expansions available for the function itself, and the expansions
that are derived are only for the first order partial derivatives. This negative result is
confirmed in [10] for a one-dimensional problem.
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Let us state the corresponding result for the first derivatives, which includes also
r =2 and is as follows.

LEMMA 2.2. Suppose that v > 2 and Assumptions A.1-A.4 (given in Appendiz
A) are satisfied. Let t be a nonnegative integer, 1 < p < oo, and v an integer,
r <~y < 2r—2. Letx € Qp and d > kh for some k sufficiently large, and let
u € WY (Ba(xo)) and uy, € S*(Ba(zo)) satisfy (1.4). Then

a\"({ ._ N
lu = unllwe (B, (20)) < O(lnﬁ> <hT LS D u(wo)| + -

|a|=r
(2.2) + RN Du(wo)| + h7|“|wgo+1(3d(zo))>
la|=y

+ C (d—l—th/PHu — uh”Wp_t(Bd(mo))) .

Here y=14ify=2r—2, andy=0ifr <y < 2r —2.

3. Proofs of Theorems 1.1 and 1.2.

Case 1. Let us start with the case where d = 1 and where without loss of generality
we may take zo = 0. It would be convenient to have A(u,u) coercive on W (B1(0));
that is, we would like there to be a constant Cy > 0 such that

(3.1) Co llulltvy (8, 0y < Alu,w).

This can be easily done by changing A(-,) to A(-,-), a bilinear form of the form

~ al Ou Ov
(32) A(’U,,U) = ‘/Bl Z a”a—xza—xj + g uv d.T,

4,j=1

where o(z) € C* with

0 for lz| < 4,
o(z)={0<0o<1 for 1<zl <3,
1 for % <l|z| <1.

Remark 3.1. We leave it to the reader to see that (3.1) is satisfied.

Remark 3.2. Obviously A(u — up, ¢) = a(u — up, @) for all p € W;(Bl/g). This
information will be enough to establish an asymptotic expansion at x = 0.

For each multi-index « and for each monomial ¢ set

(3.3) w® =z

(we do this in order to avoid some confusion with notation that may occur later on),
and let w$ € S"(B1) be the projection of w® defined by

(3.4) A(w® —wp,p) =0 for all o € S"(By).
Then the function

D*u(0)
(35) o) =)~ > Ly

r<|al<y—1
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and pp,(z) € S"(B;) defined by

(3.6) pu(x) = up(e) = Y [ wh (),

satisfy the local error equation
(3.7) A(p — prp) =0 for all ¢ € S!(By2).

Remark 3.3. The reason that the sums in (3.5)and (3.6) start at = is due to the
fact that the Galerkin approximation is exact for polynomials up to degree r — 1, and
the approximation makes sense only if |a| > r, otherwise w® = wy.

The proof of Theorem 1.1 is based on the following two auxiliary lemmas, whose
proofs we postpone for a little while.

LEMMA 3.1. Let a be any fized multi-integer, and let w* —w§ satisfy (3.4); then
there exists a constant C' such that

(3.8) Jw® — wf yyz—r (5, < CH 2.

LEMMA 3.2. Letr < |a] < 2r — 3. Then {wﬁ‘j/h'ﬁ'} is a Cauchy sequence; in
particular there exists an integer k such that for all j > k,

®(0) wy (0
hy, h;
Thus
wy (0 @ ()
(3.10) lim h|o€\ ) =C, exists and ‘wh’rogl ) —C,| < cp2r-2-lal,
hj—00 h I

Granting for a moment the validity of Lemmas 3.1 and 3.2, let us complete the
proof of theorem in the case d = 1.

In view of (3.7), we may apply Lemma 2.1 to the function p — p,. Noticing that
p(0) = u(0) and using the fact that [D%p| (0) =0 for all » < |a| <y — 1, we obtain

W =w©- Y w0+ 7 ()

r<|al<y-1

or

w0 =, )~ 3 200 (ca . “’Z(IO) - @) W R ().

al \
r<|a|<y—1 J

In view of (3.10)

(3.11) w(0) = up, (0) — Y .2 ( )h‘“‘+7z (1) + R+ ().

r<|al<y—1

To complete the proof for d = 1 it remains to estimate R (p).
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In order to simplify notation, from now on we shall drop the subscript j and set
h; = h. Thus by definition

(3.12) (p— pn)(x) = u(x) —up(x) — Z DO:!(O) (w* —wy) for x € Byys.

r<|a|<y—1

In view of Lemmas 3.1 and 3.2
D%u(0)

h2r72
a! '

(3.13) lp— thw,j—T(Blm) = |ju— uh”W;—T(Bl/z) + Z

r<|al<y—1

Using this in (3.11) will complete the proof of Theorem 1.1 in the case d = 1, once
we have proved Lemmas 3.1 and 3.2.

We now turn to the proofs of Lemmas 3.1 and 3.2.

Proof of Lemma 3.1. By definition of the negative norm,

(3.14) [|w® — w%HW;ﬂ(Bl) = sup / (w® — wy ) du.
pEWS2(By) Y B1

Using an Aubin—Nitsche duality, let v € W3 (B1) be the unique solution of

A(n,v) = /B ne dx for all n € Wy (By).

Then
[[w® — w%”wg”‘(Bl) = A(w® —wp,v —vn)
(3.15) < lw® = willwg s,y v = vnllwa s, -
Now in general, the boundary of B; does not coincide with a mesh domain, but

by assumption there is a mesh domain that extends beyond B; and is contained in
Bi+ch, where w® may be interpolated. Obviously

« feY « a r—1 feY
[[w® — wp, ||W21(Bl) < flw® —wp HW;(BHC;L) SCR T w ||W2T(B1+Ch)
r—1 feY
(3.16) <Ch" w lwy ()

where w{ is an interpolant of w* on B cp. In order to treat the term involving v—wp,
we first use the Calderon extension theorem [23] to extend v to Bjycp continuously
in the norm WJ(B;). Then proceeding as in (3.16), this time with v — v, we obtain

(3.17) v = vnllwymy < O™ Hlvllyy ) < Ol sy -

Bitcn

Using (3.16) and (3.17) in (3.15) completes the proof of Lemma 3.1 in the case
d=1. O

Case 2. Ch; < d < 1, d fixed. Let A(u —up,p) = 0 for all ¢ € S (Bg). Then
under the change of variable y = z/d, u(x) := u(dy) and up(x) := up(dy) satisfy

AT — T, ) =0 for all i € Sh/4(By).
Therefore we may apply the asymptotic expansion to obtain on unit size domain

(3.18) u(0) —un(0)=— Y (%) Dyu(0) - (%) : + R,

r<|a|<y—1
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where

~ A" . -
(3.19) R|<c <E) vz (s, )+ C T = nlly e s, -

Changing variables back again we get the main result for Case 2:

Ca « (e
(3.20) u(0) —up(0) =~ Y (J) Dgu(0)h!*! + Ry a),
r<lal<y—1 ’
where
(321) |R(’Y;d)‘ < C(h’)’ ||uHWJO(Bd) + d—t—N/p ||u — uhHW,:t(Bd) ) .

Proof of Lemma 3.2. We start with a fixed h; for j sufficiently large so that the
estimate (2.1) holds (h; sufficiently small). By Assumption A.5 each S'*(By, /n,(0))

is similar to Sy’ (By(0)) for all k > j. Set hi/h; = A and note that wyy (Az)/(Alel)

Sk (B1(0)) (A < 1 is scaling factor). Now the proof is separated into some technical
steps as follows: First we shall show that

1 .
(3.22) A <x°‘ - Ww}o;k (A\z), @(x)) =0 for all ¢ € S (31/2(0)).

Since the a;; are constants, we have by the change of variable = y/\ that the left
side of (3.22) is equal to

—a o 1 o a(p(ﬁ)
Sy 27 (2 = st ) S5
N
:AlNla\/ E Qi — a0 9 (N ay=o,
Bi/2(0) jj=1 Jayi(y hk(y)) 0y; (/\) Y

where in the last step we used (3.4). This proves (3.22).
Because of (3.22) and (3.4), recalling that & = w®(x), it follows that the scaling

error wfl (x) — g why, (M) € SP(B1(0)) and satisfies

(3.23) A <wz‘J (x) — ﬁwz‘k(x\x), (p(ﬂ:)) =0 for all ¢ € Shi (B1/2(0)).

Thus the difference in (3.23) is a discrete A harmonic function in B /5(0), and it
follows from (2.1) (first proved by Schatz and Wahlbin [33]) with v = 0 and u;, =
wy (x) — ﬁw%k(x\m’) that

wy, (0) — thk(o)‘ < Hwhj = ol Whi

W37 (B1/2(0))

[e3

(3.24) Hw"‘ — wy,

IN

(e} (e}
‘ ol “hi

W5~ (B1/2(0)) W3~ "(B12(0))

=J1 + Jo.
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We shall now estimate J; and Jo. An estimate for J; is given in Lemma 3.1:
(3.25) Ji < ChZ2,

The estimate of .J> is rather lengthy. We begin by using a duality argument where,
setting z® — wfy, = Eg, for the scaling Ef := 2® — 5 wf, (Az) we have

(3.26) Jo = sup (B, v),
YEWS T2 (By5(0)

E =1
‘WW;_2(31/2(0))

where |¢|W;_z(31/2(0)) is the seminorm and we have used the obvious fact that
[Wlws-2(5, 500 < 1Pllwr=2(5, () We again make the change of variable z = y/X
and obtain

(E;‘,w)szl/z(o) Eg(x)w(x)dx:/&n(o) Eg(%ﬂ(%)f_]yv

- ﬁ /Bm(O) (ya ~ Wi (y))@(y) .

where ¥/(y) = (%) € W3 *(By2(0)) and

1/2
2
|¢|W;—2(Bl,2(o)): Z /\Dgw(x)\ dx
|Bl=r—2
1/2
~ 2
e [y /‘DW@)‘ dy

|Bl=r—2
Inserting these into (3.26) yields

Jy < AQ—T—\Q|—N/2 sup (ya B U}gk (y)ﬂb(y)) .

YEWST2(By2(0)) ‘J}

W3 =?(Bx/2(0)
Using a duality argument, for each such {/)v let v be the unique solution of
(3.27) A(n,v) = (n,9)  for all n € W3 (B,(0)).

Let now vy be the interpolant of v; then it follows that for each 1[,
NN (g ) = NN AG o — o)

<)\27r7|a\7N/2 H )\rf\od EQ H
< (ot xr=vEz ], o

(3.28) < ([l + 1= o — v )

L1(B1/2(0))
1B Iz s 10 = Orllwi s )

= \277-lal=N/2 (J2aJ2b + J2CJ2d)'
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Notice that 3 < 1, if A < 1, and also notice the return from EY to E in (3.28).
Note that we can always decompose the unit disk into two parts as an inner and
an outer region so that v satisfies a homogeneous differential equation on the outer

region. Estimating the above Jy terms in the reverse order we obtain for Jog,

(3.29) Jaa = v = villwy BB, .y < O "Rt 1Vl vwig (B2\Bs )

As in Lemma 3.1, we use the Calderon extension theorem to extend v continuously
in W3 to Biycp. By well-known a priori error estimates (see Lions and Magenes [22,
Chapter 2.6]),

N
||U||Wg‘(B1\B7/16) < HUHWQZ"”(Bl) for all &' > ) + 1.

Thus, for v the solution, we have evidently (see [12, Chapter 6B], e.g., (6.25), also
shift theorems in [24] for H%(2), s € R, s > 0) that

_s < ) '
||U||1/V22 (By) = H¢HW;5,(31)

Now with 1[ vanishing at outer region of By \ B7 /16, we can apply Poincare’s inequality
to obtain

(330) Jog < A 1hr 1 HwH < )\2T 3+N/2hr 1 ‘¢‘

55 (B1) Wy 2(By)

where we have used the fact that the measure of B/, is proportional to AV since

21, sup (1) < 19l ez

B _
B 11y g 12y, =1 ||¢||W5/(B =

el < Cx 22|

Li(Bx/2)

< sup AN/2 ‘w
=1

. )
L2(Bxy2) W3 ~2(B1)

12l 5y

where we have used the Sobolev inequality to obtain the bound [|¢|[, < C. As for
Jae, we have

(3.31) Joe = B¢ lwy sy o) < 1B g s,y X7 HHG
Taken together (3.30) and (3.31) yield

A2=rlal=N/2 g g C)\2frf\a|fN/2h§—l)\3r74+N/2h§—l ‘ﬂwr—z(]g )
2 1

39 < 2r—2—|alg2r—2 |7 )
(3.32) <O\ 0 ngﬁgl)

This is half of the estimate for Jo. We shall now estimate Jop by writing

Jan < C|(ly] + 0=V (0~ o)

L1(Bax)

(3.33) DN (Vs {CE]
1< <)

)

L1(Q5)

where , are the annuli

Q={xe€B1: pet1 <|z| < pe}, pe=2"°% (=1,2....
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Then by approximation theory and the Cauchy—Schwarz inequality, (3.33) yields

al— r— a|=r+N/2yr—1;r—1
(3.34) Jay < CAl? 1+N/2hj ! [Vlwg (Bsn) + Z}OL’ | ) hy ™ Polwy ey »
1<e<i

where ¢ = [(In £5)/In 2], with [7] denoting the integer part of 7 and ), = U,

is the union of €y and its closest adjacent neighbors. Further, using local estimates

for the continuous problem, with Q) = Uf::lélein and the fact that 3 < 2r—|a| <7,

r—|al—N/2
(3.35) [0l oy < Coy 1Y [olyzr-te g,

Hence the last term on the right-hand side of (3.34) can be estimated as

al|=r+N/2\r— r— rT— r—
(3.36) S TN AT o] ) < OXTTRS Holyzr-ia
1<e<?

(B1\Bax) *

The last term will be estimated using the Green’s function. For any multi-index £,
with |8| = 2r — |a| we have, with ¢ and v satisfying (3.27),

[ ol [ ( [ .l ipie) dy) "
(3.37) < /y|<A/2 ol (/lem - leimT_la' dx) dy.

For each y let R = |2 — y|; then in spherical coordinates

1 RNfl
dz < C — o 4R
/w>2)\ |$ B y|N—2+2r—|oz| A<R<1 RN—2+2r—|a]

(338) =C R\Ot|+1—2T dR < CV)\|04\+2—27*7
A<R<1

where we use the inequality —r + 1 < |a| + 1 —2r < —2. Therefore using (3.38) in
(3.37) and the Poincaré inequality on ¥ we get for ¢ € W{ Q(BA/Q)

/ } | dx < C/\\OLH-Q 27
|22

and from using (3.35)—(3.38) in (3.34) we end up with

;

< ONlol=r+N/2 M

L1(Bxj2) Wy 3( sz)

(3.39) Jap < CAlOIZLEN/2)7 =1 MW;Q :

Finally, it remains, to estimate Jo,. In order to do this we shall need a simple
variant of a result proved in Schatz [31] for

la|—r
1
4 a =l —m—— EY
Loo(B1y2)

The result in [31] is as follows: For any 0 < s <r —1,

(3.41)
V(= un, ) ()| < OH( i

m) V(u—x)(2)

+ ||€||W2—r(B )
Loo(Bi/4) : e
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Applying (3.41) to u = w®, uj, = wj; we obtain for any z € By /5(0),

lae| =
1
‘(m) V)

oo < |(mm) () e

1 || —r .
+ (m) IVER w2y -

Now, since A = hy/h; < 1, thus hi/(|Jy| + A) = h; < 1, and hence
( 1 hy, ><|z|+)\>< 1 ( ly — 2l + [yl + A >Xh
: < k
lyl+ XAy —z[+he ) N[zl +A) 7 21+ A \(ly = 2[+ he)(Jyl + A)

1 ( hy hi >
< + .
[zl + ANyl + Ay —z[ +
Therefore from the above inequality and (3.42), taking the supremum over all y € B/,

we get
(3.43)

Loo(Bsya)

Jag < C + NI VER ly2-r (s, -

Loo(Bsya)

R

Now, in view of (3.31),
A" lal HVE?HW;_T(BI) < /\T—|oz|(/\hj)r—1 HVEI?HWQT(BI)
(3.44) < ,\T*Ial/\2r72h3r—2 < A3T*‘O¢|*2h§r—2.

To estimate the first term on the right-hand side of (3.43) we use the same dyadic
decomposition as before and write B3,y = Ban; Ue Ba,, where Ah; < pi, Then on

B, s
|| —r
1
- < \rlel
<|Z| +)\> -

V(@ — )| < XL 2%y < ONTU R ]

and

Similarly, on €y,

(= )'a'_r Ve - a§)(2)

o=
1 -
— <({= D Ly

sup
’

Loo (S2) pe
Summing up we get
1 la|—r - N
—_— x* —x0)(z
(o) Ve -ane) .

(3.45) < <)\Ta|)\rlh;j—1/\arhjal—r+ sup pf'alpfl_r)\rlh;_l)

1<6<?
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Taken together these last two inequalities (3.44) and (3.45) yield
Jou < C(/\rflhg—l i )\3r7|a\72h?r—2)'
Now since r —1 <r+1=3r—2r+3—-2<3r—|a| —2 < 2r —2, thus
(3.46) Jon < O(A’”—lh;—l).

Combining (3.46), (3.39), and (3.32) we have in view of (3.28) and finally (3.25) and
(3.24) that

N 1 a r— r—2—|alp2r—
whj(O)—thk(O)‘<Ch? 24 oNr2lalpir=2

1 \2-r—lal-N/2 ()\|o¢|—l+N/2)\r—1h?r72)
< C(h?r—z) (1 4azr2lal 4 1)
<Chy=?  forall hy.
Consequently we have the final answer for the case d = 1, viz.,

wiy, (0)  wy, (0)

h\joz | hLa |

(3.47) <Ch P forall by < hy (k> j).

Therefore for each «, r < |a] < 2r — 3, there exists a constant C, > 0 such that

wy, (0)

j—ro0 h‘jo“

:Ca7

and the proof is complete. O

Now it remains to prove Theorem 1.2

Proof of Theorem 1.2.

Case 1. d = 1. We shall give a sketch of the proof of Theorem 1.2, mentioning
only the differences between the two proofs for Theorems 1.1 and 1.2. For r > 2, i.e.,
piecewise linear as above, consider

(348)  w(0)—ua(0)— 3 <Dau(0)x°‘|—CaDau(O)w,O{(a:)>.

ol
r<|a|<y—1

The result we shall need from Schatz and Wahlbin [33] is the Lemma 2.2. Applying
Lemma 2.2 to calculate the error at 0 for the difference 88“—;?) — %w(?)

i=1,2,..., N, on unit size domain

, we have for

du(0) B Oup(0) B Z Du(0) _ 8w,°;j (0)
ox; ox; al ox;

/!
= R'Y’

lex|

where r < v < 2r — 1 and

|RL| < C(R] Nl (s, 0y + 18 = anllwt (5,0 )-
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Thus in this case we are led to showing that

ou (0 oug, (0)

_ ox; . ox; 2r—1—|o|
M= h|o¢|71 h\a|71 = Ch] :
j k

To this end we note that in view of the fact that wj — ﬁwﬁl with A = hy/hj, as
proved before, is discrete harmonic and thus, in view of (3.47), satisfies

[e3

w® — 2r—1—|a|
hi = Nal

— ] 3

< -
M < plol—t
J

«
whk

which proves the expansion on unit sized domain. Here, the same procedure as in the
proof of Theorem 1.1 and Lemma 3.1 gives the main result for the derivatives: for
1=1,2,..., N,

8“’(0) _ 8“”1(0) _ ! o || —1 /
(3.49) B, o = Klaqu_lCaDu (0)hl*I=1 R,

where h =h;, j=kk+1,..., y<2r—1, and

(3.50) IR, < (cmfl lullywa, (5, oy + e — uh||Wp_t(Bl(0))).

Case 2. The asymptotic expansion for d < 1.

Following the scaling argument given in the proof of the Theorem 1.1, in the
corresponding case, d < 1, the proof is an exercise to the reader. The estimate for
the remainder can be written as

R < O (Bl gy + 47 u = wnllye g, ):

This completes the proof of Theorem 1.2. O

Appendix A. Properties of the finite element subspaces. Here we shall
state our assumptions on the finite element subspaces used in this paper. They are
basically the same as those given in Schatz and Wahlbin [34] and [33]. The precise
statements here are versions of the assumptions that are taken from [33].

For 0 < h < 1 a parameter and r > 2 an integer, S(Q2) will denote a family
of finite-dimensional subspaces of W1 (Q). If D C Q, then S(D) will denote the

restriction of functions in S*(€2) to D and S (D) is the subspace of S(D) consisting of
functions whose support is contained in D. In what follows D1 CC Dy CC D3 CC Dy,
etc., denote concentric open balls which are contained in €2. Assume that there exists
a constant k such that if dist(D;,0D;11) > kh, j = 1,2,3. Then the following hold.

Assumption A.1 (approximation). If t =0,1,1 < ¢ <r, 1 <p < oo, then for
cach v € W (D,) there exists a x € S}(Dz) such that

lv = Xllwe(pyy < CR " olwe (D)

In addition there exists a x such that

lo = Xllwy (o) < CR" NP ol i,y
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Here
1/p
( Z ||D°‘v||’£p) if 1<p<oo,
Ve = o=t
? Z | DL if p=o0.
|| =£

Furthermore, if v € Wf(Dl), then x € Sf(Dg) Here C is independent of h, v, x, and
D, j=1,2.
Assumption A.2 (inverse properties). If y € S*(Dy), then for t = 0, 1,

Ixllwe (py) < OhiN/27t||X”L2(D2)7
and for £ =0,1,

—
IXlwe o < CR Il #(oa-

Here C is independent of h, x, D1, and Ds.
Assumption A.3 (superapproximation). Let w € C§°(Dj3); then for each x €
Sh(D,) there exists an € S*(D,) such that for some integer v > 0

lwx = nllwy (s < Chllwllwz oy Xl (-

Furthermore, if w = 1 on D9 and with dist(Dy,0D2) > k, then n = x on Dy, and

lwx = nllwzp.y < Chllwllwz (ps) IXlwi D\ D )-

Here C'is independent of w, x, 1, h, Dj, j =1,2,3,4.

Assumption A.4 (scaling). Let zo € Q and d > kh. The linear transformation
y = 20 + (z — z0)/d takes Bq(o) = {z : |z — 20| < d} N into a new domain Bj (z)
and S!(B4(z0)) into a new function space :S'\f/d(B\l (%0)). The §f/d(§1 (x0)) satisfies
Assumptions A.1, A.2, and A.3 with h replaced by h/d. The constants occurring in
Assumptions A.1, A.2, and A.3 remain unchanged, in particular independent of d.
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