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ANALYSIS OF A FULLY DISCRETE SCHEME FOR
NEUTRON TRANSPORT IN TWO-DIMENSIONAL GEOMETRY*

MOHAMMAD ASADZADEHT

Abstract. We derive error estimates for a fully discrete scheme for the numerical solution of the neutron
transport equation in two-dimensional Cartesian geometry obtained by using a special quadrature rule for
the angular variable and the discontinuous Galerkin finite element method with piecewise linear trial function
for the space variable.
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Introduction. The purpose of this paper is to establish error estimates for a fully
discrete method for the numerical solution of the neutron transport equation in
two-dimensional Cartesian geometry. We use a special quadrature rule for the angular
variable, where integration is replaced by a numerical quadrature rule involving a
weighted sum over functional values at selected directions, and we apply the discon-
tinuous Galerkin finite element method for the spatial variable.

The stationary one-velocity processes of neutron transport in a substance surroun-
ded by vacuum can be represented by the following integro-differential equation: Given

the distributed source density f and the coefficients a and o, find u=u(x, u) such
that for u € S

pe Vu(x, p)+a(x)u(x, p) =J o(x, p, pu(x, u') du'+f(x,u) forxeq,
SZ
(0.1) u(x, u)=0 forxel,

where o is the transfer kernel describing the distribution of particles arising from
scattering, fission and capturing events and « is the total cross-section. Further,  is
a domain in R® with boundary I, $?={u eR®: |u|=1}, u = (u1, i, 3) and

9
ax;

b

3
V=T
Io={xel: u-n(x)<0},

where n(x) is the outward unit normal to I at x €', and finally the unknown function
u=u(x, ) is the density at x of particles moving in the direction u.

The neutron transport problem was studied analytically by e.g. Davison [3] and
Vladimirov [14]. Numerical treatments of the problem have been restricted to separate
error estimates for either angular or spatial discretizations. Angular discretizations for
a two-dimensional problem were studied by e.g. Nelson and Victory [9] using the
Nystrom discrete ordinates method. Spatial discretizations in a two-dimensional case
for one single direction were studied by e.g. Lesaint and Raviart [6] using the discon-
tinuous Galerkin finite element method.
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An analysis of a fully discrete scheme with combined spatial and angular discretiz-
ations for slab geometry (one-dimensional spatial and angular variables) was recently
done by Pitkédranta and Scott [11]. In a two-dimensional case, with the angular variable
varying on the unit circle i.e., a case where xe Q< R’ and ue S={ueR* |u|=1}, a
fully discrete scheme for a model problem was analyzed by Johnson and Pitkdranta [5].

In the present text we extend the analysis of [S] to the case of a homogeneous
infinite cylindrical domain in R®. Because of the translational invariance, the relevant
spatial domain is again two-dimensional, namely the cross-section of the cylinder;
however, the relevant angular domain is now the unit disc in R?, i.e., the projection
of the surface of the unit sphere in R* onto the plane of the cross-section of the cylinder.
Thus, in the model problem to be considered we will have xeQcR? and pe D=
{neR? |u|=1}.

The plan of the paper is as follows: In § 1 we present the model problem and
show that this problem can also be formulated as a Fredholm integral equation of the
second kind for the scalar flux. In § 2 we introduce notations, assumptions and some
previous results which will be used frequently. In § 3 we study a quadrature approxima-
tion of weighted integrals for a class of functions relevant to our purpose and derive
some quadrature error estimates. Section 4 is devoted to a semidiscrete problem with
angular discretization. The results of this section are essential tools in the proofs of
error estimates. In § 5 we study the fully discrete scheme and state our main result:
Theorem 5.1. Our concluding § 6 contains error estimates obtained by applying results
of the previous sections.

1. A model problem. We shall consider the following model problem: Given a
distributed source density f and a real constant A, find the flux u(x, u) such that

p Vu(x, p)+u(x, p)=A JD uCx, w)(1=|p'P)™ du'+f(x), (x,n)eQxD,

(1.1)
u(x, w)=0 onl,,

where Q is a bounded convex domain in R* with polygonal boundary I' and
D={peR|u|=1}, w=(u,u), To={xel:u-n(x)<0}

where n(x) is the outward unit normal to I' at x eI'. This problem is obtained from
problem (0.1) assuming that Q in (0.1) is a cylinder (cf. Remark 1.1 and the proof of
Lemma 1.1 below). Observe that our model problem corresponds to a problem with
isotropic source and a homogeneous medium with isotropic scattering.

Let us reformulate problem (1.1) using the following notation. For u € D, u #0,
let T, be the solution operator for the problem: Given ge L,(Q) find u such that

-Vutu=g in(],

(12) g 8
u=0 onl',,

i.e., u=T,g if u satisfies (1.2). By a simple calculation we find that

d(xu)/|pl
(1.3) T,8(x) =J e ’g(x—su) ds,

0

with d = d(x, u) denoting the distance of x from the exterior of () in the direction —pu,

d(x, w)=inf {s>0: (x —su/|u|) ¢ Q}.
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If g is constant on each vertical line, then the representation (1.3) is valid also for
cylindrical domains of the form Ci=QXR.
Introducing now the scalar flux U defined by

U(x)= L u(x, w)(1 =)™ du,

and letting g = AU +f, we have by (1.3)
(1.4) ulx, u)=T,AU+f)(x), (x,pn)eQxD.

Multiplying (1.4) by the weight (1—|u|*)™"? and integrating over D we obtain the
following integral equation for the scalar flux U:

(1.5) (I-AT)U =T,
where
(16) r={ a-lepye, e

Remark 1.1. The presence of the weight (1—|u|*)™"/? is a consequence of the
geometry. Consider the volume element in the spherical coordinate system

dV=s’sin0dsdddp, 0=5<00,0=60=mand0=¢=2m

Let ue€ D be the projection of 4 €S> then |u|=sin 6. This implies that sin 8 d§ =
(1=|u[*)™"?|u| d|u|. And since du = du,du, =|u| d|u| dp we have

dVv=_1-|ul>)""?s*ds du.

LEMMA 1.1. The integral operator T =, (1—|u[)"/>T, du is compact on L,(Q).
Proof. Using (1.3) and Remark 1.1, we get

d(x,u)/|p
Tg(x) = j (1= [Py T,g(x) du = j j (1-|P) ™2 e7g(x —su) ds du
D JoO

(1.7) d(xp)/lul s
=I J g(x—su) dV.
D

0 s

Let now g be an extension of g to Cr=Q XR,
g(x,z)=g(x), xeQ, zeR,

and let S be the upper half of the unit sphere
S=8’N{(x, z) eR*xR: z=0}.

We associate with eachji € ~.S~' its orthogonal projection u € D: g € §~ < D> pu and define
the distance function d =d(%, &) for (X, 1)=(x,z, A) e AXR* X §,

d(% Z)=inf{s>0: X—sfi & Cgl.
Identifying x € Q) and (x, 0) € Cy, by an easy argument we get

d(% @) =d(x, g)=d(x, p)/|nl.
Let fﬂ and T be the following integral operators:

. 5 d(% 4)
T;g(x) =J

0

eg(x—spi)ds, T= j T; di.
S
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By the z-independence of ¢ and a geometrical interpretation we have

. d(#4) et . . .
Tg(x)= Tg(x)=j ~J 2 g(x—sp)s*dsdix
7 0

pe
J' 151 ) a5 J' Uoo o122 J ] ) a
= < =~ = T ~292180y)ay
Ca+ |x_}’|g e allo [(x=y, z)|2
IJ’ I:J’C’O e—l(x—y.Z)I :|
=3 3 dz |g(y) dy,
2 Q —00 |(x_y’ Z)|2
where Cr+=QXR" and y = X — sfi. Integrating by parts we get

o oln)l 1
dz=——F(|x—
J_ool(x—y,Z)Iz 2=y P

with
w© L —(x—yPrz)2

ze z
F(x—y|) = t dz.
(lx yl) I—oo (|x_y|2+z2)1/2 arctan |x_y| Z

Making the substitution of variable ¢t =arctan z/|x —y| and integrating by parts we
get, (compare with [10, (1.4)]).

/2 _ . /2
(1.8) F(Ix—y|)=f te °°“w—tdt=2j e xleost gy
—n/2 cos® ¢ R
Thus
1| F(x—y|)
(1.9) Tg(x)=§I l—'_—J—'—g(y) @,
o |x=yl

with F as in (1.8). Thus, T is an integral operator with weakly singular kernel and as
in [8] one can show that T maps L,(Q) into H'(Q). Hence T: L,(Q) > L,(Q) is compact
and the proof is complete. 0
CoROLLARY 1.1. The equation (1.5) is a Fredholm equation of the second kind.
Let us assume that the system described by (1.5) is subcritical, thatis 0= A <1/A,
where A is the largest eigenvalue of T. Then (I—AT) is invertible and (I—
AT) 1 Ly(Q) > L,(Q) is a continuous linear mapping. This implies that:
(i) For a given fe L,(Q), the problem (I —AT)U = Tf has a unique solution.
(ii) There exists a constant C >0 such that

(1.10) [(I-AT)v||= Clv|| VveL,(Q),

where | - || denotes the L,(Q2) norm.

From now on the letter C will denote various constants not necessarily the same
at each occurrence.

2. Notation and preliminaries. In this section we define some function spaces,

introduce discrete analogues of (1.5) and finally we state some results which we shall
refer to below.

For s =0 let H’(Q)) be the Sobolev space with the norm

1/2
lol=( £ 10%F) ", Iollo= ol = el
al|=s
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and with corresponding seminorm

1/2
|v|s=( L D%l

a|=s

Further, for s, r= 0 we define the space H™*(R?) as in [7] with norm

1/2
(2.1) Iivllr,s=[J’ (-, %)@ dxz+j oG, N dxn]
R R

and corresponding seminorm

. 1/2
(2.2) |1’|r,s = [ lo(-, x2)l§l'(R) dxz"'J lo(xy, - )ﬁ-l‘(m dxl] .
JR R

We shall consider a quadrature rule for weighted integrals of the form

r

(2.3) . u(p)QA-|uP)du~ Y u(p)o,

rEA

o

where A={u', - - -, u"}is a discrete set of quadrature points u’ € D with corresponding
positive weights w,, u € A. The precise choice of quadrature points and weights will
be given in § 3 below.

We shall denote by {%,} a family of quasiuniform triangulations %, ={K} of Q
indexed by the parameter h, the maximum diameter of triangles K € €,. We introduce
the finite element space

Vi ={ve L,(Q): v| is linear, K € 4},

and a discrete solution operator TZ:Lz(Q)e V,, approximating T, which is defined
by the following.

Discontinuous Galerkin finite element method for (1.2). Given u € D and ge L,(Q)
find u"(-, u) = Thg such that

24) Y [(M-Vuh+uh,v)K+J

Ke%, aK

[u"Jv |- n| do-] =I gvdx, VYveL,(Q),
- Q

where

(u, v)k =I uv dx,
K

dK ={xe€dK: u- n(x)<0},
[v]=v,—0,
v.(x)= lirgli v(x+su), x€dkK,
n=n(x) is the outward unit normal to 4K at x€dK and u" =0 on r,.

We can now state the following discrete analogues of (1.5).
The semidiscrete problem. Find u,(x, u) such that

(2.5) u,(x, ) =T, (AU, +f)(x),  (x,p)eQxA,
where U, is the quadrature approximation of the scalar flux U,

Un(x)= Z un(xa M)wu'

HEA
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Multiplying (2.5) by the weight w, and summing over u € A we obtain the following
equation: Find U, € L,(Q) such that

(2.6) (I-AT,)U,=T.f,
where T, =}, _, T,o,.

The fully discrete problem. Find u”(-, u) € V, such that
(2.7) up(-, w)=TLQAUR+S),  peA,

where U? is a totally discrete approximation of the scalar flux U,

Ur=Y uh(-, pw,.

REA

Again, multiplying (2.7) by w,, and summing over u € A, we obtain the following fully
discrete analogue of (1.5): Find U" € V,, such that

(2.8) (I-AT)UL=T:f,
where
Th= ZA Tﬁww
ne

Our main concern will be the fully discrete problem (2.8) and our main results
are estimates of the error in scalar flux U— U". To prove these estimates the main
step will be to prove that under certain assumptions on the quadrature rule (2.3) and
on the relation between n and h, (I —AT2)™: L,(Q)~ L,(Q) exists and is uniformly
bounded.

We shall also use the following propositions, the first of which is due to Anselone
[2]. For the second and third propositions we refer to Johnson and Pitkiranta [5] and
[4], respectively.

ProPOSITION 2.1. Let T: L,(Q) - L,(Q) be a bounded linear operator such that for
some positive constant C

I(I=AT)o]| = Cllo|| Vve L(Q)

and let {T,,};_, be a uniformly bounded sequence of linear operators on L,(Q) such that
for some positive integer m.

2.9) e, =|(T-T,)Ty||>0 asn->oco.
Then there exists a positive constant C, such that for n large enough
[(I-AT,)v|=Clv]| Vve Ly(Q).

ProOPOSITION 2.2. There is a constant C such that for g€ L,(Q)

1/2
uwvngu+ungn+[L(Tmmmds] < Clel.

PROPOSITION 2.3. Given g € L,(Q) there is a unique u" = Tl g € V,, satisfying (2.4).
Moreover, there is a constant C independent of g, u, h and Q such that

(2.10a) (T, - Thgll. = Ch'? T.gls,
(2.10b) (T, - TR)gll. = Ch*? T,gl.,
(2.11) IThell.=Clegl,
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where

1/2
1) ol =[ Wl +h Sl Volk+3 [ oW nias] L ol = 0
oK

3. The quadrature rule. In this section we define the quadrature rule to be used
and derive estimates for the quadrature error.

Using polar coordinates u = (r cos ¢, r sin ¢) for the directional variable u e D
in the quadrature rule (2.3), we have

2 1
3.1) J J u(x,r,)1=r)"?rdrdp~ ¥ u(x, p)o,.

0 0 neA
Let now A={uy € D: uy; = r(cos ¢, sin ¢;), k=1,--+, N and j=1,---, M} be the
set of quadrature points, where ¢; =2mj/M, j=1,- -, M and r, are the zeros of the
orthogonal polynomials associated with the distribution da(r) = (1—r*)""?rdr on the
interval [0, 1]. It is known (see Szego [13, pp. 121-122]) that

(3.2) I =sin 6,
where 6, is a certain point in the interval I,
Qk-1)m 2k« ]
. 0 = k=1,---,N.
(3:3) k& T [ AN+2 "4aN+2)’ Leess

With each u,; € A we associate the positive weight w,; = AW, where W, =27/M and
(3.4) Ac=a(s)—a(se,)=v1-s2_,—J1-s3,  k=1,---,N,

2

where s, is a certain point in the interval (ry, ri4y) and s,=0, sy =1 (cf. Szego [13,
pp. 47-50]). This quadrature rule is different from the S,-rules which are used in
practice; however the concrete calculations here are easy to follow. For compatibility

reasons we shall assume that N ~ M, see [1]. The number of quadrature points in A
is then

(3.5) n= MN.

Finally, for integer « = 1 and for L, = 0 we define the function space ¢*’(L,; 0, 1) =
{uec*([0,1]): u'™ is piecewise continuous and |u‘“(r)|=L,, re[0,1]}. If ue
¢“)(L,; 0, 1), then by Taylor’s formula we have

(3‘6) u(r)=Qa—l(r)+Ra(r)’ re[o, 1],
where
a—1 rl 1 r
Qu-i(r)= Y ~u”(0) and R.(r)= j (r=0)""u(¢) .
=0 I! (a - 1)! 0
Introducing the Peano Kernel function defined by
——1—-——3«:"’"1 forx=0,
K, (x)=1 (@=1)!
0 for x <0,

we have

3.7) R.(r)= Jl u' (K (r—1t) dt.

0
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We shall use the following result of Stroud and Secrest [12]:

LeMMA 3.1. Let ue ¢ (L,;0,1) and w be a weight function and suppose that the
quadrature approximation

Jl u(r)w(r) dr~ g Au(ry)
k=1

0

is exact for all polynomials of degree =a —1. Then

(3.8)

jl u(r)w(r) dr— g Agu(ri) éjllEa(t)Ilu(“)(t)l dt,
0 k=1 0

where

1 N
E.(t)= j w(r)K, (r—t)dr— Y AK,(r.—t).
0 k=1
Proof. Since the quadrature approximation is exact for all polynomials of degree
=a —1, we have using (3.6), (3.7) and Fubini’s Theorem

J'1 u(r)w(r)dr— g Au(r)

0

= 1 w(r) J’l u () K (r—t) dtdr— g Ay J’l u (K, (r,—t) dt
k=1

JO 0 0

1 1 N

=1 u™() [I w(r)K, (r—t)dr— Y AkKQ(rk—t)] dt
JO 0 k=1

1

=| E.(O)u'®(t)dt

and the proof is complete. [

We shall assume that u is sufficiently smooth. Then by Lemma 3.1 with w(r)=
(1-r*)"Y2r we have

(3.9) dt,

1 N 1
J u(x,r, )(1=r")"?rdr— 3 Aw(x, so)\ éj |Ei(1)]
k=1 ]

0

ou(x, t, @)
at

where

El(t)=J' A=) ""rdr— ¥ Ac=Vv1-£- 3 A.

N>t n>t

Further, it is easy to show that if u is sufficiently smooth, then we have for our choice
of uniform quadrature rule,
C 2
é_ J
M Jo

LEMMA 3.2. One has |E,(t)|=3#/4N for all t€(0,1).
Proof. We assume, without loss of generality, that r,_, <t <r. Using (3.4) we get

E,(1)=V1-= % Ar=V1-f—a(sy)+a(s_)=v1-—J1-si,.

>t

(3.10)

27 M
J ulx,r,¢)— Zl wju(x, r ‘Pj)
j=

0

qu(x, , <p)| do.
d¢

Since r_; <s;._;<r and r,_, <t<r we have

|Ex()|=V1=ri,—V1-71}
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and recalling (3.2) and (3.3) we end up with

6, 3
|Ey(t)| = cos 6;,_,—cos 0,=I sin 0d0§(0,—-0,_1)§—1r.
6,1 4N

551

a

4. The semidiscrete problem. Our aim in this section is to establish the stability
of the semidiscrete problem (2.6) using Proposition 2.1. For this purpose it suffices to
prove (2.9) with m =2. Since T, is not compact, the conclusion of Proposition 2.1:

(4.1) [(I-AT,)v[z Cillv] Vve L (D)

does not (directly) imply the existence of a solution to (2.6). However to prove existence

we can argue as in the remark following [5, Lemma 4.1].
We shall use the following splitting of )., )2 @,®,: For £>0, let

0,0,=) 00,1ty 0,0,= Y o0+ )Y oo,
(u,v)ep’ e & (wv)el; (wv)ely
I ={(p, v) € A% min (|sin (g, v)|,
lSil’l (”’a dk)'a |Sin (V’ dk)'a ll"'; |VD§ £, k= 1, T, P}

I7={(p, v) e &% (u,v)2 IL}.

Here {d,}%_, are the directions of the sides of (. Further we shall assume that

e =¢(n)=sin w/(2N +1), in which case the sum

4.2) o(g,n)=Y"w,0,~>0 asn->o0.

To see this note that I” has in this case at most M>~ n elements, moreover by (3.9)

and
n=ES=S o, I=1,---,N
we have
A=(1=r)"? = (1=} =cos 6,_, —cos 6,1,
o
=L: sin 0d0§:—;r,+,, I=1,---,N.
Hence
(4.3) A= LN
4N
and
g" Gulr ™ (u.-j,vzk::)el;' AWAN gn[t?%\l—z R 4 ! =—I\% =§'

We now state the main result of this section:

LEmMa 4.1. |(T-T,)T%||>0 as n—>co.

To prove Lemma 4.1, we need the following two lemmas.

LeEMMA 4.2. There exists a constant C such that for (u, v)e I, and ge L,(Q),

IT.T.gl=Ce™"?|g].
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LeEMMA 4.3. There exists a constant C such that for ge H'(Q),

1 1
T-T,)gl|l=C|—=+— .
7= Tgl= ¢ 5+3: gl

Once the Lemmas 4.2 and 4.3 have been proved, we can prove Lemma 4.1.
Proof of Lemma 4.1. Applying Lemmas 4.2, 4.3 and Proposition 2.2 we have

(T-T)Tigl=IT~T) T vl
mv)e

= N(T—- T.) Y 0,0, T,Tg|+ Y 0,0,(T-T,)T,T.g

! 1 "
=CF o3+ 1T T+ Clll T w0,

Choosing now e.g. ¢ = N~ /7 and using (4.2), we obtain the assertion of Lemma 4.1. O

Proof of Lemma 4.2. By an orthogonal coordinate transformation we may assume
that u = (|u|, 0). If (u, v) € I, then by Proposition 2.2,

F)
+{|=(1,T
“av( w1.8)

]

C
wenral=S |

n
§£[||g||+‘ ?
82 v

where 3/du = u - V. Recalling (1.3) we have

wT.8)
(4.4)

wT1.8)

d(xpu)/|pl
T[.LTVg(x)= I e-—s ,,g(x—s,u) ds.
0
Thus
9 —d/lul d
5 (TLTg() =~/ MTg(0) (15,
4.5)

d(x,u)/ |l 9
+J e"sg;(Tvg(x—su)) ds,

0
where ¥ =x —(d(x, u)/|u|)u. By an easy calculation we have

8(1) 14d 1 v-n v-n

— == —=—u = ,
ov\|ul/ Iulov |ul l/w'n pen

where n = (n,, n,) is the outward unit normal to I' at X. Squaring (4.5) and integrating
over (), using the facts that dx,=u - n/|u| ds on T, |u - n|= £* and Proposition 2.2 we

obtain:
2
=C JIT ?

<
83

v-n

9
|2 (s B ot Clgl?

|M|

[, 1Tt nl as+clar=Siel

=
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Thus by (4.4)

C C .
VT Tl= (Il +5ls1) = Ce Il

82
Since by Proposition 2.2 || T, T,g| = C||g||. This proves the desired result. O
For the proof of Lemma 4.3 we need the following result.
LEMMA 4.4. There is a constant C such that if u(x, r, ¢) = u(x, u) = T,g(x), where
g€ H'(Q) and u = (r cos ¢, rsin @), then

N 27 ou( -, re
(46) S i SSLE2 PRETSIN
k=1 0 ago
and
27 1 9 .,
4.7) I J LIGLE! PRSI
0 0 ad

Proof. Recall that

d(x,r,p)/r
u(x, r, @)= I e *g(x—su) ds,
0
where d(x, r, ¢)=d(x, u). Thus

1 ad (%" _, o
u_l e“”'g(x - dg)—+ J e —(g(x—su)) ds
oo r r/oe 0 dp
“8 1 od [ .o
=—e"d/'g(f¢)—+J e"S;g,(x—s;L) ds,
r 9 Jo o
where X, =x—d(u/r)el’,, and u'=(rsin ¢, —r cos ¢) is orthogonal to u. Estimating
dd/d¢ in each subdomain Q,; ={x € Q: X, € S;}, we obtain

ad(X, T, q)) = - C fOerQ(pJ'
3¢ |sin ¢; ()|

Here the S;’s are the sides of () and ¢; is the angle between u and S;. By an orthogonal
coordinate transformation we may assume that the x,-axis is parallel to S; Then

(4.9) d(x,r,0)= x=(x, x,) € Q.

X
sin ¢;(¢)’
Squaring (4.8) and integrating over (},,; we get

Iﬂw,f

dx
sin® ;

d(x,u)/r og 2
j s? e'2s<—,) ds dx) =C(L;+Jy),
op

0

du(x, r, o)
9

2
1
dx = c(j — e 2w rg2(x )
a . T

@)

J,

with the obvious definitions for I; and J,. These terms are estimated as follows:

®.J

_ _1_ _ 2/ = i_
L= Jﬂw r exp(—2d(x, 1, ¢)/r)g (%,) sin® Y;(e)
i Clsin y| -1 {—2 exp ((—2x2)/(r sin t//)))
<< 2 :
= L,. g (%,) dx, L 2r sin ¢\ rsin g o

=
risin ;|

[1-e gl
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and using the trace estimate: ||g||r= C|/g|,,o we find that

2

For estimating J, let us assume that u'- Vg =0 on the complement of the ;. Then
applying Fubini’s theorem we get

d(xu)/r
J,-=I J' s2e > (u' - Vg)? dsdx§r2j
Qtp,i

0 R
=(7 [ e w)ivelr= crIvar = elal.
0

Summing over j we have

A=

] J’ s e *|Vg(x—sw)| ds dx

0

ou(-,r, _ . _
out, ) . . "’)”éCr Y2 min |sin ¢;(¢)|"*| g l1s
1] J

hence using (4.3) we obtain

N 2w .
Z Ak J au( > T ‘P)” d
i=1 0

Nor o _
=cleh(35 £ %) [ mintsinyo1 " do = Clal

To verify (4.7) we observe that

ouU_ _asr lod 1 ) Id/r 9
ar € g( ¢)( >d |+ e é’r(g(x su)) ds.

ror r 0

Moreover 9g/dr=—(s/r)(n - Vg), and since by (4.9) ad/or =0, thus

ou —de /" 4/r _ge”*
(4.10) Foi —;—g(x¢)+J (u-Vg)ds.

Squaring (4.10) and integrating over {,; we get

2 d2 —2d/r
J dx= C[I ——g%(%,) dx
Q Q r

@

J,

We estimate as before I and J; separately:

d2 —2d/r
1;.=j o g(E,) d
Q r

@i

- Clsin ¢}| 2exp (( 2x2)/(rsm d/])) I 2( %
—c J’O Tau rg (x,) dx,

-1 IC'S‘“ 0 2 22exp((22x%)/(rsin y))
2r* sin ¢ g rsin §;

ou(x, r, @)
ar

@

d/r
J s> e >*|Vg|* ds dx] =C(I}+J)).

0i Y0

<C“8"r
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Integrating by parts we have
sin ; _a/r o/ 2y sin ¥;
I]’~§C||g||12~|—r3—’|(—e Hr —pe T —p2 e +72)§C|_‘r_¢j‘|"g"%-

By the same treatment as in the estimate of J; we find that
Ji=C|vgl*=Cliglli.
Again using the trace estimate and summing over j we have

ou(-,re)
or

C
é;rﬁllgllx,
thus

u(-,ne)
or

)

Proof of Lemma 4.3. Applying Lemmas 3.1, 3.2 and (3.10) we get

Uodr
drdp=C\ | —7 lglh=Cligl. 0

0

lenas (X)| =|(T - T,)g(x)| =

L u(x, w)(1 =)™ 2dp - ZA u(x, po,

2@ 1 M N
j I u(x’ r, ¢)(1_r2)—'1/2rdrd¢_ Z u)] 2 Aku(x, T, ‘Pj)l
j=1 k=1

0 0 J=

27
=
0

Ea

k=1

27 1
=~
N 0 0

and the desired result follows from Lemma 4.4. 0O

1 N
I u(x,r,0)(1—-r")"?rdr— 3 Awu(x, rk,so)' de
0 k=1

]

au(x’ Ty ‘P)‘ d
——===1 do,
d¢e

2m M
I u(xa Tk, (P) d(P - z w'ju(x, Tk, ‘P])
0 Jj=1

2

du(x, r, qo)‘
or

drd CNAI
+__
"‘PM’Elk

0

5. The fully discrete problem. We shall prove that the fully discrete problem (2.8)

has a unique solution in Vj. To do this we shall first show that if h is properly related
to n, then

(5.1) I(T,—Th)TE|>0 asn->oo.

By the argument used in the proof of Proposition 2.1 (see proof of [5, Lemma
3.1]) and by (4.1) it then follows that if n is sufficiently large, then there exists a
positive constant C such that

I(I=ATm)ol = Cllo]l Yve L(Q).
Hence, (I —AT"): L,(Q) - L,(Q) is injective and since T" has finite dimensional range
and thus is compact, it follows that (I —AT%) is one-to-one, onto and has a bounded
inverse. In particular the fully discrete problem
(I-AT)UL=T.f

has a unique solution U% in L,(Q) and since T%: L,(Q)~ V,, we have ULe V,, i..,
the fully discrete problem (2.8) has a unique solution. To prove (5.1) the main work
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will be to prove an estimate of the form:
(52) I(T. - Ta) Tsgll = C(y)h=|gll,

where y = y(u v) =min (|sin d (g, v)|, |ul, |7|), with d(u, v) the smallest angle between
p and v, C(y)>o0 as y->0 and a>0. Using (5.2) and the L,-stability estimate

I(T.- T Togl=Clgl
resulting from Propositions 2.2 and 2.3, in the decomposition

(T,-TDTig= ¥  00,(T,-T.Tig

(p,v)ed

=( Y o+ Y )wuw,,(T“—TZ)Tﬁg,

y(u,v)Zze  y(p,v)<e

we get

T -ThThel= [ h 3 Ot owtC T w0l

y(m,v)ze y(p,v)<e
=[h*A(e, n)+ B(g, n)]| g

We shall then choose £ and h related to n in such a way that h*A(e, n) >0 and
B(e, n)>0 as n-> oo, and (5.1) will follow.

To prove (5.2) for y=eg, let us first note that by an orthogonal coordinate
transformation we may assume that u = (u,, 0). If we reformulate the discrete problem
(2.4) using new coordinates X given by

%£=Dx, D=(1 —V‘/Vz)

0 1

we obtain with @ = Du = D(u4, 0) = (4, 0) and & = Dv = D(v,, v,) = (0, »,) the discrete
solution operators T,'} and T which are given by application of the discontinuous
Galerkin method on a triangulation €, ={K} of the domain () ={Dx: x € Q}, where
K ={Dx: x € K} with K € €,. The triangulation %, has the following properties:

(5.3a) maximal side length= Ch/v,
(5.3b) minimal side length= Ch,
(5.3¢) minimal angle = Cy,

(5.3d) since %, is quasiuniform, the number of triangles of €, meeting at each node
is bounded by a constant independent of h and vy, where y=
min (|sin d (g, »)|, x|, |¥]).

LEMMA 5.1. Suppose i = (w4, 0), ¥ =(0, v,) and the discrete solution operators T,';
and T" are based on using a triangulation €, of Q satisfying (5.3). Then for any p >0,
there is a constant C independent of h and <y such that if 0 = T, f, 6, = T f, where f = Thg
with g € L,(Q), then

(5.4) 16— 64l = C min (1, y2h*7") | g|.

The proof is the same as that of [5, Lemma 5.1], except that the inequality
| fllo.s = C;h~*|| g in [5], here is replaced by | f|lo, = Cy"h~/*||g||. The appearance
of y™*2 in (5.4) is due to the presence of ¥ ' in the latter inequality, which is the
matter of Lemma 5.2.
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LEMMA 5.2. Forany 0< s <3 there is a constant C such that, if ¢ is a piecewise linear
function on a triangulation €, of Q) satisfying (5.3) and extended by zero outside (), then

(5.5) lello.=Cy ' h7'*A,
where
1/2
a=[lernziv velk+y [ tovin:sias]
K K JsK

and v = (0, v,). Observe that if ¢ = Tg, then by Proposition 2.3, A=||Ts¢||,= C|g|-

Proof. The proof is the same as that of [5, Lemma 5.2]. The appearance of y~
in (5.5) depends on the presence of |#| and 1/», in the relations: dx,=n,ds=

(n- #/|7]) ds and ¢} =(1/v,)(7- Vo). Using the same notations as in [5] and repeating
the last step of the proof of [S, Lemma 5.2}, we obtain

M-1 M
|| A as,= RS (T a5
M-1
=I I lY(%,, )] d¢dx,+h ¥ j j lou(%y, O dé dx,
R JR i=1 JrJI
M
+ iZl JR [4’(21, §+) - ‘P(fl, f—)]z dfl

2
dx, dx,

éj l(%,, f2)|2 dx, dx,+h 2_ J_
Q R JEK

1 _
— (7 Vo)
vy

h 1
Slolt+ s 15 Voli+ 23 [ foTlu vlas
|V2| K |V| K Jok

1 1
——AT=— A%
5P Ty

A

where we have used ¢} =(1/v,)(#* Vo) and ¢ =0 on Q°. Using this result we get (see
[s1)

[ (%1, ) i w df.écsh“/zj A(%,)? d%, = Ch /2y A?
R R

and since by (2.1)

lello.s= C||‘P||2+J (%, e @) d%1,
R
we conclude that

lellos=Csy'h™"*A. 0

Changing coordinates from X back to the original coordinates x, we obtain from

Lemma 5.1 the following result: For any p >0 there is a constant C such that for
ge Ly (Q)

(T, = Ti) Togll = € min (1, (v(g, »))~*/*hV*77)| g].
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From this estimate it follows that for p >0

(5.6) (T, = Th)Tngll = (h'*?A(e, n) + B(, n))||g|
where
(5.7a) Ale,m)=C ¥ (y(n, ) 0.0,
y(u,v)Ze
(5.7b) B(e,n)=C Y oo,
y(u,v)<e

By (4.2), (5.6) and the argument following (5.1) we obtain the basic result of this paper
as follows.

THEOREM 5.1. Suppose that h=h(n) and & = e(n) have been chosen so that for
some p>0

h'/®7*A(e,n)>0asn->o and B(e, n)->0asn-c,

where A(e,n) and B(e, n) are given by (5.7). Then for sufficiently large n, (I-—
ATHY ™ Ly(Q) > L, (Q) exists and is uniformly bounded.

6. An error estimate. In this section we prove an error estimate for the scalar flux
U. We shall use the following splitting:

(6.1) =X+,

ned pel, pel;

where

]s={:u'€A: mln(lSIn(“‘,dk)‘)<€=<—;i—>’k=la 'aP}a

J.={ueA:nel}

THEOREM 6.1. Let U and U" satisfy (1.5) and (2.8) respectively. Then there is a
constant C such that for U and fe H'(Q),

1 1
ju-vil= (L enm)anul i,

The proof of Theorem 6.1 is based on the following lemma.
LEMMA 6.1. There is a constant C such that for ge H'(Q)

z w;l-' T;Lg‘l = C"gnl
pelJ;
Let us postpone the proof of Lemma 6.1 and first show that Theorem 6.1 follows
from this lemma and the splitting (6.1).
Proof of Theorem 6.1. We have by (1.5) and (2.8)
(I-AT)(U-UN=(T-T,)AU+)H(T,~T)QAU+f)=e,+e,

with the obvious notation. By Lemma 4.3 with g =AU +f we have
1 1
(62) led =IT-TAU+I= (372 ) ATUL+ 7.

To estimate e” we use the splitting (6.1), (2.10a) and the L,-stability estimate

I(T. - Twel=Clgl,
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resulting from Propositions 2.2 and 2.3, to obtain

lell= £ ol(T-Thgl=( T o+ T 0, )I(T.-Thal

melg nelJg

=Clgl ¥ w.+Ch'? ¥ w,|T.gl.

pel, nelJ;

But, for e =7/M, Y, ,_, contains at most Np elements, where p is the number of sides
of Q. Since w,j= WA, =27/ M)A, by (4.3) and Lemma 6.1 we have

C
=< L Npllgl+Ch g, = (——+ W)
letl =7 -~ Nellel+Ch”lgh= (57 +h"2) gl
and the desired result follows from (6.2) and Theorem 5.1. O
Proof of Lemma 6.1. By an orthogonal coordinate transformation, we may assume
that u = (wq, 0), || =r. Using Proposition 2.2 we have

a(T,8)
(6.3)
T L
Let »=(0, v,) with |v|=1 i.e.,, v=(0, 1) be orthogonal to u, then
0 d
(64) | (Lo _|aoT0)|
8x2 ov

Recall that
v-n
pen’

ar od
T.g(x)= J' e ’g(x—su)ds and —=r
0 ov

Thus

‘n
u-n

E) a9
(6.5) —(T,g(x))= e /" (x d— ) + j e *— g(x—su) ds.
v 0 ov

Squaring (6.5) and integrating over (Q, using the same techniques as in the proof of
Lemma 4.4 we find that
venl|?

2 d 2
=o(J, e sl ue) [ 5
d/r 9 2
+j I e'zs(—-g) dsdx)=C(I”+J"),
alJo v

(g)

dx 1 de

diam Q C
ngcj e‘z"l/’dxlj || 2 RIS j g+ n| ds
0 ro lpenl |ul ||l nl
C J )
=———| lgfds=——lzl3,
|l - | m l| “n

where we have used the fact that u is parallel to the x,-axis, dx, = (|u - n|/|u|) ds and
the trace estimate ||g|r= C| g||..
Let now v+ Vg =0 on R’\(; then

J”§CJ f e"23|Vg|2dsdx_S_C||Vgllzj e *ds=C|Vg|>
R? 0

0
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Thus, by (6.3) and (6.4) we have

1 1
(66) Tualy= 9Tl = (Lt =gl
»&h w " M W "3”1

Using (4.3) we have

_’i< .._"=

20 M ( N Ak) 2 5o N rk+1
=u ) < Ty 2T

PR AP AR 2
cJ

k=1 |I-ij| M AN n

sin 6+
N2, sin 6, ~

So that since sin 6,.,/sin 6, is decreasing,

N 3 N 3 N q
sin 6y, sin 0 sin 4o
—Hl<c ¥y —2=C

k=1 Sin @,  (Zi1sinf, (= sina

where a = 7/(4N +2). Hence

=CN,

b

(6.7) e
neJ; ll"/l

Moreover, using the splitting (6.1) we get

R T e T Sl | G
werNTullw - nl W&\ wsin (u, d)| \k=1 lwd /\M o27/m |sin 6,/

It is easy to show that

N A
—t=c
k= 1|,U~k|
and since
27 2 _J‘"<CJZW;-d0—4CIﬂ/2 L_go=nc
Mejg,,/Mx/lsian= 0 ~/|sin0j| B o Vsin# =7

we conclude

y B
werVullw - n

The inequalities (6.6)-(6.8) now yield the proof of Lemma 6.1. 0O

(6.8) =C
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