1 Laplace transforms

Exercises 1-6 are selected from Fourier Analysis, J. Petersson
Problem 1.1 Find the Laplace transforms to the following functions
a. at+b

b. (1+1)?

(t+3)0(t)

d. (1?2 —1)e*h(t)

o

e. sinh at
f. 2tet

g. et
h. et cos?2t

Problem 1.2 Find the Laplace transform of
a. +(e'+e7)

b. tsinht

c. te720(t —1)

d. te"tcos?t

Problem 1.3 Find a function f(t) with Laplace transform

1
s+1

1
s2+4
s+1
s2+1

S

(s+1)2(s2+1)




s+1
(s —3)*

€.

Problem 1.4 Determine the functions, whos Laplace transform is

0 —
T s2—-25—3
b s+ 2
Cs244s5+5
1
c. ——M —
(s—2)2+9
1
g 5Tt
s3 + 52 — 6s
3s
e. —
s2425—8
1+e 8
f.
S

Problem 1.5 Solve the following differential equations for t > 0
a. ¥ +2y=e3 y(0) =4

b. ¥ +ay=0(t), y(0) =b

c. y—y=¢e”, y(0)=-1

d. y"+2y +y=e€* y(0)=0, y(0) =1

e. v +w?y =0, y(0)=A, y'(0)=B

[y +4y +13y=2et, y(0) =0, ¢ (0) = -1

gy +4y =8e*, y(0) =0, y'(0) =3

h. y" — 2y + 2y = cost, y(0) =1, y'(0) =0

i. Yy + 4y = 3et, y(0) =2, y'(0) =1

J- 4+ 2y+2y=20(t), y(t) =0 fort <0



Problem 1.6 Solve the following integral- and integrodifferential equations

a.

¢
/ y(r)dr + 2y =4
0

dy

t
— +2y -I—/ y(T)dT = cost, y(0) =1
dt )

dy ¢ 4
— +4y+5 [ y(rydr=e",  y(0)=0
dt 0

t
y—2/y(t—7)cos(7')d7':sint, t>0
0

Problem 1.7 Use Laplace transforms to solve

{ y"(t) + 3y'(t) + 2y(t) = cos(2t), t >0,
y(0) =y'(0) = 1.

Problem 1.8 Use Laplace transforms to solve the differential equation

y///_y//_y/+y:tet’ t>0,
y(0)=0, ¢'(0)=1, ¥"(0)=0.



Problem 1.9 Solve the integral equation

{ u"(t) + u(t) = fot e (7)) dr — cos(t),
u('0) = 0, u(0) = 1.

Problem 1.10 Use Laplace transform to solve u in the following system of
differential equations:

w +2u+ v =te?,

vV—u=1t+1,

u(0) =1, wv(0)=0.
Problem 1.11 Solve the integral equation

{ y(t) +2y(t) +2 [fy(r)dr =1+e™", >0,
y(0) = 1.

Problem 1.12 Solve, for t > 0, the integral equation below
t
y'(t) + 2y(t) — 2/ y(t) sin(t — 7)dr = cost, y(0) = 1.
0
Problem 1.13 Find the solution of the following integral equation
t
y(t) + / y(7)sin(t — 7)dr =1 — 0t — 27).
0
Problem 1.14 Determine the function y(x) satisfying the integral equation
y" — 2y — 5y + 6/ y(t)dt=1-0(x—1), y(0)=1, %'(0)=0.
0

Problem 1.15 Let t > 0 and solve the differential equation

y'+2y+10y = f(t),  y(0)=y'(0) =0,

where



Answer 1.1
a. a/s>+0b/s
b. 2/s3+2/s*+1/s

c. s 24357t

d. 2(s=3)3—(s=3)7!
a
e 5
f. 2(s—1)72
g 2(s+4)73
h.
s
2
cos2t D — 1

Answer 1.2
a. s(s?—1)71
b. 2s(s* —1)72

C.

et cos 2t D

_ s—1

(s—1)24+4 s2-25+5

6(t—1)D / eSOt —1)dt = / e ftdt = e S5\,
0 1

t0(t — 1)

ds

s —1)

d
D ——(e’s

= e_s(s_1 + 5_2)

te™0(t—1)De 7 [(s+2) " + (s+2)7°].

1 s2+2s—3

d.
2(s+1)2  2(s®2+2s+5)?

Answer 1.3



a. et

b. % sin 2t
c. cost +sint

S(sint — te™)
e. ¢(3t% + 4t3)e*
Answer 1.4
a. e'(cosh 2t + 3 sinh2¢) =2 €3 + e
b. e % cost
c. ze*sin3t
d —Ll43e2t_ 2%
e. 2¢ 4 + e
f.14+0(t—-1)
Answer 1.5

a. From the table we have that Ly'(t) = sY(s) — 4 and Le ' = (s + 3)7!,
le.

1
Y(s)—4+42Y(s) = .
SY(9) =442V () = —
We solve the preceding equation, which yields
1 4

Y(s) =

G13)(5+2) st2

To obtain y(t) = L7V (s) we consult a table of inverse transforms and
find that y(t) = be 2" — e

b. 2[1+ (ab—1)e ] if a # 0

c. y=e? — 2



j-

Cy(t) = e H(t + 5t?)

.y = Acoswt + B/wsin wt

y(t) = ée‘t — %e_Qt(cos 3t + 2sin 3t)
e’ —cos 2t + 1 sin 2¢

(cost — 2sint + 4e’ cost — 2e sin t)

Nl ot

_ 1 -4t 4 3.t
0¢ —|—5e

O(t) — e *0(t)(cost + sint)

Answer 1.6

a. The transform of the integral of y(t) is s7'Y(s) which implies

1 4
-Y 2Y = — Y — ) =2 —t/2
Y=t Y=g ul) =2
b. y(t) = 5(e* — te™" + cost)
c. y(t) = (e *sint +e *cost —e !
d. y(t) = et + e + 5e3
e.
s 1 1 1 Ly
Y(S) 82—}—1:? Y(S):; 5_3 y(t):1+§t
f.y=te
Answer 1.7
1 3 7 14
y(t) = —% COS(Qt) —+ 1—0 51n(2t) _ Ze*Qt + geit-
Answer 1.8
7 7 1 1 1
t) = —— —t ot _tt__tQt _t3t.
y(t) 166 +16e—|—86 8e+126



Answer 1.9

w(t) = ——e=1? sin(v/3t/2) + cos(t) — sin(?).

V3
Answer 1.10
t § t t° t
=1—t—tet+—et——et.
U e "+ 9 e 66
Answer 1.11
y(t) = (=14 2cost +sint)e”".
Answer 1.12
y(t) =1—te ™"
Answer 1.13

y(t) = %(1 +cos(v/21)) - %(1 + cos(Va(t — 2m)))0(t — 2m).

Answer 1.14
2 3 1 1 1
y(r) = ge?"” + ge*% + (66“1 - 1—063(””’1) - Ee’Q(‘”’l))H(m —-1).
Answer 1.15
(0 %(25int+9cost>—68—?(9c053t+1—;sin3t>, 0<t<7/2
y t - B T/2—
_%<9cos3t+ %Sin3t) _e é5 : (25in3t+ %cos3t>, t>m/2



