1 Separation of Variables

Use separation of variables to solve the following problems:

Problem 1.1 Solve the following initial boundary value problem

Upy = Uy, 0<z <1, t >0,
u(0,t) = u(1,t) =0, t>0,
u(z,0) =1, 0<z <1

Problem 1.2 Solve the following problem with isolated boudaries

Ugr = Uy, O0<z <1, t >0,
uz(0,t) = uz(1,t) =0, t>0,
u(z,0) =z, 0<z<1.

Problem 1.3 Solve the following problem with isolated boudaries

Up = TUgy, O<z<m, t>0,
u(0,1t) = u(m,t) =0, t>0,
u(z,0) = 3sin(2z) — 6sin(5x), 0<z <.

Problem 1.4 Solve the homogeneous heat equation

Ugyr = Uy, O0<x <1, t>0,
u(0,t) = u(1,t) =0, t>0,
u(z,0) = min(z,1 — z), 0<z <L

Problem 1.5 Solve the homogeneous heat equation

Uge = Ut + U, O0<x <1, t>0,
u(0,t) = u(1,t) =0, t>0,
u(z,0) = sin(rz), 0<z <1

Problem 1.6 Solve the homogeneous heat equation

Ugy = Ut + U, O<zx <1, t >0,
u(0,1) = u(1,1) = t>0,
ut(xO)zl 0<z <.



Problem 1.7 Solve the following heat equation having inhomogeneuos bound-
ary condition

Ugy = Uy, 0<z <1, t>0,
u,(0,t) =0, u(l,t) =€, t>0,
u(z,0) =1, 0<z <.

Problem 1.8 Solve the following inhomogeneuos heat equation

ut:um—sin%Tx, 0<z <L, t >0,
u(0,t) = u(L,t) =0, t>0,
u(z,0) =0, 0<z<L.

Problem 1.9 Solve the following initial boundary value problem

Uy = Uy, O<z<m, t >0,
u(0,t) = u(m,t) =0, t>0,
u(z,0) = sin(3z), u(z,0) = 2sin(4z), 0<z <.

Problem 1.10 Solve the following initial boundary value problem

Upp = Ugy, 0<zx <1, t >0,
u(0,1) = u,(1,%) =0, t>0,
u(z,0) =0, u(z,0) =2%> -2z, 0<z<l1.

Problem 1.11 Solve the following wave equation

Uge = Uy + U, O<zx<m, t>0,
u(0,1) = uy(m,t) =0, t>0,
u(z,0) = z, u(z,0) =0, 0<z<m.

Problem 1.12 Solve the following homogeneous wave equation

Upp = Ugy — U, O0<zx <1, t >0,
u(0,t) = u(1,t) =0, t>0,
u(z,0) =0, u(z,0) = zsin(rz), 0<z <1

Problem 1.13 Solve the following inhomogeneous wave equation

Upy = Uy — 1, O0<zx <1, t>0,
u(0,t) = u(1,t) =0, t>0,
u(z,0) = ug(x,0) =0, 0<z<l



Problem 1.14 Solve the following inhomogeneous wave equation

Ugy = Uy — 1, 0<x <1, t >0,
u(0,t) =0, u(1,t) =1, t>0,
u(z,0) =z, u(z,0) =0, O0<z<l.

Problem 1.15 Solve the Laplace equation in the rectangular domain given
by Q= 1[0,7] x [0, 7]:

Ugg + Uyy = 0, O<z<m, O<y<m,
u(0,y) =0, u(m,y) =, 0<y<m,
u(z,0) =0, u(z,m)=2, 0O0<z<m.

Problem 1.16 a) Solve the Laplace equation in the rectangular domain given
by Q =[0,a] x [0,1]:

ua:a:"'uyy:(), O0<z<a, O<y<1,
uw(O,y) = uw(a: y) =0, O<y<l1,
u(z,0) =0, u(z,1) = f(z), 0<z<a.

b) Show that
/ u(z,y) dw:y/ f(z)dz.
0 0

Problem 1.17 Solve the homogeneous Laplace equation

Ugg + Uyy = 0, 0<z <1, y > 0,
u(0,y) =e7Y, u(l,y) =0, y >0,
u(z,0)=1-—=x, |limy 0 u(z,y)| < 00, 0<z<1.

Problem 1.18 Solve the inhomogeneous Laplace equation

Ugg + Uyy = —2, 0<z <1, y >0,
U’(07y) = U’Sﬂ(lay) = 07 Y > 07
u(z,0) =0, | limy oo u(z,y)| <00, 0<z <1
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Note that the solution to problem 14: w4 = ui3 + x, where ug is just the
solution of problem 13. Why?
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b) Integrating u(z,y) in z-direction we have fo cos "% dx = 0. Thus
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