Lésningar TMA205/225 K2, Bt2, Kf2, 4 poing, 03-10-25

1. Betrakta begynnelsevirdesproblemet

—u"=1, z€(0,1), u(0)=u(l)=0.
(a) Los ekvationen analytiskt.
(b) Dela in intervallet [0,1] i tre delintervall och berdkna fér hand den styckvis
linjéra finita element 16sningen U.

Lésning: (a) Vi har att

—u(z) =1 = u/(z) = -z + C = u(z) = —2?
u)=0= -14+C=0=C=1= u(z) = Lz(1 - 2).

(b) Med dem givna homogena randdata och partitionen zg = 0, 1 = 1/3, 22 =
2/3, z3 =1, har vi

79 | u(x)

0 13 23 1

X
0 1 2 3

med endast tva bas funktioner:

3z, 0<z< 1/37
p1(@) = { 3(2/3-=), 1/3<z<2/3,
och
[ 3(z—1/3), 1/3 <2 <2/3,
@2()—{3(?{_3}), 2/3§;S1-

For styckvis linjdra finit element 19sningen géller

U(z) = Urp1(z) + Uapa(z) = u(z1)p1(2) + ulz2)p2(z) =

1
= 5 (0@ +e2(@)).
Insdttningen av ¢;, 1 = 1,2 ger
z/3, 0<2<1/3,
Ul)=< (2/3-2)/3+(x—-1/3)/3=1/9, 1/3<z<2/3,

(1-12)/3, 2/3<z <1
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2. Visa en a priori feluppskattning for en styckvis linjir FEM f6r problemet
—u"+u=f z€(0,1), u(0)=u(l)=0.

Lésning: Varitionsformuleringen blir (efter partiell integration)

1 1 1
(VF) / u'v'dx-{-/ uvdx:/ fvdez, Vv € Hy.
0 0 0
Lat nu
V2 =: {v: v linjir, styckvis kontinuerlig och v(0) = v(1) = 0} C Hy.
Finit element formulering: Finn U € V,? s& att
1 1 1
(FEM) / U'v' dx + / Uvdr = / fvde, YveVyP.
0 0 0

Nu (VF)-(FEM) ger Galerkin ortogonalitet:

1 1
(G J_) / (U—U)’v’d$+/ ('LL—U)’Uda;’:O’ V'UEV’.?
0 0

Relevant norm for uppskattning av felet e = u — U, blir di energinormen:

1 1 1/2
llell& == (/0 (e')2da:+/0 ezdw) i

D4 har vi med v € V)0 att
llell% =[l(w = U)'|I> + |lu - U||?

:/1(u—U)'(u—v+v—U)'dx+/1(u—U)(u—v+v—U)dx
0 0
=/0 (u—=U) (u—v) dw—}—/() (u—U)(u—v)dz
+/ (u—U)'(v—U)'dw+/ (u — U)(v — U) dz{denna rad =0 pga G L}
0 0

1 1
:/ (u—U)’(u—v)’da:+/ (= U)(u —v) da

0 0
<{Cauchy-Schwartz} < ||(u — U)"||[|(u = v)'|| + [lu = Ull||lu — v||

1 1 1 1
<Mu—TUVI2 4 211w — V112 + 2l = T2 + =l — oll2.
<= 0Y I+ Sl = o) I+ Sl = U + Sl

Alltsa
lell = ltw = U)II” + [lu—Ul* < [|(w—=0)'II” + lu—o*, VveVy.

Vilj nu v = mpu. wpu dr den linjdra interpolanten av w. Genom att anvinda
feluppskattningar for interpolanten far vi
/“2

llellE < 1w —mnw) I + llu — mpul|?

2
< Gl |1? + C2llhad [P < (Cillh”|| + Cillw'])
Alltsa vi har foljande a priori feluppskattning;:
lellz < G (11hul| + Iu'l]) = O(h).
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3. Consider the boundary value problem

—Au =0, inabounded domain Q C R, d=2,3.
g—z-l-u:g, on I' = 90.

Prove the Lo stability estimate
1 1
IVullZ ) + llullz.m) < 5ll9ll7.a)-
Solution: Using Greens formula we have that

/Q|Vu|2:/QVU-Vu:—/Q(Au)u+/m§—2u:/m(g—u)u.

In other words
1 1
||VU||%2(Q) + ||U||i2(r) = /89 gu < ||9||%2(r)||u||%2(r) < 5||9||%2(r) + §||U||%2(r);

which gives the desired estimate.

4. Let || - || denote the L2(0, 1)-norm. Consider the one-dimensional problem:
u—u" =0, 0<z<1, t>0,
u(z,0) = uo(z), 0<z <1,
u(0,t) = ux(1,t) =0, t>0.

a) Verify that ||u(-,t)|| and ||uz(-,t)|| are nonincreasing functions in ¢.
b) Show that ||uz(:,t)|| — 0 as t = c0. ¢) Interprete a) and b) physically.

Solution: a) Multiply the equation by u, integrate over (0, 1). Integrating by parts
and using the boundary conditions we have

1 1
0:/ uudx—/ v'udz
0 0

1 d 1 1 2
=@ / W do + / () dz— (1, )u(1,2) + u' (0, £yu(0, )
0 0
1d
= 5 gl + Il'|?
This implies that
1d 2 "2
- = = — <
5 il = =l <o,

with equality only if ug = 0. Thus u is decreasing.
Multiplying the equation by u" would yiels

1 1 1 1 9
0= / " dz — / (") dz = [iu']o — 5 / = (u)? +2(u")? da.
0 0 2/, ot

Now since u(0,t) = 0 we get 4(0,t) = % (u(O, t)) = 0 which together with «/(1,t) =

0 gives that

1d
sl = [ll” <o,
and hence u' is decreasing as well.

b) Time integration of the first equality in a) yields:
T
G DIF +2 [ [ de = [l 01 =

To get a convergent integral as T — oo it is necessary to have ||u/||? = 0.
c¢) In the absence of a heat source, the temperature and heat flux are decreasing
(non-increasing) in time, in particular the heat flux tends to 0 as T' — oc.

V.g.V.
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5. Antag att f € C2(a,b). Visa att det finns en interpolationskonstant Cj,
oberoende av f och intervallet (a,b), sd att for linjir interpolation II; f har vi
foljande feluppskattning

Iy f = fllpe @y < Cild = a)? || f"]|L o (a,t)-

Losning: See PDE Lecture Notes Chapter 5

6. Betrakta Dirichlets problem fér Poissonekvationen, —Au = f,i Q, u = 0, pa
09, dir Q &r ett polygonomrade i R2. Visa stabilitetsuppskattningen

IVull < Call £]-

Losning: Se PDE Lecture Notes Chapter 15.

MA



