
TMA682, Extra Exerises inStability and Error estimates
1. Let k�k denote the L2(0; 1)-norm. Consider the following heat equation8<: _u� u00 = 0; 0 < x < 1; t > 0;u(0; t) = ux(1; t) = 0; t > 0;u(x; 0) = u0(x); 0 < x < 1:a) Show that the norms: jju(�; t)jj and jjux(�; t)jj are non-inreasing intime. jjujj = � R 10 u(x)2 dx�1=2.b) Show that jjux(�; t)jj ! 0; as t!1.) Give a physial interpretation for a) and b).2. Consider the problem�"u00 + xu0 + u = f; in I = (0; 1); u(0) = u0(1) = 0;where " is a positive onstant, and f 2 L2(I). Prove thatjj"u00jj � jjf jj:3. Give an a priori error estimate for the following problem:(auxx)xx = f; 0 < x < 1; u(0) = u0(0) = u(1) = u0(1) = 0;where a(x) > 0 on the interval I = (0; 1).4. Prove an a priori error estimate for the �nite element method for theproblem�u00(x) + u0(x) = f(x); 0 < x < 1; u(0) = u(1) = 0:1



5. (a) Prove an a priori error estimate for the G(1) approximation of theboundary value problem�u00 + u0 + u = f in I = (0; 1); u(0) = u(1) = 0;where  � 0 is onstant.(b) For whih value of  is the a priori error estimate optimal?6. We modify problem 2 above aording to�"u00 + (x)u0 + u = f(x) 0 < x < 1; u(0) = u0(1) = 0;where " is a positive onstant, the funtion  satis�es (x) � 0; 0(x) �0, and f 2 L2(I). Prove that there are positive onstants C1; C2 andC3 suh thatp"jju0jj � C1jjf jj; jju0jj � C2jjf jj; and "jju00jj � C3jjf jj;where jj � jj is the L2(I)-norm.7. Show that for a ontinuously di�erentiable funtion v de�ned on (0; 1)we have that jjvjj2 � v(0)2 + v(1)2 + jjv0jj2:Hint: Use partial integration for R 1=20 v(x)2 dx and R 11=2 v(x)2 dx andnote that (x� 1=2) has the derivative 1.8. Determine the solution for the wave equation8<: �u� 2u00 = f; x > 0; t > 0;u(x; 0) = u0(x); ut(x; 0) = v0(x); x > 0;ux(1; t) = 0; t > 0;in the following ases:a) f = 0:b) f = 1; u0 = 0; v0 = 0.
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