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1. Let 71 f be the linear interpolant of a twice continuously differentiable

function f on the interval I = (a,b). Prove that

).
f = 7S ey < (0= a)?|[f"| L)

2. (a) Derive the stiffness matrix and load vector in the global polynomial

approximation U(z) = Y ;&t" for the following ODE,
u(t) = du(t), 0<t<1, u(0) = up.

(b) Let up = 1 and A = 2 and determine the approximate solution U(t),
forg=1and q = 2.

3. Consider the Laplace equation with the Dirichlet boundary condition

—Au=f in Q={(z,y):0<2<1,0<y<1}
u =0, on O0f),
a) Show that ||D?u|| = ||Aul|, where (D*u)* = u}, + 2u?, +u,.

du
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b) Show the same result for the Neumann boundary condition
09 (instead of u = 0 on 0N ).

c¢) Show in the Dirichlet case (when u = 0 on 02 ) that ||u|| < Cql|Vull
(Poincare’s inequality). What is the numerical value of the constant Cq?

. Let p be a positive constant. Prove an a priori and an a posteriori error
estimate (in the H'-norm: ||e||%, = ||¢'||+||e||) for a finite element method
for problem

—u" + pru’ + (1 + g)u =f, in (0,1), u(0) = u(1) = 0.
. Consider the initial boundary value problem for the heat equation
u— Au =0, z€QCR, 0<t<T,

u(z,t) =0 xBnos, 0<t<T,
u(z,0) = ug(x), = €.

Prove the following stability estimates

[ul*(T) +2/0 IVull*(t) dt = Jluol®, (1)
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