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Chapter 0

Introduction

This note presents an introduction to the Galerkin finite element method
(FEM), as a general tool for numerical solution of differential equations (both
ODEs and PDEs). Iteration procedures are included in order to efficiently
compute the numerical solutions to matrix equations. Interpolation tech-
niques are presented to derive basic a priori and a posteriori error estimates
necessary in determining qualitative/quantitative properties of the approxi-
mate solutions. Some theoretical aspects as existence, uniqueness, stability
and convergence are discussed as well. Galerkin’s method for solving a gen-
eral differential equation (both PDEs and ODEs) is based on seeking an
approximate solution, which is

1. Easy to differentiate and integrate

2. Spanned by a set of “nearly orthogonal” basis functions in a finite-
dimensional vector space.

3. Galerkin orthogonality. Roughly speaking, this means that: the error

between the exact and approximate solutions is orthogonal to the finite
dimensional vector space containing the approximate solution.

0.1 Preliminaries

e A differential equation is a relation between an unknown function u and
its derivatives u(k), 1 <k < N, where k and N are integers.

7
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o If the function u(x) depends on only one variable (x € R), then the equation
is called an ordinary differential equation (ODE).

e The order of the differential equation is determined by the order of the
highest derivative (N) of the function u that appears in the equation.

e If the function u(x,t) depends on more than one variable, then the differ-
ential equation is called a partial differential equation (PDE), e.g.:

(2, 1) — uge(x,t) =0,
is a homogeneous PDE of second order whereas

uyy(x> y) + ul‘l‘(x> y) = f(!lﬁ', y)>
is a non-homogeneous PDE of second order.

e A solution to a differential equation is a function; e.g. u(z), u(z,t) or
u(z,y).

e In general the solution u cannot be expressed in terms of elementary func-
tions and numerical methods are the only way to solve the differential equa-
tion by constructing approximate solutions. Then the main questions are:
how close is the approximate solution to the exact solution? and how and in
which environment does one measure this closeness? In which extent does
the approximate solution preserve the physical quality of the exact solution?
These are some of the questions that we want to deal with in this text.

e A linear ordinary differential equation of order n has the general form:
L(t, Dyu = u'™ (t) + an_1 ()u™ V() + ...+ ar (' (t) + ao(t)u(t) = b(t),

where D = d/dt denotes the derivative, and u*) := Dy, with D* := C‘lit—’;, 1<
k < n (the k-th order derivative). The corresponding linear differential
operator is denoted by

n dn—l

L(t, D) = — + @n_l(t)w

d
o + ...+ a1 (t)— + ao(t).

dt

0.2 Trinities

Below we introduce the so called trinities classifying the main ingredients
involved in the process of identifying and modeling problems in differential
equations, see Karl E. Gustafson [14] for details.
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The usual three operators involved in differential equations are

0? 0? 0?
Laplace operator A, = 0—1'% + 3—x§ +...+ O—x%’ (0.2.1)
0
Diffusion operator prie Ay, (0.2.2)
82
D’Alembert operator [0 = g Ay, (0.2.3)
where we have the space variable x := (z1,29,23,...,2,) € R", the time

variable t € R*, and 0%/0x? denotes the second partial derivative with re-
spect to x;, 1 < i < n. We also define a first order operator, namely the
gradient operator V,, which is a vector valued operator and is defined as

follows
o 0 0 )

Oxy Oxy’ 7 Oxy

=

Classifying general second order PDEs in two dimensions

The usual three classes of second order partial differential equations are el-
liptic, parabolic and hyperbolic ones.

A general second order PDE with constant coefficients in 2-D
Atz (2, y)+2Bugy (v, y)+Cuyy(z, y)+Dug(x, y)+Euy(x, y)+Fu(z,y)+G = 0.

Here we introduce the discriminant d = AC — B?: a quantity that specifies
the role of the coefficients in determining the equation type.

Discriminant  Type of equation Solution behavior
d= AC — B?> >0 Elliptic stationary energy-minimizing
d=AC — B?> =0 Parabolic smoothing and spreading flow

d=AC — B?> <0 Hyperbolic a disturbance-preserving wave
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Example 0.1. Below are the classes of the most common differential equa-
tions:

Elliptic Parabolic Hyperbolic
Potential equation Heat equation Wave Equation

2 2 2
%ﬂLg—yZ:O %—Auzo %—Auzo
Upa (2, Y) + tyy(2,9) =0 we(t, ) — Uge(2,8) =0 uy(x,t) — Ugs(2,t) =0
A=C=1,B=0 B=C=0,A=-1 A=-1,B=0,C=1
d=AC-B*=1>0 d=AC - B*=0 d=AC - B*=-1<0.

Second order differential equations with variable coefficients in 2-D
In the variable coefficients case, one can only have a local classification.

Example 0.2. Consider the Tricomi operator of gas dynamics:
Lu(z,y) = Ytz + Uy,

Here the coefficient y is not a constant and we have A = y, B = 0, and
C =1. Hence d = AC — B? = y and consequently, the domain of ellipticity
isy >0, and so on, see Figure 1.

Y

elliptic

parabolic

hyperbolic

Figure 1: Tricomi: an example of a variable coefficient classification.



0.2. TRINITIES 11

e Summing up and generalizing to n space variables we have

Mathematical Surname Physical Classification
Quantity Name Type
A, Laplacian Potential operator Elliptic
% - A, Heat Diffusion operator Parabolic
0= 572; — A, d’Alembertian Wave operator Hyperbolic

The usual three types of problems in differential equations

1. Initial value problems (IVP)

The simplest differential equation is u'(x) = f(z) for a < x < b, but also
(u(z) + ¢)" = f(x) for any constant ¢. To determine a unique solution a
specification of the initial value u(a) = ug is generally required. For example
for f(z) = 2z, 0 < x < 1, we have v/(z) = 2z and the general solution is
u(z) = 2% + ¢. With an initial value of u(0) = 0 we get u(0) = 0> + ¢ =
¢ = 0. Hence the unique solution to this initial value problem is u(z) = z?.
Likewise for a time dependent differential equation of second order (two time
derivatives) the initial values for ¢t = 0, i.e. u(x,0) and wu.(z,0), are generally
required. For a PDE such as the heat equation the initial value can be a
function of the space variable.

Example 0.3. The wave equation, on the real line, augmented with the given
initial data:

utt—um:O, —o0 < <00, t>0,

u(z,0) = f(z), w(z,0)=g(z), —o<r<oo, t=0.

2. Boundary value problems (BVP)

a. Boundary value problems in R

Example 0.4. Consider the stationary heat equation:

—[la(z)u'(z)] = f(x), for 0 <x<1.
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In order to determine a solution u(x) uniquely (see Remark 0.1 below),
the differential equation is complemented by boundary conditions im-
posed at the boundary points x = 0 and x = 1; for example u(0) = wug
and u(1) = uy, where uy and uy are given real numbers.

b. Boundary value problems in R"”

Example 0.5. The Laplace equation in R, x = (x1,29,...,2,):
Pu  0*u 0u
A=+ ——5+...+ —= =0, Q C R,
U 022 + 012 +...+ 022 xellC
u(x) = f(x), x € 022 (boundary of ).

Remark 0.1. In general, in order to obtain a unique solution for a (partial)
differential equation, one needs to supply physically adequate boundary data.
For instance in Ezample 0.1 for the potential problem uyy, + w,,, stated in
a rectangular domain (x,y) € Q = (0,1) x (0,1), to determine a unique
solution we need to give 2 boundary conditions in the x-direction, i.e. the
numerical values of u(0,y) and u(l,y), and another 2 in the y-direction:
the numerical values of u(x,0) and u(z,1); whereas to determine a unique
solution for the wave equation uy —uz, = 0, it is necessary to supply 2 initial
conditions in the time variable t, and 2 boundary conditions in the space
variable x.

3. Eigenvalue problems (EVP)

Let A be a given matrix. The relation Av = Av, v # 0, is a linear equation
system where A\ is an eigenvalue and v is an eigenvector. In the example
below we introduce the corresponding terminology for differential equations.

Example 0.6. A differential equation describing a steady state vibrating
string 1s given by

—u"(z) = Mu(x), u(0) = u(m) = 0,

where X is an eigenvalue and u(x) is an eigenfunction. u(0) =0 and u(mw) =0
are boundary values.
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The differential equation for a time dependent vibrating string with small
displacement, which is fized at the end points, is given by
U (2, 1) — U (x, 1) = 0, 0<zxz<m, t>0,
uw(0,t) =u(m,t) =0, t>0, wu(z,0)=f(z), w(z,0)=gx).
Using separation of variables, see also Folland [11], this equation can be split

into two eigenvalue problems: Insert u(x,t) = X(x)T'(t) # 0 (a nontrivial
solution) into the differential equation to get

U (2,t) — g (2, 1) = X (2)T"(t) — X" (2)T(t) = 0. (0.2.4)
Dividing (0.2.4) by X (2)T'(t) # 0 separates the variables, viz

T//(t) _ X//(:L,)

A0 X0 =A=C (independent of x and t). (0.2.5)

Consequently we get 2 ordinary differential equations (2 eigenvalue problems):
X"(z) = X (2), and — T"(t) = \T(t). (0.2.6)
The usual three types of boundary conditions

1. Dirichlet boundary condition
(the solution is known at the boundary of the domain),

u(x,t) = f(x), for x=(z1,29,...,2,) €0Q, t>0.

2. Neumann boundary condition
(the derivative of the solution in the direction of the outward normal is
given)
ou
a—n:n-grad(u):n-Vu:f(x), x € 0N

n = n(x) is the outward unit normal to 002 at x € JS2, and

ou Ou ou )

grad(u) = Vu = <8x1’8x2""’8:c
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3. Robin boundary condition
(a combination of 1 and 2),
ou

8—n+k~u(x,t):f(x), k>0, x=(x1,22,...,2,) € .

Example 0.7. Foru = u(z,y) we have n = (ng, n,), with [n| = \/n2 + n2 =
1 and n - Vu = nyu, + nyu,.

= (nrv ny)

Figure 2: The domain () and its outward normal n at a point P € 0f).

Example 0.8. Let u(x,y) = 2* + y?. We determine the normal derivative
of u in direction v = (1,1). The gradient of u is the vector valued function
Vu = 2z - e, + 2y - e,, where e, = (1,0) and e, = (0,1) are the unit
orthonormal basis in R?: e, - e, = e,re,=1ande, e, =e, e, =0. Note
that v =e, + e, = (1,1) is not a unit vector. The normalized v is obtained
viz Vv =v/|v|, i.e.

o e, +e,  (1,1)  (1,1)

e.te] VIR V3
Thus with Vu(z,y) =2z - e, + 2y - e,, we get

~ e, +e
V'VU(%?J):ﬁ
x Y

2z e, 4+ 2y - ey).
which gives
(1,1)

V2

201,04+ 29(0,1)] = T2 (959, = QI\}L;@’.

V2

v Vu(x,y) =
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The usual three questions

I. In theory
|1. Existence, at least one solution u
12. Uniqueness, either one solution or no solutions at all
I3. Stability, continuous dependence of solutions on the data

Note. A property that concerns behavior, such as growth or decay,
of perturbations of a solution as time increases is generally called a
stability property.

11. In applications
[11. Construction, of the solution.
[12. Regularity, how smooth is the found solution.

[13. Approximation, when an exact construction of the solution is
impossible.

Three general approaches to analyzing differential equations

1. Separation of Variables Method

The separation of variables technique reduces the (PDEs) to simpler eigen-
value problems (ODEs). Also called Fourier method, or solution by eigen-
function expansion (Fourier analysis).

2. Variational Formulation Method

Variational formulation or the multiplier method is a strategy for extracting
information by multiplying a differential equation by suitable test functions
and then integrating. This is also referred to as The Energy Method (subject
of our study).

3. Green's Function Method
Fundamental solutions, or solution of integral equations (is the subject of an
advanced PDE course).
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Chapter 1

Partial Differential Equations

We recall the common notation R™ for the real Euclidean spaces of dimension
n with the elements x = (1, 29, ..., 2,) € R"™ In the most applications n will
be 1,2, 3 or 4 and the variables 1, o and z3 denote coordinates in one, two,
or three space dimensions, whereas x; represents the time variable. In this
case we usually replace (1, T2, 3, x4) by a most common notation: (x,y, 2, t).
Further we shall use the subscript notation for the partial derivatives, viz:

ou ) ou 9%u Pu . Pu
= u Uy = — Upy = 77, Upr = F 5> U= -5,
P Oxy PTor YT daoy dx? o2

Uy ete.

A more general notation for partial derivatives of a sufficiently smooth func-
tion u (see definition below) is given by

olely o g o™
= . S U
Ox{*...0xen  Ox' Oxy? Oxon
where aia;i , 1 <4 < n, denotes the partial derivative of order a; with respect
to the variable z;, @ = (aq,a9,...,q,) is a multi-index of integers «; > 0

and o] = a1 + ...+ .

Definition 1.1. A function f of one real variable is said to be of class C*¥)
on an interval I if its derivatives f', ..., f®) exist and are continuous on I.
A function f of n real variables is said to be of class C*) on a set S C R™ if
all of its partial derivatives of order <k, i.e. 0\°f/(0x$* ... 0x%) with the
multi-index |o| = a1 + ... + a, < k, exist and are continuous on S.

17
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A key defining property of a partial differential equation (PDE) is that
there is more than one independent variable and a PDE is a relation between
an unknown function u(xy,...,z,) and its partial derivatives:

F(T1, . Ty Uy Uy, Uy - -y Uy - - -5 O/ OTS L0xt, .0 =0. (1.0.1)

The order of an equation is defined to be the order of the highest deriva-
tive in the equation. The most general PDE of first order in two independent
variables can be written as

F(z,y,u(z,y), uy(z,y),u,(z,y)) = F(z,y,u, uy, u,) = 0. (1.0.2)

Likewise the most general PDE of second order in two independent variables
is of the form
F(Iayauauxauyauxxauxyyuyy) =0. (103)

It turns out that, when the equations (1.0.1)-(1.0.3) are considered in bounded
domains 2 C R", in order to obtain a unique solution (see below) one should
provide conditions at the boundary of the domain €2 called boundary condi-
tions, denoted, e.g. by B(u) = f or B(u) = 0 (as well as conditions for ¢ = 0,
initial conditions; denoted, e.g. by I(u) = g or I(u) = 0), as in the theory of
ordinary differential equations. B and I are expressions of u and its partial
derivatives, stated on the whole or a part of the boundary of €2 (or, in case
of I, for t = 0), and are associated to the underlying PDE. Below we shall
discuss the choice of relevant initial and boundary conditions for a PDE.

A solution of a PDE of type (1.0.1)-(1.0.3) is a function u that identically
satisfies the corresponding PDE, and the associated initial and boundary
conditions, in some region of the variables xi, z3,...,2, (or z,y). Note
that a solution of an equation of order k has to be k times differentiable.
A function in C%) that satisfies a PDE of order k is called a classical (or
strong) solution of the PDE. We sometimes also have to deal with solutions
that are not classical. Such solutions are called weak solutions. In this note,
in the variational formulation for finite element methods, we actually deal
with weak solutions. For a more thorough discussion on weak solutions see,
e.g. any textbook in distribution theory.

Definition 1.2 (Hadamard’s criteria). A problem consisting of a PDE asso-
ciated with boundary and/or initial conditions is called well-posed if it fulfills
the following three criteria:

1. Existence The problem has a solution.
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2. Uniqueness There is no more than one solution.
3. Stability A small change in the equation or in the side (initial and/or
boundary) conditions gives rise to a small change in the solution.

If one or more of the conditions above does not hold, then we say that
the problem is ill-posed. The fundamental theoretical question of PDEs
is whether the problem consisting of the equation and its associated side
conditions is well-posed. However, in certain engineering applications we
might encounter problems that are ill-posed. In practice, such problems are
unsolvable. Therefore, when we face an ill-posed problem, the first step
should be to modify it appropriately in order to render it well-posed.

Definition 1.3. An equation is called linear if in (1.0.1), F is a linear func-
tion of the unknown function u and its derivatives.

Thus, for example, the equation e**Yu, + z7u, + cos(z? + y*)u = y* is a
linear equation, while u? + ug = 1 is a nonlinear equation. The nonlinear
equations are often further classified into subclasses according to the type of
their nonlinearity. Generally, the nonlinearity is more pronounced when it
appears in higher order derivatives. For example, the following equations are
both nonlinear

Usy + Uyy = U° + u. (1.0.4)

Upy + Uy = |Vul*u. (1.0.5)
Here |Vu| denotes the norm of the gradient of w. While (1.0.5) is nonlinear, it
is still linear as a function of the highest-order derivative. Such a nonlinearity

is called quasilinear. On the other hand in (1.0.4) the nonlinearity is only in
the unknown solution u. Such equations are called semilinear.

1.1 Differential operators, superposition

We recall that we denote the set of continuous functions in a domain D (a
subset of R™) by C°(D) or C(D). Further, by C*)(D) we mean the set of all
functions that are k times continuously differentiable in D. Differential and
integral operators are examples of mappings between function classes as C*).
We denote by L[u] the operation of a mapping (operator) £ on a function u.

Definition 1.4. An operator L that satisfies
L[Brur + Bous] = B1Lur] + F2Luz), Vb1, B2 € R, (1.1.1)
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where uy and uy are functions, is called a linear operator. We may generalize
(1.1.1) as

ﬁ[ﬁlul + ...+ ﬁkuk] = ﬁlﬁ[ul] + ...+ ﬁkﬁ[uk], VBi,...,0 € R, (1.1.2)

i.e. L maps any linear combination of u;’s to corresponding linear combina-
tion of Llu;]’s.

For instance the integral operator L[f] = fab f(z) dz defined on the space
of continuous functions on [a, b] defines a linear operator from Cla, b] into R,

which satisfies both (1.1.1) and (1.1.2).
A linear partial differential operator £ that transforms a function u of

the variables x = (z1, %9, ..., x,) into another function Lu is given by
“ Oe - 0% e

where o represents any function v in, say C“, and the dots at the end indicate
higher-order derivatives, but the sum contains only finitely many terms.

The term linear in the phrase linear partial differential operator refers
to the following fundamental property: if £ is given by (1.1.3) and u;, 1 <
j < k, are any set of functions possessing the requisite derivatives, and
B;, 1 < j <k, are any constants then the relation (1.1.2) is fulfilled. This
is an immediate consequence of the fact that (1.1.1) and (1.1.2) are valid for
L replaced with the derivative. A linear differential equation defines a linear
differential operator: the equation can be expressed as L[u] = F, where £
is a linear operator and F' is a given function. The differential equation
L[u] = 0 is called a homogeneous equation. For example, define the operator
L = 0%/0xz* — 9*/0y?. Then

Llu] = Uy — Uy = 0,
is a homogeneous equation, while the equation
Llu] = gy — uyy =,

is an example of a nonhomogeneous equation. In a similar way we may define
another type of constraint for the PDEs that appears in many applications:
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the boundary conditions. In this regard the linear boundary conditions are
defined as operators B satisfying

B(Bruy + Boug) = f1B(u1) + B2B(us), V31, B2 € R, (1.1.4)
at the boundary of a given domain (2.

The Superposition principle. An important property of the linear op-
erators is that if the functions u;, 1 < j < k, satisfy the linear differential

equations L[u;] = Fj, and the boundary conditions (linear) B(u;) = f;
for 7 = 1,2,...,k, then any linear combination v := Zle Biug, £ <k,
satisfies the equation L[v] = Zle B F; as well as the boundary condition

B(v) = Zle 0; fi. In particular, if each of the functions u;, 1 < i < /, sat-
isfies the homogeneous equation L[u] = 0 and the homogeneous boundary
condition B(u) = 0, then every linear combination of them satisfies that
equation and boundary condition too. This property is called the superpo-
sition principle. It allows to construct complex solutions through combining
simple solutions: suppose we want to determine all solutions of a differential
equation associated with a boundary condition viz,

Llu] = F, B(u) = f. (1.1.5)
We consider the corresponding, simpler homogeneous problem:
Lu] =0, B(u) = 0. (1.1.6)

Now it suffices to find just one solution, say v of the original problem (1.1.5).
Then, for any solution u of (1.1.5), w = u — v satisfies (1.1.6), since L{w] =
Llu] — Lv)] = F—F =0 and B(w) = B(u) — B(v) = f — f = 0. Hence
we obtain a general solution of (1.1.5) by adding the general solution w of
(1.1.6) to any particular solution of (1.1.5).

Following the same idea one may apply superposition to split a problem
involving several inhomogeneous terms into simpler ones each with a single
inhomogeneous term. For instance we may split (1.1.5) as

E[ul] = F, B(ul) = 0,
Llus] =0, Blug) = f,

and then take u = u; + us.
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The most important application of the superposition principle is in the
homogeneous case: linear homogeneous differential equations satisfying ho-
mogeneous boundary conditions (which we repeat from above).

The Superposition principle for the homogeneous case. If the func-
tions uj, 1 < j < k, satisfy (1.1.6): the linear differential equation Llu;| = 0
and the boundary conditions (linear) B(u;) =0 for j = 1,2, ..., k, then any
linear combination v := Zle Giu;, ¢ < k, satisfies the same equation and
boundary condition: (1.1.6).

Finally, the superposition principle is used to prove uniqueness of solu-
tions to linear PDEs.

1.1.1 Exercises

Problem 1.1. Consider the problem
Uge +u =0, x€(0,0); u(0) =u(f) = 0.

Clearly the function u(x) = 0 is a solution. Is this solution unique? Does
the answer depend on (7

Problem 1.2. Consider the problem
Upe + Uy = f(2), x€(0,0); w(0) = u/(0) = =[u/(€) + u(0)].

a) Is the solution unique? (f is a given function).
b) Under what condition on f a solution exists?

Problem 1.3. Suppose u;, i = 1,2,..., N are N solutions of the linear dif-
ferential equation Llu] = F, where F' # 0. Under what condition on the
constant coefficients ¢;, 1 = 1,2,..., N is the linear combination Zf\il Cill;
also a solution of this equation?

Problem 1.4. Consider the nonlinear ordinary differential equation u, =
u(l —u).

a) Show that uy(z) = 1 and us(x) = 1 — 1/(1 + e*) both are solutions, but
wy + Uy 18 not a solution.

b) For which value of ¢y is ciuy a solution? What about cousy ?
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Problem 1.5. Show that each of the following equations has a solution of
the form u(z,y) = f(ax +by) for a proper choice of constants a, b. Find the
constants for each example.

a) uy +3u, =0. b)3u, —mu, =0. ¢)2u, +eu, =0.

Problem 1.6. a) Consider the equation uy, + 2y, + uy, = 0. Write the
equation in the coordinates s = x, t =x — y.

b) Find the general solution of the equation.

c¢) Consider the equation uy, — 2Uy, + duy, = 0. Write it in the coordinates
s=x+4+y andt=2x.

Problem 1.7. a) Show that forn =1,2,3, ..., u,(z,y) = sin(nmz) sinh(nry)
satisfies

Ugr + Uy = 0, u(0,y) = u(l,y) = u(z,0) = 0.
b) Find a linear combination of u,,’s that satisfies u(x,1) = sin 2wx —sin 37x.
c¢) Solve the Dirichlet problem

Uz + Uy =0, w(0,y) = u(l,y) =0,
u(x,0) =2sinme, wu(r,1) = sin27z — sin 37x.

1.2 Some equations of mathematical physics

Below we introduce some of the basic partial differential equations of mathe-
matical physics that will be the subject of our studies throughout the book.
These equations all involve a fundamental differential operator of order two,
called the Laplacian, acting on C® (R") and defined as follows:

Pu  J%u 0%u

vy-2u o, Lo
ettt T

u € CP(RM). (1.2.1)

Basically, there are three types of fundamental physical phenomena described
by differential equations involving the Laplacian:

Vu = F(x), The Poisson equation
uy — kV?u = F(x,1), The heat equation (1.2.2)
uy — AV = F(x, 1), The wave equation.

Here F' is a given function. If F' # 0, then the equations (1.2.2) are in-
homogeneous. In the special case when F' = 0, the equations (1.2.2) are
homogeneous, then the first equation is called the Laplace equation.



24 CHAPTER 1. PARTIAL DIFFERENTIAL EQUATIONS

Here the first equation, being time independent, has a particular nature:
besides the fact that it describes the steady-state heat transfer and the stand-
ing wave equations (loosely speaking, the time independent versions of the
other two equations), the Laplace equation (the first equation in (1.2.2) with
F = 0) arises in describing several other physical phenomena such as electro-
static potential in regions with no electric charge, gravitational potential in
the regions with no mass distribution, as well as problems in elasticity, etc.

A model for the stationary heat equation in one dimension
We model heat conduction in a thin heat-conducting wire stretched between
the two endpoints of an interval [a,b] that is subject to a heat source of
intensity f(x), see Figure 1.1. We are interested in the stationary distribution
of temperature u(z) in the wire.

wire

S

Figure 1.1: A heat-conducting 1 dimensional wire.

Let g(z) denote the heat flux in the direction of the positive z-axis in
the wire a < x < b. Conservation of energy in the stationary case requires
that the net heat through the endpoints of an arbitrary subinterval (z,x2)
of (a,b) is equal to the heat produced in (z1,x2) per unit time:

q(x2) — q(21) = /x2 f(z)de.

By the Fundamental Theorem of Calculus,

q(w2) — q(x1) = /m2 ¢ (v) du,

1
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hence we conclude that

/x J (@) dz / (@) da.

Since x; and o are arbitrary, assuming that the integrands are continuous,
yields
q(x) = f(2), for a <x <0, (1.2.3)

which expresses conservation of energy in differential equation form. We
need an additional equation that relates the heat flux ¢ to the temperature
gradient v’ called a constitutive equation. The simplest constitutive equation
for heat flow is Fourier’s law:

q(z) = —c(2)u/ (), (1.2.4)

which states that heat flows from warm regions to cold regions at a rate pro-
portional to the temperature gradient «'(x). The constant of proportionality
is the coefficient of heat conductivity c(z), which we assume to be a positive
function in [a,b]. Combining (1.2.3) and (1.2.4) gives the stationary heat
equation in one dimension:

—(c(z)d/(x)) = f(x), for a <z <b. (1.2.5)

To define a solution u uniquely, the differential equation is complemented
by boundary conditions imposed at the boundaries + = a and x = b. A
common example is the homogeneous Dirichlet conditions u(a) = u(b) = 0,
corresponding to keeping the temperature zero at the endpoints of the wire.
The result is a two-point boundary value problem:

—(c(x)u'(z))" = f(x), in (a,b),
u(a) = u(b) =

(1.2.6)

e

The boundary condition u(a) = 0 may be replaced by —c(a)u’(a) = q(a) = 0,
corresponding to prescribing zero heat flux, or insulating the wire, at = = a.
Later, we also consider non-homogeneous boundary conditions of the form
u(a) = uy or g(a) = g where u, and g may be different from zero.

The time-dependent heat equation in (1.2.2) describes the diffusion of ther-
mal energy in a homogeneous material where u = u(x, ) is the temperature
at a position x at time ¢ and k(x) is called thermal diffusivity or heat con-
ductivity (corresponding to ¢(z) in (1.2.4)-(1.2.6)) of the material.
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Remark 1.1. The heat equation can be used to model the heat flow in solids
and fluids, in the later case, however, it does not take into account the convec-
tion phenomenon; and provides a reasonable model only if phenomena such
as macroscopic currents in the fluid are not present (or negligible). Further,
the heat equation is not a fundamental law of physics, and it does not give
reliable answers at very low or very high temperatures.

Since temperature is related to heat, which is a form of energy, the basic
idea in deriving the heat equation is to use the law of conservation of energy.

Fourier’s law of heat conduction and derivation of the heat equation
Let Q C RY d = 1,2,3, be a fixed spatial domain with boundary 9. The
rate of change of thermal energy with respect to time in €2 is equal to the
net flow of energy across the boundary of {2 plus the rate at which heat is
generated within €.

Let u(x,t) denote the temperature at the position x = (z,y, z) € Q and
at time ¢. We assume that the solid is at rest and that it is rigid, so that the
only energy present is thermal energy and the density p(x) is independent of
the time ¢t and temperature u. Let £ denote the energy per unit mass. Then
the amount of thermal energy in € is given by

/pEdX,
Q

and the time rate (time derivative) of change of thermal energy in € is:

d
— pé’dx:/pé’tdx.
)

dt Jq
Let 9 = (qs, gy, q-) denote the heat flux vector and n = (n,,n,,n,) denote
the outward unit normal to the boundary 0f2, at the point x € 9€). Then
q - n represents the flow of heat per unit cross-sectional area per unit time
crossing a surface element. Thus

—/ qg-ndS
o9

is the amount of heat per unit time flowing into ) across the boundary 0f2.
Here dS represents the element of surface area. The minus sign reflects the
fact that if more heat flows out of the domain () than in, the energy in (2
decreases. Finally, in general, the heat production is determined by external
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sources that are independent of the temperature. In some cases (such as an
air conditioner controlled by a thermostat) it depends on temperature itself
but not on its derivatives. Hence in the presence of a source (or sink) we
denote the corresponding rate at which heat is produced per unit volume by
f = f(x,t,u) so that the source term becomes

/Qf(x, t,u) dx.

Now the law of conservation of energy takes the form

/pé'tdx%—/ q-ndS:/f(x,t,u)dx. (1.2.7)
Q o9 Q

Applying the Gauss divergence theorem to the integral over 02 we get

/(p & +V-q- f)dx=0, (1.2.8)
Q

where V- denotes the divergence operator. In the sequel we shall use the
following simple result:

Lemma 1.1. Let h be a continuous function satisfying fQ h(x)dx = 0 for
every domain Q C RY. Then h = 0.

Proof. Let us assume to the contrary that there exists a point xo € R?
where h(xo) # 0. Assume without loss of generality that h(xe) > 0. Since
h is continuous, there exists a domain (maybe very small) €2, containing
Xg, and € > 0, such that h(x) > ¢, for all x € Q. Therefore we have
Jo h(x) dx > eVol(Q) > 0, which contradicts the lemma’s assumption. O

From (1.2.8), using the above lemma, we conclude that
p& = -V -q+f. (1.2.9)

This is the basic form of our heat conduction law. The functions £ and ¢
are unknown and additional information of an empirical nature is needed
to determine the equation for the temperature u. First, for many materials,
over a fairly wide but not too large temperature range, the function &€ = £(u)
depends nearly linearly on u, so that
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Here A, called the specific heat, is assumed to be constant. Next, we relate
the temperature u to the heat flux q. Here we use Fourier’s law but, first, to
be specific, we describe the simple facts supporting Fourier’s law:

(i) Heat flows from regions of high temperature to regions of low temperature.
(ii) The rate of heat flow is small or large accordingly as temperature changes
between neighboring regions are small or large.

To describe these quantitative properties of heat flow, we postulate a
linear relationship between the rate of heat flow and the rate of temperature
change. Recall that if x is a point in the heat conducting medium and
n is a unit vector specifying a direction at x, then the rate of heat flow
at x in the direction n is q - n and the rate of change of the temperature is
Ou/On = Vu-n, the directional derivative of the temperature. Since q-n > 0
requires Vu - n < 0, and vice versa, (from calculus the direction of maximal
growth of a function is given by its gradient), our linear relation takes the
form q-n = —kVu-n, with kK = k(x) > 0. Since n specifies any direction at
X, this is equivalent to the assumption

q=—rVu, (1.2.11)

which is Fourier’s law. The positive function & is called the heat conduction
(or Fourier) coefficient. Let now o = k/\p and F' = f/A\p and insert (1.2.10)
and (1.2.11) into (1.2.9) to get the final form of the heat equation:

ur =V - (oVu)+ F. (1.2.12)

The quantity o is referred to as the thermal diffusivity (or diffusion) coet-
ficient. If we assume that o is constant, then the final form of the heat
equation would be

uy = oVu + F, or u=0Au+F. (1.2.13)

Here A = divV = V2 = aa—; + aa—; + aa—; denotes the Laplace operator in three
dimensions.

The third equation in (1.2.2) is the wave equation: uy — *V?*u = F.
Here u represents a wave traveling through an n-dimensional medium; c
is the speed of propagation of the wave in the medium and wu(x,t) is the
amplitude of the wave at position x and time t. The wave equation provides
a mathematical model for a number of problems involving different physical
processes as, e.g. in the following examples:
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(7) Vibration of a stretched string, such as a violin string (1-dimensional).
(77) Vibration of a column of air, such as a clarinet (1-dimensional).
(17i) Vibration of a stretched membrane, such as a drumhead (2-dimensional).
(7v) Waves in an incompressible fluid, such as water (2-dimensional).
(v) Sound waves in air or other elastic media (3-dimensional).
(vi) Electromagnetic waves, such as light waves and radio waves (3-dimensional).
Note that in (7), (i7i) and (iv), u represents the transverse displacement
of the string, membrane, or fluid surface; in (i7) and (v), u represents the
longitudinal displacement of the air; and in (vi), u is any of the components
of the electromagnetic field. For detailed discussions and a derivation of the
equations modeling (i)-(vi), see, e.g. Folland [11], Strauss [23] and Taylor
[24]. We should point out, however, that in most cases the derivation involves
making some simplifying assumptions. Hence, the wave equation gives only
an approximate description of the actual physical process, and the validity
of the approximation will depend on whether certain physical conditions are
satisfied. For instance, in example (i) the vibration should be small enough
so that the string is not stretched beyond its limits of elasticity. In exam-
ple (vi), it follows from Maxwell’s equations, the fundamental equations of
electromagnetism, that the wave equation is satisfied exactly in regions con-
taining no electrical charges or current, which of course cannot be guaranteed
under normal physical circumstances and can only be approximately justified
in the real world. So an attempt to derive the wave equation corresponding
to each of these examples from physical principles is beyond the scope of
these notes. Nevertheless, to give an idea, below we shall derive the wave
equation for a vibrating string which is, by the way, the most considered
model.

The vibrating string, derivation of the wave equation in 1D
Consider a perfectly elastic and flexible string stretched along the segment
[0, L] of the z-axis, moving perpendicular to its equilibrium position. Let
po(z) denote the density of the string in the equilibrium position and p(z,t)
the density at time ¢. In an arbitrary small interval [z, z + Ax] the mass will
satisfy, see Figure 1.2.

r+Az T+AT
/ po(z)dx =m = / p(z,t)\/1+u2d. (1.2.14)

Thus, using Lemma 1.1, (1.2.14) gives the conservation of mass:

po(x) = p(x,t)\/1 + ul. (1.2.15)
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T(x + Az, t)

|
|
|
|
|
1
T

T+ Az

Figure 1.2: A vibrating string.

Now we use the tensions T'(z,t) and T'(z + Az, t), at the endpoints of an
element of the string and determine the forces acting on the interval [z, z +
Azx]. Since we assumed that the string moves only vertically, the forces in
the horizontal direction should be in balance: i.e.,

T(x + Ax,t)cosa(x + Az, t) —T(z,t) cosa(x,t) = 0. (1.2.16)

Dividing (1.2.16) by Az and letting Az — 0, we thus obtain

%(T(m,t) cosa(:c,t)) =0, (1.2.17)

hence
T(z,t)cosalz,t) =T1(t), (1.2.18)

where 7(t) > 0 because it is the magnitude of the horizontal component of
the tension.

On the other hand the vertical motion is determined by the fact that the
time rate of change of linear momentum is given by the sum of the forces
acting in the vertical direction. Hence, using (1.2.15), the momentum of the
small element [z, z + Ax] is given by

r+Ax r+Azx
/ po(z)uy dz = / p(z,t)\/1 + u2 uy de, (1.2.19)
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with the time rate of change:
d z+Ax

r+Ax
pm pPoty dx = / Polly d. (1.2.20)

There are two kinds of forces acting on the segment [z, z + Ax] of the string:
(i) the forces due to tension that keep the string taut and whose horizontal
components are in balance, and (ii) the forces acting along the whole length
of the string, such as weight. Thus, using (1.2.18), the net tension force
acting on the ends of the string element [z, x + Az] is

T(x+ Ax,t)sina(r + Az, t) — T'(z,t) sina(z, t)
sina(x + Ax,t)  sina(x,t)

7-(cosoz r+ Ax,t) cosal(x, t))
T(tana (x + Az, t) — tan a(x, t))

— 7‘(%(55 + Az, t) — uy(z, t))

(1.2.21)

Further, the weight of the string acting downward is

r+Azx z+Ax
—/pgdS:—/ pg\/1+u§dz:—/ pog dx. (1.2.22)

Next, for an external load, with density f(z,t), acting on the string (e.g.,
when a violin string is bowed), we have

r+Ax
/pde = / pof(x,t)de. (1.2.23)

Finally, one should model the friction forces acting on the string segment.
We shall assume a linear law of friction of the form:

r+Ax r+Ax
—/aputdS:—/ op 1+u%utdx:—/ o pourdr. (1.2.24)

Now applying Newton’s second law yields
z+Ax
/ pouy dr = Tu.(z + Ax,t) — u,(z,t)]

s+Az o tAz (1.2.25)
—/ Upoutd$+/ po(f —g)dx
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Dividing (1.2.25) by Az and letting Az — 0 we obtain the equation

Pollyy = TUze — 0 po Uy + po(f — g). (1.2.26)

Letting ¢ = 7/py and F = f — g, we end up with the following concise form:

Ut + 0 U = gy + F. (1.2.27)

Equation (1.2.27) describes the vibration of the considered string once it
is set into motion. The smallness assumption here results in a single linear
equation for u. Due to the presence of the friction term ou,, equation (1.2.27)
is often referred to as the damped one-dimensional wave equation. If friction
is negligible, then we can let ¢ = 0 and get the inhomogeneous wave equation

Uy = gy + F. (1.2.28)

In the absence of external forces and when the weight of the string is negli-
gible, we may take F' = 0 to get the one-dimensional wave equation:

Ut = CPUgy. (1.2.29)

Note that since u has the unit of length ¢, u; has the unit of acceleration
and u,, the unit of /=1, hence ¢ has the unit of velocity.

1.2.1 Exercises

Problem 1.8. Show that u(x,y) = log(z* + y?) satisfies Laplace’s equation
Ugy + Uy = 0 for (x,y) # (0,0).

Problem 1.9. Show that u(z,y, z) = (2® + y? + 22)~Y? satisfies Laplace’s
equation Uy, + Uy, + u,, = 0, for (z,y, z) # (0,0,0).

Problem 1.10. Show that u(r,0) = Br™sin(nf) satisfies the Laplace equa-
tion in polar coordinates:

1 1
Upp + —Up + —2U99 = 0.
T T
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Problem 1.11. Verify that

—2y ?4+y*—1
u = s V=
?2+y?4+2x+1 ?2+y?4+2x+1

both satisfy the Laplace equation, and sketch the curves u = constant and
v = constant. Show that

U410 = where  z = x +1y.

i(z—1)
2417

Problem 1.12. Show that u(x,t) = t~"/?exp(—x?/4kt) satisfies the heat
equation u; = kg, fort > 0.

Problem 1.13. Show that u(z,y,t) =t~ exp|—(x® + y?)/4kt| satisfies the
heat equation u; = k(uyy + wy,), for t > 0.

Problem 1.14. The spherically symmetric form of the heat conduction equa-
tion s given by

2 1

Upp + —Up = —Uy.

r K
Show that v = ru satisfies the standard one-dimensional heat equation.
Problem 1.15. Show that the equation

0 = KOpw — h(0 — 6p)

can be reduced to the standard heat conduction equation by writing u = e (6—
0o). How do you interpret the term h(0 — 0y)?

Problem 1.16. Use the substitution & = x — vt, n = t to transform the
one-dimensional convection-diffusion equation

U = Ktlgy — VU,
into a heat equation for u(&,m) = u(€ +vn,n).
Problem 1.17. If f € C[0,1], let u(x,t) satisfy

Up = Uy, O<z<l, t>0,
u(0,t) =u(l,t) =0, t>0,
u(z,0) = f(x), 0<z<1.

Derive the identity 2u(us — Uy,) = (u?); — (2uuy,), + 2u2.
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Problem 1.18. Find the possible values of a and b in the expression u =
cos at sin bx, such that it satisfies the wave equation Uy = C*Uyy.

Problem 1.19. Tuaking uw = f(x + at), where f is any function, find the
values of o that will ensure u satisfies the wave equation Uy = c*Ugy.

Problem 1.20. The spherically symmetric version of the wave equation
Uy = Uy, takes the form

Uy = (U + 2u, /7).
Show, by putting v = ru, that it has a solution of the form
v=f(ct—r)+glct+r).

Problem 1.21. Let £ = x — ct and n = x + ct. Use the chain rule to show
that

Uy — Cllpy = —4ugy.
Problem 1.22. Show that the solution of the initial value problem
Uy = C2u:c:ca U([L’, O) = f(z)a ut(x> 0) = g(x)a

satisfies d’Alembert’s formula:

u(z,t) == |f(x —ct) + f(z+ ct)} + 1 /Hc g(y) dy.

20 —ct

NN



Chapter 2

Polynomial Approximation in
1d

Our objective is to present the finite element method (FEM) as an approximation
technique for solution of differential equations using piecewise polynomials. This
chapter is devoted to some necessary mathematical environments and tools, as
well as a motivation for the unifying idea of using finite elements: A numerical
strategy arising from the need of changing a continuous problem into a discrete
one. The continuous problem will have infinitely many unknowns (if one asks for
u(z) at every x), and it cannot be solved exactly on a computer. Therefore it
has to be approximated by a discrete problem with a finite number of unknowns.
The more unknowns we keep, the better the accuracy of the approximation will
be, but at a greater computational expense.

2.1 Overture

Below we shall introduce a few standard examples of classical differential
equations and some regularity requirements.

Ordinary differential equations (ODEs)
An initial value problem (IVP), for instance a model in population dynamics
where u(t) is the size of the population at time ¢, can be written as

at) = xu(t), 0<t<T,  u(0)=u, (2.1.1)

where 4(t) = 2 and A is a positive constant. For ug > 0 this problem has

the increasing analytic solution u(t) = uge?, which blows up as t — oo.

35
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Generally, we have u(t) = F(u(t),t), where u(t) € R" is a time dependent
vector in R", with . = du(t)/0t € R" being its componentwise derivative
with respect to ¢ € RT. Thus u(t) = [uy(t),us(t),...,u,(t)]", ult) =
[ty (t), 0a(t), ..., 0, (t)]" and

F:R"xR" — R".

Partial differential equations (PDEs) in bounded domains

Let €2 be a bounded, convex, subset of the Euclidean space R". Below is an
example of a general boundary value problem in 2 C R™ with the

e Dirichlet boundary condition,

—Au(x) + b - Vu(x) + au(x) = f(x), x € Q C R", (2.12)
u(x) =0, x € 09, -
where a € R, b = (by,by,...,b,) € R" and u : R" — R is a real-valued
. : e ou  Ou ou _ d%u 9% du

function with Vu := (8—:“,8—@,...,%), Au-a—w%—l—a—m%—l-...jtm, and
ou ou ou
b-Vu=b—+by—+...+b,—.
“ 10931 + 28:172 Tt ox,

The heat equation is an example of an initial boundary value problem with
e Neumann boundary condition

% = Au, x€eQCRF t>0,
=0, x €0, t>0, (2.1.3)

u(x,0) = up(x), x€Q,

where n = (ny,ns,...,n;) is the outward unit normal to the boundary 0
at the point x € 92, and du/0On is the derivative in the direction of n:

0

a—z —n-Vu (2.1.4)

Regularity requirements for classical solutions
1) u e C': every component of u has a continuous first order derivative.

2) w e C: all first order partial derivatives of u are continuous.
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3) u € C?: all second order partial derivatives of u are continuous.

4) ueCt (R*;C%Q)) : % and %aum]» i,7 =1,2,...,n are continuous.

Remark 2.1. Above we mean that: u in 1) is a vector-valued function of a
single variable as in the above example of general dynamical system, whereas
w in 2)-4) is a scalar (real-valued) function of several variables.

e Numerical solutions of (IVP)

Example 2.1. Explicit (forward) Euler method (a finite difference method).
We discretize the IVP (2.1.1) with the forward Euler method based on a
partition of the interval [0,T] into N subintervals, and an approximation of

to=0 # ty  ts tn=T

the derivative by a difference quotient at each subinterval [ty tx. 1] by u(t) =~
u(tpg1)—u(te)

. Then an approximation of (2.1.1) is given by

trr1—tk
ultier) — ults) _ A-u(ty), k=0,...,N—1, and u(0)=ug, (2.1.5)
b1 — Tk

and thus, letting Aty = tg 1 — tr,

Starting with k = 0 and the data u(0) = ug, the solution u(ty) would, itera-
tively, be computed at the subsequent points: ti, to, ..., txy =1T.

For a uniform partition, where all subintervals have the same length At,
(2.1.6) would be of the form

u(trr1) = (1 + AAu(ty), k=0,1,...,N —1. (2.1.7)
Iterating we get

utper) = (1 4+ MO u(ty) = (14 A2 u(ty_1) = ... = (1 + AA) .
(2.1.8)
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There are corresponding finite difference methods for PDE’s. Our goal, how-
ever, is to study the Galerkin finite element method. To this approach we
need to introduce some basic tools:

Finite dimensional linear space of functions defined on an interval
Below we give a list of some examples of finite dimensional linear spaces.
Some of these examples are studied in detail in Chapter 3: the polynomial
interpolation in 1D.

L.

IT.

III.

IV.

P9 (a,b) := {The space of polynomials in x of degree < ¢, a < x < b}.

A possible basis for P9 (a,b) would be {a/}1_y = {1, 2, 2% 2%, ... 29}.
These are, in general, non-orthogonal polynomials and may be orthog-
onalized by the Gram-Schmidt procedure. The dimension of P? is
therefore q + 1.

An example of orthogonal basis functions, on (0,1) or (—1,1), are the
Legendre polynomials:

5 (CDF

1 d
e

[2%(1 —2)*] or P,(x) = Sl dg

[(2® = 1),

respectively. The first four Legendre orthogonal polynomials on (—1, 1)
are:

3 1 5 3
Fo(z) =1, P(z) =z, Pyr)= 5932 5 D)= 5933 — 5
Periodic orthogonal bases on [0, 7] are usually represented by trigono-

metric polynomials given by

N

7 i {1@)] (@) = 3 [ cos (Snz) + by sin ()|

n=0

A general form of basis functions on an interval are introduced in Chap-
ter 3: the Lagrange basis {\;}’_, C P (a,b) associated to a set of
(g + 1) distinct points & < & < ... <, in (a,b) determined by the
requirement, that

17 7’ = .7 g - Q7
M) = e A= I 22
0, i F ] jeoiipn & T8



2.1

OVERTURE 39

A polynomial P € P9 (a,b), that has the value p; = P(&) at the
nodes x = §; fori =0,1,...,q, expressed in terms of the corresponding
Lagrange basis is then given by

P(x) = podo(7) + prai(®) + ... + pgAg (). (2.1.9)

Note that for each node point x = & we have associated a basis func-
tions \;(x), i =0,1,...,¢q. Thus we have ¢ + 1 basis functions.

Remark 2.2. Our goal is to approximate general functions by poly-
nomaials of Lagrange type. Then, for a given function f, the Lagrange
coefficients p;, 0 <1 < q, in (2.1.9) will be replaced by f(&;), and f(x)
will be approximated by its Lagrange interpolant defined by

fz) ~ Z FE&)Ai(x) = my f (). (2.1.10)

We shall illustrate this in the next examples.

Example 2.2. The linear Lagrange basis functions, ¢ = 1, are given
by (see Fig. 2.1.)

and  M(z) = ;__200 (2.1.11)

Figure 2.1: Linear Lagrange basis functions for ¢ = 1.
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Example 2.3. A typical application of the Lagrange basis is in finding
a polynomial interpolant m,f € P(a,b) of a continuous function f(x)
on an interval [a,b]. The procedure is as follows:

Choose distinct interpolation nodes & @ a = &§ < & < ... < & =D
and let 7,f (&) = f(&). Then m,f € P (a,b), defined as the sum in
(2.1.10), interpolates f(x) at the nodes {&}, i = 0,...,q, and using
Lagrange’s formula (2.1.9), with p; = f(&), i =0,1,...,q, yields

Tof (2) = f(&o)Ao(2) + F(E) M (@) + .- 4 [(E)Ag(2), = € [a, 0],

For a linear interpolant, i.e. ¢ = 1, we only need 2 nodes and 2 basis
functions. Choosing & = a and & = b in (2.1.11), we get the linear
interpolant

m f(x) = fla)ro(z) + f(b)Ai(2),

where
b—x T —a

and A\ (z) = 2 ,
—a

)\o(l’)

:b—a

1.€.,

Figure 2.2: The linear interpolant 7 f(z) on a single interval.

. We shall frequently use the space of continuous piecewise polynomials

on a partition of an interval into a collection of subintervals. For ex-
ample 7, : 0 =29 < 21 < ... < xy < Tpy41 = 1, with by = 2; — ;4
and j =1,..., M + 1, is a partition of [0, 1] into M + 1 subintervals.
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Let Vh(q) denote the space of all continuous piecewise polynomial func-
tions of degree < g on 7j,. Let also

VW ={v:iveV?  v(0)=0(1)=0}.

Our motivation in introducing these function spaces is due to the fact
that these are function spaces, adequate in the numerical study of
boundary value problems, using finite element methods for approxi-

mating solutions with piecewise polynomials.
Y

QZ%\/[ xM+i:1
| (PR LML

To 515;1

. S 1
Figure 2.3: An example of a function in VO( h).

The standard basis for piecewise linears: Vj, 1= Vh(l) is given by the so

called hat-functions ¢;(x) with the property that ¢;(z) is a piecewise
linear function such that ¢;(x;) = d,;, where

T—T;i_1
1 =] g R
’ A . s =
0ij = 0 oy ie. ¢;(z) = —%hilz vy <z <wTjip
Y 1 j7
0 v ¢ a1, 2501),

with obvious modifications for j = 0 and j = M + 1 (see Remark 2.3
and Figure 2.6).
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Y
1 ______________________________
i ()
: —t : . : : x
Zo Tj—2Zj-1  Lj  Tjk1 Tm TpM+1
P B

Figure 2.4: A general piecewise linear basis function ¢;(z).

Vector spaces

To establish a framework we shall introduce some basic mathematical con-
cepts:

Definition 2.1. A set V' of functions or vectors is called a linear space, or a
vector space, if for all u,v,w € V and all o, 3 € R (real numbers), we have

(i) u+avelV,

(i) (u+v)+w=u+(v+w),

(1it) u+v=v+u,

(wv) F30€V,  suchthat u+0=0+u=u,

(v) YueV, I(—u) eV,  suchthat u+ (—u)=0,
(vi) (a+ B)u= au+ fu,
(vit) a(u+v) = au+ av,

(viii)  a(Bu) = (af)u.

(2.1.12)

Observe that (iii) and (i), with @ = 1 and v = (—u) implies that 0 (zero
vector) is an element of every vector space.

Definition 2.2 (Scalar product). A scalar product (inner product) is a real
valued operator on VXV, viz (u,v) : VxV — R such that for allu, v, w € V
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and all a € R,
(1)
(i) (u+ av,w) = (u,w) + al{v,w), (bi-linearity)
(iii) (v,v) >0, YveV, (positivity)
(iv) (v,v) =0,<= v =0.

wv) = (v,u),  (symmetry)

(2.1.13)

Definition 2.3. A vector space W is called an inner product space if W is
associated with a scalar product (-,-), defined on W x W,

The function spaces C([0,T]), C*([0,T]), P?, T? and Vh(Q) are examples
of inner product spaces associated with the usual scalar product defined by

(1, v) = /0 w(@)o(a)dz. (2.1.14)

Definition 2.4 (Orthogonality). Two, real-valued, functions u(x) and v(z)
are called orthogonal if (u,v) = 0. This orthogonality is also denoted by
u Ll w.

Definition 2.5 (Norm). If u € V then the norm of u, or the length of u,
associated with the above scalar product is defined by
T 1/2
lull = /s u) = (u,u)/? = (/ jua)dz) (2.1.15)

0

This norm is known as the Ly-norm of u(x). There are other norms that we
will introduce later on.

We also recall one of the most useful tools that we shall frequently use
throughout this note: The Cauchy-Schwarz inequality,

[ (u, 0} < Jul[Jv]]- (2.1.16)
A simple proof of (2.1.16) is given by using
(u—av,u —av) >0, with a = {u,v)/||v|*

Then by the definition of the Lo-norm and the symmetry property of the
scalar product we get

0 < (u—av,u— av) = ||ul|* = 2al{u,v) + a?||v||*.
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|? and rearranging the terms we get

(u, )
o]

Setting a = (u,v)/||v

(u, v)?

0< HUH2 - ||U||4 ||27

< [ull?,

v and consequently

which yields the desired result.

e A Galerkin method for (IVP)
We multiply the initial value problem (2.1.1) with test functions v in a certain
vector space V' and integrate over [0, 77,

/T w(t)v(t)dt = A /T u(t)v(t) dt, Yv eV, (2.1.17)

or equivalently

/T (u(t) - M<t)>”<t>dt =0, WVu(t) eV, (2.1.18)

1.e.

(ﬂ@)—ku@»_Lv@% Vo(t) € V. (2.1.19)

We refer to (2.1.17) as the variational problem for (2.1.1).
For the variational problem (2.1.17) it is natural to seek a solution in
C([0,77), or in

vemom={r: [ (s fo?)a< o),

H' is consisting of all functions in L,(0,T) having also their derivatives in
Ly(0,7).

Definition 2.6. If w is an approximation of u in the variational problem
(2.1.17), then R(w(t)) = w(t) — \w(t) is called the residual error of w(t)

In general for an approximate solution w we have w(t) — \w(t) # 0,
otherwise w and u would satisfy the same equation and by uniqueness we
would get the exact solution (w = u). Our requirement is instead that w
satisfies equation (2.1.1) in average, or in other words we require that w
satisfies (2.1.19):

R@@»me Vo(t) € V. (2.1.20)
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We look for an approximate solution U(t) in a finite dimensional subspace
of V, say P@. More specifically, we want to look at an approximate solution
U(t), called a trial function for (2.1.1), in the space of polynomials of degree
<S¢

PO = (U U(t) =&+ &t + &2+ ... + £t} (2.1.21)
Hence, to determine U(t) we need to determine the coefficients &g, &, ... &,.

We refer to V(@ as the space of trial functions. Note that u(0) = wq is
given and therefore we may take U(0) = & = up. It remains to find the

real numbers &;,...,{,. These are coefficients of the ¢ linearly independent
monomials ¢, t2, ..., 4. To this approach we define the test function space:
P = {v e PY : v(0) = 0}, (2.1.22)

in other words v can be written as v(t) = it + cot> + ... + ¢,t?. Note that
Péq) = spanlt, t*, ..., t9]. (2.1.23)

For an approximate solution U we require its residual R(U) to satisfy the
orthogonality condition (2.1.20):

R(U(t)) Lo@t),  Yot) e PO,

Thus the Galerkin finite element method for (2.1.1) is formulated as follows:
Given u(0) = uy, find the approximate solution U(t) € P@, for (2.1.1) such
that (for simplicity we put 7' = 1)

1

/ 1R<U(t))v(t)dt - / (U(8) — AU@®))o(t)dt = 0, Yo(t) € P, (2.1.24)

Formally this can be obtained writing a wrong! equation by replacing u by
U e P9 in (2.1.1),

U(t) =AU(t), 0<t<l1 (2.1.25)

then, multiplying (2.1.25) by a function v(t) € Péq) from the test function
space and integrating over [0, 1].
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Now since U € P9, we can write U(t) = ug + >4, &t7, then Ut) =

>4y &t Further we have Péq) is spanned by v;(t) = t',1 = 1,2,...,q,
it suffices to use these as test functions. Inserting these representations for
U Uandv=uv;,i=1,2...,qin (2.1.24) we get

14 q
/ (> g6t = Mg — AZ@#’) Adt=0, i=1,2,...,q, (2.1.26)
0 j=1 j=1
which can be rewritten as

1, 4 1
/ (Z(jgjti“—l - Agjt”j))dt - )\uo/ fdt, i=1,2,...,q (2.1.27)
o N4 0
Performing the integration (¢;:s are constants independent of ¢) we get

Z&[ S i rjl = [\ " ]til, (2.1.28)

Z—|—j Z—|—j-|—1t—0 1+ 1li=0

or equivalently

q .

J ) A .

_ cug 1=1,2,...,q, 2.1.29
;<z+j Z—I—]—l—l &= i+l ¢ ( )

which is a linear system of equations with ¢ equations and ¢ unknowns
(&1, &a, - .., &) given in the matrix form as

== b, with A= (aij), == (gj)g':l? and b= (bl);lzl (2130)

But the matrix A although invertible, is ill-conditioned, mostly because
{t'}2_, does not form an orthogonal basis. We observe that for large 7 and j
J

i+j i+j+1
close to each other resulting in very small values for the determinant of A.

If we insist to use polynomial basis up to certain order, then instead of mono-
mials, the use of Legendre orthogonal polynomials (see Chapter 3) would
yield a diagonal (sparse) coefficient matrix and make the problem well con-
ditioned. This however, is a rather tedious task. A better approach would be
through the use of piecewise polynomial approximations (see Chapter 5) on

the last two rows (columns) of A given by a;; = , are very
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a partition of of [0, 7] into subintervals, where we use low order polynomial
approximations on each subinterval.

Galerkin’s method and orthogonal projection: L,-projection

Let u = (u1, uz, uz) € R® and assume that for some reasons we only have u;
and u, available. Letting x = (21, 22, 23) € R?, the objective, then is to find
U € {2 : 3 = 0}, such that (u — U) is as small as possible. Obviously in
this case U = (uy,u9,0) and we have (u — U) L U, VU in the zyzo-plane,
see Figure 2.5.

€3

u = (U/lv Ua, u3)

n:=a unit normal
nljlu—-U

L.

1
——————————————— I/J = (u1,u2,0)

€y

Figure 2.5: Example of a projection onto R2.

The L,-projection onto a space of polynomials

A polynomial 7 f interpolating a given function f(z) on an interval (a,b)
agrees with point values of f at a certain discrete set of points x; € (a,b) :
nf(z;) = f(x;), i =1,...,n, for some integer n. Like Riemann sum for the
integrals, this concept can be generalized to determine a polynomial 7f so
that certain averages (a kind of weighting) agree. These could include the
usual average of f over [a, b] defined by,

1 b
[t
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or a generalized average of f with respect to a weight function w defined by

b
(fow) = [ faywt)ds
Definition 2.7. The orthogonal projection, or Lo-projection, of the function
f onto P%(a,b) is the polynomial Pf € P (a,b) such that
(fw)=(Pf,w) <= (f—Pf,w)=0 forallwePi(a,b). (2.1.31)

We see that Pf is defined so that certain average values of Pf are the
same as those of f. By the construction (2.1.31) is equivalent to a (¢ + 1) X
(g + 1) system of equations.

We want to show that:

Lemma 2.1. (i) Pf is uniquely defined by (2.1.31).
(ii) Pf is the best approximation of f in P(a,b) in the Ly(a,b)-norm, i.e.

||f — Pf||L2(a,b) S ||f — UHL2(a7b), fO’F CLH NS Pq(a, b) (2132)

Proof. (i) Suppose that P, f and P,f are two polynomials in P%(a,b) such
that

(f—=Pif,w)=0 and (f—Pof,w)=0  forall we Pia,b).
Subtracting the two relations we conclude that
(Pyf — Pif,w) =0, for all w € P(a,b).
Now choosing w = Pof — P, f we get

b
/ \Pof — Py f|>de =0,

which yields P, f = P, f since |Pof — P; f| is a non-negative continuous func-
tions.
(ii) Using Cauchy-Schwarz’ inequality it follows that for all v € P%(a,b),
since (v — Pf) € P(a,b) and (f — Pf) L P (a,b),
Nf = Pflliyup = (f = Pf, f=Pf)=(f = Pf,f—v+v— Pf)
=(f=Pf, f=0) <If = Pflla@nllf = vllLatap),

which gives the desired result. O
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e A Galerkin method for (BVP)

We consider the Galerkin method for the following stationary (i = du/dt =
0) heat equation in one dimension:

_%<c(1’) . %u(:p)) = f(x), 0<z<l; (2.1.33)
u(0) =u(1) = 0.
Let ¢(x) = 1, then we have
—u"(z) = f(z), O0<x<l; u(0) = u(1) = 0. (2.1.34)

Now let 7, : 0 = 9 < 77 < ... < xpy < xp41 = 1 be a partition of the
interval (0, 1) into the subintervals I; = (z;_1,z;), with length |[;| = h; =
x; — w1, 7 =1,2,...,M + 1. We define the finite dimensional space

VO(}L) ={v € (C(0,1) : vis a piecewise linear function on 7, v(0) = v(1) = 0},
with the basis functions {¢;}}2,. Due to the fact that u is known at the
boundary points 0 and 1; it is not necessary to supply test functions corre-
sponding to the values at xg = 0 and x,;.7 = 1. However, in the case of
given non-homogeneous boundary data u(0) = ug # 0 and/or u(1) = u; # 0,
to represent the trial function, one uses the basis functions to all internal

nodes as well as those corresponding to the non-homogeneous data (i.e. at
r =0 and/or x =1).

Remark 2.3. If the Dirichlet boundary condition is given at only one of the
boundary points; say ro = 0 and the other one satisfies, e.qg. a Neumann
condition as

—u"(x) = f(z), 0<x<l; uw(0) = by, u'(1) =10y, (2.1.35)

then the corresponding test function o will be unnecessary (no matter whether
bo =0 or by # 0), whereas one needs to provide the half-base function i1
at Ty = 1 (dashed in Figure 2.6). Again, po participates in representing
the trial function U.

Now the Galerkin method for problem (2.1.34), is based on the variation
formulation, where we multiply (2.1.34) by a test function in V; = H] and
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x
Ty
Figure 2.6: Piecewise linear basis functions
integrate over [0,1): Find u(x) € V such that
1
/ (—u"(z) — f(z))v(z)dx = 0, Vo(z) € V. (2.1.36)
0

we perform partial integration in (2.1.36) to obtain
1 1
—/ u"(x)v(x)de = / o () (z)dx — [u/ (x)v(2)]; (2.1.37)
0 0
and since v(x) € Vp; v(0) = v(1) = 0, we get
1 1
—/ u'(z)v(z)de = / o' ()0 (x) dx. (2.1.38)
0 0
Thus the variational formulation is: Find v € V{ such that
1 1
/ o ()0 (z) doe = / f(z)v(x)de, Yo € Vy (2.1.39)
0 0

This is a justification of the finite element formulation:

The Galerkin finite element method (FEM) for the problem (2.1.34): Find
U(z) € V2 such that

/0 U'(z)v'(z) de = /0 f(z)v(x)de, Yo(z) € V). (2.1.40)
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We shall determine §; = U(x;) the approximate values of u(z) at the node
points z;, 1 < j < M. To this end using basis functions ¢;(x), we may write

M M
U(z) = &@j(x) which implies that  U'(z) = Y &¢'(x). (2.1.41)
j=1 Jj=1
Thus we can write (2.1.40) as
M 1 1
;5]-/0 @) v (x)de = /0 f(x)v(x)de, Yo(z) € V)P (2.1.42)

Since every v(z) € V) is a linear combination of the basis functions ¢;(z),
it suffices to try with v(z) = ¢;(x), for i« = 1,2,..., M: That is, to find §;
(constants), 1 < j < M such that

M 1 1
3 (/ go;<x)go;(x)dx) £ = / f@)pi(x)de, i=1,2,..., M. (2.1.43)
j=1 70 0
This equation can be written in the equivalent matrix form as
A& =h. (2.1.44)
Here A is called the stiffness matrix and b the load vector:
1
A= {ahlia a5 = [ A (2..45)
bl 51
by _ ! )
b= , with b= [ f(2)pi(z)de, and & = . (2.1.46)
- 0 .
by Em

To compute the entries a,; of the stiffness matrix A, first we need to determine
©i(x). Note that

x_;f—:*l Tig Sx < h% Tiop <x <@y
) — Tip1—T ! — 1
pi(z) = Thin o i <z < T = ¢i(z) = T L < T <Tip

0 else 0 else
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Stiffness matrix A:
If i —j| > 1, then ¢; and ¢; have disjoint support, see Figure 2.7., and
evidently we have

1
o= [ Alaey(a)ds =0,
0

Figure 2.7: ¢;_; and ¢j;.

As for i = j: we have that

hi hit1

/xi ( 1 )2d +/:L‘z‘+l ( 1 )2d €T — J,’i_1+l’i+1 — X; 1 I 1
Qg = — ) ar - T = = - .

It remains to compute a;; for the case of (applicable!) j =7+ 1: A straight-
forward calculation (see the fig below) yields

Titl 1 1 Tit1 — T 1
s / (h) i W B
ObViOU.Sly Ai41,i = Aji41 = _hz‘1+1 .
To summarize, we have
aij:O, 1f|Z—j‘>1,
Qi = 7 + i=1,2,..., M, (2.1.48)
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x
Figure 2.8: ¢; and ¢, .
By symmetry a;; = aj;, and we finally have the stiffness matrix for the
stationary heat conduction as:
[ 1 1 1 1
R s 0 .. 0
1 1 1 1
TR e TR TRV 0
A= 0 0 . (2.1.49)
1
0 T
1 1
L 0 0 ~ha ha U hargr
With a uniform mesh, i.e. h; = h we get that
2 -1 0 0
-1 2 -1 0
1 o -1 2 -1 0 ...
h o0
0o -1 2 -1
0 0o -1 2

As for the components of the load vector b we have

1 _ Tit1 .
= [t = [ @ e [ 0™
0 z;—1 i T; i+1

T

i—
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e A finite difference approach To illustrate a finite difference approach
we reconsider the stationary heat equation (2.1.34):

—u"(z) = f(2), 0<x<l1; (2.1.51)

and motivate its boundary conditions. The equation (2.1.51) is linear in
the unknown function w, with inhomogeneous source term f. There is some
arbitrariness left in the problem, because any combination C' 4+ Dx could be
added to any solution. The sum would constitute another solution, since the
second derivative of C'+ Dx contributes nothing. Therefore the uncertainty
left by these two arbitrary constants C' and D will be removed by adding a
boundary condition at each end point of the interval

u(0) =0, u(l) =0. (2.1.52)

The result is a two-point boundary-value problem, describing not a transient
but a steady-state phenomenon—the temperature distribution in a rod, for
example with ends fixed at 0° and with a heat source f(z).

As our goal is to solve a discrete problem, we cannot accept more than a
finite amount of information about f, say its values at equally spaced points
x1 = h, xs = 2h,...,x, = nh. And what we compute will be approximate
values u, uo, ..., u, for the true solution u at these same points. At the end
points g = 0 and z,,1 = 1 = (n + 1)h, we are already given the correct
boundary values ug = 0, u,1+1 = 0.

The first question is: How do we replace the derivative d?u/dx®? Since
every derivative is a limit of difference quotients, it can be approximated by
stopping at a finite step size, and not permitting h (or Az) to approach zero.
For du/dx there are several alternatives:

du _u(r+h)—u() or u(z) —u(z —h) or u(x+h)—u(:c—h).

dr h h 2h

The last, because it is symmetric about z, is the most accurate. For the
second derivative we can write

kPN . (2.1.53)

Replacing the approximations u/'(x) & M and u'(x —h) ~ W
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in (2.1.53) we get
du (e +h) = u@)/h = (u(z) = u(z = h)/h
dx? h
_ u(@+h) = 2u(x) + u(z — h) (2.1.54)
h2 9

which has the merit of being symmetric about x. To repeat the right side
approaches the true value of d?u/dx® as h — 0, but we have to stop at a
positive h.

At a typical mesh point z; = jh, the differential equation —d*u/dz* =
f(z) is now replaced by this discrete analogue (2.1.54); after multiplying by
h?,

—ujq + 2uj — uj_y = h?f(jh). (2.1.55)
There are n equations of exactly this form, for every value j = 1,2,...,n.
The first and last equations include the expressions ug and u,, 1, which are
not unknowns. Their values are the boundary conditions, and they are shifted
to the right hand side of the equation and contribute to the inhomogeneous
terms (or at least, they might, if they were not known to be equal zero). It
is easy to understand (2.1.55) as a steady-state equation, in which the flows
(uj — u;41) coming from the right and (u; — uj_1) coming from the left are
balanced by the source h?f(jh) at the center.

The structure of the n equations (2.1.55) can be better visualized in
matrix form Au = b viz

(2 1 0 0 | [ w] [ ) |
12 -1 0 s £(2h)
0 -1 2 —1 0 O B I C O
0
0 -1 2 —1
0 0 -1 2 || uw | fnh) |

which, once again, gives the structure of our uniform stiffness matrix A,
given in (2.1.50).

So we conclude that, for this problem, the finite element and finite differ-
ence approximations are two equivalent approaches.
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Remark 2.4. Unlike the matriz A for polynomial approximation of IVP in
(2.1.29), A has a more desirable structure, e.g. A is a sparse, tridiagonal and
symmetric matriz. This is due to the fact that the basis functions {¢;}]L, are
nearly orthogonal. The most important property of A is that it is positive
definite.

Definition 2.8. A M x M matriz A is called positive definite if

M
Vne RM, n#0, n"An >0, e Z nia;n; > 0. (2.1.57)

ij=1

We shall use the positive definiteness of A to argue that (2.1.44) is
uniquely solvable. To this approach we prove the following well-known result:

Proposition 2.1. If a square matriz A is positive definite then A is invert-
ible and hence A& = b has a unique solution.

Proof. Suppose Ax = 0 then x” Ax = 0, and since A is positive definite,
then x = 0. Thus A has full range and we conclude that A is invertible.
Since A is invertible A¢ = b has a unique solution: ¢ = A~'b. O

Note however, that it is a bad idea to invert a matrix to solve the linear system
of equations. Finally we illustrate an example of the positive-definiteness
argument for A,,,;f.

x
Example 2.4. Assume M =2 and let n(x,y) = , then
Y
2 -1 x 2x — vy
1" Aunign = (2,y) = (z,y)
-1 2 Y T2 ) (2.1.58)

=207 — oy —ay +2y* = 2* + P + 2* — 20y + o7
=2>+y* + (x —y)* > 0.

Thus Aif s positive definite.
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Summary: Roughly speaking, a systematic procedure for approximate so-
lution for a differential equation would involve the following steps:

1. We need to approximate functions by polynomials agreeing with the
functional values at certain points (nodes). This is the matter of Inter-
polation techniques which we shall introduce in Chapter 3.

2. In the final system of equations: A& = b, entries of the coefficient
matrix A as well as the components of the load vector b are integrals.
For a more involved data function f(z), and when approximating by
higher order polynomials and/or solving equations with variable coef-
ficients, these integrals are not easy to compute. Therefore we need to
approximate different integrals over subintervals of a partition. This
may be done using quadrature rules. In simple case one may use usual
or composite midpoint-, trapezoidal-, or Simpson’s-rules. In more in-
volved cases one may employ composite Gauss quadrature rules. We
shall briefly introduce the idea of quadrature rule in Chapter 3.

3. Finally we end up with linear systems of equations (LSE) of type
(2.1.44). To solve LSE efficiently we may use exact Gauss - elimi-
nation or the iteration procedures such as Gauss-Seidel, Gauss-Jacobi
or Over-relaxation methods. We discuss these concepts in Chapter 4.
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2.2 Exercises

Problem 2.1. Prove that Vo(q) = {v € V@ : v(0) = 0}, is a subspace of
P(0,1).

Problem 2.2. Consider the ODE
u(t) =wu(t), 0<t<l; u(0) = 1.
Compute its Galerkin approzimation in P9 (0,1), for ¢ = 1,2,3, and 4.
Problem 2.3. Consider the ODE
w(t) =u(t), 0<t<l; u(0) = 1.
Compute the Ly(0,1) projection of the ezact solution u into P3(0,1).

Problem 2.4. Compute the stiffness matrixz and load vector in a finite ele-
ment approximation of the boundary value problem

—u"(x) = f(z), O0<zxz<1, u0)=u(l)=0,
with f(x) =z and h = 1/4.
Problem 2.5. We want to find a solution approximation U(x) to
—u"(z) =1, 0<xz<1, wu(0)=u(l)=0,
using the ansatz U(x) = Asinmx + Bsin 2mx.
a. Calculate the exact solution u(x).
b. Write down the residual R(z) = —U"(z) — 1

c. Use the orthogonality condition
1
/ R(z)sinmnxde =0, n=1,2,
0

to determine the constants A and B.

d. Plot the error e(x) = u(z) — U(x).
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Problem 2.6. Consider the boundary value problem
—u"(z)+u(z) =z, 0<z<1, wu(0)=u(l)=0.
a. Verify that the exact solution of the problem is given by

sinh «
sinh 1°

u(r) =z —

b. Let U(x) be a solution approzimation defined by
U(z) = Asinmz + Bsin2mz + C'sin 3z,
where A, B, and C" are unknown constants. Compute the residual function
R(x) = -U"(z)+ U(z) — x.
c. Use the orthogonality condition

1
/ R(z)sinmtnxdr =0, n=1,2,3,
0

to determine the constants A, B, and C.
Problem 2.7. Let U(x) = {opo(x) + E101(x) be a solution approzimation to
—u"(z)=2—-1, O0<z<m, 4'(0)=u(r)=0,
where &, 1 = 0,1, are unknown coefficients and

T 3z

Go(z) =coso,  ¢n(w) = cos—-.

a. Find the analytical solution u(x).
b. Define the approzimate solution residual R(x).

c. Compute the constants &; using the orthogonality condition
| r@ o ar=o. =01,
0

i.e., by projecting R(x) onto the vector space spanned by ¢o(x) and ¢1(x).
Problem 2.8. Use the projection technique of the previous exercises to solve
—u"(z) =0, 0<zxz<m u(0)=0, wu(r)=2,

assuming that U(x) = Asinz + Bsin2z + Csin 3z + %12

Problem 2.9. Show that (f — P.f,v) = 0, Yv € V,, if and only if (f —
Puf i) =0, i=0,...,N; where {¢;}, CVj, is the basis of hat-functions.
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Chapter 3

Polynomial Interpolation and
Numerical Integration in 1d

3.1 Preliminaries

In this chapter we give a detailed study of the interpolation concept, intro-
duced in Chapter 2. To this approach, we consider a real-valued function f,
defined on an interval I = [a, b].

Definition 3.1. A polynomial interpolant m,f of a function f, defined on
an interval I = [a,b], is a polynomial of degree < q having the nodal values
at g+ 1 distinct points x; € [a,b], 7 =0,1,...,q, coinciding with those of f,
i.e., myf € PUa,b) and wyf(x;) = f(x;), j=0,...,q.

Below we illustrate this in some simple examples:

Linear interpolation on an interval. We start with the unit interval
I =[0,1] and a function f : [0,1] — R which is continuous. We let ¢ = 1 and
seek the linear interpolant of f on I, i.e. m f € P!, such that m f(0) = f(0)
and m f(1) = f(1). Thus we seek the constants Cy and C; in the following
representation of m f € P!,

7T1f(.7}) = Cy + Cix, xel, (311)
where
mf(0)=f(0) = Co=[(0), and

mf(l)=f(1) = Co+Ci=f(1)= Ci=f(1)— f(0). (3.1.2)

61
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Inserting Cy and C} into (3.1.1) it follows that

w1 (2) = FO)+(F)-F(0))2 = FO) L)+ £ (L) = F(ODNo(a) (DA (z).

In other words 7y f(x) is represented in two different bases:
mf(x)=Co-1+Cy-x, with {1, 2} as the set of basis functions and

mf(z) = f(0)(1—z)+f(1)z, with {l—z, x} as the set of basis functions.

Note that the functions \g(x) = 1—z and A\ (z) = z are linearly independent,
since if

0=ap(l —2)+ oz =ay+ (g —ap)x, rel, (3.1.3)
then
=0 =— ay=0
— Qg = 01 = 0. (314)
r=1 = a1 =0

Figure 3.1: Linear interpolation and basis functions for ¢ = 1.

Remark 3.1. Note that if we define a scalar product on P*(a,b) by

<nmzjﬁmwuwa Vp,q € PHab), (3.15)

then we can easily verify that neither {1,z} nor {1 — x,x} is an orthogonal
basis for P1(0,1), since (1,z) := fol 1 -xdr = [%2] =140and (1—m,12) =
fol(l —z)rdr =§ #0.
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Now it is natural to ask the following question.

Question 3.1. How well does m,f approximate f? In other words how
large/small will the error be in approzimating f(x) by m,f(x)?

To answer this question we need to estimate the difference between f(z) and
myf(x). For instance for ¢ = 1, geometrically, the deviation of f(z) from
m f(z) (from being linear) depends on the curvature of f(x), i.e. on how
curved f(x) is. In other words, on how large f”(z) is, say, on an interval
(a,b). To quantify the relationship between the size of the error f —m f and
the size of f”, we need to introduce some measuring instrument for vectors
and functions:

Definition 3.2. Let x = (z1,...,2,)" andy = (y1,...,ya)T € R™ be two
column vectors (T stands for transpose). We define the scalar product of x
andy by

<X7 y> = XTy =T1Y1+ -+ Tpln,

and the vector norm for x as the Fuclidean length of x:

x|l := V%, %) = /o + o+ 2p

L,(a,b)-norm: Assume that f is a real valued function defined on the in-
terval (a,b). Then we define the L,-norm (1 < p <oo) of f by

b 1/p
L,-norm [ flp(ap) := (/ |f($)|pd$> , l=sp<oo,
Laemorm [l = ma (0]

For 1 <p < oo we define the space

Lp(a,b) :={f = | fllzp(ap) < o0}

Below we shall answer Question 3.1, first in the L.,-norm, and then in the
L,-norm.

Theorem 3.1. (Lo -error estimates for linear interpolation in an interval)
Assume that f" € Lo (a,b). Then, for ¢ = 1, i.e. only 2 interpolation
nodes (the end-points of the interval), there are interpolation constants, c;,
independent of the function f and the interval |a,b], such that
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(1) 171 f = fllisap) < cilb—a)?|f" || e )
) < ci(b—

(2) |1mf = fllLootap | f'] oo (@)
(3) T f) = fllzotary < il — a)l[f" Lo ap)-

Proof. Note that every linear function, p(x) on [a,b] can be written as a
linear combination of the basis functions \,(x) and \(x) where

b—ux r—a
— and  A\y(z) = .

p(x) = p(a)Aa(@) + p(b)Ao(). (3.1.7)
For further reference, we point out the linear combinations of A,(x) and Ay(x)
that gives the basis functions {1, z} for P

Aa(z) + Mp(2) =1, arg(x) + bX\p(x) = x. (3.1.8)

A(z) = (3.1.6)

Note that 71 f(x) is a linear function connecting the two points (a, f(a)) and

(b, £ (b)),

Figure 3.2: Linear Lagrange basis functions for ¢ = 1.

and can be represented as

T f(@) = fa)Aa(x) + f(B)As(2). (3.1.9)
By the Taylor expansion for f about x € (a,b) we can write
F(@) = F(@) + (0 — ) (@) + 50— 2V f" (). o € [a,a]
(3.1.10)

F(8) = (@) + (b= 2)f' (@) + 50— 02" (m), € 0]
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Inserting f(a) and f(b) from (3.1.10) into (3.1.9), it follows that

mf (@) =L () + (= 2) /() + (0 — 2 () Do) +
@)+ (b= ) (@) + 50— 2 () Ao(a).

Rearranging the terms, using (3.1.8) and the identity (which also follows
from (3.1.8)) (a — x)Ao(x) + (b — z)M\p(x) = 0 we get

mf (@) = f(2)[Aa(z) + Mo(@)] + [/ (@)[(a — 2)Aa(z) + (b — ) Mo ()] +

+ 5@ = 7 () + 56— 0 m)ula) =

= J(@) + 50— 2P S OAl) + 50— 0" () N()

Consequently

mf (@)~ F@)] = 5o = 0P 0Aal@) + 50— 22 )| (3111)

2
To proceed, we note that for a < x < b both (a — z)*> < (a — b)? and
(b —x)? < (a — b)?, furthermore \,(z) < 1 and M\(z) < 1, Vz € (a,b).
Moreover, by the definition of the maximum norm |f"(n.)| < [|f"||L(ap)
L ()] < I1f" || oo (ap)- Thus we may estimate (3.1.11)

[mf(2) = f(2)] < (a—b)z'l'Hf”||Loo(a,b)+%(a—b)2'1'||f”HLo<,(a,b>a (3.1.12)

DO —

and hence
imf(z)— f(2)] < (a—b)?||f"|bw(ap) corresponding to ¢; =1.  (3.1.13)
The other two estimates (2) and (3) are proved similarly. O

Remark 3.2. [t can be shown that the optimal value of ¢; = é (cf Problem
3.10).

An analogue to Theorem 3.1 can be proved in the L,-norm, 1 < p < co. This
general version (concisely stated below as Theorem 3.2) is the frequently used
L,-interpolation error estimate.
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Theorem 3.2. Let mv(x) be the linear interpolant of the function v(zx) on
(a,b). Then, assuming that v is sufficiently reqular (v € C*(a,b)), there are
interpolation constants ¢; such that for 1 < p < oo,

10— olly ) < eilb— a0y (3.1.14)
Im10) = 0yt < calb = Do 2y (3.1.15)
lmw = vl apy < (b — )|/l (as). (3.1.16)

For p = oo this is just the previous Theorem 3.1.

Proof. The proof is similar to that of Theorem 3.1 and is left as an exercise.
O

Below we review a simple piecewise linear interpolation procedure on a
partition of an interval:

Vector space of piecewise linear functions on an interval. Given
I =Ja,b],1let 7y :a =290 < 27 < 29 < ... < 2y < zy = b bea
partition of [ into subintervals I; = [x;_1, x;] of length h; = |[;| :== x; —x,_1;
j=1,2,...,N. Let

Vi, := {v|v is a continuous, piecewise linear function on 7},  (3.1.17)

then V}, is a vector space with the previously introduced hat functions:
{@;}, as basis functions. Note that ¢o(z) and @y (z) are left and right
halt-hat functions, respectively. We know show that every function in V}, is
a linear combination of ;:s.

Lemma 3.1. We have that
N
Yo e Vi u(z) =S u(z)e ), = (dith =N+ 1). (3.1.18)

=0
Proof. Both the left and right hand side are continuous piecewise linear func-
tions. Thus it suffices to show that they have the same nodal values: Let

x = x;, then since @;(z;) = d;j,

RHS|.; =v(mo)po(zj) + v(z1)p1(zy) + ...+ v(zjm1)pj-1(7;)
+v(x;)e;(z)) + v(@ir) (@) + ...+ v(@n)en(z;) (3.1.19)
=v(z;) = LHS|,,.

]
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Definition 3.3. For a partition T, : a =19 < 11 < 9 < ... < Ty < Tyy1 =
b of the interval [a,b] we define the mesh function h(x) as the piecewise
constant function h(x) = h; = x; —xj_ for v € I; = (xj_1,2;), j =
1,2, N+1.

Definition 3.4. Assume that f is a continuous function in |a,b]. Then the
continuous piecewise linear interpolant of f is defined by

N
mf(@) =Y flz)ei(z), € la,b],
=0
where
mnf(x;) = f(x;), j=0,1,...,N. (3.1.20)

Here the sub-index h refers to the mesh function h(x).

Remark 3.3. Note that we denote the linear interpolant, defined for a single
interval [a,b], by m f which is a polynomial of degree 1, whereas the piecewise
linear interpolant m, f is defined for a partition T, of [a,b] and is a piecewise
linear function. For the piecewise polynomial interpolants of (higher) degree
q we shall use the notation for Cardinal functions of Lagrange interpolation
(see Section 3.2).

Note that for each interval I;, 7 =1,..., N, we have that
(i) mnf(z) is linear on I; =  m,f(z) = ¢ + 1z for x € 1.
(i) mnf(zj-1) = f(wj—1) and m, f(x)) = f(25).

Now using (i) and (ii) we get the equation system

th(ffj—l) =C)+ T = f(l"j—l) 1= Heg)f@so1)
—

Tj—Tj—1
th(afj) =ct+car; = f(I]) Co = = 1f£fj_)xi]1f(x3 1)>

Consequently we may write

co = flz;- 1):2 —o T f(xﬂ)%_ffv;ll (3.1.21)

ar = f(rj1)7=— + f(z))

m]‘% i
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T f () /(@)

To Ty Lo Xy TN-1 TN

Figure 3.3: Piecewise linear interpolant 7, f(x) of f(z).

Hence for ;1 <x <wz;, j=1,2,...,N,

T;i — X r—Tij—
mhf(x) = co + 1w = flz;_1)—2 + flay) —2—
Tj— Tj-1 Tj— Tj-1

= flzj_1) A1) + f(25)A(2),

where \;_i(z) and \j(x) are the restrictions of the piecewise linear basis
functions ¢;_1(z) and ¢;(x) to I;.

Figure 3.4: Linear Lagrange basis functions for ¢ = 1 on the subinterval I;.

In the next section we generalize the above procedure and introduce La-
grange interpolation basis functions.
The main result of this section can be stated in the following theorem:
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Theorem 3.3. Let mpv(x) be the piecewise linear interpolant of the function
v(x) on the partition Ty. Then assuming that is sufficiently reqular (v €
C?%(a, b)), there are interpolation constants c; such that for 1 < p < oo,

1700 — 0|1, p) < CillR®0"| 1, (), (3.1.22)
[(mrv)" = VL) < cill W] L, ), (3.1.23)
|70 = 0|10y < GV Ly (a)- (3.1.24)

Proof. Recalling the definition of the partition 7, we may write
N+1 N+1

o =0l = D Imwv —olly oy < Y IR I,y
=0 j=0

< GNR*" | Ly (ap)s

(3.1.25)

where in the first inequality we apply Theorem 3.2 to an arbitrary partition
interval I; and them sum over j. The other two estimates can be proved
similarly. O

3.2 Lagrange interpolation

Consider P?(a,b); the vector space of all polynomials of degree < ¢ on the
interval (a,b), with the basis functions 1,z,2?% ...,29. We have seen, in
Chapter 2, that this is a non-orthogonal basis that leads to ill-conditioned
coefficient matrices. We will now introduce a new set of basis functions,
which being almost orthogonal have some useful properties.

Definition 3.5 (Cardinal functions). Lagrange basis is the set of polynomials
{N}L, € P(a,b) associated with the (q+ 1) distinct points, a = xy < x1 <
... < x4 ="b1n [a,b] and determined by the requirement that: at the nodes,
Xi(xj) =1 fori=j, and 0 otherwise (\;(z;) =0 fori # j), i.e. forx € |a,b],

(x—xo)(x—21) ... (. — 1) | (& —2iqq) ... (v — )

AZ(Q:) - (ZL’Z — .flf(])(l‘l — 1’1) ce (xz - xi—l) T (xl - xi"’l) e (xl o Iq)

. (3.2.1)

By the arrows | , T in (3.2.1) we want to emphasize that \;(x) = | | ( T )
gAY

does not contain the singular factor . Hence

oy = @)@y — @) (2 — @) (@5 — Ti) (25— 2g) o
Ai(;) (x; —wo) (i — 1) oo (g — i) (@ — wig) - (T — ) 0ij
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and A\i(x), i =0,1,...,q, is a polynomial of degree q on (a,b) with

o
M) =b =1 Z,%’, (322)
1 7.

Example 3.1. Let g = 2, then we have a = xg < 1 < 19 = b, where

(29 — 0) (29 — 729)

(21— 20) (21 — 22) =0

izl,j:2:>512:)\1<$(72) =

(21— 20)(21 — 22)
(21— 20) (21 — 22)

i:j:1:>511:)\1(l'1): =1.
A polynomial P(x) € P?(a,b) with the values p; = P(x;) at the nodes z;,
1=20,1,...,q, can be expressed in terms of the above Lagrange basis as

P(z) = poro(z) + prar(x) + ... + pgAg (). (3.2.3)

Using (3.2.2), P(z;) = poro(zi)+pidi(z:)+. .. 4pihi(x)+. . . 4pgAg(zi) = pi.
Recall that in the previous chapter, introducing examples of finite dimen-
sional linear spaces, we did construct Lagrange basis functions for ¢ = 1:
Ao(2) = (z — &)/ (§ — &) and Ai(z) = (z — &) /(&1 — &), for an arbitrary
subinterval (£, &1) C (a,b).

For a continuous function f(x) on (a,b), we define the Lagrange interpo-
lation polynomial ,f € P%(a,b).

Definition 3.6. Let a < & < & < ... <& < b, be ¢+ 1 distinct interpo-
lation nodes on [a,b]. Then m,f € Pi(a,b) interpolates f(x) at the nodes &,
if

[ (&) = f(&), i=0,1,...,q (3.2.4)
and the Lagrange formula (3.2.3) for m,f(z) reads as

Tof (x) = f(&o)Xo(@) + f(E)M(2) + ... + [(§)Ag(x), a <z <b
Example 3.2. For ¢ = 1, we have only the nodes a and b. Recall that

b— —
Ao(z) = L and Mo(z) = ’ a; thus as in the introduction to this chapter
a

we have ?h;ta "
mf(x) = fla)Xa(z) + f(D) (). (3.2.5)




3.2. LAGRANGE INTERPOLATION 71

Below we want to compare the Lagrange polynomial of degree ¢ with
another well-known polynomial: namely the Taylor polynomial of degree q.

Definition 3.7 (Taylor’s Theorem). Suppose that the function f is ¢ + 1-
times continuously differentiable at the point xo € (a,b). Then, f can be
expressed by a Taylor expansion about xy as

fx) =Ty f (x) + Ry f (), (3.2.6)

where
T, (@) = fa0)+ o) @ =a0) +5 (o) a =20 .. /D o) =)

is the Taylor polynomial of degree q, approximating f and
1

Ryf(x) = e 1)!f("+1)(£)($ —x)"", (3.2.7)

15 the remainder term, where £ is a point between xog and x.

Theorem 3.4. We have the following error estimate

@) = T @] = IRy )] € gl =l - a7,

for the Taylor polynomial which is of order ¢ + 1 near x = xq; and

1 I .
|f(x) = mf(2)] < CESI ]1 |z — x4 | max | (@),

for the Lagrange interpolant which is of order 1 (the convergence rate is of
order 1) at each interpolation node xg, x1, . .., z,.

Proof. The Taylor polynomial error follows immediately from (3.2.7). As for
the Lagrange interpolation error we note that at the node points x; we have
flz)—mgf(z;) =0, fori=0,1,...,q. Thus, f(x)—m,f(x) has ¢+1 zeros in
la, b] at the interpolation nodes x; and hence there is a function g(x) defined
on [a, b] such that

flz) —mf(z) = (x —zo)(x —21) ... (x — 24)9(2). (3.2.8)
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To determine g(x) we define an auxiliary function ¢ by

o(t) = f(t) —mgf(t) = (t —x0)(t — 1) ... (t —xg)9(x). (3.2.9)

Note that g(z) is independent of t. ¢(t) vanishes at the nodes z;, i =0,...,q
as well as for t = z, i.e. ¢(xg) = p(x1) = ... = ¢(z,) = ¢(x) = 0. Thus
©(t) has (¢ + 2) roots in the interval [a,b]. Now by the Generalized Rolle’s
theorem (see below), there exists a point ¢ € (a,b) such that @@+ () = 0.
Taking the (¢ + 1)-th derivative of the function (), with respect to t, we
get using the fact that deg(w,f(z)) = q,

PTI(E) = FI(E) = 0 — (g + 1)lg(a), (3.2.10)

where the last term is due to (t — xo)(t — x1) ... (t —xy) = 97 + at? + ..,
(for some constant «), and g(x) is independent of t. Thus

0= SD(Q+1)(£) _ f(q+1)(£) _ (q + 1)!g(x), (3.2.11)
which yields i)
_ )
glz) = W (3.2.12)

Inserting g(z) in (3.2.8) we get the Lagrange interpolation error

_iffﬁﬁka_$m (3.2.13)

g+ D! g
and the proof is complete. O
Theorem 3.5 (Generalized Rolle’s theorem). If a function u(z) € C7(a,b)
has (q + 2) roots, xy,x1,...,%, %, in a closed interval [a,b], then there is a

point € € (a,b), generated by o, 71, . .., 74, v, such that D (&) = 0.

In the finite element approximation procedure of solving differential equa-
tions, with a given source term (data) f(x), we need to evaluate integrals
of the form [ f(z)p;(x), with ¢;(x) being a finite element basis function.
Such integrals are not easily computable for higher order approximations
and more involved data. Further, we encounter matrices with entries being
the integrals of products of basis functions, their derivatives and variable
coefficients (in case they appear) in the equation. Except some special cases
(see calculations for A and A, in the previous chapter), these integrals are
not elementary and can only be computed approximately by using numeri-
cal integration. Below we briefly review some of these numerical integration
techniques.
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3.3 Numerical integration, Quadrature rule

We approximate the integral I = ff f(z)dz using a partition of I into subin-
tervals, where on each subinterval f is approximated by polynomials of a
certain degree d. We shall denote the approximate value of the integral I
by I;. To proceed we assume, without loss of generality, that f(x) > 0 on
(a,b) and that f is continuous on (a,b). Then the integral [ = fabf(x)dx is
interpreted as the area of the domain under the curve y = f(z); limited by
the x-axis and the lines + = a and x = b. We shall approximate this area
using the values of f at certain points as follows.

We start by approximating the integral over a single interval [a, b]. These
rules are referred to as simple rules.

i) Simple midpoint rule uses the value of f at the midpoint z := “T*b of [a, b],

ie. f (“T*b> This means that f is approximated by the constant function

(polynomial of degree 0) Py(x) = f(“Ter> and the area under the curve

y = f(z) by
1—/ F(x)de ~ (b— )f(“b). (3.3.1)

This is the general idea of the simple midpoint rule. To prepare for gener-
alizations, if we let xy = a and x7; = b and assume that the length of the
interval is h, then

[~1Ty=hf (a + g) — hf(z) (3.3.2)

ii) Simple trapezoidal rule uses the values of f at two endpoints a and b, i.e.
f(a) and f(b). Here f is approximated by the linear function (polynomial

of degree 1) Pj(x) passing through the two points (a, f(a)) and (b, f(b)),

consequently, the area under the curve y = f(z) is approximated as

I—/f Vo ~ b—a)f();f() (3.3.3)

This is the area of the trapezoidal between the lines y = 0, x = a and
x = b and under the graph of P;(z), and therefore is referred to as the simple
trapezoidal rule. Once again, for the purpose of generalization, we let zy = a,
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fla+h/2) | 7~ Dl@) |
i\/
7(a) |

8
-

jop)

Z CL—l—h/2

Figure 3.5: Midpoint approximation [ of the integral [ = f U f(x

r1 = b and assume that the length of the interval is h, then (3.3.3) can be
written as

hiflath) - fla)] _, fla) + fla+h)
2 2 (3.3.4)

h
=31 (w0) + Fou)]

I =~ [1 :hf(a) +

a = Zg b=x1=a+h

Figure 3.6: Trapezoidal approximation I; of the integral I = f U f(x

iii) Simple Simpson’s rule uses the values of f at the two endpoints a and b,
and the midpoint %5 of the interval [a, b], i.e. f(a), f(b), and f(“Ter) In this
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case the area under y = f(x) is approximated by the area under the graph of

the second degree polynomial P (z); with Py(a) = f(a), PQ(C‘T“’> = f(“T*b),

and Py(b) = f(b). To determine P,(z) we may use Lagrange interpolation
for ¢ = 2: let g = a, v1 = (a + b)/2 and x5 = b, then

Py(x) = f(@o)Xo() + fa1)M(@) + f(22)Aa(2), (3.3.5)
where
Ao(z) = %7
A (z) = % (3.3.6)
No(x) = ool
Thus

I = /abf(a:)dx ~ /ab Py(z)dz = Z Flz) /ab \i(z) d. (3.3.7)

Now we can easily compute the integrals

/ab)‘O(I) dr = /ab)\g(x) dr = b_a, /ab)q(x) dr — 4(b—a). (33.8)

Hence

= / f@)dr "2 f o) +af(@) + f@)). (339)

This is the basic idea behind the simple Simpson’s rule.

Obviously these approximations are less accurate for large intervals, [a, 0]
and/or oscillatory functions f. Following Riemann’s idea we can use these
rules, instead of on the whole interval [a, b], for the subintervals in an appro-
priate partition of [a,b]. Then we get the generalized versions, namely:

3.3.1 Composite rules for uniform partitions

The composite rules are based on the following General algorithm used to
approximate the integral

= / ' Ha)de.
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Figure 3.7: Simpson’s rule approximation I5 of the integral [ = ffol f(z)dz

(1) Divide the interval [a, b], uniformly, into N subintervals

a=20<T1 <Xy <...<Tn_1 <zTnN =D (3.3.10)

(2) Write the integral as

/f d:c—/ f(z)dz +. /;le(x)d:c:kz: xjklf(:c)dx

(3.3.11)

(3) For each subinterval [, := [xp_1, 2], k = 1,2,..., N, apply the same
integration rule (i) — (zii). Then we get the following generalizations.

(M) Composite midpoint rule: approximates f by constants (the values of
f at the midpoint of the subinterval) on each subinterval. Let

b— _
=1l =20 and j’f:w’ k=12 N
Then, using the simple midpoint rule for the interval Iy := [z)_1, xx],
f ) dx ~ / f(zy)dz = hf(zy). (3.3.12)
Tk—1

Summing over k, we get the Composite midpoint rule as:
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(T) Composite trapezoidal rule: approximates f by simple trapezoidal rule
on each subinterval I},

/xk f(z) de =~ E[f(xk 1) + f ()] (3.3.14)

\)

Summing over k yields the composite trapezoidal rule

h

/ f@)de =~ 3 Do) + flan)]
a ot (3.3.15)

[f(xo) +2f (1) + ...+ 2f (zp—1) + f(ar)] = Tn.

gﬂz

| >

(S) Composite Simpson’s rule: approximates f by simple Simpson’s rule
on each subinterval Iy,

Tp_1+ T

/ f(x f(xk 1)+4f(%>+f(xk)]. (3.3.16)

To simplify, we introduce the following identification on each Ij:

Tp—1+ Tk h
P2 = Tp-1, Akl = o =Tk, 2k =T h,=~.
(3.3.17)
a = Iy T Ty Tr—1 Ty Ty, TNy = b
R
a = 2o 21 22 Z2k—2 Z2k—1 22k Zony = b

Figure 3.8: Identification of subintervals for composite Simpson’s rule
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Then, summing (3.3.16) over k and using the above identification, we obtain
the composite Simpson’s rule viz,

/ab f(z)dz

Tp_1 + Tg

M +ar (B 4 )]

Q
] =

k=1

he
3

M-

[f (22k—2) + 4 (2261) + f (z%)} (3.3.18)

1

| F(20) + 4F (1) + 2f(22) + 4 () + 2 (1)

oo+ 2f(zon—2) +4f(zano1) + f<Z2N)] = Sn.

+ T

The figure below illustrates the starting procedure for the composite Simp-
son’s rule. The numbers in the brackets indicate the actual coefficient on
each subinterval. For instance the end of interval 1: x; = 29 coincides with
the start of interval 2, yielding the add-up [1] + [1] = 2 as the coefficient
of f(z2). A resonance which is repeated for each interior node ) which are
Zop:s; k=1,...,N —1.

[4] [4]

Z'() 21 29 Z3 2'4
Figure 3.9: Coefficients for composite Simpson’s rule
Remark 3.4. The rules (M), (T) and (S) use values of the function at

equally spaced points. These are not always the best approximation methods.
Below we introduce an optimal method.
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3.3.2 Gauss quadrature rule

This is an approximate integration rule aimed to choose the points of evalua-
tion of (a non-polynomial) integrand f in an optimal manner, not necessarily
at equally spaced points. We illustrate this rule by an example:

Problem: Choose the nodes z; € [a,b], and coefficients ¢;, 1 < i < n such
that, for an arbitrary integrable function f, the following error is minimal:

/ f(z)dz — Z cif (). (3.3.19)

Solution. The relation (3.3.19) contains 2n unknowns consisting of n nodes
x; and n coefficients ¢;. Therefore we need 2n equations. Thus if we replace
f by a polynomial, then an optimal choice of these 2n parameters yields a
quadrature rule (3.3.19) which is exact for polynomials, f, of degree < 2n—1.

Example 3.3. Letn = 2 and [a,b] = [—1,1]. Then the coefficients are ¢; and
¢y and the nodes are x1 and xo. Thus optimal choice of these 4 parameters
should yield that the approximation

/_ 1 fl@)de = ey f(x1) + cof (22), (3.3.20)

is indeed exact for f(x) replaced by any polynomial of degree < 3. So, we
replace [ by a polynomial of the form f(x) = Ax3+ Bx?>+Cx+ D and require
equality in (3.3.20). Thus, to determine the coefficients c¢1, co and the nodes
X1, Tg, in an optimal way, it suffices to change the above approximation to
equality when f is replaced by the basis functions for polynomials of degree
<3:i.e 1,2,2% and 3. Consequently we get the equation system

1
/ ldw = ¢, + ¢y and we get [2]' ], =2 =c; + ¢
-1

1 1.2 1
/:cdx:cl~:c1+c2~x2 and [3] =0=c 21 +Cy- 2o
_ —1
! ; (3.3.21)
7! 2 2
/xzd:c:cl-:cf—l—czmcg and[ = =c¢ 2]+
~1

-1
1

2?dr = ¢ - 23 + ¢y - 73 and
1

—
e[

D
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which, although nonlinear, has the unique solution presented below:

( (

Cl + Cp = 2 Cc1 = 1
c1x1 + coxe =0 =1
aad + cng =2 1 =—¥

\clxif—i-czx%:O \.1,’2:?

Hence, the approximation

/_11 f(x)de ~ ¢y f(x1) + cof (22) = f(_

is exact for all polynomials of degree < 3.

Example 3.4. Let f(z) = 32® + 2z + 1. Then f_11(3:172 + 2z 4+ 1)dx =
[2° + 22 + 2]' | = 4, and we can easily check that f(—v/3/3) + f(v/3/3) = 4,

which is also the exact value of the integral.

Higher order Gauss quadrature. To generalize the Gauss quadrature rule
to n > 2 Legendre polynomials are used. To illustrate, we choose {P,}22,
such that

(1) For each n, P, is a polynomial of degree n.
(2) P, L P it m#n <= [' P,(2)Pn(2)dz = 0.

The Legendre polynomials, on [—1, 1], can be obtained through the formula;
(see Chapter 2, Overture),

Pu(e) = g o ((a 1)),

~ 2l dan
Here are the few first Legendre polynomials:

3 1 5 3
P(](LU):l, Pl(l'):l’, PQ(LU):§SL’2—§, Pg(x):§$3—§$,...,
The roots of Legendre polynomials are distinct, symmetric, with respect to
x = 0, and the correct choices as quadrature points, i.e. the roots of the
Legendre polynomial P, (P, = 1 is an exception) are our optimal quadrature

points z;, 1 < i < n (viz, Theorem 3.5 below).
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Example 3.5. Roots of the Legendre polynomial as quadrature points:
Pi(z)=2=0.

3 1 3
Py(z) = 5:)32—— =0, gives x15= ﬂ:g. (compare with the result above).

5 3 3
Pi(z) = 53:3 5= 0, gves 1 =0, x93 =% =

Theorem 3.6. Suppose that z;,© = 1,2,...,n, are the roots of the n-th
Legendre polynomial P, and that

SL’—LL’
o= LG
J#Z

where

are the Lagrange basis functions with interpolation nodes x;. If f(x) is a

polynomial of degree < 2n, then / f(z)de = chf(xl)

=1

Proof. Consider a polynomial R(x) of degree < n. We can rewrite R(z) as
a (n — 1)-th degree Lagrange interpolation polynomial with its nodes at the
roots of the n-th Legendre polynomial P,:

;H(;Z — )R,
i

This representation of R(x) is exact, since for the error

B(z) = ~(2— 2)(@ — 22)... (& — 2) RO (€), we have R™W(€) =0,

" (3.3.24)
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Integrating we get

3

—=
/N
2lr

|||
&|E
N———

!
—
S

N

| I
L
8

—
_ [
sy
—
=
IS
&

I
—
_ [
—

~.
Il
—
<.
el
. =

w0 | (3.3.25)
-2/ TG
.-
Hence, .
/_ R(z)dr =Y e;R(xy), (3.3.26)

1 i=1
which shoes the result for polynomials of degree < n.
Now consider a polynomial, P(x), of degree < 2n. Dividing P(z) by the
n-th Legendre polynomial P,(x), we get

P(x) = Q(z) x P,(z) + R(x), deg Q(x) <n, deg R(x) <mn, (3.3.27)

/ )i / Q@) Pa(x)dz + /_ 11 R(z)da. (3.3.28)

Since Py(x), Pi(x),..., P,_1(x) are basis functions for P,_1(—1,1), Q(z) L
P,(x), VQ(x) with deg @ < n. Using (3.3.27) it follows that

/_11 Q(z)P,(x)dr = 0 = / z)dr = /11 R(z)dz. (3.3.29)

Recall that, the x;’s are the roots of P,(x), i.e. P,(x;) = 0. Thus using
(3.3.27),

and

P(z;) = Q(z;) Po(;) + R(x;) = R(x;). (3.3.30)
Hence, by (3.3.29), (3.3.26) and (3.3.30),
/_ 1 P(z)dz = /_ 1 R(z)dx = ZCZR(%) - Z ¢ P(x;). (3.3.31)

Summing up:

/_11 P(x)dx = i ciP(z;), (3.3.32)

and the proof is complete. O
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Remark 3.5. Error estimates for both simple and composite quadrature rules
can be found in any elementary book in numerical linear algebra and/or nu-
merical analysis.

3.4 Exercises

xT

Problem 3.1. Use the expressions \,(v) = == and \y(z) = =2 to show
that

Aa(z) + Np(2) =1, ara(x) + bNp(x) = 2.

Give a geometric interpretation by plotting, A.(z), Xo(z), Aa(x) + Ap(x),
alg(x), b\(z) and ad,(x) + bA\p(x).

Problem 3.2. Let f : [0.1] — R be a Lipschitz continuous function. De-
termine the linear interpolant wf € P(0,1) and plot f and ©f in the same
figure, when

(a) f(x) =2?,  (b) f(x) = sin(mz).
Problem 3.3. Determine the linear interpolation of the function
2 2 T
f(x) = =(x — m)* — cos (x—§), —r<z<m.
where the interval [—m, 7| is divided into 4 equal subintervals.

Problem 3.4. Assume that w' € Ly(I). Let x,z € I = [a,b] and w(Z) = 0.
Show that

lw(z)| < /I|w'|dz. (3.4.1)

Problem 3.5. Assume that v interpolates v, at the points a and b.
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Show, using (3.4.1) that

(i) uw—wunsjkw—mwm,

() (o — o) |</|—vmm—/wwx

(iii) max lp—v| < max |h?¢"],

(iv) ‘/W—vwxé/ﬁﬂfwﬁ
I I

V) Ne—vlr <IB?"ll;  and  [[A7*(0 = v)lls < ll¢"[I1,
1/2
where |wl||; = (/w2 dx) is the Lo(I)-norm.
I

Problem 3.6. Use, in the above problem

_ 1 (b
v = M — ﬁ/ odx (ap/ is constant on I),

and show that
(v) M¢—w@ns2/wmm,
I
(vil) /h*w—Ustg/wmm and [N — o)l < 20l
I I

Problem 3.7. Let now v(t) be the constant interpolant of ¢ on I.
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Show that
/h_1|<p —vldx < /|<p'|dx. (3.4.2)
I I

Problem 3.8. Show that

Pa,b) := {p(z)|p(z) is a polynomial of degree < q},
s a vector space but

Pi(a,b) := {p(x)|p(z) is a polynomial of degree = q},
is mot! a vector space.

Problem 3.9. Compute formulas for the linear interpolant of a continuous
function f through the points a and (b4+a)/2. Plot the corresponding Lagrange
basis functions.

Problem 3.10. Prove the following interpolation error estimate:

1
71 = fllLa(ap) < g(b— )| Lo (-

Hint: Using an scaling argument, it suffices to prove the inequality for [a,b] =

0, 1].

Problem 3.11. Prove that any value of f on the sub-intervals, in a partition
of (a,b), can be used to define m, f satisfying the error bound

o < . ! — ! )
f = 7hfl L (ap) < e hill f'l| Loy = AL | Lo (a)

Prove that choosing the midpoint improves the bound by an extra factor 1/2.
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Problem 3.12. Compute and graph m4 (6_8:02) on [—2, 2], which interpolates

—8x2

e at 5 equally spaced points in [—2,2].

Problem 3.13. Write down a basis for the set of piecewise quadratic poly-
nomaials W,Ez) on a partition a = xg < 1 < To < ... < Ty = b of (a,b)
into subintervals I; = (x;_1,x;), where

W,Eq—{v vl € PUL),i=1,...,m+ 1}.

Problem 3.14. Determine a set of basis functions for the space of continuous
- . . (@) z
piecewise quadratic functions V™ on I = (a,b), where

Vh(q) ={v e W,Eq) : v 48 continuous on I}.

Problem 3.15. Prove that

[ ) ) aeo

Problem 3.16. Prove that

}/:ﬂw)dx—f(‘“*‘”°)<x—xo>\

1 1
< —max|f”\/ x1+x0) dx < 24(x1—:c0)3 max\f”|.

2 [zo,x1] [xo,z1]

Hint: Use Taylor expansion of f about x = :“T”?



Chapter 4

Linear Systems of Equations

We have seen that the numerical solution of a differential equation, e.g. using
the Galerkin finite element method, is an approximation of the exact solution in
a finite dimensional vector space. If the differential equation is linear, then the
procedure ends solving a linear system of equations of the form Ax = b, where
the coefficient matrix A is a square matrix of the same order as the dimension
of the approximation space, and is related to the differential operator in the
equation, x is a vector in the approximation space with entries consisting of
certain nodal values of the approximate solution, and the vector b is related to
the data and basis functions of the approximation space.

The criterion for the quality of a numerical method, to solve a certain prob-
lem, lies in its potential of convergence of the approximate solution to the exact
one in an adequate measuring environment (norm). Quantitatively, this is ex-
pressed by “how fast” the approximate solution would converge to the exact
solution by increasing the approximation degree (the dimension of the approxi-
mation space), which is a theoretical procedure. In computations however, with
an already justified convergence, it is important to have a numerical algorithm
that solves the approximate problem reasonably fast (takes shorter time which
may be achieved, e.g. by taking a fewer number of approximation points).

This chapter is devoted to the numerical solution of linear systems of
equations of type Ax = b. Throughout this chapter we assume that detA #
0, i.e. the matrix A is invertible. Then Ax = b < x = A~'b where we
circumvent to invert the matrix A. To this approach we shall review the
well-known direct method of Gauss elimination and then continue with some

87
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more efficient iterative methods. A thorough study of this type is in the realm
of numerical linear algebra where the solution of linear systems of equations
is undoubtedly one of the most applied tools.

4.1 Direct methods

Consider the general form of an n x n linear system of equations given by

(
a1 + A12T9 + ...+ ALy = bl

n
Ax =b & ijl a;;x; = b, 9171 + A22To + ... + A9p Ty = by
or

1=1,...,n,

L Ap1T1 + ApoZo + ...+ QppTy = bn

We introduce the extended n x (n 4 1) coefficient matrix £ consisting of
the coefficient matrix A enlarged by putting the right hand side b as the
additional last column:

ayy a2 ... Qip bl
21 A2 ... Q9p bg

£ = . (4.1.1)
Apl Qp2  -.. Qpp by

Note that to solve the equation system Ax = b, it is a bad idea to calculate
A~! and then multiply by b. However, if A is an upper (or lower) triangular
matrix, i.e., if a;; = 0 for ¢ > j (or i < j), and A is invertible, then we can
solve x using the back substitution method:

r
1121 + A2 + ... + ATy = bl

a99To + ...+ Qop Ty = bg

(4.1.2)

Ap—1,n—1Tp—1 + Ap—1nTp = bn—l

Applp = bn>
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which yields

( 1
T = —[bl — Q12T — ... — alna:n]
an
1 (4.1.3)
Tp—1 = 7[671—1 - an—l,nzn]
(p—1,n—1

bn
Ty = —.

\ Apn

Number of operations. The speed of convergence depends on the number
of operations performed during the computations. In the above procedure
additions and subtractions are not considered as time consuming operations,
therefore we shall count only the number of multiplications and divisions.

e The number of multiplications to solve for z,, from (4.1.3) is zero and the
number of divisions is one.

e To solve for z,,_; we need one multiplication and one division.

e To solve for z; we need (n — 1) multiplication and one division.

Thus to solve the triangular linear system of equations given by (4.1.2) we
shall need

1+2+...+(n—1):@::%2+62(n),

multiplications, where Q(n) is a remainder of order n, and n divisions.

Gaussian elimination method. This method is based on the following
obvious facts expressing that: a solution to a linear system of equations is
not changed under elementary row operations. These are

(i) interchanging two equations
(ii) adding a multiple of one equation to another

(iii) multiplying an equation by a nonzero constant.

The Gauss elimination procedure is based on splitting the coefficient matrix
A to two factors, an upper triangular matrix U and a lower triangular matrix
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L, known as LU factorization. Below are examples of 3 x 3 dimensional upper
triangular matrix U, lower triangular matrix L and diagonal matrix D,

a b c a 0 0 a 0 0
U=10d e |, L=1|g¢g da 0 |, D=110d 0
00 f h i f 00 f

Of course some of the entries a, b, ..., 7 above may also be zero. To perform

the Gauss elimination procedure, we start from the first row of the coefficient
matrix of the equation system and use elementary row operations to eliminate
the elements a;1,7 > 1, under a;; (make a;; = 0).

Remark 4.1. Ifa;; = 0, then we interchange equations, and replace the first
equation by an equation in the system with a; # 0.

The equation system corresponding to this newly obtained matrix A with
elements a;;, and where a;; = 0,7 > 1, has the same solution as the original
one. We repeat the same procedure of elementary row operations to eliminate
the elements ;2,7 > 2, from the matrix A. Continuing in this way, we obtain
an upper triangular matrix U with a corresponding equation system which
is equivalent to the original system (has the same solution). Below we shall
illustrate this procedure through an example.

Example 4.1. Solve the linear system of equations
201 + a9+ x3 =2
4ry — wy+3z3 =0 (4.1.4)
2x1 4+ 6x9 — 223 = 10.

In the extended coefficient matriz:

E=14 -1 3 | o |, (4.1.5)
2 6 —2 | 10

we have that a1 = 2, as; = 4, and azy = 2. We introduce the multipliers
mp, ¢ > 1 by letting

21 4 a31 2
= —— = — = 2 = — = — = 1, 4.1-6
may o1 9 msi o1 5 ( )
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Now we multiply the first row by mso; and then subtract it from row 2 and
replace the result in row 2:

2 1 1 | 2 (—2) 2 1 1 | 2
4 -1 3 | 0 =0 -3 1 | ~4 (4.1.7)
2 6 -2 | 10 2 6 -2 | 10

Simailarly we multiply the first row by ms; = 1, subtract it from row 3, and
replace the result in row 3:

E=0 -3 1 | -4, (4.1.8)

In this setting we have ass = —3 and aso = 5. Now we let M3y = aza /Gy =
—5/3, then multiplying the second row in € by msy and subtracting the result
from row 3 yields

2 1 1| 2
0 -3 1| -4 1, (4.1.9)
4 4
0o 0 —< -
3 | 3
where we have obtained the upper triangular matriz
2 1 1
U=]10 -3 1 . (4.1.10)
4
0o 0 —<
3

The new equivalent equation system is

25(31 + 22+ 23 = 2
—3ry+ w3 = —4 (4.1.11)
4 4
with the solution x1 = 1, xo = 1 and x3 = —1 which, as we can verify, is

also the solution of the original equation system (4.1.4).
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Remark 4.2. For an n x n matrix A, the number of operation in the Gauss
elimination procedure, leading to an upper triangular matriz U, is of order
O(n?). Recall that the number of operations to solve an nxn upper triangular
system is O(n?). Therefore the total number of operations to solve an n x n
linear system of equations using the Gauss elimination is of order O(n?).

Definition 4.1. We define the lower triangular matrices:

1 0 0 1 0 0 1 0 0
L, = —m9o; 1 0 7L2 = 0 1 0 and L = moq 1 0
—msz31 01 0 —Mm32 1 ms31 M3o 1

where ma1, mz1 and mso are the multipliers. The matrices Ly, Ly and L are
unit (ones on the diagonal) lower triangular 3 x 3-matrices with the property
that

L= (LoLy)' = L7'LyY, and A= LU. (4.1.12)

Example 4.2. Continuing the previous example, we have mqo; = 2, mg; = 1
and mss = —5/3, consequently

100 100 1 0 0

Li=| 2 10|, L=|0 10 and L=|2 1 0

5 5

10 1 0 5 1 121

Thus

100 2 1 1 2 1 1

LA=| -2 1 0 4 -1 3|=|0 -3 1|=4,
10 1 2 6 —2 0 5 —3

which corresponds to the first two elementary row operations in the Gaussian
elimination. Further

1 0 0 2 1 1 2 1 1
5
0 3 1 0 5 =3 0 0 -2
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which corresponds to the last (third) elementary row operation performed in
the previous example.
Note that, the last relation means also

A = (Lng)_lU = LU
In the general setting we have the following result:

Proposition 4.1. The n x n unit lower triangular matrixz L is given by
L= (Lp 1Ly o...L1)7",

where L;, 1 =1,...,n—1 are the corresponding nxn row-operation matrices,
viz example above. For n =3 we have (LyL,)™' = L, where

ms; Map 1

and m;; are the multipliers defined above.

LU factorization of an n x n matrix A

To generalize the above procedure from the 3 x 3 case, to an n x n linear
system of equations we use the factorization A = LU of the coefficient matrix
A, where L is a unit lower triangular matrix and U is an upper triangular
matrix obtained from A by Gaussian elimination.

To solve the system Ax = b, assuming we have an LU factorization, we let
y = Ux, and first solve Ly = b by forward substitution (from the first row
to the last) and obtain the vector y, then using y as the known right hand
side finally we solve Ux =y by backward substitution (from the last row to
the first) and get the solution x.

Thus
Ax =b <<= (LU)x =b < L(Ux)=b
< (Ly=b A Ux=Y).
Observe that, in the Gauss elimination procedure, y = b is solved “by auto-

matic”, viz
y = L7 'b = L,L1b.
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Then, we solve
Ux = Lyl Ax = LyL,b =L 'b =1y,

by backward substitution.

Below we illustrate this procedure through an example.

Example 4.3. We return to the previous example where we have that

1 00 2
L= 2 10 and b= 0
5
1 —— 1
5 10

e Ly = b yields the system of equations

1 00 " 2 Y = 2

2 10 wl=10|={20+p-= 0
5 5

1 —g 1 Y3 10 Y1 — ng +y3 = 10.

Using forward substitution we get y; = 2, yo = —4, y3 = 4/3. Further with

2 1 1 2

U=1]1 0 -3 1 and y=1| —4

4 4

0o 0 —- =

3 3

o Ux =y yields

2 1 1 1 2 23(31 + 29 + T3 = 2
0 —3 1 X9 = —4 < — 333'2 +x3 = —4
4 4 4 4
0 0 —g I3 g —gl’g = g

Using backward substitution, we get the solution: x; =1, 1o =1, v3 = —1.
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Remark 4.3. In some cases we can predict the solubility of an equation
system: Let A be an n X n matriz. Then we have the following properties:
o [fdet(A) # 0, then the system of equations Ax = b have a unique solution,
given by x = A~'b.

e A has an LU factorization if det(Ay) #0, k=1,...,n—1, where Ay, is
Sylvester’s matriz:

o [f the LU factorization exists and det(A) # 0, then the LU factorization
id unique and det(A) = Uy - ... Upy.

In particular for the “symmetric matrices” we have:

Theorem 4.1 (Cholesky’s method). Let A be a symmetric matriz, (a;; =
aj;), then the following statements are equivalent:

(i) A is positive definite.
(i1) The eigenvalues of A are positive.
(11i) Sylvester’s criterion: det(Ag) >0 fork=1,2,...,n.

(iv) A = LLT where L is lower triangular and has positive diagonal ele-
ments. (Cholesky factorization)

We do not give a proof of this theorem. The interested reader is referred
to literature in linear algebra and matrix theory, e.g. G. Goloub, [13].

4.2 TIterative methods

To speed up the solution procedure, instead of solving Ax = b directly,
for the exact solution x, we consider iterative solution methods based on

computing a sequence of approximations x¥), k = 1,2, ... such that
klim x® =x or klim |x*) — x| =0, for some matrix norm.
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Example 4.4. For an n x n matriz A,L; and L., matrix norms are defined

by
n
1A[]1 = max > a1,
J X
=1

n
HAHm::H?X§:|%ﬂ-
=1

Thus consider the general n x n linear system of equations Ax = b, where
both the coefficient matrix A and the vector b have real entries,

;

a1121+ 199 +... FaipT,
A21T1 +A22T2 +a2n Ty
Ax =b <—
+..
Ay 11 + ... +Apn T, =

For the system (4.2.1) we shall introduce the two main iterative methods.

Jacobi iteration: Assume that a; # 0, then (4.2.1) can be rewritten as:

( 1
T = __CL [algl’Q -+ 1373 + ...+ ATy — bl]
1
Ty = ——[agll’l + a93To + ...+ Ao Ty — bg]
22
Ly = _—[anlxl + aporo + ...+ App—1Tn—1 — bn]
\ QAnp,

We start with a given initial approximation for the solution, viz

x(© = (:cgo) =c, xéo) =y, ..., 20 =

and, based on the above system, define a successive iteration procedure, for
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k=0,1,2,..., as

11
e N S R NI RN
a22
1
:L'gHrl) = _a—[anlxgk) + aanék) + ...+ an,n—lzgzkzl - bn]’
L nn

or in compact form in Jacobi coordinates, by

n n
> i1 Wiy = b = aym; = — Zj;l, aijj + bi,
J7F1

) (4.2.2)
AT Z] 1 azy _I' b
J#i

If n is large and the number of iterations are small < n, then the Jacobi

method requires less operations than the usual Gauss elimination method.
Below we state a convergence criterion (the proof is left as an exercise),

Convergence criterion:

The Jacobi method gives convergence to the exact solution if the matrix A
is strictly diagonally dominant, i.e.

|ag;| > Z lai;| i=1,2,...,n. (4.2.3)
J#l
4 2 1
Problem 4.1. Show that A= | 1 5 1 | is diagonally dominant.
01 3
2 -1
Example 4.5. Solve Ax =b where A = and b =
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A is diagonally dominant and the matriz equation Ax = b is equivalent to
the linear equation system

2LU1 — T =1
(4.2.4)
—XT1 —|—21L'2 =1.

We choose zero initial values for x1 and x4, i.e. xgo) =0 and SL’;O) =0 and
use (4.2.4) to build the Jacobi iteration system

20 = 2V 1
ikﬂ) fk) (4.2.5)
2$2 - :I:l + ]_,
where k 1s the iteration step. Then we have
22" = 2’ +1 e =1/2
11 20 with the solution 11 / (4.2.6)
20 =20 41 oM =1)2.
In the next iteration step:
22 = 2V +1 20 =1/2+1 2P =3/4
! ? = ! / = ! / (4.2.7)

207 =2V 41 200 =1/2+1 2 =3/4.

(%)

i

=ux;, ¢ = 1,2, where xr1 = 19 = 1.

Below we show the first few iterations giving the corresponding xﬁ’“’ and :Egk)

values

Continuing we obviously have klim x
— 00

w NN = o
—_
~
[\
—
~
[\
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g

Now if we use the mazimum norm: ||eglls := max |z, — x|, then
1=

,2

feolloe = max(|{” = 21], 2§ = zal) = max (o~ 1], Jo— 1]} =
— (1 _ My (}_1’ }_1D:1
le1]|oo = max(|z3 1], [ T5|) = max 5 |5 5
_ @) _ oy 1 12?) — gy|) = (§_1)§_q>:1
lezlloo = max(jay™ — 1], |#y” — z2]) = max { |7 — 1), |7 1
7 7 1
les]loo = max(|x§3) — x1|,x§3) — 15|) = max (’g — 1], S 1’) =3

1
In this way ||€g11]|co = §||ek||oo, where ey, is the errorin step k > 0. Iterating,

1\ k
we see that for the k-th Jacobi iteration the convergence rate is (5) :

1\2 I

1 k
lellse = Sllerilloe = (5) lerzlle = = (5) lleolle = (1/2) -

Gauss-Seidel iteration

We start again with an initial approximation of the solution of the form

then using the fact that the first row in the k-th Jacobi iteration gives x&kﬂ)

and in the 7 + 1-th row ﬂ’“”, ce SL’Z(IH—I) are already computed values given
on the left hand sides of the previous (first 7) rows. The idea in the Gauss-
Seidel procedure is: that, in the very same iteration step, one simultaneously

inserts these previously computed values. More specifically the Gauss-Seidel
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iteration steps are given by:

( xgkﬂ) ;i [algxé ) 4 algl’ék) +...+ alnxg“) — by
:L’gkﬂ) = _—1[a21x§k+1) + a23x§k) +...+ agnx — bo)
az2
xikfll) = ﬁi_l[an 1 1x§k+1) +.. a1 2x£f+21) + an_l,nx,(f) — by_1]
) — —1 " lamae®™ 4 a4 e — b,

. nn

or in a compact way in Gauss-Seidel coordinates, as

Ax =b <— iaij:cj =b, — iaijxj + i i Tj = b;. (428)

j=1 j=1 j=i+1

Therefore the iterative form for the Gauss-Seidel method is given by

i (k+1)
Z] 1 Qij L _ZJ —=i+1 @i T +b —

(4.2.9)
k+1 i—1 k+1 n
auxg ) = — E j=1 aijl’g- ) - g j=i+1 az] + b

Example 4.6. We consider the same example as above: Ax = b with

2 —1 T
A= , X = , and b=
1 2 2 1
Recall the Jacobi iteration system

(4.2.10)
k+1 k
2x( +)—x§)+1.
The corresponding Gauss-Seidel iteration system reads as follows:
20 = 20 4
! ? (4.2.11)

20D — kD) 4 g
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We choose the same initial values for x1 and xo as in the Jacobi iterations,
i.e. xgo) =0, and xéo) = 0. Now the first equation in (4.2.11):

1
2:651) = xéo) +1= xﬁ” =3

Inserting this value of xgl) = % into the second equation in (4.2.11) yields
1 3
2:)351) = xgl) + 1= 2:)351) =3 + 1= :Bél) =1

Below we list the first few iteration steps for this Gauss-Seidel approach:

] o | o
0 0 0
1| 1/2 | 3/4
2| 7/8 |15/16
3131/32 | 63/64
Obviously kh_)rlolo :cgk) = leIEO :cgk) = 1. Now with |lex||. = max |x§k) — x|, we

get the successive iteration errors:

3 1
1) -3
4 2

1
Jexllo = max(fa{? — a1, " = aal) = max (|~ 1

Y

e (=12 =1)) =5 el (55 5) =2
€9l = IMax - — s | — = -, €3llcc =max | —, — | = —.
’ 8 16 g 327 64/ 32
1
Thus for the Gauss-Seidel iteration ||€x11]|co = —||€k||0o, Wwhere €y, is the error

for step k, and hence we can conclude that the Gauss-Seidel method converges
faster than the Jacobi method:

1 1\2 1\ 1\*
lelloe = Fler-lloe = () erzlloe == (3) lleolle = (7) -
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The successive over-relaxation method (S.O.R..).
The S.O.R. method is a modified version of the Gauss-Seidel iteration. The
iteration procedure is given by

n

i—1
(k+1) _ (k) | @ (k+1) (k)

v j=1 j=i+1

For w > 1 the method is called an over-relaxation method and if 0 < w < 1,
it is referred to as an under-relaxation method. In the S.O.R. coordinates
we have

i—1 n
aii$§k+1) = au:)ﬁ,(-k) —w ( Z aij$§k+l) + Z aijzg-k) - bi). (4.2.13)
j=1 j=i
Remark 4.4. Note that for w =1, (4.2.13) gives the Gauss-Seidel method.

Abstraction of iterative methods

In our procedures we have considered Ax = b and x = Bx + ¢ as equivalent
linear systems of equations, where B is the iteration matrix and x;,; =
BXk +cC.

Some advantages of iterative methods over direct methods are:
(i) Tterative methods are faster (depends on B, accuracy is required)
(ii) Iterative methods require less memory (sparsity of A can be preserved).

By a spars matrix we mean a matrix with most zero elements, i.e. a
matrix that has very few non-zero elements.

Questions: For a qualitative study of an iteration procedure the following
questions are of vital interest;

(Q1) For a given A, what is a good choice for B?

(Q2) When does x*) — x?

(Q3) What is the rate of convergence?
The error at step k is e, = x*) —x and that of step (k+1) is ey = xF) —x.
Then we have ej,; = x**) —x = (Bx®) +¢)— (Bx+c) = B(x® —x) = Bey.
Iterating, we have

e, — Bek_l =B- Bek_g = B?’ek_g =...= Bkek_k = Bk €q.
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Thus we have shown that e, = B¥ey. Let now

0 0 0 aig ... A1p
a 0 0
L=\ . U=
0 Ap—1,n
Qp1  --. Apn—1 0 0 0
and
a1 0 0
D— 0 922 0 ’
0 0 apn

then A = L+ D + U. We can rewrite Ax = b as (L + D + U)x = b then
Dx = —(L + U)x + b, and we may reformulate the iterative methods as
follows.

Jacobi’s method

Dx*) = (L +U)x®™ + b= B, = -DYL+U),

where B is the Jacobi iteration matrix.

Example 4.7. We consider the previous ezample and write the linear system
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in matriz form as X = B;x + ¢, i.e.

( 1 n 1
O ! 1)) —
2113'1 — T2 = 1 2 2 . . . .
= which in matriz form is
—r1 + 225 =1 1 1
\ T = 51’1 + 5
T 0o 1 x 1
H = 2 ' + | % |, where
) % 0 T2 %
T 0 1 1
X = ! , By = 2 andc= | ?
2 3 0 p

Example 4.8. Determine the same matriz By by the formula:
B; = _D_l(L + U);

A:

and thus

1
B;=-DY (L = —— =
J (L+U) 5 5

Gauss-Seidel’s method

As in the Jacobi case, we may write Ax = b as (L + D + U)x = b but now
we choose (L + D)x = —Ux + b. Similar to the previous procedure we then
have (L + D)x%**+) = —Ux® + b, and then Bgs = —(L + D)~'U, where
Bgg stands for the Gauss-Seidel iteration matrix.
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Relaxation
Gauss-Seidel corresponds to (L + D)x = —Ux + b, thus the iteration proce-
dure is:

Dx") = Dx®) — [Ix**D) (D + U)x® — ).

Now we define the general relaxation procedure
x4 = (1 — w)x® + wD™! (b — Lx(*+D Ux<k>), (4.2.14)

where the coefficient of w, in the second term, is just the right hand side of
Gauss-Seidel’s method: the term in the bracket in (4.2.12). We may rewrite
(4.2.14) as

(WL + D)x* Y = [(1 — w)D — wUx® 4 wb,

where w is the relaxation parameter, (w = 1 gives the Gauss-Seidel iteration).
Thus the relaxation iteration matrix is:

B, = (wL+ D)™ '[(1 —w)D — wU].

4.3 Exercises

Problem 4.2. [llustrate the LU factorization for the matriz

1 3 2
A= -2 —6 1
2 5 7
Problem 4.3. Solve A*x = b for
—1 2 144
A - b =
2 -3 —233

Problem 4.4. Find the unique LDU factorization for the matriz

1 1 =3
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Hint: First find the LU factorization of A. Then D is a diagonal matriz
with its diagonal elements being those of U. U is an upper triangular matrix
obtained from U by replacing the diagonal elements of U by ones.

Problem 4.5. Show that every orthogonal 2 x 2 matrixz is of the form

where ¢ + 5% =1

Problem 4.6. Find the LU factorization for the matriz A

10 0-
310
2 41
0 3 5

o O = =

Problem 4.7. Solve the following system of equations

4 -1 (751 1
—1 4 U9 -3

using the following iteration methods and a starting value of u® = (0,0)T.
(a) Jacobi Method.
(b) Gauss-Seidel Method.
(¢) Optimal SOR (you must compute the optimal value of w = wy first).

Problem 4.8. Prove strict diagonal dominance (4.2.3) implies convergence
of Jacobi and Gauss-Seidel methods.
Hint: One may use fix-point iterations.

Problem 4.9. A is an orthogonal matrix if ATA = I (I being the identity
matriz). Show that for any vector v with ||v||s = 1, the matriz I —vv7T is

orthogonal.

Problem 4.10. Suppose that det(a;;) = 0, but a; # 0 for all i. Prove that
the Jacobi’s method does not converge.
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Problem 4.11. Consider the N x N matriz A = (a;;) defined by

—1 i —j| =

1 1=7=1
aij:

1 1=7=N

2 l<i=j<N

\

a) Show that A is positive semi-definite, i.e. xT Ax > 0 for all x € RV.
b) Show that xTAx = 0 if and only if x is a constant multiple of the one
vector (1,1,...,1)T.

Problem 4.12. We define the L,-norm (p =1,2,00) of a vector v as
IVl = ol
i=1
" 1/2
Ivllz = (3 il?)
i=1

|1V]|oo = max{|v;|; i =1,...,n}.

Show that
[V][eo < IVll2 < [IV]]1-
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Chapter 5

Two-point boundary value
problems

In this chapter we focus on finite element approximation procedure for two-
point boundary value problems (BVPs) of Dirichlet, Neumann and mixed type.
For each case we formulate a corresponding variational formulation (VF) and a
minimization problem (MP) and prove that to solve the boundary value problem
is “equivalent” to solve a VF problem which in its turn is equivalent to solve a
minimization problem MP, i.e,

(BVP) 7 <" (VF) < (MP).

We also prove a priori and a posteriori error estimates. The <= in the
equivalence 7 <= " is subject to a regularity requirement on the solution up to
the order of the underlying PDE.

5.1 A Dirichlet problem

Assume that a horizontal elastic bar which occupies the interval I := [0, 1],
is fixed at the end-points. Let u(z) denote the displacement of the bar at a
point x € I, a(x) be the modulus of elasticity, and f(z) a given load function,
then one can show that u satisfies the following boundary value problem for
Poisson’s equation

!/

—<a(x)u’(x)) — f(z), 0O<z<1,
u(0) =u(l) =0.

(BVP), (5.1.1)

109
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We assume that a(x) is piecewise continuous in (0, 1), bounded for 0 <z <1
and a(z) > 0 for 0 <z < 1.

Let v(z) and its derivative v'(x),x € I, be square integrable functions, that
is: v, v' € Ly(0,1), and define the Ly-based Sobolev space

HL0,1) = {v(z) : /0 (v(2)? + v/ (2)})dz < 00, v(0) = v(1) = o}. (5.1.2)

The variational formulation (VF). We multiply the equation in (BVP),
by a so called test function v(z) € H}(0, 1) and integrate over (0, 1) to obtain

- [ @y = [ fates (5.1.3)

By integration by parts we get

1

— [a(m)u’(m)v(m)] + /01 a(z)u' (z2)v'(x)dz = /01 f(z)v(x)d. (5.1.4)

0
Now since v(0) = v(1) = 0 we have thus the obtained the variational formu-
lation for the problem (5.1.1) as follows: find u(z) € HJ such that

(VF), /Oa(x)u/(x)vl(x)dxzfo f(x)v(z)dr, Yo(r) € Hy. (5.1.5)

In other words we have shown that if u satisfies (BVP),, then u also satisfies
the (VF), above. We write this as (BVP), = (VF),. Now the question
is whether the reverse implication is true, i.e. under which conditions can
we deduce the implication (VF), = (BVP),? It appears that this question
has an affirmative answer, provided that the solution u to (VF), is twice
differentiable. Then, modulo this regularity requirement, the two problems
are indeed equivalent. We prove this in the following theorem.
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Theorem 5.1. The following two properties are equivalent
i) u satisfies (BVP),
i) w is twice differentiable and satisfies (VF),.

Proof. We have already shown (BVP), = (VF),. It remains to show that
(VF), = (BVP),. Integrating by parts on the left hand side in (5.1.5),
assuming that u is twice differentiable, and using v(0) = v(1) = 0 we return
to the relation (5.1.3):

—/0 (a(z)u'(x)) v(x)dx :/0 f(z) v(z)dx, Yo(z) € Hy (5.1.6)

which can be rewritten as
/0 { — (a(:c’)u/(x)>/ - f(x)}v(:c)d:c =0, Vo(z) € H. (5.1.7)

We claim that (5.1.7) implies that

—(a(x)u’(g;))' —fx)=0, Vre(01) (5.1.8)
Suppose not. Then there exists at least one point £ € (0, 1), such that
(a0 (©)) — 16 #0, (5.1.9
where we may assume, without loss of generality, that
~(al©u(©) - &) >0 (or <0). (5.1.10)

Thus, assuming that f € C(0,1) and a € C(0,1), by continuity, 3§ > 0,
such that in a d-neighborhood of &,

() = —(a(x)u'(x))/—f(x) >0,  forall z€(E—6E+4). (5.1.11)

Now if we take the test function v(z) in (5.1.7) as the hat-function v*(z) > 0,
with v*(§) = 1 and the support I5 := (£ — §,£ + 0), see Figure 5.1. Then
v*(z) € Hy and

/01 { = (a@)w @) = f) }or (@) = / )" a) e >0

This contradicts (5.1.7). Thus, our claim is true and the proof is complete.
O
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N .
0] ~__"€-6 ¢ ¢+6 ~—

s

Figure 5.1: The hat function v*(x) over the interval (£ —9,£ + 0).

Corollary 5.1. (i) If f(x) is continuous and a(x) is continuously differen-
tiable, i.e. f € C(0,1) and a € C*(0,1), then (BVP) and (VF) have the
same solution.

(i) If a(z) is discontinuous, then (BVP) is not always well-defined but (VF)
has still a meaning. Therefore (VE) covers a larger set of data than (BVP).
(111) More important: in (VF) u € CY(0,1),while (BVP) is formulated for u
having 2 derivatives, e.g. u € C*(0,1).

The minimization problem. For the problem (5.1.1), we may formulate
yet another equivalent problem, viz:

Find u € H} such that F(u) < F(w), Yw € Hj, where F(w) is the total
potential energy of the displacement w(x), given by

1 1 1
(MP) F(w) = 5/ a(w')?dx — / fwdz. (5.1.12)
0 0
Internal (elastic) energy Load potential

This means that the solution u minimizes the energy functional F'(w).

Below we show that the above minimization problem is equivalent to the
variational formulation (VF); and hence also to the boundary value problem
(BVP),.

Theorem 5.2. The following two properties are equivalent

a) u satisfies the variational formulation (VF),
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b) w is the solution for the minimization problem (MP)

i.€.
1 1
F(u) < F(w),YVw € H) <= / au'v'dr = / fodz, Vve Hj. (5.1.13)
0 0

Proof. (<=): First we show that the variational formulation (VF); implies
the minimization problem (MP). To this end, for w € Hj we let v = w — u,
then v € H} and

F(w):F(u+v):%/OICL((U—FU)’)zdm—/Olf(u+v)d:c:

I e e
= —/ 2au’v’d9§+—/ a(u’)2d:)3+—/ a(v')?dx
2 Jo 2 Jo 2 Jo

g

(i

(0 )
1 1

—/ fud:v—/ fudx.
0( ) 0

idi (iv)

Now using (VF); we have (i) — (iv) = 0. Further by the definition of the
functional F, (i) — (4ii) = F'(u). Thus

Fw) = F(u) + = /0 a(z) (v (x))2da, (5.1.14)

and since a(x) > 0 we get F(w) > F(u).

(=): Next we show that the minimization problem (MP) implies the varia-
tional formulation (VF);. To this end, assume that F'(u) < F(w) Yw € Hg,
and for an arbitrary function v € H}, set g(g,v) = F(u+ev), then by (MP), g

(as a function of ) has a minimum at ¢ = 0. In other words £ g(e, v) = 0.
e=0
We have that

g(a,v)=F(u+av):%/1a<(u+£v)’)2d:c—/lf(u—l—av)dx:
0 0
_1 ! N2 20 N2 1 N ! o !
= 2/0 {a(u')* 4+ ae”(v")* + 2aeu'v' }dx /0 fudx 5/0 fodz.
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Now we compute the derivative ¢’ (g, v),
1 1 1
gi(e,v) = 5/ {2aeg(v')? + 2au'v'}dx —/ fudx, (5.1.15)
0 0

=0, yields

where g’
e=0

1 1
/ au'v'dx —/ fodx =0, (5.1.16)
0 0
which is the variational formulation (VF);. Hence, we conclude that F'(u) <
F(w), Vw € Hy = (VF),, and the proof is complete. O
We summarize the two theorems in short as

Corollary 5.2.
(BVP),” <" (VF), < (MP).

Recall that 7 <= " is a conditional equivalence, requiring, e.q. u to be twice
differentiable, for the reverse implication.

5.2 A mixed Boundary Value Problem

Obviously changing the boundary conditions would require changes in the
variational formulation. This can be seen, e.g. in deriving the variational
formulation corresponding to the following mixed boundary value problem:
find u such that

—(a(x)u’(x)) =f(x), O0<z<l1
u(0) =0, a(L)u'(1) = ¢1.

(BVP), (5.2.1)

As usual, we multiply the equation by a suitable test function v(x), and
integrate over the interval (0, 1). Note that this time the test function satisfies
only v(0) = 0. This is due to the fact that now (1) is not given, and to get
an approximate value of u at x = 1, we need to supply a test function (a
half-hat-function) at z = 1. So we have

- [ @y = [ et (5.2.2)
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and by integration by parts we have

1

— [a(x)u'(x)v(x)}

0

+/0 a(;)g)u’(x)v’(g:)dx:/() f(z)v(z)d. (5.2.3)

Now using the boundary data a(1)u/(1) = g; and v(0) = 0 we get

/01 a(z)u' (2)v'(x)dx = /01 f@)(z)dz + gv(1), VYo e HL, (5.2.4)
where
H! = {v() : /Ol(v(x)2 +'(x)?)dr < 0o, such that v(0) = 0}.  (5.2.5)
Hence, (5.2.4) yields the variational formulation: find u € H} such that

(VF), /0 a(z)u'(z)v'(x)de = /0 f(@)v(z)dz + gv(1), Yo e HL.

Now, as in the Dirichlet case, we want to show that

Theorem 5.3. (BVP), <= (VF),, in the sense that the two problems have
the same solution.

Proof. That (BVP), = (VF),, is already shown by (5.2.2)-(5.2.4). To prove
(VF), = (BVP),: that a solution of the variational problem (VF), is also a
solution of the two-point boundary value problem (BVP),, we have to prove
the following claims:

(i) the solution satisfies the differential equation
(i) the solution satisfies the boundary conditions

We start with (V F), and perform a reversed order integration by parts to
get
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Thus the variational formulation (VF), can be rewritten as

- /0 (a(@)u (@) o(2)dz + a1 (1)p(1) = /0 F@)o(@)de + gro(1). (5.2.8)

The equation (5.2.8) is valid for every v(z) € HZ(0,1), including the special
class of test functions v(z) with v(0) = v(1) = 0 as in the Dirichlet problem:
—(au') = f, u(0) = u(1) = 0. This is simply because H}(0,1) € H}(0,1).
Consequently choosing v(1) =0, (5.2.8) is reduced to

—/0 (a(x)u/(x))/v(x)dx:/() f(z)v(z)dz, Yo(z) € Hy (5.2.9)

Now, as in the Dirichlet case, the variational formulation (5.2.9) gives the
differential equation in (5.2.1) and hence the claim (i) is true. Inserting
(av') = f into (5.2.8) we get g1v(1) = a(1)w'(1)v(1). Choosing v(1) # 0,
e.g. v(1) =1, gives the boundary condition ¢g; = a(1)u/(1). The boundary
condition u(0) = 0 follows directly from the definition of H{(0,1), and the
proof is complete. O

Remark 5.1. i) The Dirichlet boundary condition is called an essential
boundary condition and is “strongly imposed” in the trial/test function
space: Enforced explicitly to the trial and test functions in (VF).

ii) Neumann and Robin boundary conditions are called natural bound-
ary conditions. These boundary conditions are automatically satisfied,
within the corresponding variational formulations, and are therefore
weakly imposed.
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5.3 The finite element method (FEM)

We now formulate the finite element procedure for boundary value problems.
To this end we let 7;, = {0 = 29 < 71 < ... < xyy < Tpy41 = 1} be a
partition of the interval I = [0, 1] into subintervals I = [xy_1, x| and set
hi = xx—xk_1. Define the piecewise constant function h(z) 1= xp—xr_1 = hg

X

T
zo =0 €y ) Tr—1 L Tnm Tp4+1 = 1

for x € Iy. Let C(I, Pi(I;)) denote the set of all continuous piecewise linear
functions on 7;, (continuous in the whole interval I, linear on each subinterval

It), and define
V9 = {v:vel, P(L), v(0)=uv(1)=0} (5.3.1)

Note that Vh(o) is a finite dimensional (dim(Vh(O) = M) subspace of

H} = {v(x) : /1(1)(27)2 + ' (2)})dr < 0o, and v(0) =v(l) = 0}.
’ (5.3.2)

Continuous Galerkin of degree 1, cG(1). A finite element formulation

for our Dirichlet boundary value problem (BVP), is given by: find u;, € Vh(o)
such that the following discrete variational formulation holds true

(FEM) /0 a(@ )i, (2)0 (2)dz = /0 F@()de, Yoev®. (533)

Note that the finite element method (FEM) is a finite dimensional ver-
sion of the variational formulation (VF),. Here the test functions are in
a finite dimensional subspace Vh(o), of H}, spanned by the hat-functions,
;(x), j =1,...,M. Now the purpose is to estimate the error arising in
approximating the solution for (BV P); (a similar procedure is applied for
(BV P)y) by functions in Vh(o). To this end we need to introduce some mea-
suring environment for the error. We recall the definition of L,-norms:
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! 1/p
L,-norm oz, = (/ \U(x)\pdx> , 1<p<oo
0
Log-norm [0]l2e = sup |v(z)],
z€[0,1]
1 1/2
Weighted Lo-norm  ||v]|, = (/ a(:v)|v(a:)|2d:)3) , a(x) >0
O 1/2
Energy-norm o]z = ( / a(x)|v’(x)|2dx> ,
0
Note that vl 2 = ||V]|a-

|v||z describes the internal elastic energy of the elastic bar modeled by our
Dirichlet boundary value problem (BV P);.

5.4 Error estimates in the energy norm

We shall study two types of error estimates:

i)

i)

An a priori error estimate; where a certain norm of the error is esti-
mated by some norm of the exact solution u(zx). In such estimates the
error analysis gives information about the size of the error, depending
on the (unknown) exact solution u, before any computational steps.

An a posteriori error estimate; where the error is estimated by some
norm of the residual of the approximate solution. Recall that the resid-
ual is the difference between the left and right hand side in the equation
when the exact solution u(x) is replaced by the approximate solution
up(z). Hence a posteriori error estimates give quantitative information
about the size of the error after that the approximate solution wuy(x)
has been computed.

Below, first we shall prove a qualitative theorem which shows that the
finite element solution is the best approximate solution to the Dirichlet
problem in the energy norm.

Theorem 5.4. Let u(z) be the solution to the Dirichlet boundary value prob-

lem

—(a(m)u’(m)) — f(z), O<z<l

(BVP) (5.4.1)
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and up(x) its finite element approximation given by (5.3.3). Then we have
lu—unlle < [lu—vlls,  Volz) e V. (5.4.2)

This means that the finite element solution u;, € Vh(o) 1s the best approxima-
tion of the solution u, in the energy norm, by functions in Vh(o).

Proof. Recall the variational formulation associated with the problem (5.4.1):
1 1
wm(/%muwmw:/ﬂmmm; Vo HL.  (54.3)
0 0
We take an arbitrary v € Vh(o), then by the definition of the energy norm

o — unll? = / o(z) (u/ (2) — y(x))? da
- / a(@) (e (z) — () (z) — 0'(z) + v/ (z) — wly(a))d
- / a(z) (t! (2) — () (o (2) — v/ ()

+AaWWW%MﬁMM@—%@Mx
(5.4.4)

By Galerkin orthogonality, the last integral is identically zero. Here is an
argument: since v — uy, € Vho) C H}, by the variational formulation (5.4.3)
we can write

/0 a(zx)u'(z) (v (x) — uj(x))de = /0 f(x)(v(z) — up(x)) do, (5.4.5)

and its finite element counterpart, see (5.3.3),

/0 a(z)uy, (x)(v'(x) — uy(x))dz :/o f(@)(v(x) = un(x)) de. (5.4.6)

Subtracting these two relations, the last line of the estimate (5.4.4) above
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will vanish, so that we end up with
1
lu = unllz = / a(z)(u'(z) — up(2)) (u'(z) — ' (2))dx
0

= /01 a(x)

< ( /0 1 a() (' (z) — u;L(x)fdx)Q ( /0 1 alz) (v (z) — v’(:v))2clﬂc)E

= [lu = wnllp - lu = vlle,

=
[NIES

(' (z) = wp,(z))a(z)? (u'(z) — ' (z))dz

(5.4.7)

where, in the last estimate, we used Cauchy-Schwarz inequality. Thus
lu—wnlle < lu—vlg,  VoeV? (5.4.8)
and the proof is complete. O

The next step is to show that there exists a function v(x) € Vh(o) such
that ||u —v||g is not too large. The function that we have in mind is 7 u(x):
the piecewise linear interpolant of u(z), introduced in Chapter 3. Recall the
interpolation error estimates in L,-norms:

Theorem 5.5. Let 0 =xp <2y < 29 < ... <xp < Tpe1 = 1 be a partition
of [0,1] and h(z) == (zj41 — z;), © € (xj,x41), 1 =0,1,..., M, be the mesh
function. Further, assume that mpv(z) is the piecewise linear interpolant of
v(z). Then, for each estimate below, there is an interpolation constant c;
such that

|mhv — vz, < cithv”HLp 1<p< (5.4.9)
o) — o'l < cillhell, (5.4.10)
|mho — vz, < ellh||L,. (5.4.11)

Theorem 5.6. [An a priori error estimate] Let u and uy, be the solutions
of the Dirichlet problem (BVP) and the finite element problem (FEM), re-
spectively. Then there exists an interpolation constant C;, depending only on
a(x), such that

lu — upllm < Cil| b (5.4.12)
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Proof. By the general estimate (5.4.2) in Theorem 5.4, we have that
=)l < Ju—vllg,  Voe V. (5.4.13)

Now since mpu(zx) € Vh(o), we may take v = mu(z) in (5.4.13) and use, e.g.
the second estimate in the interpolation theorem above to get

[ — unlle < lu = mullp = |lu" = (maw)|la
1 ) ) 1/2 (5.4.14)
< Cyl|hd|, = CZ( / a(z)h? ()" (z) da:) ,
0
which is the desired result and the proof is complete. O

Remark 5.2. Note that the interpolation theorem is not in the weighted
norm. The a(x) dependence of the interpolation constant C; can be shown as
follows:

1/2

o = (e = ()0l (2) — () ()

< ( max a(x)l/2) N = (g ||, < ci( max a(:v)”z) |ha” || .,

xz€[0,1] €[0,1]
1 1/2
= ci< max a(x)l/2> </ h(z)*u" (x)? d:)s)
1‘6[0,1] 0

(maxgepo1] a(x)'/?) 1/2

< ¢ . (/01 a(z)h(x)*u" (z)? dl')

' (minxe[o,l] a(:)s)l/Q)

Thus

C‘ — ¢ (maXmE[O,ﬂ a(at)l/2) (5 4 15)
' ' (minxe[o,l] a(:)s)l/Q) ’ o

where ¢; is the interpolation constant in the second estimate in Theorem 5.5.

Remark 5.3. If the objective is to divide (0,1) into a fized, finite, number of
subintervals, then one can use the result of Theorem 5.6: to obtain an optimal
(best possible) partition of (0,1); in the sense that: whenever a(x)u”(z)? gets
large we compensate by making h(x) smaller. This, however, “requires that
the exact solution u(x) is known” '. Now we shall study a posteriori error
analysis, where instead of the unknown solution u(z), “we use the known,
computed approximate solution wuy(x)”.

Note that when a is a given constant then, —u”(z) = (1/a)f(z) is known.
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Theorem 5.7 (An a posteriori error estimate). There is an interpolation
constant ¢; depending only on a(x) such that the error in the finite element
approzimation of the Dirichlet boundary value problem (5.4.1), satisfies

1/2

le(z)]|m < ci(/ol %h%x)ﬁ’%uﬂx))dm) , (5.4.16)

where e(z) = u(x) — up(z) and R(up(x)) = f + (a(z)u),(z))" is the residual.
Note that e € Hg.

Proof. By the definition of the energy norm we have
@l = | a@)e@)Pde = [ a@)w(@) — u()e (@)da
— /0 a(z)u'(z)e (zr)dx — /0 a(z)uy,(x)e (x)dx

Since e € H} the variational formulation (VF) gives that

/0 a(z)u'( dfc—/ flz (5.4.18)

Hence, we can write

||E—/ f(z d:)s—/ a(z)uy, (z)e (z)dx. (5.4.19)

Adding and subtracting the interpolant m,e(z) and its derivative (me)’(x)
to e and €’ in the integrands above yields

HE—/f ) — mhe(x dx+/f x)mhe(z)dr

S

(5.4.17)

~~

(4)

—Aa@%@w@wwwwmm—éa@%@wwwwm

(& J/

(i0)
Since uy(z) is the solution of the (FEM) given by (5.3.3) and me(x) € Vh(o)
we have that —(ii) + (i) = 0. Hence

||E_/ f(@)(e(x) = mae(x ))dx—/ a(z)uy(x)(e'(x) — (mpe)'(x))dz

/ f(x)(e(z) — mhe(x))ds — Z / V(€ (z) = (mpe) (z))d.
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To continue we integrate by parts in the integrals in the summation above

- [ @) a) - ey @)ds

Tp—1

~ - [atahiyle)ew) me@)]) "+ [ (@i (ela) - melz) de

Tk

Now, using e(zy) = mpe(zg), K = 0,1..., M + 1, where the x;:s are the
interpolation nodes, the boundary terms vanish and thus we end up with

-/ " e () (€ () — (e (2))der = / " (ale)dy (1)) (e(a) — mhe(a)de.

k—1 Tr—1

Thus, summing over k, we have

- / alz)idy (2)(€ (z) — (mpe(z))dz = / (alx)udy () (el) — mne(a))de,

where (a(x)u),(x))" should be interpreted locally on each subinterval [zy_1, z].
(Since wj(z) in general is discontinuous, u}(z) does not exist globally on
[0,1].) Therefore

eI = [ f@)eta) = me@)da + [ (ata)ui @) (ela) = me(a))da
- / {£(=) + (a(@)u (@)} (e(x) — mye(a))d.

Now let R(up(x)) = f(x) + (a(x)u),(x)), i.e. R(up(z)) is the residual error,
which is a well-defined function except in the set {xx}, k =1,..., M; where
(a(x)u),(xr)) is not defined. Then, using Cauchy-Schwarz’ inequality we get
the following estimate

le(@)]1% = / R(un () (e(x) — mne () =

1 e(x) — mue(x)
- [ o) - Vi (L)

([ smmenin) ([ oo (Lt )

IA
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Further, by the definition of the weighted Ls-norm we have,
e(r) — mpe(x)

h(z) . (/0 “(x)<W)2dw> " (5.4.20)

To estimate (5.4.20) we can use the third interpolation estimate for e(x) in
each subinterval and get

EEEEE)

| ccle@la=cille@ls,  (G421)
where C; as before depends on a(x). Thus

le(@)|% < (/0 %h?(x)}z?(uh(x))dx)m-ciue(x)HE, (5.4.22)

and the proof is complete. O
Remark 5.4. The detailed derivation of (5.4.21) is as follows:

He(x)—whe(x) _ Ag/ —7Th€( ))20[:)5)1/2
h(!)ﬁ') a i
M+1
< max a(x)/*( i 1 / a(e)(ele) — mpe(a) ) dr)"”?
2€]0,1] =t h] I
< max a(:z:)l/2<M+1i - c? /(h e'(x )) dx)'/?
~ 2€)0,1] p h? " J
g o)
172 1€ lla-
mingejo,1) a(z)
Adaptivity

Below we briefly outline the adaptivity procedure based on the a posteriori
error estimate which uses the approximate solution and which can be used
for mesh-refinements. Loosely speaking, the estimate (5.4.16) predicts local
mesh refinement, i.e. indicates the regions (subintervals) which should be
subdivided further. More specifically the idea is as follows: assume that one
seeks an error less than a given error tolerance TOL > 0:

le(z)||» < TOL. (5.4.23)

Then, one may use the following steps as a mesh refinement strategy:
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(i) Make an initial partition of the interval

(ii) Compute the corresponding FEM solution uy(z) and residual R(uy(z)).

1
(iii) If ||le(z)||r > TOL, refine the mesh in the places where MRQ(uh(x))

is large and perform the steps (ii) and (iii) again.

5.5 FEM for convection—diffusion—absorption
boundary value problems

We now return to the Galerkin approximation of a solution to boundary value
problems and give a framework for the cG(1) finite element procedure leading
to a linear system of equations of the form A¢ = b. More specifically, we
shall extend the approach in Chapter 2, for the stationary heat equation, to
cases involving absorption and/or convection terms. We also consider non-
homogeneous Dirichlet boundary conditions. We illustrate this procedure
through the following two examples.

Example 5.1. Determine the coefficient matriz and load vector for the cG(1)
finite element approximation of the boundary value problem

—u"(z) +4u(z) =0, 0<z<I; w(0)=a#0, u(l)=p+#0,

on a uniform partition T, of the interval [0, 1] into n + 1 subintervals of
length h=1/(n+1).

Solution: The problem is to construct an approximate solution uy, in a fi-
nite dimensional space spanned by the piecewise linear basis functions (hat-
functions) ¢;(x), 7 = 0,1,...,n+ 1 on the partition Tp,. This results in a
discrete problem represented by a linear system of equations A¢ = b, for the
unknown § = {¢;}5_,, (co = a and ¢,y = B will be given by the boundary
conditions. )

The continuous solution is assumed to be in the Hilbert space

H = {w : /01 (w(x)2 +w'(a:)2) dr < oo} .
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Since both u(0) = « och u(1) = 3 are given, we need to take the trial functions
m

Vi={w:weH', w()=a wl)=/s),

and the test functions in
V0= Hy ={w:weH, w0)=w(l)=0}.

We multiply the PDE by a test function v € V9 and integrate over (0,1).
Integrating by parts we get

1 1
—u/(1)v(1) + ' (0)v(0) + / u'v' dx + 4/ wdr =0 <+
0 0
1 1
(VF): Find uweV so that / u'v'd:r—l—4/ wvdr =0, Vv e VO.
0 0

The partition Ty, of [0,1] into n + 1 uniform subintervals I = [0, h], Iy =
[h,2h], ..., and 1,41 = [nh,(n + 1)h], is also described by the nodes o =
0,29 =h,...,x, =nh and x,41 = (n+ 1)h = 1. The corresponding discrete
function spaces are

Vi, == {wy, : wy, is piecewise linear, continuous on T, wy(0) = a, wp(1) = B},
and
V= {wy, : vy, is piecewise linear and continuous on Ty, v,(0) = v,(1) = 0}.

Note that here, the basis functions needed to represent functions in Vj, are the
hat-functions ¢;,j = 0,...,n+1 (including the two half-hat-functions ¢, and
¢ni1), whereas the basis functions describing V¥ are @;:s fori = 1,...,n,
i.e. all full-hat-functions but not @y and @,+1. This is due to the fact that
the values u(0) = « och u(1) = 3 are given and therefore we do not need to
determine those two nodal values approximately. See the figure below for all
0,7 =0,...,n+1.

Now the finite element formulation (the discrete variational formulation)
is: find up € Vi, such that

1 1
(FEM) / upv' dx + 4/ upvdr =0, Yve VY.
0 0
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2

1
zog =0 r1=h Ly J Lj+1 n Tpt1 = 1

We have that uy(z) = copo(w) + D71 ¢j(%) + cnpr1pj11 (), where co = a,
Cnt1 = 5 and

rT—xj_1, T <x<x;

1 h—xz 0<ax<h 1
po(z) = 7 0. lse . pi(T) = R T A <z < Tjp
0 v ¢ oy, 2]
and
1| z—x, nh<xz<(n+1)h
(pn—i-l(x) = E
0, else.

Inserting uy, into (FEM), and choosing v = p;(x), 1 =1,...,n we get

n 1

Z(/Ol w;(x)wi(ﬂc) dx+4/0 wi(x)pi(x) dx)cj

J=1

= ([ dwdar 1 [ awe e

([ @ e +4 [ @) ir)enn

In matriz form this corresponds to A, = b with A = S+4M, where S = Aypif
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is the, previously computed, stiffness matriz:

2 -1 0 0 ... 0
-1 2 —1 0 ... 0
g 1 0 —1 2 -1 ... 0 -
I T (55.1)
0 —1 2 —1
0 —1 2
M is the mass-matriz:
[ 1 1 1 ]
Jo o101 Jy w201 oo Jy enier
1 1 1
i | oo Joeeen o fy o (5.5.2)
1 1 1
| o Jy w2 o [y ontn |

Remark 5.5. Note the index locations in the matriz M :

m = [ oy (@)gla) da.

This, however, does not make any difference in the current example, since
M is a symmetric matriz.

To compute the entries of M, we follow the same procedure as in Chapter
2, and notice that, as S, also M is symmetric and its elements m;; are given

by

Sl oipyde =0, Vi with |i—j|l>1
My =myu =19 [i @3 () dz, for i=j (5.5.3)
Iy ei(@)pi(@), for i=j+1.
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Figure 5.2: ¢; and ¢;.

The diagonal elements are

1 [(:B—xj 1)3}% 1 |:($j+1_I) ]xj+1
2l 3 | el 3

(5.5.4)
and the two super- and sub-diagonals can be computed as
1 1 Tj41
My g1 = Mjt1j = / it dr = 3 (@j41 — @) (z — x5) = [PI]
0 z;
1 (x —x;)*qm0 1 (B0 (2 —15)?
b i M B
1 (:l? — l’j)g]xj+1 1 .
h,2 |: 6 mj 6 Y ] Y 7n
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Thus the mass matrixz in this case s

2+ 0 0 0 41 0 0 ... 0
¢ 2 4+ 0 ... 0 1 4 1 0... 0
0 + 2 = 0 h| 0 1 4 1 0
M=~h 6 3 6 i
6 DY
0 - 0 ... ... 1 4 1
1 2
|0 5 3 | 0 I

Hence, fori,j =1,...,n, the coefficient matrix A = S + 4M s given by

1 1 '
[AJZ-F/O @2@}d56+4/0 pips(a)de = Ly i,

Finally, with co = « och ¢,11 = 3, we get the load vector viz,

L 2h 1 2h

bl = —(_E -+ 3 )C(] = OK(% — ?),
62:...:bn_1:0,

1 2h 1 2h
b = _(_ﬁ + ?)Cn—i-l = ﬁ(ﬁ - E)

Now, for each particular choice of h (i.e. n), a and [ we may solve A =
b to obtain the nodal values of the approximate solution uy at the inner
nodes xj, j = 1,...,n. That is: £ = (c1,...,c)T = (up(x1),. .., up(z,))’.
Connecting the points (xj, un(z;)), 7 =0,...,n+1 by straight lines we obtain
the desired piecewise linear approximation for the solution of our boundary
value problem.

Remark 5.6. An easier way of to compute the above integrals m; j11 (as well
as mj;) is through Simpson’s rule, which is exact for polynomials of degree
< 2. Since j(x)pjr1(r) =0 at © = z; and x = xj41, we need to evaluate
only the midterm of the Simpson’s formula, i.e.

1
h Ti+ T Ti+ T h
o dy — 42 (M) _ (4).:4._.
/0S0J<Pj+1 Z 690J 5 Pj+1 9 6

N —
N =
(@)
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Example 5.2. Below we consider a convection-diffusion problem:
—eu(z) +pu'(x)=r, 0<z<I; uw(0) =0, u'(1)=p#£0,

where e and p are positive real numbers and r € R. Here —eu” is the diffusion
term, pu’ corresponds to convection, and r is a given (here for simplicity a
constant) source (r > 0) or sink (r <0). We would like to answer the same
question as in the previous example. This time with ¢ = u(0) = 0. Then,
the test function at x = 0; @o will not be necessary. But since u(1) is not
given, we shall need the test function at x = 1: @,1. The function space for
the continuous solution: the trial function space, and the test function space
are both the same:

V= {w : /01 (w(x)2+w'(x)2) dz < oo, and w(0) = o}.

We multiply the PDE by a test function v € V and integrate over (0,1).
Then, integration by parts yields

1 1 1
—eu'(1)v(1) + e (0)v(0) + 6/ u'v'dx +p/ u'vdr = r/ vdr.
0 0 0

Hence, we end up with the variational formulation: find uw € V' such that

1 1 1
(VF) 5/ u’z/dx+p/ u’vdx:r/ vdr +efu(l), Vo e V.
0 0 0
The corresponding discrete test and trial function space is
V.2 i= {wy, - wy, is piecewise linear and continuous on T, and w,(0) = 0}.

Thus, the basis functions for V¥ are the hat-functions ¢j,j = 1,...,n+1
(including the half-hat-function ¢, ), and hence dim(V,?) =n + 1.
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Now the finite element formulation (the discrete variational formulation)
reads as follows: find uy, € V¥ such that

1 1 1
(FEM) 5/ u%v’dx—l—p/ u%vdmzr/ vdr +¢epv(l), Yve V.
0 0 0
Inserting the ansatz up(x) = Z?:ll &ipj(x) into (FEM), and choosing v =
wi(x),i=1,....,n+1, we get
n+1 1

S ([ S +n [ gwaa)e

j=1

1
:7’/ pi(r)dr +efp;(1), i=1,...,n+ 1
0

In matriz form this corresponds to the linear system of equations A( = b
with A = € S+pC, where S is computed as Aypig and is the (n+1) x (n+1)-
stiffness matriz with its last diagonal element S, 41 41 = fol o (@)@l (x) do =
1/h, and C' is the convection matrix with the elements

i= [ et

Hence we have, evidently,

i 2 -1 0 0 0 ]
-1 2 -1 0 0
G 1 o -1 2 -1 ... 0
0 -1 2 -1

I 0 -1 1 |

To compute the entries for C, we note that like, S,M and S, also C is a
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tridiagonal matriz. But C' is anti-symmetric. Its entries are

;

¢ij =0, for |i—j|>1
= [ pi(x)@(x) dz =0, for i=1,...,n
Cntlntl = fo <Pn+1( ) (z) do = 1/2, (5.5.5)
Ciitl = fo i)l () de =1/2, for i=1,....n
| Cit1i = fo viv1(z)pl(z) de = —1/2, for i=1,...,n

Finally, we have the entries b; of the load vector b as

blz...:bn:’f’h, bn+1:7’h/2+€ﬁ.
Thus,
0 1 0 0 0 1 0
-1 0 1 0 0 1 0
1 0o -1 0 1 0 1 0
0 ... ... —1 0 1 1 0
0 ... ... ... -1 1 1/2 1

Remark 5.7. In the convection dominated case % << 1 this standard FEM
will not work. Spurious oscillations in the approximate solution will appear.

The standard FEM has to be modified in this case.
5.6 Exercises
Problem 5.1. Consider the two-point boundary value problem
—u"=f 0<z<l; u(0) = u(1) = 0. (5.6.1)

Let V.=A{v: ||v|| + ||V']]| < o0, ©(0)=1wv(1)=0}.

a. Use V' to derive a variational formulation of (5.6.1).
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b. Discuss why V is valid as a vector space of test functions.

c. Classify whether the following functions are admissible test functions or

not:

sin 7, 2, rlnaz, e’ —1, z(l —x).

Problem 5.2. Assume that u(0) = u(1) =0, and that u satisfies

/ vd:)s—/fvdz

forallv e V= {v o] + v < o0, ©(0) = (1) = 0}.

a. Show that uw minimizes the functional

Fly) = % /0 () dr - /0 fude. (5.6.2)

Hint: F(v) = F(u+w) = F(u) + ... > F(u).
b. Prove that the above minimization problem is equivalent to
—u"'=f 0<uz<l; u(0) = u(1) = 0.
Problem 5.3. Consider the two-point boundary value problem
—u"=1, 0<z<I; u(0) = u(1) = 0. (5.6.3)

Let Ty, : x; = %, 7 =0,1,....4, denote a partition of the interval 0 < x < 1
into four subintervals of equal length h = 1/4 and let V}, be the corresponding
space of continuous piecewise linear functions vanishing at x =0 and x = 1.

a. Compute a finite element approzimation U € V), to (5.6.3).
b. Prove that U € V}, is unique.

Problem 5.4. Consider once again the two-point boundary value problem

—u"=f 0<z<l,; u(0) = u(1) = 0.

a. Prove that the finite element approximation U € V}, to u satisfies

H(w = Ul < [l = o)l
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for allv € V.
b. Use this result to deduce that

[(u = mpw)'|| < Cf|hu”]], (5.6.4)
where C' is a constant and mpu a piecewise linear interpolant to u.

Problem 5.5. Consider the two-point boundary value problem

—(au') = f, 0<x<l,
(@) =1 (5.6.5)
u(0) =0, a(H)u'(1) = g1,
where a > 0 is a positive function and g, is a constant.
a. Derive the variational formulation of (5.6.5).
b. Discuss how the boundary conditions are implemented.
Problem 5.6. Consider the two-point boundary value problem
—u"=0, 0<uz<I; uw(0)=0, u'(1)=7. (5.6.6)

Divide the interval 0 < x < 1 into two subintervals of length h = % and let V3,

be the corresponding space of continuous piecewise linear functions vanishing
at x = 0.

a. Formulate a finite element method for (5.6.6).
b. Calculate by hand the finite element approxzimation U € V}, to (5.6.6).

Study how the boundary condition at x =1 is approrimated.

Problem 5.7. Consider the two-point boundary value problem
—u" =0, 0<z<l; w'(0) =5, u(l)=0. (5.6.7)

Let T, : z; = jh,j = 0,1,...,N, h = 1/N be a uniform partition of the
interval 0 < x < 1 into N subintervals and let V), be the corresponding space
of continuous piecewise linear functions.

a. Use V), to formulate a finite element method for (5.6.7).

b. Compute the finite element approximation U € V}, assuming N = 3.
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Problem 5.8. Consider the problem of finding a solution approximation to
—u"=1, 0<xz<I; u'(0) =/(1) = 0. (5.6.8)

Let Ty, be a partition of the interval 0 < x < 1 into two subintervals of equal
length h = % and let V}, be the corresponding space of continuous piecewise
linear functions.

a. Find the exact solution to (5.6.8) by integrating twice.
b.Compute a finite element approximation U € V}, to u if possible.

Problem 5.9. Consider the two-point boundary value problem
—((1+2)) =0 0<z<l; uw(0) =0, u'(1)=1. (5.6.9)

Divide the interval 0 < x < 1 into 3 subintervals of equal length h = % and
let Vi, be the corresponding space of continuous piecewise linear functions
vanishing at v = 0.

a. Use Vj, to formulate a finite element method for (5.6.9).
b. Verify that the stiffness matriz A and the load vector b are given by

16 -9 0 0

1
A= B -9 20 -11 |, b=10
0 —-11 11 1

c. Show that A s symmetric tridiagonal, and positive definite.

d. Derive a simple way to compute the energy norm ||U||%, defined by

1
U = [ (2@
0
where U € V), is the finite element solution approximation.
Problem 5.10. Consider the two-point boundary value problem
—u"=0, 0<z<I; uw(0) =0, u'(1)=k(u(l)—1). (5.6.10)

Let T, : 0 =129 < 11 < 19 < 13 = 1, where x1 = % and To = % be a partition
of the interval 0 < x < 1 and let V), be the corresponding space of continuous
piecewise linear functions, which vanish at x = 0.
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a. Compute a solution approximation U € V), to (5.6.10) assuming k = 1.
b. Discuss how the parameter k influence the boundary condition at x = 1.
Problem 5.11. Consider the finite element method applied to

—u"=0, 0<z<I; w(0)=a, d'(1)=27,

where o and ( are given constants. Assume that the interval 0 < x < 1
is divided into three subintervals of equal length h = 1/3 and that {p;}3 is

a nodal basis of V,, the corresponding space of continuous piecewise linear
functions.

a. Verify that the ansatz
U(z) = apo(z) + §1p1() + Eapa() + Eap3(),

yields the following system of equations

«
—1 2 —1 0 ¢ 0
1
o U A ; =|o]. (5.6.11)
0 0 -1 1 ’ 3
- §3 -
b. If « =2 and 8 =3 show that (5.6.11) can be reduced to
2 1 0] ¢« o1
1
Sl 2 a1 e | = 0
0 -1 1] & 3

c. Solve the above system of equations to find U(x).
Problem 5.12. Compute a finite element solution approzimation to
—u"+u=1; 0<z<1, u(0) = u(l) =0, (5.6.12)

using the continuous piecewise linear ansatz U = & p1(x) + Eapa(x) where

3z, 0<z<s3 0, 0<z<s3
pi1(z) =< 2 — 3z, %<[L’<§, p2(z) = 3z —1, §<x<§.
0, Z<a <l 3-3x, ¢<ux<l
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Problem 5.13. Consider the following eigenvalue problem
—au” + bu = 0; 0<x<I1, u(0) =4/(1) =0, (5.6.13)

where a, b > 0 are constants. Let T, : 0 = 29 < 1 < ... < xny = 1,
be a non-uniform partition of the interval 0 < x < 1 into N intervals of
length h; = x; —x;_1, 1 = 1,2,..., N and let V}, be the corresponding space
of continuous piecewise linear functions. Compute the stiffness and mass
matrices.

Problem 5.14. Show that the FEM with the mesh size h for the problem:

—u"'=1 0<z<1

(5.6.14)
u(0)=1 4 (1)=0,
with
U(z) =Tpo(x) + Urpr(z) + ... + Unom(2). (5.6.15)
leads to the linear system of equations: A-U = b, where
—1 2 -1 0 7 h
0o -1 2 —1... Uy
~ 1 Y ~ ) ~ Y
A= — U= b=
3 h
0 ... O Un h/2
m x (m+1) (m+1)x1 m x 1
. which is reduced to AU = b, with
2 -1 0 ... 0 - h+ 1
U
-1 2 -1 0 ... . h
A=t U= ", b=
0 -1 2 —1 h
Un
0o 0 0 -1 2 - - h/2
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Problem 5.15. Prove an a priori and an a posteriori error estimate for a
finite element method (for example cG(1)) for the problem

—u"+au=f inlI=(01), u(0) = u(1) =0,

where the coefficient o = «a(x) is a bounded positive function on I, (0 <
alz) <K, zel).

Problem 5.16. a) Formulate a ¢G(1) method for the problem

(a(x)u'(x)) =0, O<zx<l,
a(0)u'(0) = uyp, u(1) =0.

and give an a posteriori error estimate.

b) Let ug = 3 and compute the approximate solution in a) for a uniform
partition of I = [0, 1] into 4 intervals and

1/4, r<1/2,
1/2, x> 1/2.

a(zr) =

c) Show that, with these special choices, the computed solution is equal to the
exact one, i.e. the error is equal to 0.

Problem 5.17. Prove an a priori error estimate for the finite element
method for the problem

—u"(x)+u(z) = f(z), O0<z<]l, u(0) = u(l) = 0.

Problem 5.18. (a) Prove an a priori error estimate for the ¢G(1) approxi-
mation of the boundary value problem

"+ +u=f inI=(01), u(0) = u(l) =0,

where ¢ > 0 1s constant.

(b) For which value of ¢ is the a priori error estimate optimal?
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Problem 5.19. Let U be the piecewise linear finite element approximation

for
—u"(x) + 22u/(z) + 2u(z) = f(z), x€(0,1), u(0) = u(l) =0,

in a partition Ty, of the interval [0,1]. Set e = u — U and derive a priori and
a posteriori error estimates in the energy-norm:

1
lelly =11+ Ylel, - where ulf? = [ w(a)*d,
0



Chapter 6

Scalar Initial Value Problems

This chapter is devoted to finite element methods for time discretizations. Here,
we shall consider problems depending on the time variable, only. The approxima-
tion techniques developed in this chapter, combined with those of the previous
chapter for boundary value problems, can be used for the numerical study of
initial boundary value problems; such as, e.g. the heat and wave equations, by
finite element methods.

As a model problem we shall consider the classical example of population
dynamics described by the following ordinary differential equation (ODE)

(DE) | a(t) +a(tyu(t) = f(t), 0<t<T, (6.0.1)

d
where f(t) is the source term and u(t) = d_qtl The coefficient a(t) is a bounded

function. If a(t) > 0 the problem (6.0.1) is called parabolic, while a(t) > a > 0
yields a dissipative problem, in the sense that, with increasing ¢, perturbations
of solutions to (6.0.1), e.g. introduced by numerical discretization, will decay.
In general, in numerical approximations for (6.0.1), the error accumulates when
advancing in time, i.e. the error of previous time steps adds up to the error of
the present time step. The different types of error accumulation/perturbation
growth are referred to as stability properties of the initial value problem.

141
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6.1 Solution formula and stability

Theorem 6.1. The solution of the problem (6.0.1) is given by
t
u(t) = ug - e~ 4 / e~ AO=AG) £(5)ds, (6.1.1)
0

where A(t) = fot a(s)ds and e*® is the integrating factor.

Proof. Multiplying the (DE) by the integrating factor e4®) we have
w(t)e® + A(t)erDu(t) = AW f(2), (6.1.2)

where we used that a(t) = A(t). Equation (6.1.2) can be rewritten as

d

= (u)er®) = A0 5.

We denote the variable by s and integrate from 0 to ¢ to get

/Ot % (u(s)eA(8)>ds = /Ot e f(s)ds,

t
u(t)e® — u(0)et = / e f(s)ds.
0

Now since A(0) = 0 and u(0) = uy we get the desired result

1.e.

t
u(t) = uge 4® +/ e AO=ALD f(s)ds. (6.1.3)
0

0

This representation for u(t) is also referred to as the Variation of constants
formula.

Theorem 6.2 (Stability estimates). Using the solution formula, we can de-
rive the following stability estimates:

(i) If a(t) > o > 0, then |u(t)| < e”*|ug| + é(l — e ) max | f(s)|
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(ii) If a(t) > 0 (i.e. o =0; the parabolic case), then

u(t)] < |UO\+/O [f(s)lds —or  Ju(®)] < fuol + [|fllzi 00y (6.1.4)

t

Proof. (i) For a(t) > a > 0 we have that A(t) = / a(s)ds is an increasing
0

function of ¢, A(t) > at and

A(t)—A(s):/Ota(r)dr—/Osa(r)dr:/sta(r)drza(t—s). (6.1.5)

Thus e 4" < e and e~ (AM-A46) < e=alt=3) Hence, using (6.1.3) we get

()] < Juple™ + / e~ =9 £ (s)]ds, (6.1.6)

0
which after integration yields

1 s=t
< oot [_ —a(t—s)} ie.
[u(t)] < €™ Juo| + max | f(s)[| ~e e

(0] < e fuol + (1 = ¢*) guax | (5)].

(ii) Let @ = 0 in (6.1.6) (which is true also in this case), then |u(t)] <
t

luo| + / |f(s)|ds, and the proof is complete. O
0

Remark 6.1. (i) expresses that the effect of the initial data uy decays ex-
ponentially with time, and that the effect of the source term f on the right
hand side does not depend on the length of the time interval, only on the
mazximum value of f, and on the value of a. Regarding (ii): in this case the
influence of ug remains bounded in time, and the integral of [ indicates an
accumulation in time.

6.2 Galerkin finite element methods for IVP

Recall that we refer to the set of functions where we seek the approximate so-
lution as the trial space and the space of functions used for the orthogonality
condition (multipliers), as the test space.
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The polynomial approximation procedure introduced in Chapter 2, along
(2.1.21)-(2.1.29), for the initial value problem (2.1.1), and consequently also
for (6.0.1), being over the whole time interval (0,7") is known as the global
Galerkin method. In this section, first we shall introduce two versions of the
global Galerkin method and then extend them to partitions of the interval
(0,T") using piecewise polynomial test and trial functions. However, in most
practical applications, if suffices to consider the following two simple, low
degree polynomial, approximation cases that are studied in detail in this
chapter:

The continuous Galerkin method of degree 1; ¢G(1). In this case the trial
functions are piecewise linear and continuous while the test functions are
piecewise constant and discontinuous, i.e. unlike the ¢G(1) for BVP, here
the trial and test functions belong to polynomial spaces of different degree.

The discontinuous Galerkin method of degree 0; dG(0). Here both the trial
and test functions are piecewise constant and discontinuous.

Below we introduce the global versions of the above two cases formulated
for the whole time interval (0, 7") and then derive the local versions formulated
for a partition of (0, 7).

6.2.1 The continuous Galerkin method

Recall the global Galerkin method of degree ¢ for the initial value problem
(6.0.1): find U € P1(0,T), with U(0) = ug such that

T T
/ (U + aU)vdt = / fodt, YvePI0,T), with »(0)=0, (6.2.1)
0 0

where v € span{t,t?, ... t7}.

We now formulate a variation of the above global method: Find U €
P10,T) with U(0) = ug such that

T T
/ (U + aU)vdt = / fudt, Yv e PIH0,T), (6.2.2)
0 0

where now the test functions v € span{1,t,t%,...,t7"'}. Hence, the difference
between these two methods is in the choice of their test function spaces. We
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shall focus on (6.2.2), due to the fact that this method yields a more accurate
approximation of degree ¢ than the original method (6.2.1).

Before generalizing (6.2.2) to piecewise polynomial approximation, which
is the ¢G(q) method, we consider an example.

Example 6.1. Consider (6.2.2) with ¢ = 1, then we may choose v = 1, thus

/T(U + al)vdt = /T(U +al)dt = U(T) — U(0) + /T aU(t)dt (6.2.3)

But U(t) being a linear function is given by

U = vo) L=t ¢ U(T) % (6.2.4)

Inserting into (6.2.3) we get

U(T) — U(0) + / Ta(U(O)? FUT) ) di = / Cran (625)

which gives an equation for the unknown quantity U(T). Consequently, using
(6.2.4) with a given U(0), we get the linear approximation U(t) for all t €
[0,T]. We shall now generalize this ezample to piecewise linear approzimation
and demonstrate the iteration procedure for the cG(1) scheme.

The cG(1) Algorithm
For a partition Ty, of the interval [0,T] into subintervals I, = (ty_1,1x|, we
perform the following steps:

(1) Given U(0) = Uy = ug and a source term f, apply (6.2.5) to the first
subinterval (0,t;] and compute U(ty). Then, using (6.2.4) one gets
U(t),Vt € [0,].

(2) Assume that U(t) is computed for t in all the successive subintervals
(tp—1,tx] for k = 1,2,....n — 1, where Uy_1 := Ul(tx_1) and f are
considered as the data and the unknown Uy := U (ty) has been computed
using

oo th—t t—ti
Up — Uy + a(iUk dt fdt
ey Mk —Tg—1 tk — g 1 t
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(3) Compute U(t) fort € (tn_1,tn], n =1,...,N. This is step 2 with k
replaced by n. Now, since U, _1 1s assumed to be known we can calculate

U, and then U(t), for all t € (t,—1,t,].

The cG(q) method

The global continuous Galerkin method of degree ¢ formulated for test and
trial functions defined on a partition 7, 0 =ty < t; < ... <ty =T of the
interval (0,7), is referred to as the ¢G(q) method. Whence the method reads

as follows: find U(t) € Vk(q), such that U(0) = ug, and

tN . tN
/ (U 4 al)wdt = / fwdt,  Ywe WY, (6.2.6)
0 0

where

Vk(q) = {v : v continuous, piecewise polynomials of degree ¢ on 7},

Wéq_l) = {w : w discontinuous, piecewise polynomials of degree g—1 on 7}.

So, the difference between the global continuous Galerkin method and c¢G(q)
is that now we have piecewise polynomials on a partition rather than global
polynomials in the whole interval (0,7).

6.2.2 The discontinuous Galerkin method

We start presenting the global discontinuous Galerkin method of degree q:
find U(t) € P(0,T) such that

/0 T(U+aU)vdt+ BU(0) — u(0))v(0) = /0 : fodt, Vv e PU0,T), (6.2.7)

where (3 is a coefficient that weights the relative importance of the resid-
ual error for the initial value U(0) — u(0), against the conventional residual
R(U) := U 4 aU — f of the differential equation. This approach gives up
the requirement that U(t) satisfies the initial condition. Instead, the initial
condition is imposed in a variational sence by the term (U(0) — u(0))v(0).
As in the ¢G(q) case, the above strategy can be localized (formulated for the
subintervals in a partition 7;) to derive the discontinuous Galerkin method
of degree q: the dG(q) scheme below. To this end, we recall the following
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standard notation for the right/left limits: v = lim v(¢, £ s) and the cor-

s—0+t
responding jump term [v,| = v7 — v, at the time level ¢ = ¢,,. Then, the

dG(q) method (With B =1) for (6.0.1) reads as follows: for n = 1,..., N;
find U(t) € P(t,—1,t,) such that

tnfl tn thrl

Figure 6.1: The jump [v,] and the right and left limits v

tn
/ (U + alU)vdt + UF_ v 1—/ fodt + U vt | Vv € Pt 1,t,).
tn—1
(6.2.8)

Example 6.2 (dG(0)). Let ¢ =0, then v is constant generated by the single
basis function: v = 1. Further, we have U(t) = U, = U, = U, on

I, = (ty_1,tn], and U = 0. Thus, for ¢ =0 (6.2.8) yields the follmwng dG(0)
formulation: forn =1,..., N; find piecewise constants U, such that

tn tn
/ aUndt + U, — / fdt+ Uy (6.2.9)
tn—1 th—1

Summing over n in (6.2.8), we get the following general dG(q) formula-
tion: Find U(t) € W,gq), with U, = ug such that

N tn
Z/ (U + aU)wdt + Z[Un_l]w:{_l = / fwdt, Ywe W (6.2.10)
tn—1 n=1 0
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Remark 6.2. To compare the cG(1) and dG(0) methods, one can show that
(see Johnson et al) ¢cG(1) converges faster than dG(0), whereas dG(0) has
better stability properties than ¢G(1): More specifically, in the parabolic case
when a > 0 is constant and (f = 0) we can easily verify that (see Exercises at
the end of this chapter) the dG(0) solution U, corresponds to the Backward

Euler scheme ] .
Un - ( ) 5
1+ ak Ho

and the ¢G(1) solution U, is given by the Crank-Nicolson scheme:

i _(1—%ak>n
" 1—1—%@]{; Ho:

where k is the constant time step.

6.3 A posteriori error estimates

In this section we derive a posteriori error estimates for the most considered
Galerkin approaches for time discretization, namely the c¢G(1) and dG(0)
methods. These estimates can be extended to the general ¢G(q) and dG(q)
methods. The details are, however, “much too” involved. Some lower degree
polynomial case (e.g. ¢G(2)) can be found in the exercise section.

6.3.1 A posteriori error estimate for cG(1)

Recall the initial value problem (6.0.1) of finding the function u such that
u(t) + a(t)u(t) = f(t), Vte (0,77, u(0) = uyp. (6.3.1)

A general variational form reads as: find u such that

T T
/ (U 4 au)vdt = / fudt, for all test functions v.
0 0

Integrating by parts we get the equivalent equation

u(T)o(T) — u(0)v(0) +/0 u(t)(—o(t) + av(t))dt = /0 fudt. (6.3.2)
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If we now choose the test function v(t) to be the solution of the dual problem:
—0(t) +av(t) =0, for te€ (0,7), (6.3.3)

then (6.3.2) is simplified to
w(T)v(T) = u(0)v(0) +/0 fodt, Vou(t). (6.3.4)

In other words, choosing v to be the solution of the dual problem (6.3.3) we
may get the final value u(T") of the solution directly coupled to the initial
value 4(0) and the data f. This type of representation will be crucial in the
a posteriori error analysis in the proof of the next theorem. Let us state the
dual problem explicitly:

The dual problem
The dual problem for (6.3.1) is formulated as follows: find ¢(¢) such that

—p(t) +alt)p(t) =0, iy >1=0,

(6.3.5)
o(ty) = en, en = uny — Uy = u(ty) — U(tn).
u, ¢
u(t) problem
- !
< )
©(t) problem

Figure 6.2: Time directions in forward and dual solutions

Note that (6.3.5) runs backward in time starting at time ¢ty = 7.

Theorem 6.3 (A posteriori error estimate for cG(1)). For N =1,2,..., the
cG(1) solution U(t) satisfies

len| < S(tx) - max [kr(U)] (6.3.6)

te[0,tn
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where k(t) is the time step function: k(t) = k, = [I,| for t € I,, = (tn—1,ta],
and r(U) = U + aU — f is the residual error for U. Further S(ty), specified
below, is the stability factor satisfying the quantitative bound

JIgldt ) et i Ja@®)] <A for 0<t <,
S(ty) = 20 I < |
lex] 1, if a(t)>0, for 0<t<t,.
(6.3.7)

Proof. Let e(t) = u(t) — U(t). Using the dual problem —(t) + a(t)p(t) =0
we may write

tn
ex =ex +0=c¢ey +/ e(—¢ + ap) dt, (6.3.8)
0

and by integration by parts we get
tN tn tN
/ e(—¢ + ap)dt = [—e(t)p(t)]X, + / e dt + / eayp dt
0 0 0

tn tN
= —e(ty)e(ty) + / (6 +ae)pdt = —ex + / (é + ae)pdt,
0 0

where we used that ¢(0) = 0 and (tx) = ey when evaluating the boundary
terms. Note that

é(t) + a(t)e(t) = u(t) — U(t)
= ft)-U(t) -

where we used that f(t) = @(t)+a(t)u(t) and the residual 7(U) := U+al —f.
Consequently, we get the following error representation formula:

+

a(t)u(t) — a)U(t)

(6.3.9)
OU(t) == —r(U),

)

&2 — — /0 N U)ot (6.3.10)

To continue we use the Lo-projection mp = é fln ©(s)ds of ¢ onto the space

of piecewise constant polynomials Wf’ and write

2 — — /0 N U ((t) — meolt))dt — /0 N Uymedt. (6311)

Now, by the ¢G(1) method (6.2.6),
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tN . tn
/ (U + aU)v dt = / fodt,  voe W, (6.3.12)
0 0

where WIEO) is the space of discontinuous, piecewise constant test functions.
This gives the orthogonality relation, r(U) L v, Yv € WISO), and implies that

/ N (U me(t)dt = 0. (6.3.13)

since P € W,EO). Thus, the final error representation formula becomes

¢ = /0 () (o(t) — mep (1))t (6.3.14)

Next, we shall need the Ly-projection error estimate (proved as the interpo-
lation error estimate) for the function ¢ in the interval I,,, with |I,,| = k;:

tN N
/ o — mepldt <Y kn/ |p|dt. (6.3.15)
0 n=1 In

To show (6.3.15) let ¢ = fI s)ds be the mean value of ¢ over I,,, then

| — mpp|dt = / lo — @|dt
I, I

:/W) )|t = / / ) dsdt
/In /In s)ds|dt = \<p|dt

where we have used the mean value theorem for mtegrals, with € € I,,.
Summing over n, yields the global estimate

tN N N
/ o — mopldt Z/ o —meldt <>k [ lgldt. (63.16)
0 n=1"1In n=1 In

Now let |v]|; := max |v(t)], then using (6.3.16) and the final form of the error
S

tn
L) / ldt.
0

representation formula (6.3.14) we have that

len* < Z r(U

/ [pldt) < mas (kalr(0)
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Since, by the definition of S(ty), fJN |p|dt = len| - S(tn), we finally get

lex|? < len|S(ty) max ([kr(U))). (6.3.17)

tel0,tN]
This completes the proof of the first assertion of the theorem.

To prove the second assertion, we transform the dual problem (6.3.5) to a
forward problem, using the change of variables, viz s =ty —t, (t =ty — $).
Thus for 1(s) := p(tx — s), using the chain rule we get

Y dy dt .
L= oty — 8). 3.1

The dual problem (6.3.5) is now reformulated as: find ¢(t) such that
—p(tny — s) +alty — s)p(ty —s) = 0. (6.3.19)

The corresponding forward problem for 1 reads as follows: find v (s) such
that

W) L alty —s)pls) =0, 0<s<iy

w(O) IQO(tN) = €N, enN IUN—UN :u(t]v) —U(tN).

By the solution formula (6.1.1) this problem has the solution (s) given by

U(s) = (0) - e T gy = [ty —u =0, —du = dv]

tn—s
—en-€ tna(v)dv AN —8)=A(tN)

Inserting back into the relation ¢(t) = ¢(s), with t = ty — s, we end up with

p(t) = ene™ A and (1) = eya(t)e AN, (6.3.20)

To estimate S(ty) we note that for a(t) > 0, the second relation in (6.3.20)
yields

tN tn
/ $(1)]dt = le] / a(t)eAO-AG Gt = [y |[AO-ACx
0 0

= |€N|<1 - €A(0)_A(tN)) = |€N\(1 - €_A(tN)> < lewnl,
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IN | -
t)|dt
Jo et _

which gives S(ty) = o]
EN
As for the case |a(t)] < A, we use again (6.3.20): H(t) = a(t)eyeAD=AUN)

and write
15(8)] < Mew]eA®=AE) = Njeylefin @0 < Njey|eMEn D), (6.3.21)

Integrating over (0,y) we get

tn tn tn
/ m@mgkm/ APt = fe| [ = A5 0] " = fen|(-1 + ),
0 0

which gives that S(ty) < (=14 V) < €Y and completes the proof of the
second assertion. O

The convergence rate in (6.3.6) appears to be of order O(k), but is actually
of order O(k?) since |r(U)| < Ck if f is a smooth function. To see this
convergence of order O(k?), we use some further orthogonality observations
in the following theorem.

Theorem 6.4 ( Convergence order O(k?)). For N = 1,2,..., and with Sy

as in the previous theorem, the error for the ¢G(1) solution U(t) satisfies

lexy| < S(ty) max |k i(aU - Nl (6.3.22)

te[0,ty] dt

g9(t) g(t) — meg(t)

Figure 6.3: Orthogonality: (g(t) — mg(t)) L (constants) Vg(t).
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Proof. Let mpg be the Lo-projection of g onto the space WIEO) of piecewise
constant polynomials. Then, by the orthogonality relation (g(t) — Wkg(t)> 1
(constants) Vg(t), since U(t) is constant on each subinterval I,, we have that

Ot N U(p — mpp)dt = 0. Thus using the error representation formula (6.3.14),

we may write
A= [ o) (o) = meet0)at = [ - a = D)6~ mi
= [ - a)e—merii— [ 06— mpat

=— /OtN(aU — ) — mp)dt.

Similarly, using the fact that m(aU — f) is constant on each subinterval 1,,,
we have

/ "l — £)( — mpp)dt = 0. (6.3.23)
0
Consequently we can write

e, = — /0 (@l ~ ) = malal ~ )) (¢~ mig)t. (6.3.24)

(ompare (6.3.24) with (6.3.14)). To proceed recall that for ¢ € I,,:

g(t) — mg(t) = g(t) — g(t) = g(t) — g(€) = /5 i(s) ds,

where g is the mean value of g over [,,, £ € I, and we have used the mean
value theorem for the integrals. This implies

90 = mg(0)] < [ 1a(0)]dt < max |9(0)] - o (6325)

Now we apply (6.3.6) with r(U) replaced by (aU — f) —m(aU — f), (6.3.25)
with g := aU — f, and the Lo-projection error estimate to get

d
len] < S(tx)|kl(al = ) = mulal = )| | < S(tw) B gy(al — ]
LN
which is the desired result. O
Remark 6.3. Note that the estimate (6.3.22) is less practical than the es-

timate (6.3.6) in the sense that: it requires the cumbersome procedure of
computing the time derivative of the residual.

) ‘ [0tn]’
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6.3.2 A posteriori error estimate for dG(0)

We shall now derive an a posteriori error estimate for the dG(0) method. In
this case, the residual contains jump discontinuities.

Theorem 6.5. For N =1,2,..., the dG(0) solution U(t) satisfies
|u(tN) — UN‘ S S(tN)U{?R(U)‘[QtN], UN == U(tN) (6326)

where

‘Un - Un—1|

RU) =|f—aU|+ k

for t,_ <t <t,. (6.3.27)
Proof. The proof is similar to that of the ¢G(1) approach of Theorem 6.3,
but we have to take the discontinuities of U(t) at the time nodes t; into
account. Below we shall first demonstrate how to rearrange the contribution
from these jumps, and in this way derive a corresponding error representation
formula. To this end, recalling the dual problem —¢(t) 4+ a(t)p(t) = 0, with
o(ty) = ey, we may write, using integration by parts on each subinterval

tn—1

A=A +3 / " (=) + alt)p(t))dt

N

=ex + Z (/tn (64 ae)p(t)dt — [egp]xfl) (6.3.28)

n=1 tn—1
N

_ 6?\, + Z/tn (f - aU)(pdt - Z[W]iim

n=1"tn-1 n=1

where in the last step we have used € +ae = 1 — U+au—alU = f—aU since
U = 0 on each subinterval (where U is constant). For a given function g we
use the notation g(t,)) = g and g(t ,) = g ,, and rewrite the last sum as

Slelt =3 (eth)ets) — elti)e(ti-1)

N
=) (enon —e 107 1) = (797 —ef@l) + (e397 — ef ¢f)
n=1
4.

A+ (en 1PN — 6?(/—230]_'\}—2) + (exon — 6?5—1@;(7—1)-
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We use the identity ¢ = (¢; — ¢ +¢;), i =1,...N — 1, and rewrite the
contribution from the jumps as

- Z lelin_, = —enwn + el — er(or —of +of) +efof
—e;(py — 5 +93) tesps — ...
- e]:/—l((p]:/—l - @E—l + %J\r/—l) + 6%—190;\?—1-

Here the general i-th term is written as

—e; (o; —of +of)+efof =—eioi +eof —eof +efof
=e; (of — ;) +of (ef —e7) = e @] + ¢ [ei],

with [g] = g7 — ¢~ representing the jump. Hence we have

N-1 N-—1
- Z leolin = —ex +efod + ) _lenlon + > enlion]- (6.3.29)
n=1 n=1

Inserting into (6.3.28) and using the fact that ¢ and u are smooth, i.e. [¢,] =

[un] = 0 and [e,] = [~U,], we get the following error representation formula
N-1 N-1
eN—eN+Z/ —angdt—eN+eO<p0+Zeng0n+thn le,,
tn—1 n=1 n=1
tn N—-1
—aei Y [ - Y
n=17tn-1 n=1

— i </tn (f —aU)pdt — [Un—l]%t—l)

n;l tn”*1
=3 [ (=)o~ mp) i = Unallp = mlf

where we have used e = ud — U) = vy — U;" = Uy — Uy = —[Up], and in
the last step, once again, we use definition (6.2.10) of dG(q) with ¢ = 0 and
the Ly projection w = mpp € W]§°> (space of piecewise constenats) of p. The
remaining part is not substantially different from the proof of Theorem 6.3,
and is therefore omitted. O
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6.3.3 Adaptivity for dG(0)

To guarantee a desired local bound for the error of the dG(0) approximation

U(t), such as
len] = [u(tn) = U(tn)| < TOL, (6.3.30)

where TOL is a given tolerance, we seek to determine the time step k, =
tn — tn—1 so that, using (6.3.26), locally, we have

S(tn)max |k, R(U)| <TOL,  n=12...,N. (6.3.31)

Adaptivite algorithm

(i) Compute U, from U,_; using a predicted step k,,, and the relation

tn tn
/ aU,dt + U, = / fdt + U, (6.3.32)
tn—1 tn—1

(it) Compute [kR(U)|1, := max [k, R(U)|, where R(U) = | f—aU|+ 2=t

in I,,, and follow chart:

Is (6.3.31) valid yes Accept the solution U,
for this choice of k,? — and go to the next time step

[
Recompute (6.3.32)
with a smaller &,
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6.4 A priori error analysis

In this section we shall derive a priori error estimates for the dG(0) method.
First we consider the case of general a(t) (but we simplify, the analysis by
assuming that a is a constant) and then we consider the parabolic case a(t) >
0, where we perform a refined analysis. The corresponding a priori error
estimate for the ¢G(1) method is obtained similarly. The weaker stability
properties of ¢G(1), however, do not allow a refined analysis in the parabolic
case.

6.4.1 A priori error estimates for the dG(0) method

The dG(0) method for 4 + au = f, with a constant a, is formulated as: find
U=U(t), t €l,, such that

tn . tn
/ Udt+a/ Udt= | fdt, n=1,2,... (6.4.1)

tnfl tn,1 In

Note that U(t) = U, is constant for t € I,,. Let U, = U(t,,), Up_1 = U(t,_1)
and k, =t, —t,_1, then

tn tn
/ Udt+a/ vdt=U, — U,_1 + ak,U,.

tn—1 tn—1

Hence with a given initial data u(0) = wg, the equation (6.4.1) is written as

Un — Un—l —+ CLann = / fdt n = 1, 2, e UO = Ug. (642)
In
For the ezact solution u(t) of @ + au = f, the same procedure yields
tn
u(ty) — u(tn—1) + akyu(t,) = [ fdt+ aknu(t,) — a/ u(t)dt, (6.4.3)
In tn—1

where we have moved the term a fti: u(t)dt to the right hand side and added
ak,u(t,) to both sides. Thus from (6.4.2) and (6.4.3) we have that, denoting
U, = u(ty),

1+ kya)U, =U,_1 + fdt,

In

tn
(1+ kpa)u, = uy1 + fdt + ak,u, — a/ u(t)dt.
tn—1

In

(6.4.4)
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Now let e, = u,, — U,, then e,y = u,,_1 — U,_1, and subtracting the first
equation in (6.4.4) from the second one yields

t7l
= (14+kpa) (en_1+pn), where  p, := aknun—a/ u(t)dt. (6.4.5)
tn—1

Thus, to estimate e,, we use an iteration procedure combined with an estimate
for p,,.

Lemma 6.1. We have that

1 .
[pal < 5lalky max [a () (6.4.6)

n

Proof. Evidently,

lon| = ‘aknun —a/ttn dt’ = ki/l u(t) dt’

:\a”/t:”l — dt‘—\a”// s) ds di| (6.4.7)

<\@|H}aXIU()|/ (tn —t) di = \a|k2 max |4(¢)].
tn—1

n

O

To simplify the estimate for e, we split, and gather, the proof of technical
details in the following lemma:

Lemma 6.2. For k,|a|] <1/2, and n > 1 we have that

(i) (1= kulal) =t < i,

N

1
(ZZ) |6N| < 5 2(62\a|‘m

n=1

N tN
(iii) Ze2|“‘m\a|kn < e/ |la|e?Imdr.
n=1 0

a|kn)<lgzau<>§v k:n|u|ln), Tp =tN — tp1.

We postpone the proof of this lemma and first show that using (i) — (ii7)
we can prove the following a priori error estimate
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Theorem 6.6. If k,|a| < %,n > 1 then the error for the dG(0) approxima-
tion U satisfies

lu(ty) — U(ty)] = len] < Z(e%lw . 1) max k(1)) (6.4.8)

1<n

Proof. Using estimates (i7) and (iii) of the above lemma we have that

N t
1 2|almh . 1 v 2|alT .
exl <33 1:(6 alk,) masx iy, < 5(6 [ lale dT) max ks,
n—

In»

_ 16[62a|7]t1\; max kyi(t)]), = Z<62Ia\t1\, _ 1) max_ky|u(t)

2 2 1o 1<n<N 1<n<N

and the proof is complete. O

Note that the stability factor — 1 ( Zaltn _ 1) grows exponentially depending

on |a| and ty, hence this result may not be satisfactory at all. We deal with
this question below in the parabolic case a(t) > 0.

Remark 6.4. The a priori error estimate for the ¢G(1) method is similar
to that of Theorem 6.6, with k,|u| replaced by k2|i].
We now return to the proof of our technical results (i) — (#ii):

Proof of Lemma 6.3. (i) For 0 < x := kyla|] < 1/2, we have that 1/2 <
<e™

1—2 < 1implies 0 < 1—2x < 1. We may multiply both sides of

(which is the result we want to prove) by 1 —z > 1/2 > 0 to obtam the

equivalent relation
flz):=(1—z)e*—1>0. (6.4.9)

Note that since f(0) =0 and f'(z) = (1 — 2z)e** > 0 (equality for z = 1),
thus (6.4.9), and hence the relation () is valid.
To prove (i) we recall that e, = (1+ kna)™ ' (en—1 + pn). To deal with the

1
factor (1+k,a)~! we use k,|a| < 3 then by (i) (1+k,a)" < (1—k,|a])™
62’“"““, n > 1. Thus

1 1
< len_q| 4+ ——— < len |e2knlal 2k al
len| < — k‘N|CL||eN 1+ 1 Jenldl lpn| < len-ile + |pwle

(6.4.10)
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Relabeling, N to N — 1,

en-il < len—ale® 1 4 |yl = et (Jey_of + |pya]),
and inserting into (6.4.10) yields

e < e¥IeeNlel (e o]+ py ) + |pw]e® . (6.4.11)

Similarly we have |ey_o| < e?*n-2lal (\eN_g\ + \pN_2\>. Now iterating (6.4.11)
and using the fact that ey = 0 we get,

|€N| §e2k3N|a‘e2kN—1|a‘e2kN—2|a‘ |6N—3| + e2knlal 2kn-1lal 2kN —2a] |pN—2|

+ e2knlalgZin—alal) o | pyleNlal <<

N N N .
60| + Z 62|G‘Zm:n km pn| — Z€2|a‘zm:n km|pn|

n=1

<ol Xy kn

1
Recalling (6.4.6): |pn| < §|a\ki max |u(t)|, we have the error estimate

N
2l N _ k11122 :
len]| < (Ze )2|a\kn max (). (6.4.12)
Note that
N
Z (tn—tn—1)+(tnt1—tn) +(tnro—tns1)+. . .+ (En—tn_1) = tv—tn1.

Hence, since 7, =ty — t,,_1, we have shown assertion (ii), i.e.

N LN
<Z 2a|(ty—tn—1) 2 _Z 2lal7n < : )
len| 16 - |a|k maX|u 5 "lalky) lglagvknmhn
n= n=1

(iii) To prove this part we note that

Tn — tN — tn—l = (tN — tn) + (tn — tn—l) = Tn+1 + k‘n, (6413)
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and since |alk, < 1/2 we have 2|a|7, = 2|a|741 + 2|alk, < 2|a|m41 + 1
Further for 7,,,1 <7 < 7,, we can write

e2lalm an/n e“'”dTg/n ellalmi+l) g
s e (6.4.14)

Tn n
= / el elalmirgr < e/ 2l dr.
Tn+1 Tn+1

Multiplying (6.4.14) by |a| and summing over n we get

Tn
/ 62‘“|7d7‘> lal

s t (6.4.15)
N
= e/ el |aldr = e/ la|eXdr,
TN+1 0

which is the desired result and the proof of (#ii) is complete.

N
Ze2|a\m|a|kn < 6(2
n=1 n

N
=1
T1

6.5 The parabolic case (a(t) > 0)

The interest in parabolic case is due to the fact that it does not accumulate
the error. This can be seen from the fundamental solution with the presence
of the deceasing multiplicative factor e 4. Below we state and proof some
basic estimate for this case:

Theorem 6.7. Consider the dG(0) approzimation U, of i+ au = f, with

a(t) > 0. Assume that kjla|;, < 3 V4, then we have the error estimates

3e2MN max |kal, for |a(t)] < A,
lu(ty) — Uy| < Ost=ty (6.5.1)
3 max |kul, for a(t) > 0.

0<t<ty
Sketch of the proof. Let e = u—U = (u—mpu) + (mpu — U) := é+ €, where €
is the projection error with mpu being the Lo-projection of u into W,go). Since
the Lo-projection error is of the form (6.5.1), hence it suffices to estimate the
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discrete error €. To this end we shall use the following discrete dual problem
(DDP):
Find ® € W\, such that for n = N,N —1,....1,

tn .
/ (= + a(t)®)vdt — [Bo]vn =0, Vo e WO
(DDP) - (6:5.2)

O = DOnyy = (mpu — Uy = éy.

Let now v = e, then

N N-1

len|? = Z/ ' (—=® + a(t)®)edt — Z[@n]én + Oyen. (6.5.3)

n=1"Y1n-1 n=1

We use € = (mpu — U) = (mpu — u +u — U) and rewrite (6.5.3) as
ley|? = Z/ —® + a(t)®](mpu — u +u—U)dt
tp—1
N-1

Z |(mu—u+u—U), +Py(mpu—u+u—U)y.

n=1

By Galerkin orthogonality, the total contribution from «— U terms vanishes,
and we end up with the error terms involving only mpu—wu. Hence, due to the
fact that & = 0 on each subinterval we have the following error representation
formula

N tn )
|en]? :Z/ (=P + a(t)®)(mpu — u)dt — Z (e — )y + Py (mpu — u)y
n=17tn-1 n=1

:—/ON(()q))u—Wku dt—l—z J(u = mpu)n, — Sy (u — mu) N

O
To continue we shall need the following results:

Lemma 6.3. If |a(t)| < A\, Vt € (0,ty) and kjla|;, < 3, for j =1,...,N,
then the solution of the discrete dual problem satisfies

(i) 10] < Mx ey



164 CHAPTER 6. SCALAR INITIAL VALUE PROBLEMS

=z

-1
|[ ol <P en|,

(i)

IIM

(iii) Z/ £, |dt < N |ey],
tn 1
(iv)  Mas(|,], Z\ L Z/ (1@, dr) < [ex]. a(t) >0,
tn 1

Proof. We show the last estimate (iv), (the proofs of (i)-(iii) are similar to
that of the stability factor in the previous theorem). Consider the discrete,
local dual problem with v = 1:

/tn (& + a(t))dt — [@,] = 0,

(6.5.4)
®N+1 = (7Tku — U)N = epn.
For dG(0) and for a constant &, this becomes
tn
—®n+1—|—®n—l—®n/ a(t)dt =0, n=N,N—-1,...,1
et (6.5.5)

Dny1 = en, ¢, = d|g,.

By iterating we get

ﬂ(1+/ dt) Dy, (6.5.6)

-1
For a(t) > 0 we have (1 + ij a(t)dt) < 1, thus (6.5.6) implies that

B, < Diy = |Ew]. (6.5.7)

Further we have using (6.5.6) that

N

e, =[] (1 +/I. a(t)dt)_1®N+1 - (1 +/ a(t)dt) o, <o,

j=n—1 In—1
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which implies that

Now, since by (6.5.6),®; < &y, thus

N
O, = — P+ PNy —DPy ...+ DD
; |[D,,]] N+1 N N N-1 2 1 (6.5.9)
=Oyni — Dy < Dyyy = |en]
Finally in the discrete equation:
n .
/ (= + a(t)®)vdt — [ =0, Vo e WO, (6.5.10)
tn—1

we have v = 1 and ® = 0 for the dG(0). Hence (6.5.10) can be rewritten as

/ Bt = [, (6.5.11)

tn—1

Summing over n, this gives that

N tn N
3 / a(t)®odt = 3 [B,] < Jex]. (6.5.12)
n=17tn-1 n=1

Combining (6.5.7), (6.5.9), and (6.5.12) completes the proof of (iv). O

Below we state some useful results (their proofs are standard, however,
lengthy and therefore are omitted).

Quadrature rule. Assume that a is constant. Then the error representa-
tion formula in the proof of the Theorem 6.5 for dG(0), combined with the
quadrature rule for f reads as follows:

& =3[ (f =)o - mp)it - Oasl(o - m
n=1 = Jinot (6.5.13)

tn
tn—1
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where the last two terms represent the quadrature error. Here, e.g. for the
endpoint-rule g, = ¢(t,), whereas for the midpoint-rule g,, := g(t(,—1/2)). We

~ tN
also recall the weak stability factor S(ty) := / lp|dt/|en|, where ¢ is the
0

solution of the dual problem
—o4+ap=0, for ty>t>0 o(tn) = en-.
Recall that 7 is piecewise constant with the mass-preserving property
| el = [ lewiar
I, I,

It is easy to prove the following relations between the two stability factors:

S(tn) < tn(1+5(tx)),
and if ¢ > 0 is sufficiently small, then we have indeed S(ty) >> S(ty).

Finally we state (without proof, see Johnson et al for further details) the
following dG(0) estimate

Theorem 6.8 (The modified a posteriori estimate for dG(0)). For each
N = 1,2,..., the dG(0) approzimation U(t) computed using a quadrature
rule on the source term f satisfies

[u(tn) = Un| < SE)ER(U)|0tn) + S(tN)Cj|kjf(j)|(0¢N)a (6.5.14)
where U U
R(U) = %7"‘1' +|f—alU|, on I, (6.5.15)

and j =1 for the rectangle rule, j = 2 for the midpoint rule, C1 =1, Cy =
1/2, fU = f=df /dt and f@ = [ :=d*f/di*.

6.5.1 Some examples of error estimates

In this part we shall derive some simple versions of the error estimates above

Example 6.3. Let U be the ¢cG(1) approximation of the solution u for the
wnitial value problem

tu+u=f t>0, u0)=u. (6.5.16)
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Then we have that

[(u = U)T)| < r[rolglk(f— U-U), (6.5.17)

where k 1s the time step.

Proof. Evidently the error e = u — U satisfies the Galerkin orthogonality

T
/ (é + e)vdt =0, for all piecewise constants v(t). (6.5.18)
0
Let ¢ be the solution of the dual equation
=0, t<T, o(T)=e) (6.5.19)

then  (t) = e(T)e!"T. Further,

o

—
~

S~—

s
I

T T T
e(T)-e(T) +/ e(—p+p)dt =e(T)-e(T) —/ ep dt+/ epdt.
0 0 0
Integration by parts yields
T T T
| est=le- et~ [ epdt=e@)e@) - c0)p) - [ it
0 0 0
Hence, using p(7T") = ¢(T), and e(0) = 0, we have
T T T
le(T)]? = e(T) - e(T) — e(T) - e(T) +/ ép dt + / epdt = / (é+e)pdt
; .0 | 0 0
:/ (é+e)(<p—v)dt:/ <u+u—U—U>(<p—v)dt.
0 0
We have that r(U) := U + U — f, is the residual and
T T 1
le(T)|? = —/ r(U) - (¢ —v)dt < max |k - r(U)|/ —|p —wv|dt. (6.5.20)
0 [0,7] 0 k

Recall that
/k‘_1|g0 —vldx < /|<p|d:r. (6.5.21)
1 I
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Further —¢ + ¢ = 0 implies ¢ = ¢, and p(t) = e(T)e!~T. Thus

le(T )|2<max|kr |/ |p|dt = max|kr |/ t)| dt

(6.5.22)
< max |kr(U |/ =Tat,
[0,7]
and since
T
/ dldt =T = —e T =1-eT<1, T>0.
0
Finally, we end up with the desired result:
) < kr(U)]|.
e(T)] < max ()
and the proof is complete. O

Problem 6.1. Generalize the above example to the problem u+au = f, with
a = positive constant. Is the statement of this example valid for v —u = f?

Problem 6.2. Study the dG(0)-case for i +au=f, a>0

Example 6.4. Let i+u = f,t > 0. Show for the cG(1)-approximation U(t)
that
l(u—U)(T)| < max |k T (6.5.23)

Sketch of the proof via the dual equation. Let ¢ be the solution for the dual
problem
p+e=0t<T, oT)=eT),
and define p := u — 4 and © := u — U, where @ is the piecewise linear
interpolant of u. Then we may compute the error at time 7', as
T T
e(T)2 = [O(T)2 = O(T)o(T) + | O(—b + ) dt — / (6 + 0)ddl
0 0
T

T T
z—/ (p+p)<1>dt:—/ p~q>dt§max|k2u\/ || dt
0 0 [0,7] 0
< max |k%ii|T|e(T)|.

[0,7]

Here ® is ¢G(1)-approximation of ¢ such that fOTv(—(iD + ®)dt =0 for
all piecewise constant v(t), and w = is the piecewise constant mean value.
The details are left to the reader. O
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6.6 Exercises

Problem 6.3. (a) Derive the stiffness matriz and load vector in piecewise
polynomial (of degree q) approzimation for the following ODE in population
dynamics,

u(t) = Au(t), for0<t<1,
u(0) = wo.

(b) Let X =1 and ug = 1 and determine the approzimate solution U(t), for
q=1 and q=2.

Problem 6.4. Consider the initial value problem
u(t) +a(t)u(t) = f(t), 0<t<T, u(0) = up.

Show that if a(t) =1, f(t) = 2sin(t), then we have
u(t) = sin(t) — cos(t) = v/2sin(t — 7/2).

Problem 6.5. Compute the solution for
a(t) +a(t)u(t) =t*, 0<t<T, u(0) =1,

corresponding to

(a) alt)=4, (b) alt)=—t.

Problem 6.6. Compute the ¢G(1) approzimation for the differential equa-
tions in the above problem. In each case, determine the condition on the step
size that guarantees that U exists.

Problem 6.7. Without using fundamental theorem, prove that if a(t) > 0
then, a continuously differentiable solution of (6.0.1) is unique.

Problem 6.8. Consider the initial value problem
u(t) +a(t)u(t) = f(t), 0<t<T, u(0) = up.

Show that for a(t) > 0, and for N = 1,2,..., the piecewise linear approxi-
mate solution U for this problem satisfies the a posteriori error estimate

lu(ty) — Uy| < :[rg%\k((] +alU — f)|, k=ky, forta, <t<t,.
SN
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Problem 6.9. Consider the initial value problem:

W(t) +au(t) =0, t>0, u(0)=1.

a) Let a = 40, and the time step k = 0.1. Draw the graph of U, :=
U(nk), k = 1,2,..., approximating u using (i) explicit Euler, (i) implicit
Euler, and (ii1) Crank-Nicholson methods.

b) Consider the case a =i, (i* = —1), having the complex solution u(t) = e

with |u(t)] = 1 for all t. Show that this property is preserved in Crank-
Nicholson approzimation, (i.e. |U,| = 1 ), but NOT in any of the Euler
approximations.

Problem 6.10. Consider the initial value problem
w(t) +au(t) =0, t>0, u(0)=wuy, (a= constant).

Assume a constant time step k and verify the iterative formulas for dG(0)
and ¢G(1) approxzimations U and U, respectively: i.e.

Problem 6.11. Assume that

f(s)ds =0, for j=1,2,...,
I;

where I; = (t;_1,t;), t; = jk with k being a positive constant. Prove that if
a(t) > 0, then the solution for (6.0.1) satisfies

< oA
)] < O] + s k(5.

Problem 6.12. Let U be the ¢G(1) approximation of u satisfying the initial
value problem
u+au=f, t>0, u(0) = ug.

Let k be the time step and show that for a =1,

(= U)(T)| < min (16 = O = Ol o0, TRl l<i0m).
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Problem 6.13. Consider the scalar boundary value problem

a(t) +alt)ult) = f(t), t>0,  u(0)= uo.

(a) Show that for a(t) > ag > 0, we have the stability estimate
t
o) e (Jul + [ elf(0)1as)
0

(b) Formulate the ¢G(1) method for this problem, and show that the con-
dition %aok > —1, where k is the time step, guarantees that the method is
operational, i.e. no zero division occurs.
Sl at

[uol ~

(c) Assume that a(t) > 0, f(t) =0, and estimate the quantity

Problem 6.14. Consider the initial value problem (u = u(x,t))
U+ Au=f, t>0; u(t =0) = up.
Show that if there is a constant o > 0 such that
(Av,v) = allo]l?, Vo,

then the solution u of the initial value problem satisfies the stability estimate

t 1 t
[Ju(t)|[? +a/ [lu(s)|[* ds < [uol* + E/ 1£(s)I* ds.
0 0
Problem 6.15. Formulate a continuous Galerkin method using piecewise
polynomials based on the original global Galerkin method.

Problem 6.16. Formulate the dG(1) method for the differential equations
specified in Problem 6.5.

Problem 6.17. Write out the a priori error estimates for the equations
specified in Problem 6.5.

Problem 6.18. Use the a priori error bound to show that the residual of the
dG(0) approzimation satisfies R(U) = O(1).

Problem 6.19. Prove the following stability estimate for the dG(0) method
described by (6.2.10),

N-1
Un*+ )T = nlf* < Juol.
n=0
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Chapter 7

Initial Boundary Value
Problems in 1d

A large class of phenomena in nature, science and technology, such as seasonal
periods, heat distribution, wave propagation, etc, are varying both in space and
time. To describe these phenomena in a physical domain requires the knowledge
of their initial status, as well as information on the boundary of the domain, or
asymptotic behavior in the case of unbounded domains. Problems that model
such properties are called initial boundary value problems. In this chapter we shall
study the two most important equations of this type: namely, the heat equation
and the wave equation in one space dimension. We also address (briefly) the
one-space dimensional time-dependent convection-diffusion problem.

7.1 Heat equation in 1d

In this section we focus on some basic Lo-stability and finite element error es-
timates for the one-space dimensional heat equation. In Chapter 1 we derived
the one-dimensional stationary heat equation. A general discussion on the
heat equation can be found in our Lecture Notes in Fourier Analysis. Here,
to illustrate, we consider an example of an initial boundary value problem

173
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(IBVP) for the one-dimensional heat equation, viz

uw—u" = f(x,t), O<z<l, t>0,
u(z,0) = up(x), 0<z<l,
u(0,t) = uy(1,t) =0, t>0,

where we have used the following notation

. ou , ou " 0u
== ons ui= g = o U= gy =

ot’

da?’

(7.1.1)

Note that the partial differential equation in (7.1.1) contains three deriva-
tives, two derivatives in space and one derivative in time. This yields three
degrees of freedom (in the sense that, to recover the solution u from the
equation (7.1.1), it is necessary to integrate twice in space and once in time,
where each integration introduces an arbitrary “constant”.) Therefore, to
determine a unique solution to the heat equation, it is necessary to supply
three data: here two boundary conditions corresponding to the two spatial
derivatives in " and an initial condition corresponding to the time derivative

mn .

u(z,t)

Figure 7.1: A decreasing temperature profile with data u(0,¢) = u(1,t) = 0.
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Below we give an example, where these concepts are described in physical
terms:

Example 7.1. Describe the physical meaning of the functions and parame-
ters in the problem (7.1.1), when f =20 — u.

Answer: The problem is an example of heat conduction where

u(z,t), means the temperature at the point z and time ¢.

u(z,0) = up(x), is the initial temperature at time ¢ = 0.

u(0,t) =0, means fixed temperature at the boundary point z = 0.

uw'(1,t) =0, means isolated boundary at the boundary point z = 1
(where no heat flux occurs).

f=20—u, is the heat source, in this case a control system to force

u — 20.

Remark 7.1. Observe that it is possible to generalize (7.1.1) to a u dependent
source term f, e.g. as in the above example where f = 20 — u.

7.1.1 Stability estimates

We shall derive a general stability estimate for the mixed (Dirichlet at one
end point and Neumann in the other) initial boundary value problem above,
prove a one-dimensional version of the Poincare inequality and finally derive
also some stability estimates in the homogeneous (f = 0) case. These are
tools that we shall need in our finite element analysis.

Theorem 7.1. The IBVP (7.1.1) satisfies the stability estimates

[ul O] < fluol| +/0 LF (- 9)ll ds, (7.1.2)

[lua (-, O < IIU6||2+/O 1 (. 9)I ds, (7.1.3)

where ug and ug are assumed to be Lo(I) functions with I = (0,1), further
we have assumed that f € Ll([O,t],Lg(I)> N Lg([O,t], L2(I)>. Note further
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that, here || - || is the time dependent Ly norm:

) 1/2
HW@WﬂWﬁMWF(éW@ﬂWﬂ-

Proof. Multiplying the equation in (7.1.1) by u and integrating over (0, 1)

yields
1 1 1
/uudzz—/ u”udx:/ fudz. (7.1.4)
0 0 0

By integration by parts in the second integral, we have

1 1 1
Ld u? d:)s—l—/ (') dx — o/ (1,t)u(1,t) + (0, t)u(0, ) :/ fudz.

Then, using the boundary conditions and Cauchy-Schwarz’ inequality we end
up with

1
IIUII%IIUII +[[]* :/0 fudz < |[f[|{|ul] (7.1.5)
Consequently ||u||%||ul| < [|f]]||u]|, and thus
d
el =< If1l (7.1.6)
Integrating over time we get
t
[l O = [ful, 0)]] < /0 LF (- 9)l] ds, (7.1.7)

which yields the first assertion (7.1.2) of the theorem. To prove (7.1.3) we
multiply the differential equation by , integrate over (0, 1), and use integra-
tion by parts so that we have on the left hand side

1 1 1
/(u)%u-/ u”udx=||u||2+/ w't de — o/ (1,6)0(1,t) +4/(0,1)0(0,1).
0 0 0

Hence, using the boundary data, where u(0,t) = 0 = 4(0,¢) = 0, and
Cauchy-Schwarz’ inequality

1d ! 1
2 - /2: . < ; < Z 2 -2 1.
|wmﬁﬁmu(Amm_wmw_gwuﬂww,<m&
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or

Loog  1d o 1 2
— —— <= . 1.
Sl + 52w < 5117 (7.1.9)
Therefore, evidently,
d. o 2
— < ) 7.1.10
Sl < 111 (7.1.10

Finally, integrating over (0,t) we get the second assertion of the theorem:

1 (. OI1* = 11w/, 0)]? S/O 1£(9)I*ds, (7.1.11)

and the proof is complete. O

To proceed we give a proof of a one-dimensional version of the Poincare
inequality: one of the most important inequalities in PDE and analysis.

Theorem 7.2 (The Poincare inequality in 1 — d). Assume that u and v’ are
square integrable functions on an interval [0, L]. There exists a constant C7,
independent of u, but dependent on L, such that if u(0) =0, then

L L
/u(m)2dx§CL/ d@2de, e |l < Cold]l. (7.1.12)
0 0

Proof. For x € [0, L] we may write
ule) = [ Wy < [ ldy= [ )y
0 0 0

<([ wwra) ([ va)” =vi( [ woras)”,

where in the last step we used the Cauchy-Schwarz inequality. Thus

/OLu(ZE)Qd:E < /OLL</OL |u’(y)|2dy) dr = L? /OL W (y)|Pdy,  (7.1.13)

and hence
[lul| < LI]W|]. (7.1.14)

O
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Remark 7.2. The constant C; = L? indicates that the Poincare inequality
is valid for arbitrary bounded intervals, but not for unbounded intervals. If
u(0) # 0 and, for simplicity L = 1, then by a similar arqgument as above we
get the following version of the one-dimensional Poincare inequality:

lull 00 < 2((0)? + 1] 0 ). (7.1.15)

Theorem 7.3 (Stability of the homogeneous heat equation). The initial
boundary value problem for the heat equation

w—u" =0, 0<z<l, t>0
u(0,t) = u.(1,t) =0, t>0 (7.1.16)
u(z,0) = up(x), 0<z<l,

satisfies the following stability estimates
d _
a) £IIUI|2+2IIU'|I2=0, b) lul, 8[| < e fuoll-

Proof. a) Multiply the equation by u and integrate over z € (0, 1), to get

OIA%F%%M%:Awmh#[@yw—w@ﬂwuﬂﬂmﬁwam

where we used integration by parts. Using the boundary data we then have

1d

“ilwm+[@Wm=——mWﬂwwzo
0 2dt '

24t J,
This gives the proof of a). As for the proof of b), using a) and the Poincare
inequality, with L =1, i.e., |[u]| < [|«/|| we get

d
aumﬁ+2wm2go. (7.1.17)

Multiplying both sides of (7.1.17) by the integrating factor e* yields

d 2 2t d 2 2\ 2t
<
—<||u|| e )—( t||u|| +2||u||>e <0. (7.1.18)
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We replace t by s and integrate in s over (0, ), to obtain

[ () ds = oolFe = .0l 0. (119

This yields
- DI < e full” = [[u(- )] < euall, (7.1.20
and completes the proof. O

Below, for the sake of generality, we shall denote the spatial domain by
2 and the boundary of Q by 0€2. Thus, the corresponding formulation for
the homogeneous heat equation reads as: Given ug(x) find u(z,t) satisfying

4

w—u" =0, for xz € (), t >0,
u(z,t) =0, for x € 09, t>0,
(z1) ! (7.1.21)
ug(z,t) =0, for = € 09, t >0,
\ u(z,0) = up(x), forz e,

where 0€) = 0 U 0€),.

Theorem 7.4 (An energy estimate). For any small positive constant €, the
solution of the homogeneous heat equation (7.1.21) satisfies the estimate

b 1 t
/||u||(s)als§5 lngHUoH- (7.1.22)

Proof. We multiply the differential equation: « — v” = 0, by —tu”, and
integrate over {2 to obtain

—t/ uu”dx+t/(—u”)2dx = 0. (7.1.23)
Q Q

Integrating by parts and using the boundary data (note that u = 0 on 9
implies that @ = 0 on 0€;) we get

1d
/Quu"dz = —/Qu’ v dr = —§%||u'||2, (7.1.24)
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so that (11.1.12) may be rewritten as

1d
t=—||]|? + ¢t]|u”||? = 0. 7.1.25
5 g+t (7.1.25)

Using the identity t4u/||? = £ (t[|u'||*) — ||u'||* we end up with

d
T P) + 26" = [l (7.1.26)

Now relabeling ¢ as s and integrating in s over (0,t) we get

! d / ! 1 ! / 1
| sl s 2 [ sl ds = [ aPGs) ds < Sl
o as 0 0

where in the last inequality we just integrate the stability estimate (a) in the
previous theorem over the interval (0,¢). Consequently,

t
1
tll)? () + 2/ s||lu”]|?(s) ds < §||u0||2. (7.1.27)
0

In particular, we have:

/ ]‘ ! 12 1/2 1
1) W0 < <hul. 1) ([ sl ds) < Fluol (7129

Now using the differential equation @ = u”, and integrating over (&,t) (same
relabeling as above), we obtain

[ s = [ s = [ 1 s = [ vass
([ s ([ sareeras)” < Syfm (ol

where in the last inequality we have used the estimate (II) in (7.1.28). O
Problem 7.1. Prove that

[l (2) < [uoll- (7.1.29)

f 2t
Hint: Multiply @ — u” by t* (u")?, and note that v’ = u = 0 on 0, or
alternatively: differentiate © — u” = 0 with respect to t and multiply the
resulting equation by t>
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7.1.2 FEM for the heat equation

We consider the one-dimensional heat equation with Dirichlet boundary con-
ditions

w—u" = f, 0<z<l, t >0,
u(0,t) = u(l,t) =0, t>0, (7.1.30)
u(z,0) = up(x), 0<z<l.

The Variational formulation for this problem reads as follows: For every time
interval I,, = (t,_1,t,], find u(z,t), = € (0,1), t € I,,, such that

1 1
/ / (4w + u'v")dxdt = / / fodxdt, Yv: v(0,t) =v(1,t) =0. (VF)
I Jo 1, Jo

A piecewise linear Galerkin finite element method (FEM): ¢G(1) — ¢G(1) is
then formulated as: for each time interval [, := (t,_1, t,], with ¢, —t,,—1 = ky,
let

Ulx,t) = Uy 1(2)W,_1(t) + Up ()W, (1), (7.1.31)

where

U, (t) = , (7.1.32)
and
Uﬁ(l’) = Uf%l(pl(l’) + U@QQOQ(LL’) + ..+ Uﬁ,m(pm(l’), n=n— 1, n (7133)

with ¢; being the usual piecewise linear, continuous finite element basis
functions (hat-functions) corresponding to a partition of Q = (0,1), with
O=a29 < - <xp < Tpp1 < -+ < Tppyq = 1, and ¢;(z;) := §;;. Now the
Galerkin method (FEM) is to determine the unknown coefficients U, , in the
above representation for U (i.e. for U being a piecewise linear, continuous
function, in both the space and time variables) that satisfies the following
discrete variational formulation: Find U(z,t) given by (7.1.31) such that

1 1
/ / (Ugoi—i-U'go;)dxdt:/ / fo; dadt, i=1,2,...,m. (7.1.34)
I, Jo I, Jo

Note that, on I, = (t,-1,t,] and with U,(z) = U(x,t,) and U,_(z) =
U(mvtn—l)u

. : * o Un - Un—l

U(z,) = Up_y (2)Tr () + Uy (2) T (2) . (7.1.35)
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 Unia ()
) L|Jn+1(t')'",.,,,..
o
 Un(¥)
= (- ] ,'.'f'/.. ‘\'\.\ |
N A R 000
. ‘A
= X X.i+1 ’
Further differentiating (7.1.31) with respect to  we have
Uz, t) = U, _ ()W, _1(t) + U, (x)W,(1). (7.1.36)

Inserting (7.1.35) and (7.1.36) into (7.1.34) we get using the identities, [, dt =
kp and [, Uodt = [, W, ydt = k,/2 that,

1 1 1
/ Ungoidx—/ Un_10; da:+/ U, 4 dt/ U o dx
0 0 In \0 /

MU, MUy ke S-U,_
L e T (7.1.37)
+/ \Ilndt/ U,’lgofidx:/ / [ dadt .
I 0 1, Jo
\ A ~~ g N ~ _
kn/2 S-Unp Fn

This can be written in a compact form as the Crank-Nicolson system

(a1 + %S) Un = (M- %5) Up_y + F,, (CNS)
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with the solution U, given by the data U,_; and F, viz

U, = \(M + %S)_i (M - %S)JUn_l + (M + %S)_l F,,  (7.1.38)
B-1 A Bt

where M and S (computed below) are known as the mass-matrix and stiffness-
matrix, respectively, and

Un,l Fn,l

Un,2 Fn,2 !
S e I, J0O
Un,m Fn,m

Thus, given the source term f we can determine the vector F, and then,
for each n = 1,... N, given the vector U,_; (the initial value is given by
Upj := up(x;)) we may use the CNS to compute U,y, ¢ = 1,2,...m (m
nodal values of U at the z; : s, and at the time level t,).

Problem 7.2. Derive a corresponding system of equations, as above, for
cG(1) — dG(0): with the discontinuous Galerkin approzimation (dG(0)) in
time with piecewise constants.

We now return to the computation of the matrix entries for M and S, for
a uniform partition (all subintervals are of the same length) of the interval
I =(0,1). Note that differentiating (7.1.33) with respect to z, yields

Ul(x) = Up16)(x) + Upo@h(x) + ... + Uil (). (7.1.40)

Hence, for 2+ = 1,...,m, the rows in the system of equations are given by

1 1 1 1
[ = ([ ) nas ([ cion)Onat oot ([ i) Uum
0 0 0 0

which can be written in matrix form as

oo [leveh oo e || Una

1 T T

| Jo At fo O - Jo P | | Unim
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Thus, S is just the stiffness matrix A,y computed in Chapter 2:

[ 2 1 0 o0 0|
12 -1 0 0

g1 0 2 ’ (7.1.42)
0 12 1
|0 12|

A non-uniform partition yields a matrix of the form A in Chapter 2.
Similarly, recalling the notation for the mass matrix M introduced in (7.1.37),

we have that fori=1,...,m

(7.1.43)

1
0

Hence, to compute the mass matrix M one should drop all derivatives from
the general form of the matrix for S given by (7.1.41). In other words unlike

79

U, nor in ¢;. Consequently

the form [SU,]; = fol Ut

MU, does not involve any derivatives, neither in

[ 1 1 1 i
fO Y11 fo P12 ... fO ©1Pm
Jy o201 fy s oo J 020m
M = (7.1.44)
1 1
| o emer fo omz o Jy Pmm |
For a uniform partition, we have computed this mass matrix in Chapter 5:
[ 2 1 i [ i
s 5 0 0 0 4 1 0 ... 0
12 1
s 3 5 O 0 1 4 0 ... 0
12 1
M-k 0 5 3 3 0 _ h 0 1 1 ... 0
6
12 1
0 Loz 0 1 4 1
12
0 § 3| |0 1 4 .
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7.1.3 Error analysis

In this section we outline a general framework for the error estimation pro-
cedure (this procedure is applicable for higher space dimensions as well). We
denote the spatial domain by €2 with boundary 0f2. In the one dimensional
case treated here this means that 2 is an arbitrary interval €2 := [a, b] with
00 = {a,b}. For each n = 1,2,..., N, we consider the slab S, := Q x [,
with I,, = (t,-1,t,], and rewrite the variational formulation for the equation
(7.1.30) as: to find the exact solution u(x,t) € H{ = C([0,T); Hi([a,b]))
such that for each n =1,2,..., N,

/In /Q (4 + o' ddt = /I /Q fodzdt, Vv e C(L; Hi(a, b)), (7.1.45)

with H3([a,b]) being the usual Lo-based Sobolev space over [a,b] (consist-
ing of square integrable functions vanishing at * = a, * = b, and having
square integrable derivatives). We may formulate a corresponding finite el-
ement method for the equation (7.1.30) as the continuous, piecewise linear
space-time approximation in (7.1.31)-(7.1.34). We may alternatively con-
struct the so called ¢G(1)dG(q) method: a finite element method based on
approximation using continuous piecewise linear functions in space and dis-
continuous piecewise polynomials of degree ¢ in time. To this approach we
let S,, = Q x I,,, and define the trial space as

Wéq) ={v(z,t) :v|g, € W,f?,z, n=1...,N}, (7.1.46)

where
q .
WD = {v(z,t) vz, t) =Y tp;(x): ¢; €V, (x,t) € Sy}
7=0

Here V! = V,?n is the space of continuous piecewise linear functions on a
subdivision 7, of {2 with mesh function h,,, vanishing on the boundary. The
functions in W]@ may be discontinuous in time at the discrete time levels ¢,,.
To account for this, we use the same notation as in the previous chapter:

wE = lim w(t, + s), [w,) == w! —w,. (7.1.47)

" s—0*% "
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Now we may formulate the ¢G(1)dG(q) method as follows: Let Uy := wuo,
and find U € W,ﬁ‘” such that forn=1,..., N

Y

/ / (To+U") da i+ / U_]o, dx = / / fodedt for allv e W,
In JQ Q In. JQ '
(7.1.48)

Subtracting (7.1.48) from (7.1.45) we obtain the time-discontinuous Galerkin
orthogonality relation for the error

/ / év + €'v') dedt + / len v 1 de =0, forallve W,EZ). (7.1.49)
In Q

Obviously in the time-continuous case the jump term in (7.1.48) disappears
and we end up with ¢G(1)cG(q) method, viz:

/ /(Uv—l—U'v')dxdt:/ /fvd:cdt for all v e W2, (7.1.50)
In J Iy JQ

Now, subtracting (7.1.50) from (7.1.45) we obtain the Galerkin orthogonality
relation for the error e = u — U as

/ / év+ev')dedt =0, forallve W,ﬁf}. (7.1.51)
In

A priori and a posteriori error estimates for the heat equation are obtained
combining the results in Chapters 5 and 6. To become familiar with some
standard techniques, below we shall demonstrate the a posteriori approach.

Theorem 7.5 (cG(1)cG(1) a posteriori error estimate). Assume:

e h,=nh,Vn

o uge V) =V (so that e(0) =0).
Let ¢ = ky be small, and let 0 < t < T. Let uw and U be the exact and
approximate solutions for the heat equation (7.1.30), respectively, i.e. U is

the finite element approximation satisfying in either one of the equations
(7.1.34) (¢G(1)cG(1) or (7.1.50) (¢cG(1)cG(q). Then the error e =u—U is

bounded as
Je(@)]] < (2/n Z) max || (k + B2)r(U)) (7.1.52)
- e/ 0,1 ’

where r(U) is the residual and k and h are temporal and spatial mesh func-
tion, respectively.
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Proof. Following the general framework for a posteriori error estimates, we
let ¢(x,t) be the solution of the dual problem

—p—¢" =0, in Q x (0,7),
=0, ondQx(0,7T), (7.1.53)
Y = e, in fort =T,

where e = e(T) = e(-,T) = u(-,T) — U(-,T), T = ty. By a change of
variables, letting w(z, s) = ¢(x,T —s), (s > 0); the backward dual problem
(7.1.53) is rewritten in the forward form:

Ww—w" =0, inQx(0,7T),
w=0, ondQx(o,t), (7.1.54)

w = e, in Q2 for s = 0.

For this problem we have shown in the energy estimate theorem 7.4 that
T
1 T
[ s < 5y/m < el (71.55)

and consequently, if s = T — ¢, then ds = —dt and w(z,s) = —p(z, T — s).
Hence, since —¢"” = ¢, we have for ¢, that

T—e¢ ‘ 1 T T—e¢ , 1 T
|netdes gymz el ana [T < 5y m el
(7.1.56)
Now assume h, = h,n = 1,2,..., and let vy € V) = V;?, then, since
(—¢ — ¢") = 0, integration by parts in ¢ and z yields

e = [0y emyae s+ [ [ - o) dwa

_ / e(T) - e(T) dx — / e(T) - o(T) dx + / e(0) - ¢(0) dx
0 Q Q S———

=0;(u0€V}?1)
/ / ép + €'¢') dadt.
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Using Galerkin orthogonality and integration by parts in z, we get for v €
W,go) (i.e. piecewise constant in time and continuous, piecewise linear in

space),
)| = /0 /Qé(go — o)+ € — v) dudt. (7.1.57)

/Qé(gp—v)%—e'(ap—v)' d:);z/ﬂ(ﬂ—U)(ap—U)d:E

But we have

M+1

*Z/. (o — U)o —v) da
- /Q(u—U)(gp—v)d:ﬂ—i- Z[(u/—U’)(s@—v)]ii '
B Z/m (u”—U”)(QD—’U)d$

(7.1.58)

where we have used ¢ —¢” =4 —u" —U+U" = f ~U4U" = f—U :=r,(U)
which is the residual. Next, with mesh functions h = h(x) and k = k(t) in x
and ¢, respectively we may derive (using the fact that v is piecewise constant
in time and continuous, piecewise linear in space) an interpolation estimate
of the form:

1(k + 1) (e = v)llz. < Cilllollz, + 119" ]]2.)- (7.1.59)

To estimate the first term in (7.1.58) (see Eriksson et al [12] Chap 16) we
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have using the estimates (7.1.56) that

T—ky

/ / o= v) dadh <C; / (ke + B2y )Nl + (111 dt
+/_k lr1 (@)1l — vl dt

T
<(C; 2 .
<C; max [k + A2 (U)] -y n [T

+ max (@) - o = vl) - k.

where the last term can be estimated using the stability estimate (7.1.2) for
the dual problem with f =0 as

(@)1 le =0l ) -k < Cllwr @) ]l < Cllewr @) lle(T)]l. (7.1.60)

Summing up we get

// ©—0) dxdt<0max||(k+h2)r1(U)||- lnki-He(T)H.
N

(7.1.61)
The second term in (7.1.58) can be similarly estimated as

/0 Z[Uf](so—v)(fvi)SCZ-%%II(kJth)rz( - 1n£N le(T)l; (7.1.62)

where 79(U) := h;*|[U}]|, for € I;. This gives our final estimate and the
proof is complete.

le(T)|| < c(\/lnkl) max [k + *)r(U)] (7.1.63)

where r(U) = ri(U) + ro(U). O

e Adaptivity Algorithm. Roughly speaking, adaptivity procedure in a
posteriori error estimates can be outlined as follows: Consider, as an example,
the Poisson equation

—u" = f in Q, u=0, on 00 (7.1.64)
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where for the error u — U, we have derived the a posteriori error estimate
'l < Cllhr(U)I, (7.1.65)

with 7(U) = | f| + max;, |[v/]| and [-] denoting the jump (over the endpoints
of a partition interval I;). Then, the adaptivity is stated as the following,
3-steps, algorithm:

(1) Choose an arbitrary mesh-size h = h(z) and a tolerance Tol > 0.
(2) Given h, compute the corresponding U (also denoted uy,).

(3) If C||hr(U)|| < Tol, then accept U. Otherwise choose a new (refined)
h = h(z) and return to the step (2) above. O

e Higher order elements ¢G(2). Piecewise polynomials of degree 2 is de-
termined by the values of the approximate solution at the, e.g. mid-point
and end-points of each subinterval. The construction is through using the
Lagrange interpolation basis Ag(z), Ai(x), and Ay(z), introduced in the in-
terpolation chapter; as in the graphs below:
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(VAVAVAVAVAVAVAV

Example 7.2 ( Error estimates in a simple case for ¢cG(2)). For the Poisson
equation —u” = f, 0 < x < 1, associated with a Dirichlet (or Neumann)
boundary condition we have the following ¢G(2) error estimates

(u—UY| < C||n2D%l|. (7.1.66)
Hu—Ungcmmx@mmD%m) (7.1.67)
lu—U| < C|[p*r(U)|, where |r(U)] < Ch, (7.1.68)

The proof of the estimates (7.1.66)-(7.1.68) are rather involved (see Eriks-
son et al [12] for the details) and therefore are omitted. These estimates can
be extended to the space-time discretization of the heat equation.

Example 7.3 ( The equation of an elastic beam).

(au)"=f,  Q=1(0,1),
u(0) =0, 4 (0)=0, (Dirichlet) (7.1.69)
u’(1) =0, (au”)'(1) =0, (Neumann)

where a is the bending stiffness, au’ is the moment, f is the load function,
and u = u(x) is the vertical deflection.
A wariational formulation for this equation can be written as

1 1
/ au"v"dx = / fvdz, Yo,  such that (0) =v'(0)=0. (7.1.70)
0 0

Here, considering piecewise linear finite element functions is inadequate.
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7.1.4 Exercises

Problem 7.3. Work out the details with piecewise cubic polynomials having
continuous first derivatives: i.e., two degrees of freedom on each node.

Hint: A cubic polynomial in (a,b) is uniquely determined by o(a), ¢’ (a), o(b)
and ¢'(b).

Problem 7.4. Let || - || denote the Ly(0,1)-norm. Consider the problem

—u" = f, 0<z<l,
u'(0) = vy, u(l)=0.

a) Show that |w(0)| < ||u'[| and ||ul| < ||/
b) Use a) to show that [|u'|| < ||f]| + |vol.

Problem 7.5. Assume that uw = u(x) satisfies
1 1
/ u'v'dr = / fvdz,  for all v(z) such that v(0) = 0. (7.1.71)
0 0

Show that —u" = f for 0 <z <1 and v/'(1) = 0.
Hint: See previous chapters.

Problem 7.6 (Generalized Poincare). Show that for a continuously differ-
entiable function v defined on (0,1) we have that

[10[]* < 0(0)* + v(1)* + |||

Hint: Use partial integration for f01/2 v(z)? dr and f11/2 v(z)*dz and note that
(x — 1/2) has the derivative 1.

Problem 7.7. Let || - || denote the Ly(0,1)-norm. Consider the following
heat equation

w—u" =0, 0<x<l, t>0,

u(0,t) = u,(1,t) =0, t>0,

u(z,0) = up(x), 0<z<l.
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a) Show that the norms: ||u(-,t)|| and ||uz(-,t)|| are non-increasing in time.

1/2
full = (Jo ulw)? da)
b) Show that ||u.(-,t)|| — 0, as t — oo.
c) Give a physical interpretation for a) and b).

Problem 7.8. Consider the inhomogeneous problem 7.8:

u—cu = f, 0<z<l, t>0,
u(0,t) = ug(1,t) =0, t>0,
u(z,0) = up(x), 0<z<l1.

where f = f(x,t).
a) Show the stability estimate

t
ol < [ 179l as
b) Show that for the corresponding stationary (i = 0) problem we have
1
/
< - .
]l =< ZIIAIl
Problem 7.9. Give an a priori error estimate for the following problem:
(QUzg)ew = f, 0 <z <1, w(0) =u/'(0) = u(l) =4/(1) =0,

where a(x) > 0 on the interval I = (0,1).
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7.2 The wave equation in 1d

The theoretical study of the wave equation, being of hyperbolic type, has
some basic differences compared to that of the heat equation which is a
parabolic equation. Some important aspects in this regard are given in part
2 of these Lecture notes concerning higher spatial dimensions. Nevertheless,
in our study here, the structure of the finite element methods for the wave
equation is, mainly, the same procedure as for the heat equation outlined in
the previous section. To proceed we start with an example of the homoge-
neous wave equation, by considering the initial-boundary value problem

i —u’" =0, 0<z<l1 t>0 (DE)
w0,0)=0,  w(ly=0  t>0  (BC)  (121)
u(z,0) =up(x), u(z,0)=uvy(z), 0<z<l. (IC)
The most important property of the wave equation is the conservation of
energy:

Theorem 7.6. For the wave equation (7.2.1) we have that

1, . 1 1 1
§||UH2 + §HU/H2 = 5\\00\\2 + 5\\“6\\2 = Constant, (7.2.2)

where )
]2 = [~ )| :/0 o (z, 1)|2 da. (7.2.3)

Proof. We multiply the equation by @ and integrate over I = (0,1) to get

1 1
/ ilud:c—/ W' i dr = 0. (7.2.4)
0 0

Using integration by parts and the boundary data we obtain
/119(-)2d:¢+/1 (@) do— [o (o, i, 1))
028tu Ouux 'z, )iz, )|

- [ ars [ Jon() w29

1dy, . ,
= 5= (llall? + [1)12) = 0.
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Thus, we have that the quantity
1 1
§||uH2 + §||u'||2 = Constant, independent of . (7.2.6)

Therefore the total energy is conserved. We recall that ||a[|? is the kinetic
energy, and ||u/||* is the potential (elastic) energy.
U

Problem 7.10. Show that ||(w)'||* + ||u”||* = constant, independent of t.
Hint: Differentiate the equation with respect to x and multiply by 1, . . ..
Alternatively: Multiply (DE): it — u" =0, by —(4)" and integrate over I.

Problem 7.11. Derive a total conservation of energy relation using the

0
Robin type boundary condition: 8_u +u=0.
n

7.2.1 Wave equation as a system of hyperbolic PDEs

We rewrite the wave equation as a system of hyperbolic differential equations.
To this approach, we consider solving

i—u" =0, 0<z<l, t >0,
u(0,t) =0, u'(1,t) =g(t), t>0, (7.2.7)
u(z,0) = up(x), u(z,0)=1vo(x), 0<z<I,

where we let . = v, and reformulate the problem as:

u—v=0, (Convection)

v—u" =0, (Diffusion).

(7.2.8)

We may now set w = (u,v)" and rewrite the system (7.2.8) as w + Aw = 0:

, i 0 -1 u 0
w+ Aw = + = : (7.2.9)
. 82
v T 92 0 v 0

In other words, the matrix differential operator is given by

A
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Note that, in scalar form, this equation was studied in full detail in Chapter
6. Therefore, in this setting, the study of the wave equation is strongly
connected with that of systems of initial value problems.

7.2.2 The finite element discretization procedure

We follow the same procedure as in the case of the heat equation, and let

Sp =Qx1I,,n=12,...,N, with [,, = (t,-1,t,]. Then, for each n we

define, on S,,, the piecewise linear approximations
U(z,t) = Up_1(2)W,_1(t) + Up ()W, (1),
Viz,t) = V()W 1(t) + V()W (1),

O<x<l, tel,,

(7.2.10)
where, e.g.
Us(x) =Uzq1(x )+ ...+ Upm(x)om(x), n=n—1,n
(4) = Una(2)in (2 (@) (2) -
Va(z) = Va(@)oi(z) + ...+ Vam(z)om(z), 7 =n—1,n.
CRQ)
1 ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
th1 th tme X1 X] %+l

For @t — v =0 and t € I,, we write the general variational formulation

1 1
/ / ugodxdt—/ / vpdrdt =0, for all ¢(z,t). (7.2.12)
I Jo I, Jo

Likewise, v — u” = 0 yields a variational formulation, viz

1 1
/ / O dzdt — / / u"pdzdt = 0. (7.2.13)
1 Jo 1, Jo
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Integrating by parts in z, in the second term, and using the boundary con-
dition «/(1,t) = g(t) we get
1 1 1
/ u"pdr = [u'p)y — / u'' dr = g(t)p(1,t) —u'(0,t)p(0,t) — / u' o du.
0 0 0

Inserting the right hand side in (7.2.13) we get for all ¢ with ¢(0,t) = 0:

/I/vgpdxdt—l—/I/U/SO/dl'dt /1 9(t)e(1,1) dt. (7.2.14)

The corresponding ¢G(1)cG(1) finite element method reads as: For each n,
n=1,2,..., N, find continuous piecewise linear functions U(x,t) and V (z, t),
in a partition, 0 = 2o < x1 < -+ < x,, = 1 of Q = (0, 1), such that

/I /0 Un() _an"‘l(x) oi(x) dzdt

1 7.2.15
1, Jo
forj=1,2,...,m,
and
1 J—
/ / 5, V”‘l(x) o;(z) dwdt
I7L
/ / n—1(t) + U;(x)\lfn(t)>ga;(x) dedt  (7.2.16)
In
—/ g(t)e;(1) dt, for j =1,2,...,m,
In
where U, U’, V, and V' are computed using (7.2.10) with
ty, — 1 t—t,1
_ = n— = , ]{;n = tn — tn— .
¢n 1(t) kn ’ w 1(t> kn 1

Thus, the equations (7.2.15) and (7.2.16) are reduced to the iterative forms:

\/OU( w;(z dm——/ (X)),

MU Un

=P

n

—_

1
ky, ‘
= / Up—1(x)p;(z)dx +? Voc1(@)p;(z)de, j=1,2,...,m,
0 0

MU, _1 MV,

7

p

-
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and

/01 Va(@)p;(z)dx +% /1 UL (2)¢) (x) dx

MVn SUn
:/ Vie1(z)p,(x d:c——/ dfc+gn, J=L12,...,m,
0
MVn,1 SUnfl

respectively, where we used (7.2.11) and as we computed earlier

2 -1 ... 0 4 1 ... 0
—1 2 —1 ... 1 4 1

1 h

S = M= —

h ' 6 ’
0 —1 2 —1 .01 4 1
0 0 —1 1 o ... 1 2

where

gn = (0,... ,O,gmm)T, where  gym = / g(t) dt.
I,

In compact form the vectors U,, and V,, are determined by solving the linear
system of equations:

MU, —52MV, = MU, + 2MV,_,

(7.2.17)
%SUn + Mvn == _%SUn—l + Mvn—l + 9n,

which is a system of 2m equations with 2m unknowns:

M kM| | U, M =2M || U 0
= —+ ,
g M V, —B2s M Vi1 In
v~ JH/—/ ~ 7
A w b

with W =A\b, U,=W(1:m)andV,, =W (m+1:2m).
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7.2.3 Exercises

Problem 7.12. Derive the corresponding linear system of equations in the
case of time discretization with dG(0).

Problem 7.13 (discrete conservation of energy). Show that ¢G(1)-cG(1) for
the wave equation in system form with g(t) = 0, conserves energy: i.e.

TN + IVall* = 0P + 1 Vaa . (7.2.18)

Hint: Multiply the first equation by (U,_1 + U,)!SM =1 and the second equa-
tion by (V,_1+V,)t and add up. Use then, e.g., the fact that UL SU, = ||U! ||?,
where

Un,m

Problem 7.14. Consider the wave equation

i—u" =0, reR, t>0,
u(z,0) = up(x), =€ R, (7.2.19)
u(z,0) =vo(z), =€ R.

Plot the graph of u(x,2) in the following cases.

a) vo =0 and
1, r <0,
uo(x) =
0, x> 0.
b) up =0, and
-1, —1<x<0,
vo(z) = 1, 0<z<l,

0, |z| > 0.
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Problem 7.15. Compute the solution for the wave equation
i —4u” =0, x>0, t >0,
u(0,t) =0, t>0, (7.2.20)
u(z,0) =0, w(z,0) =0, x> 0.

Plot the solutions for the three casest = 0.5, t =1, t = 2, and with

w1 b TR (7.2.21)

0, else

Problem 7.16. Apply cG(1) time discretization directly to the wave equation
by letting

U(z,t) = Upr oy () + Up(2)W,(1),  tE I (7.2.22)

Note that U is piecewise constant in time and comment on:

1 1
| [ Oednies [ [wgiasie= [ gwesmi j=12.m
I, J0 Iy In
7

~~ ~~

0
5S(Un-14Un) gn

Problem 7.17. Construct a FEM for the problem

i+u—u" =f, 0<x<l, t>0,
u(0,t) =0, w'(1,t) =0, t>0, (7.2.23)
u(z,0) =0, w(z,0) =0, 0<z<l.

Problem 7.18. Determine the solution for the wave equation

i — c2u" = f, x>0, t >0,

u(x,0) = ug(x), wx,0)=uwvy(z), x>0,

u,(1,t) =0, t>0,
in the following cases:

a) f=0.
b)le, UOIO, UOIO.
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7.3 Convection - diffusion problems

Most multi-physical phenomena are described by the convection, diffusion
and absorption: Problems of fluid- and gas dynamics, chemical reaction-
diffusion, electromagnetic fields, charged particles collisions, etc, are often
modeled as convection-diffusion and absorption type problems. In Chapter 5
we illustrated the finite element procedure for the one-dimensional stationary
convection-diffusion (see Example 5.2). Here we shall give the derivation
for a time-dependent convection diffusion problem in one-dimensional case.
In the previous sections we illustrated combined space-time discretization.
Here, we focus on a certain space-time (or only space) discretizations that
is of vital interest for convection-dominated convection-diffusion equations:
namely the Streamline Diffusion Method (SDM), which is also more adequate
for piecewise discontinuous Galerkin approximations in time.
The higher dimensional case will be considered in part 2 of these notes.

oA convection-diffusion model problem We illustrate the convection-
diffusion phenomenon by an example:

Example 7.4 (A convection model). Consider the traffic flow in a highway,
viz the Fig below. Let p = p(x,t) be the density of cars (0 < p < 1) and
u = u(x,t) the velocity (speed vector) of the cars at the position x € (a,b)
and time t. For a highway path (a,b) the difference between the traffic inflow
u(a)p(a) at the point © = a and outflow u(b)p(b) at x = b gives the density
variation on the interval (a,b):

d [t b b
& [ otwde= [ o0 = plaju(@) - pleruty) = - [ (upya
or equivalently

/ab (p + (up)/) dz = 0, (7.3.1)

Since a and b can be chosen arbitrary, thus we have
p+ (up) = 0. (7.3.2)

Let now uw =1 — p, (motivate this choice), then (13.1.2) is rewritten as

pt (1= p0) =i+ (p =Py =0. (7.3.3)
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e u(b)

—_— —_— =

Lo ooy lales

a
P@E) =1

Hence
p+(1—=2p)p =0 (A non-linear convection equation). (7.3.4)

Alternatively, (to obtain a convection-diffusion model), we may assume that
u=c—e-(p/p), c>0, e >0, (motivate). Then we get from (13.1.2) that

/

/
o+ ((e- 6%)p) —0, (7.3.5)
1.€.,
p+cp —ep” =0 (A convection-diffusion equation). (7.3.6)

The equation (13.1.6) is convection dominated if ¢ > €.
For e = 0 the solution is given by the exact transport p(x,t) = po(x — ct),
because then p = constant on the characteristic’s: (c, 1)-direction.

(X +ct, 1)

X=X -ct
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Note that differentiating p(x,t) = p(x + ct,t) with respect to t we get
op Ox Op

- _ + — —

Oor Ot 0Ot
Finally, let us rewrite the convection-diffusion equation (13.1.6), for p, by
changing the notation from p to u, and replacing ¢ by (3, i.e.

0, < cpf+p=0. (7.3.7)

i+ pu —eu” =0. (7.3.8)

Remark 7.3. Compare this equation with the Navier-Stokes equations for
incompressible flow:

U+ (B-Vu—eAu+VP =0, AN divu=0, (7.3.9)

where [ = u, u = (uy,us,ug) is the velocity vector, with uy representing
the mass, us momentum, and uz = enerqy. Further P s the pressure and
e = 1/Re with Re denoting the Reynold’s number. A typical range for the
Reynold’s number Re is between 10° and 107.

Therefore, for e > 0 and small, because of difficulties related to boundary
layer and turbulence, the Navier-Stokes equations are not easily solvable.

Example 7.5 (The boundary layer). Consider the following boundary value
problem

u —eu” =0, 0<z<l1
(BVP) (7.3.10)
u(0) =1, u(1) = 0.
The exact solution to this problem is given by
1
_ 1/e  _z/e . _
u(z) = C’(e e >, with  C = BV (7.3.11)

which has an outflow boundary layer of width ~ ¢, as seen in the Fig below

7.3.1 Finite Element Method

We shall now study the finite element approximation of the problem (13.1.10).
To this end first we represent, as usual, the finite element solution by

U(z) = o() + Urp1(x) + . .. + Upipn(x), (7.3.12)

where the ;s are the basis function, here continuous piecewise linears (hat-
functions) illustrated below:
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Y
1 '

1
|
l u(z)
l
|
1
|
|
T T x

0 1
| e |

Figure 7.2: A ¢ boundary layer
y
X
Evidently, the corresponding variational formulation yields the FEM:
1
/ <U,g0jdx n 6U’g0;-) dr =0, j=1,2,....n, (7.3.13)
0

which may be represented by the equations

%(Uj+1 - UH) n %(20} — U — UjH) =0, j=1,2,....n, (7.3.14)

where Uy =1 and U,,.; = 0.
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Note that, using Central -differencing we may also write

R 9. o 1
%127]1(]“ _c Uin }gj Ui ( = X equation(13.1.14)).
——— ~ ~ -

corresp. to u'(xz;)  corresp. to u”’(z;)

Now for € being very small this gives that U;;; ~ U;_;, which results, for
even n values alternating 0 and 1 as the solution values at the nodes:

i.e., oscillations in U are transported “upstreams” making U a “globally bad
approximation” of u.
A better approach would be to approximate «'(z;) by an upwind deriva-
tive as follows
Ui — Ui
h )

which, formally, gives a better stability, however, with low accuracy.

o (z) ~ (7.3.15)

Remark 7.4. The example above demonstrates that a high accuracy without
stability is indeed useless.

A more systematic method of making the finite element solution of the
fluid problems stable is through using the streamline diffusion method which
we, formally, introduce below.
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7.3.2 The Streamline-diffusion method (SDM)

The idea is to choose, in the variational formulation, the test functions of the
form (v+2%3hv'), instead of just v (this would finally correspond to adding an
extra diffusion to the original equation in the direction of the stream-lines).
Then, e.g. for our model problem we obtain the equation (5 = 1)

/1 [u’(v + %m’) _e. u”(v + %m')]dz _ /1 f<v N %m/) dz. (7.3.16)
0 0

In the case of approximation with piecewise linears, in the discrete version
of the variational formulation, we should interpret the term fol U'v'dx as a

sum viz,
1
/ U"v'dx = Z/ U"v'dx = 0. (7.3.17)
0 =

Then, with piecewise linear test functions, choosing v = ¢; we get the discrete
term corresponding to the second term in the first integral in (13.1.16) as

1 1 ]_ 1

which adding to the obvious approximation of first term in the first integral:

! U1 — U;_
/ Upjde = %, (7.3.19)
0

we end up with (U; — U;j_1), as an approximation of the first integral in
(13.1.16), corresponding to the upwind scheme.

Remark 7.5. The SDM can also be viewed as a least-square method.:

Let A = L then A' = —L. Now u minimizes the expression |[w' — f|| if

u' = Au = f. This can be written as
A'Au=A'f <= —u"=—f,  (the continuous form). (7.3.20)

While multiplying u' = Au = f by v and integrating over (0,1) we have

1 1
/ Uv'de = / fo'dx (the weak form), (7.3.21)
0 0
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where we replaced v’ by U'. Thus, the weak form for the discretized equation
may be written as

(AU,v) = (f,0), Yo eV, (7.3.22)

and

(AU, Av) = (f, Av), Yv € V. (7.3.23)
Thus we have the SDM form

(AU, v+ 0Av) = (f,v + dAv), Yu € V. (7.3.24)

For the time-dependent convection equation, the oriented time-space el-
ement are used. Consider the time-dependent problem

i+ pu —eu’ = f. (7.3.25)

THTT

thi

Set U(x,t) such that U is piecewise linear in x and piecewise constant in the
(6, 1)-direction. Combine with SDM and add up some artificial viscosity, &,
depending on the residual term to get for each time interval I,,, the scheme:

/In/g [(U +4U) (U - gh”> te U,“/] dadt = /In/gf@ - ghv’) dadt. O
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7.3.3 Exercises

Problem 7.19. Prove that the solution u of the convection-diffusion problem
—Upy + Uy +u = f,quadin I = (0,1), u(0)=wu(l) =0,

satisfies the following estimate

(/Iu2¢dx>l/2 < (/If2¢dx)l/2.

where ¢(x) is a positive weight function defined on (0,1) satisfying ¢.(x) < 0
and —¢(x) < ¢(x) for 0 <z < 1.

Problem 7.20. Let ¢ be a solution of the problem
—e¢" —3¢' 4+ 2¢ = e, ¢'(0) = o(1) = 0.
Let || - || denote the Lo-norm on I. Show that there is a constant C' such that
61O < Cllell,  lle¢”]| < Cllell.

Problem 7.21. Use relevant interpolation theory estimates and prove an a
priori and an a posteriori error estimate for the ¢cG(1) finite element method
for the problem

—u"+u' =f inl=(01), u(0)=u(l)=0.

Problem 7.22. Prove an a priori and an a posteriori error estimate for the
c¢G(1) finite element method for the problem

—u"+u' +u=f inl=1(0,1), u(0)=u(l)=0.
Problem 7.23. Consider the problem
—eu" +au' +u=f, inlI=1(0,1), u(0) = u'(1) = 0,
where € is a positive constant, and f € Lyo(I). Prove that

[lew”|] < I£II-
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Problem 7.24. We modify the problem 7.23 above according to
—eu" +c(x)u +u=f(x) 0<z<l, u(0) = u'(1) = 0,

where € is a positive constant, the function c satisfies c(x) > 0, (x) < 0,
and f € Lo(I). Prove that there are positive constants Cy, Co and Cs such
that

Velldlf < GlllfIl, e |l < Collfll, - and - efju”]] < G| f]],
where || - || is the Lo(I)-norm.
Problem 7.25. Consider the convection-diffusion-absorption problem
—EUyy + Uy +u=f, in I=1(0,1), u(0)=0, Veu, +u(l) =0,

where ¢ is a positive constant, and f € Lo(I). Prove the following stability
estimates for the solution u

IVeusll + llull + lu(D)] < ClI£1,

[l + llettaall < CII I

where || - || denotes the Lo(I)-norm, I = (0,1), and C is an appropriate
constant.
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Chapter 8

Piecewise polynomials in
several dimensions

8.1 Introduction

eVariational formulation in R?

All the previous studies in the 1 - dimensional case can be extended to R™,
then the mathematics of computation becomes much more cumbersome. On
the other hand, the two and three dimensional cases are the most relevant
cases from both physical as well as practical point of views. A typical problem
to study is, e.g.

—Au + au = f, x = (z,y) € 2 C R?
u(z,y) =0, (z,y) € O

(8.1.1)

The discretization procedure, e.g. with piecewise linears, would require the
extensions of the interpolation estimates from the intervals in 1D to higher
dimensions. Other basic concepts such as Cauchy-Shwarz and Poincare in-
equalities are also extended to the correspoding inequalities in R"™. Due to
the integrations involved in the variational formulation, a frequently used
difference, from the 1-dimensional case, is in the performance of the partial
integrations which is now replaced by the following well known formula:

211
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Lemma 8.1 (Green’s formula). Let u € C?(Q) and v € C1(Q), then

2u ou Ou
// 2 + — vdxdy —/ <8_x’ 8_y) -n(z,y)vds
8u 8u 8v ov
dxd
// 8x8y 8x8>xy’
where n(zx,y) is the outward unit normal at the boundary point x = (x,y) €
0 and ds is a curve element on the boundary OS). In concise form

(8.1.2)

/Q(Au)vdx = /Q(Vu ‘n)vds — / Vu - Vodz. (8.1.3)

Q

Figure 8.1: A smooth domain 2 with an outward unit normal n

In the case that Q2 is a rectangular domain. Then we have that

// T dedy = /Ob/oaaﬂ o(z, y)dady = [PI]

b 8 a ¢ ou ov
/0 . (z,y) - v(x, y)} -/ %(w,y)-%(w,y)dw>dy
U

=0

/b (&9) = gz<0=y>-v<0=y>) dy—

0

ou Ov
// e 8:c(x y)dxdy.
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n(z,b) = (0,1)
[y := 00
b 2 2
n(0,y) = (-1,0) n(a,y) = (1,0)
— 0 R
3 893 Fl = 8Q1
F4 = 894 a
n(z,0) = (0,—1)

Figure 8.2: A rectangular domain €2 with its outward unit normals

Now we have on I'; : n(
on I'y : n(x,
on I's : n(

on I’y :n(x,0) = (0,-1)
Thus the first integral on the right hand side can be written as

ou Ou 8u 8u
/aQ <8_x’ 8_3/) n(x,y)vds = /F / I 8y -n(z,y)v(z,y)ds

and hence

ou Ou ou Ov
// 8x2dxdy /1“1ur3 <8_x’ 8_y> ‘n(x,y)v(z,y)ds — //Q A a—xdxdy

Similarly, for the y-direction we get

ou Ou Ju v
// vda?dy /1“2u1“4 <%’ a—y) ‘n(x,y)v(z,y)ds — //Q Bm . a—ydxdy.

Now adding up these two recent relations gives the desired result. The case of
general domain 2, is a routine proof in the calculus of several variables. [
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8.2 Piecewise linear approximation in 2 D

The objective in this part is the study of piecewise polynomial approxima-
tions for the solutions for differential equations in two dimensional spatial
domains. In this setting, and for simplicity, we focus on piecewise linear
polynomials and polygonal domains. Thus we shall deal with triangular
mesh without any concerns about curved boundary.

8.2.1 Basis functions for the piecewise linears in 2 D

We recall that in the 1-dimensional case a function which is linear on a
subinterval is uniquely determined by its values at the endpoints. (There is

only one straight line connecting two points)
Y

Tk—1 Iy Tk

Figure 8.3: A picewise linear function on a subinterval I}, = (x;_1, T).

Similarly a plane in R? is uniquely determined by three points. Therefore
it is natural to make partitions of 2-dimensional domains using triangular
elements and letting the sides of the triangles to correspond to the endpoints
of the intervals in the 1-dimensional case.

The figure illustrates a “partitioning”: triangulation of a domain ) with
curved boundary where the partitioning is performed only for a polygonal
domain Qp generated by 2 (a domains with polygonal boundary). Here we
have 6 internal nodes N;, 1 <17 <6 and €2, is the polygonal domain inside €2,
which is triangulated. The figure 1.4 illustrates a piecewise linear function
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on a single triangle which is determined by its values at the vertices of the
triangle.

Now for every linear function U on (2, we have
U(X) = Ul@l(X) + U1Q02(X) + ...+ U6()06(X), (821)

where U; = U(N;), i=1,2,...,6 are numbers (nodal values) and ¢;(N;) =
1, while ¢;(N;) = 0 for j # i. Further ¢;(x) is linear in x in every trian-
gle/element. In other words

1, j=3i
0, J#i

and, for instance with the Dirichlet boundary condition we take ¢;(x) =
0 on 0€2,.

In this way given a differential equation, to determine the approximate solu-
tion U is now reduced to find the values (numbers) Uy, Us, ..., Us, satisfying
the corresponding variational formulation. For instance if we chosse x = N5,
then U(N5) = U1301(N5) + UQ(,OQ(N;;) + ...+ U5(,05(N5) + UGQOG(N5), where
©1(N5) = 2(N5) = p3(Ns) = pa(N5) = s(N5) = 0 and ¢5(N5) = 1, and
hence

U(Ns) = Usps(Ns) = Us (8.2.3)
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z = f(z,y)

($27 Y2, 22)

(331, Y1, 21)

(9537 Ys, 2’3)

(x27y2a 0)

(xla Y1, 0)
(x37y3>0)

x
Figure 8.4: A triangle in 3D as a piecewise linear function and its projection
in 2D.

Example 8.1. , let Q = {(z,y) : 0 < 2 < 4,0 <y < 3} and make a FEM
discretization of the following boundary value problem:

—Au=f inQ
u=20 on 0f)

(8.2.4)
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The variational formulation reads as follows: Find a function u vanishing at
the boundary I' = 092 of 2, such that

//Q(Vu - Vu)dxdy = //Q fudxdy, Vv € Hy(Q). (8.2.5)

Note that H}(Q) is the space of continuously differetiable functions in Q
which are vanishing at the boundary 0$2. Now we shall make a test function
space of piecewise linears. To this approach we triangulate 2 as in the figure
below and let

VY = {v € C(Q) : vis linear on each sub-triangle and is 0 at the boundary.}

Since such a function is uniquely determined by its values at the vertices of
the triangles and 0 on the boundary, so indeed in our example we have only 6
inner vertices of interest. Now precisely as in the “1 — D7 case we construct
basis functions. (6 of them in this particular case), with values 1 at one of the
nodes and zero at the others. Then we get the two-dimensional telt functions
as shown in the figure above.
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8.2.2 Error estimates for piecewise linear interpolation

In this section we make a straightforward generalization of the one dime-
nensional linear interpolation estimate on an interval in the maximum norm
to a two dimensional linear interpolation on a triangle. As in the 1D case,
our estimate indicates that the interpolation error depends on the second
order, this time, partial derivatives of the functions being interpolated, i.e.,
the curvature of the functions, mesh size and also the shape of the triangle.
The results are also extended to other L,, 1 < p < oo norms as well as higher
dimensions than 2.

To continue we assume a triangulation 7 = {K} of a two dimensional
polygonal domain . We let v;, © = 1,2, 3 be the vertices of the triangle K.
Now we consider a continuous function f defined on K and define the linear
interpolant 7, f € P'(K) by

mnf(v) = f(vi), i=1,2,3. (8.2.6)

This is illustrated in the figure on the next page. We shall now state some
basic interpolation results that we frequently use in the error estimates. The
proofs of these results are given in CDE, by Eriksson et al.

Theorem 8.1. If f has contionuous second order partial derivatives, then

1
If = mnfll e < §h§<||D2f||Loo(K), (8.2.7)
3
IV(f =)o) < sin(aK)hK||D2f||L°°(K)’ (8.2.8)

where hy 1s the largest side of K, ak is the smallest angle of K, and
2

D2 = ( Z(ajjng)2> "

Zi]:
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z

I e

V2

U1

U3

Figure 8.5: The nodal interpolant of f in 2D case

Remark 8.1. Note that the gradient estimate (8.2.8) deteriotes for small
sin(ag); i.e. for the thinner triangle K. This phenomenon is avoided assum-
ing a quasi-uniform triangulation, where there is a minimum angle condition
for the triangles viz,

sin(ag) > C, for some constant C. (8.2.9)

8.2.3 The L, projection

Definition 8.1. Let V), be the space of all continuous linear functions on a
triangulation T, = {K} of the domain Q). The Ly projection Pyu € Vi, of a
function u € Ly(QY) is defined by

(u— Pyu,v) =0, Yo € V. (8.2.10)

This means that, the error u — P,u is orthogonal to Vj,. (8.2.10) yields
a linear system of equations for the coefficients of P,u with respect to the
nodal basis of Vj,.
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Advantages of the L, projection to the nodal interpolation

e The Ly projection Pju is well defined for u € Ls(£2), whereas the nodal
interpolant m,u in general requires u to be continuous. Therefore the Lo
projection is an alternative for the nodal interpolation for, e.g. discontinuous
L- functions.

e Letting v = 1 in (8.2.10) we have that

/Phud:B:/udx. (8.2.11)
Q Q

Thus the Ly projection conserves the total mass, whereas, in general, the
nodal interpolation operator does not preserve the total mass.

e Finally we have the following error estimate for the Ly projection:

Theorem 8.2.
|u — mpul| < Ci||h*D?ul]. (8.2.12)

Proof. We have using (8.2.10) and the Cauchy’s inequality that
|l — mhul|* = (u — Thu, u — TH)
(u — mhu,u —v) + (U — TRu, v — Tu) = (U — TRU, U — V)

< |lu = mpul|fju = o].

(8.2.13)

This yields
lu — mpul| < Jju—v|, Yo € V. (8.2.14)
Now choosing v = m,u and recalling the interpolation theoren above we get
the desired result. 0

8.3 Exercises

Problem 8.1. Show that the function u : R?* — R given by u(x) = log(|x|™), = #
0 is a solution to the Laplace equation Au(z) = 0.

Problem 8.2. Show that the Laplacian of a C? function u : R?> — R in the
polar coordinates is written by

18<8u> 1 0%u

Au=o\ar) e

(8.3.1)
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Problem 8.3. Show using (8.3.1) that the function u = alog(r) + b where a
and b are arbitrary constants is a solution of the Laplace equation Au(z) =0
for x # 0. Are there any other solutions of the Laplace equation in R? which
are invariant under rotation (i.e. it depends only on r = |x|)?

Problem 8.4. For a given triangle K, determine the relation between the
smallest angle Tx, the triangle diameter hx and the diameter px of the largest
inscribed circle.

Problem 8.5. Prove that a linear function in R? is uniquely determined by
its at three points as long as they don’t lie on a straight line.

Problem 8.6. Let K be a triangle with nodes {a'}, i = 1,2,3 and let the
midpoints of the edges be denoted {a”,1 < i < j < 3}.

a) Show that a function v € PY(K) is uniqely determined by the degrees of
freedom {v(a”),1 < i< j < 3}.

b) Are functions continuous in the corresponding finite element space of piece-
wise linear functions?

Problem 8.7. Prove that if K1 and Ky are two neighboring triangles and
wy € P?(K1) and wy € P*(Ks) agree at three nodes on the common boundary
(e.g., two endpoints and a midpoint), then wy = wy on the common boundary.

Problem 8.8. Prove that a linear function is uniquely determined by its
values at three points, as long as they don’t lie on a straight line.

Problem 8.9. Assume that the triangle K has nodes at {v',v* 03}, v* =
(vi,vb), the element nodal basis is the set of functions \; € PHK), i =1,2,3
such that

1, i=j
0, i ]

Compute the explicit formulas for ;.

)\7; ('Uj) =

Problem 8.10. Let K be a triangular element. Show the following identities,
forj, k=12, andx € K,

Z Ni(z) =1, Z(u;l —z;)\i(z) =0, (8.3.2)
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3 3
0 ; O\
; g (@) =0, ;(vj ) g = (8.3.3)
where v* = (vi,v), i =1,2,3 are the vertices of K, x = (x1,22) and d;; = 1
if 7 =k and 6;;, = 0 otherwise.
Problem 8.11. Using (8.3.2), we obtain a representation for the interpola-
tion error of the form

flo) —mf(z) = — Zri(x))\i(:c). (8.3.4)

i=1
Prove that the remainder term r;(x) can be estimated as

1 :
ri(z)| < §hK||D2f||LOO(K)a i=1,2,3. (8.3.5)

Hint: (I) Note that |v* — x| < hg. (II) Start applying Cauchy’s inequality to

show that
E xicijxj = E xX; E Cij.ilfj.

Problem 8.12. 7k s the smallest angle of a triangular element K. Show
that 5
rﬂflea}? | (SL’)| - hK Sll’l(TK)

Problem 8.13. The Fuler equation for an incompressible inviscid fluid of

density can be written as

u + (u-V)u+Vp=f, V.-u=0, (8.3.6)

where u(x,t) is the velocity and p(z,t) the pressure of the fluid at the pint x
at time t and f is an applied volume force (e.g., a gravitational force). The
second equation V - u = 0 expresses the incopressibility. Prove that the first
equation follows from the Newton’s law.
Hint: Let u = (uq,ug) with u; = u;(x(t),t), ¢ = 1,2 and use the chain
i=1,

rule to derive 1; = g;fiul + gg; Us + 85?, 2.

oz’ Oxo
in a convex domian Q0 C R?, then there is a scalar function ¢ defined on )
such that w = V¢ in Q.

Problem 8.15. Prove that [,rotudr = [ n X uds, where Q) is a subset of
R3 with boundary I' with outward unit normal n.

Problem 8.14. Prove that if u : R? — R? satisfies rotu := (% —%> =0



Chapter 9

Riesz and Lax-Milgram
Theorems

9.1 Preliminaries

In part I, we proved under certain assumptions that to solve a boundary value
problem (BVP) is equavalent to a corresponding variational formulation (VF)
which in turn is equivalent to a minimization problem (MP):

BVP <+«— VF <« MP.

More precisely we had the following 1-dimensional boundary value problem:

—<a(x)u’(x)>/ — f@), O<z<l

(BVP): (9.1.1)
u(0) = u(l) =0,
with the corresponding variational formulation, viz
(VF): Find u(x), with u(0) = u(1) = 0, such that
1 1
/ o (x)0 (x)dx = / f(x)v(z)dx, Yve Hy, (9.1.2)
0 0
223
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where H} := H}(0,1) is the Sobolev space of all square integrable functions
having square integrable first order derivatives on (0, 1) and vanishing at the
boundary of the interval (0,1):

1
1y ={v: / (v(@)? + /(@ )de < 00, w(0) =v(1) =0}, (9.03)
0
and a minimization problem as:

(MP): Find u(x), with «u(0) = u(1) = 0, such that u(x) minimizes the func-
tional F' given by

F(v) = %/0 v'(x)de—/o f(z)v(x)d. (9.1.4)

Recalling Poincare inequality we may actually take instead of H}, the space

Hy = {f (0,1] = R /0 f(z)%dr < oo, Af(0) = f(1) = 0}. (9.1.5)

Let now V' be a vector space of function on (0, 1) and define a bilinear form
on Via(,):VxV =R, ie fora,5,z,y € R and u,v,w € V, we have

{a(au+ﬁv,w) = a-a(u,w) + - a(v, w) (9.1.6)

a(u, zv +yw) = - a(u,v) + y - a(u, w)

Example 9.1. Let V = H} and define

a(u,v) = (u,v) ::/0 o' (z)v (z)dz, (9.1.7)

then (-,-) is symmetric, i.e. (u,v) = (v,u), bilinear (obvious), and positive
definite in the sense that

(u,u) >0, and (u,u) =0<= u=0.

Note that .
(u,u) = / u'(z)*dr = 0 <= /(x) = 0,
0

thus u(x) is constant and since u(0) = u(1) = 0 we have u(x) = 0.
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Definition 9.1. A linear function L : V — R is called a linear form on V :

If
L(ou + pv) = aL(u) + BL(v). (9.1.8)

Example 9.2. Let
1
() = / fode,  YoeH., (9.1.9)
0

Then our (VF) can be restated as follows: Find u € H} such that
(u,v) = £(v), Vv € H}. (9.1.10)

Generalizing the above example we get the following abstract problem: Find
u € V, such that
a(u,v) = L(v), YveV. (9.1.11)

Definition 9.2. Let ||- ||y be a norm corresponding to a scalar product (-, )y
defined on V' x V. Then the bilinear form a(-,-) is called coercive ( V-elliptic),
and a(-,-) and L(-) are continuous, if there are constants ¢y, cy and ¢y such
that:

a(v,v) > ci||v]|Z, Yo eV  (coercivity) (9.1.12)
la(u,v)| < collullv||v]lv, Yu,v €V  (ais continuous) (9.1.13)
|IL(v)| < cs||lvllv, YveV (L is continuous). (9.1.14)

Note. Since L is linear, we have using the relation (9.1.14) above that
| L(u) = L(v)| = [L(u = v)| < eslju = o]y,

which shows that L(u) = L(v) as u = v, in V. Thus L is continuous.
Similarly the relation |a(u,v)| < ¢ifju||v||v||v implies that the bilinear form
a(-,-) is continuous in each component.

Definition 9.3. The energy norm on V' is defined by ||v||, = \/a(v,v), v €

V.

Recalling the relations (9.1.12) and (9.1.13) above, the energy norm satisfies
alllli < alv,v) = |vlg < ezl (9.1.15)

Hence, the energy norm ||v||, is equivalent to the abstract ||v||y norm.
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Example 9.3. For the scalar product
1
(u,v) = / o' (z) (x)dz, in H, (9.1.16)
0

and the norm
|ull = v/ (u, w), (9.1.17)

the relations (9.1.12) and (9.1.13) are valid with ¢; = co = 1 : More closely
we have in this case that

(1): (v,v) = ||v]|? is an identity, and
(11): [(u,v)] < ||ulll|v] is the Cauchy’s inequality sketched below:
Proof of the Cauchy’s inequality. Using the obvious inequality 2ab < a?+b?,

we have
2| (u, w)| < Jlul® + [|wl]*. (9.1.18)

We let w = (u,v) - v/||v[|?, then

v lv]*

2(u )] = 2| (s () )| <l I 00 (9.1.19)
e (w.0) ol
U, v v
20 < lull® + [(w, v) [P (9.1.20)
[v][? [[of[*
which multiplying by ||v]|?, gives
2|(w, 0)[* <l - [0l + [ (u, 0) (9.1.21)
and hence
[(u, 0) 2 <l - o], (9.1.22)
and the proof is complete. O

Definition 9.4. A Hilbert space is a complete linear space with a scalar
product.

To define complete linear space we first need to define a Cauchy sequence of
real or complex numbers.
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Definition 9.5. A sequence {z;}32, is a Cauchy sequence if for every e > 0,
there is an integer N > 0, such that m,n > N = |z, — z,| < e.
Now we state, without proof, a classical theorem of analysis:

Theorem 9.1. Fvery Chaucy sequence in C is convergent. More precisely:
If {z}32, C C is a Cauchy sequence, then there is a z € C, such that for
every € > 0, there is an integer M > 0, such that m > M = |z, — z| < €.

Definition 9.6. A linear space V' (vector space) with the norm || -|| is called
complete if every Cauchy sequence in V' is convergent. In other words: For
every {vg 32, with the property that for every e > 0 there is an integer N > 0,
such that m,n > N = ||v,, —v,|| < &, (i.e. for every Cauchy sequence) there
s a v €V such that for every ¢ > 0 there is an integer M > 0 such that
m > M = |v, —v| <e.

Theorem 9.2. H} = {f : [0,1] = R : [, f/(z)?dz < oo, Af(0) = f(1) = 0}
1s a complete Hilbert space with the norm

lull = /(w,w) = (/Olu'(x)zda?> v (9.1.23)

Lemma 9.1 (Poincare’s inequality in 1D). If u(0) = u(L) = 0 then

/OL u(z)?dr < O /OL o' (r)%dx, (9.1.24)

where Cp, is a constant independent of u(x) but depends on L.

Proof. Using the Cauchy-Schwarz inequality we have
T T L
ue) = [ Wiy [y < ) 1y
0 0 0

< ([ wwra) ([ va)” =vi( [ wwra)”

Consequently

(9.1.25)

u(r)? < L/o o/ (y)?dy, (9.1.26)
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and hence

/oLu(x)de = L/OL (/OL “,@)26@) de = L* /OL u(z)*de, (9.1.27)

i.e. Cp = L. Thus Poincare inequality deteriorates in unbounded domains.
O

Definition 9.7. We define a functional ¢ as a mapping from a (linear) func-

tion space V into R, i.e.,
(:V —R. (9.1.28)

e A funcitonal ¢ is called linear if

(9.1.29)

lu+v) =L(u)+ L(v) for all u,v eV
lou) = a-L(u) forall weV and o €R.

e A functional is called bounded if there is a constant C' such that
[(u)| <C-|lu|  forallueV (C isindependnet of u)

Example 9.4. If f € L*(0,1), i.e. fol f(x)3dx is bounded, then

() = /0 w(@)o(z)de (9.1.30)

1s a bounded linear functional.
Problem 9.1. Show that ¢, defined in example above is linear.

Problem 9.2. Prove using Cauchy’s and Poincare’s inequalities that {, de-
fined as in the above example , is bounded in Hy.

9.2 Riesz and Lax-Milgram Theorems

Abstract formulations: Recalling that

(u,v) = /0 1u'(x)v'(x)dx and {(v) = /0 1u(x)v(x)dz,
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we may redefine our variational formulation (VF) and minimization problem
(MP) in an abstract forn as (V) and (M), respectively:

(V) Find u € H{, such that (u,v) = £(v) for all v € H.

1
(M)  Find u € H}, such that F(u) = min F(v) with F(v) = §||UH2 —{(v).

vGH(l)

Theorem 9.3. There exists a unique solution for the, equivalent, problems

(V) and (M).

Proof. That (V) and (M) are equvalent is trivial and shown as in part I.
Now, we note that there exists a real number ¢ such that F(v) > o for all
v € H, (otherwise it is not possible to minimize F'): namely we can write

1 1
Fv) = S llvl* = £(0) = Sllvll* = vl (9.2.1)

where 7 is the constant bounding ¢, i.e. |[¢(v)| < 7||v||. But since

1 1 1
0 < (ol =)* = 5lel* =vllell + 57 (9.2.2)
thus evidently we have
1. 1,
F(v) 2 Sloll” = vl =2 =57 (9.2.3)

Let now ¢* be the largest real number o such that

F(v) >0 forallv € H,. (9.2.4)

Take now a sequence of functions {uy}¢°, such that

F(ug) — o*. (9.2.5)

To show that there exists a unique solution for (V) and (M) we shall use the
following two fundamental results:
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F
F()
O_*
HHHHHH | 55 H)
Uk, k:1,2,

Figure 9.1: The axiom of choice for existence of a solution of (V') and (M).

(i) It is always possible to find a sequence {u}72,, such that F(ug) — o°
(because R is complete.)

(ii) The parallelogram law (elementary linear algebra).

la + 0] + fla — bl1* = 2{|al|* + 2{]b]*

Using (ii) and the linearity of ¢ we can write

lur = wl1* = 2leg]|* + 2[fuy[1* — flug + wjl]* — 40(ur) — 40(u;) + 46(u +v)
= 2{|ug || — 40(ur) + 2l ||* — 40(uz) — [lug + ugll* + 40 ux + uy)

— AF (w) + AF (uy) — 8F(“’“T+“J)
where we have used the definition of F(v) = $||v||* — €(v) with v = w, uj,

and v = (uy + u;)/2, respectivey. In particular by linearity of ¢:

(M) = sr (),

Ug + U

g+ o2+ 48w ;) = =4[
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Now since F(uy) — o* and F(u;) — o*, then
| — uj||* < 4F (uy) + 4F (uj) — 86" — 0, as  k,j — oo.

Thus we have shown that {u;}$, is a Cauchy sequence. Since {u} C H}
and H is complete thus {uy}32, is a convergent sequence. Hence

Ju € Hy, such that w = lim uy.

k—o00

By the continuity of F' we get that

lim F(uy) = F(u). (9.2.6)

k—o0

Now (9.2.5) and (9.2.6) yield F'(u) = o* and by (9.2.4) and the definition of
o* we end up with

F(u) < F(v), Vv € Hp. (9.2.7)
This in our minimization problem (M). And since (M) < (V) we conclude

that:

there is a unique u € H} , such that (v) = (u,v) Yv € Hy. O

Summing up we have proved that:

Proposition 9.1. Fvery bounded linear functional can be represented as a
scalar product with a given function w. This u is the unique solution for both
(V) and (M).

Theorem 9.4 (Riesz representation theorem). If V' is a Hilbert space with
the scalar product (u,v) and norm ||u|| = \/(u,u), and {(v) is a bounded
linear functional on V', then there is a unique uw € V', such that {(v) =
(u,v), YvelV.

Theorem 9.5 (Lax-Milgram theorem). (A general version of Riesz theorem)
Assume that €(v) is a bounded linear functional on V' and a(u,v) is bilinear
bounded and elliptic in V', then there is a unique u € V', such that

a(u,v) =Ll(v), YvelV. (9.2.8)
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Remark 9.1. Bilinear means that a(u,v) satisfies the same properties as a
scalar product, however it need not! to be symmetric.

Bounded means:

la(u,v) < B|ul|| ||v]], for some constant 3 > 0. (9.2.9)

Elliptic means:
a(v,v) > a|jv|®>,  for some a > 0. (9.2.10)

Note
If a(u,v) = (u,v), then a« = 3 = 1.

9.3 Exercises

Problem 9.3. Verify that the assumptions of the Lazx-Milgram theorem are
satisfied for the following problems with appropriate assumptions on o« and

f.

) —u" + au = f, in (0,1),
u(0)=u'(1)=0, «a=0and]l.

(1 —u" 4+ au = f, in (0,1),
u(0) = u(1) u'(0)0u/(1) = 0.
—u" = f, in (0,1),

(111)
u(0) —u/(0) = u(l) + u'(1)a = 0.

Problem 9.4. Let Q be a bounded domain in R with boundary I, show that
there is a constant C' such that for all v € H'(Q),

]| oy < Cllvllar @), (9.3.1)

where [[v||3 ) = V]| + [[Vol|*. Hint: Use the following Green’s formula

/U2Aap:/v28ncp—/21)Vv-Vg0, (9.3.2)
) r )

with O, = 1. (9.3.1) is knowm as trace inequality, or trace theorem.
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Problem 9.5. Let u be the solution of the following Neumann problem.:

—Au = f, in Q0 C RY,
—0pu = ku, on I' =010,.

where O,u = n - Vu with n being outward unit normal to I' and k > 0. a)
Show the stability estimate

lulle < Calllullr + [[Vulla).

b) Use the estimate in a) to show that ||ul|lr — 0 as k — oc.

Problem 9.6. Using the trace inequality, show that the solution for the prob-
lem

—Au+u =0, mn 2
ohu =g, on T,

satisfies the inequality
o] + Vo] < CliglZ, -

Problem 9.7. Consider the boundary value problem

Au = 0, in  C R?,

Opu+u =g, on I' =09, n is outward unit normal to I'.
a) Show the stability estimate

1 1
IVull7, @) + §||u||%2(r) < §||9||%2(r)-

b) Discuss, concisely, the conditions for applying the Laz-Milgram theorem
to this problem.
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Chapter 10

The Poisson Equation

In this chapter we shall extend the study in Chapter 4 in Part I to solve the
Poisson equation

—Au = f, inQeRY d=2,3
u=20 on 0f),

(10.0.1)

where ) is a bounded domain in R? with d = 2 or d = 3, with polygonal
boundary I' = 0€). For the presentation of problems from science and in-
dustry that are modeled by the Poisson’s equation we refer to Eriksson et
al. Computational Differential Equations [] and Folland: An introduction
to Fourier Analysis and its Applications []. Below we shall prove stability
results and derive a priori and a posteriori error estimates for the problem
(10.0.1)

10.1 Stability

To derive stability estimates for (10.0.1) we shall assume an underlying gen-
eral vector space V (to be specified below) of functions. We multiply the
equation by u and integrate over {2 to obtain

—/(Au)udm = / fude, x€Q anduelV. (10.1.1)
Q 0

235
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Using Green’s formula and the boundary condition: v = 0 on I'; we get that

IVul|* = /qu < AN el (10.1.2)

where || - || denotes the usual Ly(2)-norm.

Lemma 10.1 (Poincaré inequality; the 2D-version). For the solution u of
the problem (10.0.1) in a bounded domain 2 € R?, There exisists a constant
Cq, independet of u such that

[ul| < CollVull (10.1.3)

Proof. Let ¢ be a function such that Ap = 1 in Q, and 2|Vy| < Cq in Q,
(it is easy to construct such a functiony ), then again by the use of Green’s
formula and the boundary condition we get

Jul]> = /QU2A<p = —/QQU(VU V) < Collull [|Vul. (10.1.4)

Thus
|ull < Caol|Vul|. (10.1.5)

Now combining with the inequality (10.1.2) we get that the following weak
stability estimate holds

[Vull < Col - (10.1.6)
]
Problem 10.1. Derive corresponding estimates for following Neumann prob-
lem:
—Au+u=f, in
d (10.1.7)
g—T“L =0, on I' = 0N).

10.2 Error Estimates for FEM

We start with the variational formulation for the problem (10.0.1), through
multiplying the equation by a test function, integrating over €2 and using the
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Green’s formula: Find a solution u(z) such that u(z) =0 on I' = 9Q and
(VF): / Vu-Vvdr = / fvdz, Yv suchthatv=0onI. (10.2.1)
0 Q

We prepare for a finite element method where we shall approximate the
exact solution u(x) by a suitable discrete solution U(x). To this approach let
7 = {K : UK = Q} be a triangulation of the domain Q and ¢;,7 =1,2,...,n
be the corresponding basis functions, such that ¢;(z) is continuous, linear in
x on each K and

1 fori =7
i (Ni) = (10.2.2)
0 for i # j
where Ny, Ns, ..., N, are the inner nodes in the triangulation.
Now we set the approximate solution U(z) to be a linear combination of the
basis functions ¢;, j =1,...,n:
U(z) = Uypi(x) + Uspo(z) + . .. + Upon(z), (10.2.3)

and seek the coefficients U; = U(N;), i.e., the nodal values of U(z), at the
nodes N;, 1 <17 <mn, so that

(FEM) / VU -Vy;dr = / froide, i=1,2,...n, (10.2.4)
Q Q

or equivalently
(V) /VU -Voudr = / f-vdr, YveV (10.2.5)
Q Q

We recall that
Vi = {v(z) : v is continuous, piecewise linear(on7), andv =0onl = 9Q}.
Note that every v € V)? can be represented by

v(x) = v(Ny)e1(x) + v(No)pa(x) + ...+ v(NVy)pn(x). (10.2.6)

Theorem 10.1 (a priori error estimate for the gradient Vu — VU). Let
e = u — U represent the error in the above piecelinear, continuous finite
element estimate approximation of the solution for (10.0.1), let Ve = Vu —
VU = V(u — U). Then we have the following estimate for the gradient of
the error

Vel = [|[V(u—U) < C||h D*ul|. (10.2.7)
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Proof. For the error e = u — U we have Ve = Vu — VU = V(u — U).
Subtracting (10.2.5) from the (10.2.1) we obtain the Galerkin Orthogonality:

/(Vu - VU)Vudr = / Ve -Vvdr =0, IR AS (10.2.8)

Q Q

Further we may write

||Ve||2:/Ve-Vedx:/Ve-V(u—U)dx:/Ve-Vudx—/ Ve-VU dx.
Q Q Q Q

Now using the Galerkin orthogonality (10.2.8), since U(z) € V0 we have
the last integral above: fQ Ve - VUdx = 0. Hence removing the vanishing
VU-term and inserting [, Ve - Vudz =0, Vv € V)) we have that

[Vel? :/VeVudx—/ Ve-Vvdx:/V@V(u—v)de Vel ||V (u—v)||.
Q Q Q
Thus

V-0l <IV=v)ll, YveV (10.2.9)

that is, measuring in the Ly-norm the finite element solution U is closer to
u than any other v in V2.

Figure 10.1: The orthogonal (L,) projection of u on V.

In other words the error u — U is orthogonal to V.
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It is possible to show that there is a v € V}? (an interpolant), such that
IV (u—v)|| < C||h D*ul, (10.2.10)
where h = h(z) = diam(K) for x € K and C is a constant, independent of

h. This is the case, for example, if v interpolates u at the nodes N;
T3

i

I
|
1
1
1
1 T2
I
N, |
1
1
N |
1N,
T
Figure 10.2: The nodal interpolant of u in 2D case
Combining (10.2.9) and (10.2.10) we get
Vel = |[V(u—U) < C||h D?ul|, (10.2.11)

which is indicating that the error is small if h(z) is sufficiently small depend-
ing on D?u. See the Fig. below

O

To prove an a priori error estimate for the solution we shall use the following
result:
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h large h small

DQU large A /\

D2y small /\ /\\

Figure 10.3: The adaptivity priciple: to refine mesh for large D?u

Lemma 10.2 (regularity lemma). Assume that £ has no re-intrents. We
have for u € H*(Q); with u =0 or (2 = 0) on 9. that

| D?ul| < cq - ||Aul|, (10.2.12)

where
D*u = (u2, + 2ul, +ul,)'. (10.2.13)

We postpone the proof of this lemma and first derive the error estimate:

Theorem 10.2 (a priori error estimate for the solution e = u — U). For a
general mesh we have the following a priori error estimate for the solution
of the Poisson equation (10.0.1):

el = llu— U]l < C* Cq (maxh) - |h Dul. (10.2.14)

Proof. Let ¢ be the solution of the dual problem
—Ap=e, in(
v =0, on 0f)

(10.2.15)
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Then we have using Green’s formula

el :/Qe(—Ago)da::/QVe-Vgo dx,/gve.wp—v) dx
< ||Ve| - IV(e —=v)ll, YveV,

(10.2.16)

where in the last equality we have used the Galerkin orthogonality. We now
choose v such that

IV( = v)el| < Cllh- D*pC|| < C(maxh)||h - D*C. (10.2.17)
Applying the lemma to ¢, we get
ID*ell < Ca - [ Al = Callell. (10.2.18)
Now (10.2.11)-(10.2.18) implies that

lell* < [[Vell - V(¢ = v)| < [[Vell - Cmaxh | D*||

< ||Vel -C’mgxhCQHeH < C?Cq mgxh||e||||hD2u||. (10.2.19)

Thus we have obtained the desired result: a priori error estimate:
el = |lu—U| < C?Cq (mgx h) - ||h D*ul|. (10.2.20)
O

Corollary 10.1 (strong stability estimate). Using the Lemma, for a uni-
form (constant h), the a priori error estimate (10.2.20) can be written as an
stability estimate viz,

|lu—U|| < C*C3 (mgx R £]l- (10.2.21)
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Theorem 10.3 ( a posteriori error estimate). For the solution of the Poisson
equation (10.0.1) we have that

|lu— Ul < C||h?r]], (10.2.22)

where U is the continuous piecewise linear finite element approximation and
r = f 4+ AU is the residual with A,, being discrete Laplacian defined by

(AU v) =Y (VU, Vo). (10.2.23)

KeT,

Proof. We consider the following dual problem
_AQ0($) = 6(1’), LS Q>
p(x) =0, €0, e(zr)=u(x)—U(z).

Thus e(z) = 0, Vo € 0. Using (10.2.24) and the Green’s formula, the
Lo-norm of the error can be written as:

el = /Qe cedr = /Qe(—Ago)d:c = /QVe -V da. (10.2.25)

Thus by the Galerkin orthogonality: fQ Ve -Vudr = 0, Yo € V), and the
boundary data: ¢(z), Vo € 02 we can write

Jef? = [ Ve Vodo— [ Ve-Vudo = [ Ve-5(o-v)ds

= /Q(—Ae)(so—v) dz < ||W?r|| - [|h7* (¢ — v)|
< C- Rl Agl < C - [IR?r]] - el

where we use the fact that the —Ae = —Au + AU = f + AU is the residual
r and v is an interpolant of . Thus, for this problem, the final a posteriori
error estimate is:

(10.2.24)

(10.2.26)

|lu—U| < C|R*r|. (10.2.27)

Observe that for piecewise linear approximations AU = 0 on each element
K and hence r = f and our a posteriori error estimate above can be viewed
as a strong stability estimate viz,

lell < C'lIn*f]]- (10.2.28)
Note that now is Ve(p — v) # 0 on the enter-element boundaries. O
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Problem 10.2. Show that ||(u — U)'|| < C||hr||.
Problem 10.3. Verify that for v being the interpolant of ¢, we have

h=2(p—v)|]| <C|Ayp|, and
<o d el <l 0
Ih= e =)l < ClIVel.
Problem 10.4. Derive the corresponding estimate to (10.2.27) in the 1-
dimensional case (d =1).

Now we return to the proof of Lemma:

proof of reqularity lemma. First note that for convex €2, the constant C < 1

in lemma, otherwise the constant C'g > 1 and increases from left to right for
the (2:s below.

CRDRGPRED

c(Q)<1 c(Q)>1 C(Q) larger c(@Q=w

Let now €2 be a rectangular domain and set © = 0 on 02. We have then

| Aul|? = /Q(um + Uy, ) drdy = /Q(uix + 2uggttyy, + ul,) dedy.  (10.2.30)

Further applying Green’s formula:

/Q(Au)vdx:/F(Vu~n)vds—/QVu~Vvdx

to our rectangular domain 2 we have

/ Uz Uyydrdy = / Uy (Uyy - My )dS — / Uy Uyye drdy (10.2.31)
Q 80 Q =~

=Uzyy
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using Green’s formula once again ( with “v = u,”, “Au = u,,,”) we get

/uxumyydxdy:/ um(uym~ny)ds—/uxyuxydxdy, (10.2.32)
Q 89 Q

which inserting in (10.2.31) gives that

/Qumuyy dxdy = /m(umuyynx — UgUyy Ny )ds + /Q Ugylgy drdy.  (10.2.33)

n(z,b) = (0,1)
U, =0
b
n(0,y) = (—1,0) n(a,y) = (1,0)
0 —
Uyy =0 Uyy = 0
U, =0 a
n(z,0) = (0,—1)

Figure 10.4: A rectangular domain {2 with its outward unit normals

Now, as we can see from the figure that (u,uy,n, —uzuyn,) = 0, on 0 and
hence we have

/Qumuyyd:)sdy:/ﬂuxyuxydxdy:/Qu?cy dxdy. (10.2.34)

Thus, in this case,

| Aul|* = /Q(um + Uy, ) dady = A(uix +2ul, +ul ) dzdy = || D*ul)?,

and the proof is complete by a constant = 1.
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10.3 Exercises

Problem 10.5. Consider the following two dimensional problem:

—Au =1, in €
u =0, onT'p (10.3.1)
g—z =0, on 'y
See figure below
X2 X2
N
1 1
I—D Q N
X1 Xl
™ 1 1

Triangulate Q2 as in the figure and let

U(.T) = Ulgol(x) 4+ ...+ U16§016<x)7

where v = (x1,22) and p;, j = 1,...16 are the basis functions, see Fig.
below, and determine Uy, . ..Uy so that

/VU~V<pjdx:/g0jdx, j=1,2,...,16.
) )
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N
N
]

Problem 10.6. Generalize the procedure in the previous problem to the fol-
lowing case

—V(aVu) = f, in Q a=1 forz <3
u =0, onT'p , where a=2 forx1>%
ag—z =17, on 'y f =mx9. mesh-size=h.

Problem 10.7. Consider the Dirichlet problem
—V - (a(z)Vu) = f(z), z€QCR? u=0, forx € .

Assume that ¢y and ¢y are constants such that ¢y < a(x) < ¢y, Vo € Q and let
U= Zjvzl a;w;(z) be a Galerkin approximation of w in a finite dimensional
subspace M of H}(Y). Prove the a priori error estimate

lu = Ullma o) < Cxlngw lu = Xl ()-
Problem 10.8. Consider the following Schrédinger equation
u+iAu =0, nQ, u=0, ondf,

where 1 = \/—1 and v = uy + ius. a) Show that the the Ly norm of the
solution, i.e., [ |u|® is time independent.
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Hint: Multiply the equation by u = uy — iusq, integrate over €2 and consider
the real part.

b) Consider the corresponding eigenvalue problem, of finding (A, u # 0), such
that
—Au=Au in €, u=20, on .

Show that A\ > 0, and give the relation between ||u|| and ||Vul|| for the corre-
sponding eigenfunction .

c) What is the optimal constant C' (expressed in terms of smallest eigenvalue
A1), for which the inequality ||ul| < C||Vul| can fullfil for all functions u,
such that w =0 on 0927

Problem 10.9. Determine the stiffness matriz and load vector if the ¢G(1)
finite element method applied to the Poisson’s equation on a triangulation
with triangles of side length 1/2 in both x1- and xy-directions:

—Au =1, in Q={(r1,29): 0< 21 <2, 0 <z <1},
u =0, on Ty ={(0,29)} U{(x1,0)} U{(x1,1)},
Qu — 0, on  Toy={(2,25):0<my <1}.

Problem 10.10. Let 2 = (0,2) x(0,2), By = 0Q\ By and By = {2} x(0,2).
Determine the stiffness matriz and load vector in the ¢G(1) solution for the
problem

—g -2 =1, inQ=(0,2)x (0,2),

8:(:%
u=0, on By, %:0, on B,

with piecewise linear approximation applied on the triangulation below:

Problem 10.11. Determine the stiffness matriz and load vector if the cG(1)
finite element method with piecewise linear approximation is applied to the
following Poisson’s equation with mized boundary conditions:

—Au =1, on =(0,1)x (0,1),
g—T“L =0, for x1 =1,

u=0, for x € dQ\ {x; =1},
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on a triangulation with triangles of side length 1/4 in the xi-direction and
1/2 in the xo-direction.

Problem 10.12. Formulate the ¢cG(1) method for the boundary value prob-
lem

—Autu=f =z u=0, x¢&d.

Write down the matrix form of the resulting equation system using the fol-
lowing uniform mesh:

h
1 2
T




Chapter 11

The heat equation in RN

In this chapter we shall study the stability of the heat equation in RY, d > 2.
The one-dimesional case is studied in Part I. Here our concern will be those
aspects of the stability estimates for the higher dimensional case that are not
a direct consequence of the study of the one-dimesional problem. The finite
element error analysis in the higher dimensions are derived in a similar way
as the corresponding 1D case. Here we omit the detailed error estimates and
instead refer the reader to the text book CDE, Eriksson et al. [J.

The initial boundary value problem for the heat equation can be formulated
as

u—Au=0, inQcCR, d=1,273) (DE)
u =0, on I' := 09, (BO) (11.0.1)
u(0, ) = uy, for z € Q, (1C)
ou

where 1 = e

The equation (11.0.1) is of parabolic type with signifacnt smoothing and
stability properties. It can also be used as a model for a variety of physical
phenomena involving diffusion processes. We shall not go in detail of the
physical properties for (11.0.1), instead we focus only on the stability issue.

249
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11.1 Stability

The stability estimates for the heat equation (11.0.1) are summarized in the
following theorem:

Theorem 11.1 (Energy estimates). The solution u of the initial-boundary
value problem (11.0.1) satisfies the stability estimates

Jull () < [|uoll (11.1.1)
t
1
/||VU||2(5)CZ5§§||U0||2 (11.1.2)
0
1
YVl (t) < —— 11.1.3
| UII()_mIIUo!| ( )
t ) /2 1
([ staulps)as)” < 3wl (11.14)
0
1
| Aul|(t) < —2||u()|| (11.1.5)
t
b 1 t
/||u||(s)ds§§ lng||w)||- (11.1.6)

Proof. To derive the first two estimates (11.1.1) and (11.1.2) we multiply
(11.0.1) by u and integrate over €2, viz

/Quu dr — /Q(Au)u dz = 0. (11.1.7)

Note that wu = %%ﬁ and using Green’s formula with the Dirichlet boundary
data: u=0on I', we get

—/(Au)udx:—/(Vu~n)uds+/Vu~Vu dwz/ |Vul*dr. (11.1.8)
Q r Q Q

Thus equation (11.1.7) can be written in the following, equivalent, form:

ld
2dt |,

1d
uzdx+/|Vu|2d:)::0 — §£||u||2+||Vu||2:0, (11.1.9)
0
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where || - || denotes the Lo(£2) norm. We substitute t by s and integrate the
equation (11.1.9) over s € (0,t) to get

1 1 1 t

t t
3 | Gellse [ 19ulRs)ds = Slul -3l O+ [ [7ulPds -

Hence, inserting the initial data u(0) = uy we have
t
l|||?(t) + 2/ |V ul|?(s) ds = |Jug||. (11.1.10)
0
In particular, we have our first two stability estimates
t ) 1
[ul[(t) < fluoll,  and / IVul[*(s) ds < 5lluoll
0

To derive (11.1.3) and (11.1.4) we multiply the (DE) in (11.0.1): @ —Au = 0,
by —t - Au and integrate over €2 to obtain

—t/u~Aud:L’+t/(Au)2dx:0. (11.1.11)
Q Q

Using Green’s formula (v = 0 on I') yields

1d
/uAudx = —/ Vi - Vudr = —=—||Vul)?, (11.1.12)
; ; > dt
so that (11.1.11) can be written as
t1£||vuy|2+t||Auy|2—0 (11.1.13)
5 i =0. 1.
Now using the relation t 4| Vul]> = L(¢[|Vu|?) — ||[Vul[?, we rewrite the
(11.1.13) as
d
%<t||Vu||2> + 2t Aulf? = ||V (11.1.14)

Once again we substitute ¢ by s and integrate over (0,t) to get:

td 2 ' 2 ! 2 1 2
| (sIvale) ds 2 [ siauls)as = [ [9ul*(s)ds < 3 uo].
o as 0 0 2
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where in the last inequality we use (11.1.2). Consequently
! 1
t|Vu|?(t) +2/ s || Aul?(s) ds < 5Huo!|2. (11.1.15)
0

In particular, we have:

IVal(t) < <ol and ([ slauls)ds) < Gl

which are our third and fourth stability estimates (11.1.3) and (11.1.4). The
stability estimate (11.1.5) is proved analogously. Now using (11.0.1): (@ =
Au) and (11.1.5) we may write

/HuH ds<—y|u0||/ ds——ln—HuOH (11.1.16)

or more carefully

[ vt = [ 1w = [ 1 1auieas = [ s
< ([ sras)™ ([ shauee)a )/

1

t
< 4/In”
< 5/ =l

where in the last two inequalities we use Cauchy Schwartz inequality and
(11.1.4), respectively. O

Problem 11.1. Show that ||Vu(t)|| < [|[Vuel| (the stability estimate for the
gradient). Hint: Multiply (11.0.1) by —Au and integrate over Q.

Is this inequality valid for ug = constant?

Problem 11.2. Derive the corresponding estimate for Neuman boundary
condition:

ou
on
Problem 11.3. Prove the stability estimate (11.1.5).

= 0. (11.1.17)
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Example 11.1 (The equation of an elastic beam). This is an example of a
stationary biharmonic equation describing the bending of an elastic beam as
a one-dimensional model problem (the relation to the heat coductivity is the
even number of spatial diferentiation)

(au")" = f, 2= (0,1),
u(0) =0, W/'(0) =0, (Dirichlet) (11.1.18)
u’(1) =0, (au”)'(1) =0, (Neumann)
Y
f
0 1
where a 1s the bending stiffness
au”” is the moment
f is the function load

u=wu(x) 1is the vertical deflection

Variational form:
1 1
/ au"v"dz = / fvdx, Nov(zx) such that v(0) =v'(0) =0. (11.1.19)
0 0

FEM: Piecewise linear functions won’t work (inadequate).
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11.2 Exercises

Problem 11.4. Work out the details with piecewise cubic polynomials having
continuous first derivatives: i.e., two degrees of freedom on each node.

A cubic polynomial in (a,b) is uniquely determined by ¢(a), ¢'(a), ¢(b) and
¢'(b), where the basic functions would have the following form:

Problem 11.5. Consider the following general form of the heat equation

w(z,t) — Au(x,t) = f(z,t), forx e, 0<t<T,
u(z,t) =0, forxel, 0<t<T, (11.2.1)
u(z,0) = up(x), for x € Q,

where Q € R?* with boundary T'. Let u be the solution of (11.2.1) with a
modified initial data ty(x) = ug(x)e(x).
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a) Show that w := U — u solves (11.2.1) with initial data wy(x) = e(x).
b) Give estimates for the difference between u and .

c) Prove that the solution of (11.2.1) is unique.

Problem 11.6. Formulate the equation for cG(1)dG(1) for the two-dimensional
heat equation using the discrete Laplacian.

Problem 11.7. In two dimensions the heat equation, in the case of radial

symmetry, can be formulated as ri—(ru.)! = rf, wherer = |x| and w!. = %—iﬁ’.
a) Verify that u = exp(—%) is a solution for the homogeneous equation

(f =0) with the mztml data being the Dirac 6 function u(r,0) = o(r).

b) Sketching u(r,t) for t = 1 and t = 0.01, deduce that u(r,t) — 0 as
t— 0 forr>0.

¢) Show that [, u(x,t)de =2n [ u(r,t)rdr =1 for all t.
d) Determine a stationary solution to the heat equation with data

1/(me)?, for r<e,

0, otherwise.

e) Determine the fundamental solution corresponding to f = 0, letting
e — 0.

Problem 11.8. Consider the Schrodinger equation
w—Au=0, inQ, u=0, on .

where i = /—1 and u = uy + us.

a) Show that the total probability [, |u|?* is independent of the time.

Hint: Multiplying by u = uy — ius, and consider the imaginary part
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b) Consider the corresponding eigenvalue problem, i.e, find the eigenvalue
A and the corresponding eigenfunction u # 0 such that

—Au=Au in €, u=0, on 2.

Show that A > 0 and give the relationship between the norms ||u|| and
|Vul|| for the corresponding eigenfunction w.

c) Determine (in terms of the smallest eigenvalue A1), the smallest possi-
ble value for the constant C' in the Poincare estimate

Jul] < Cl[Vull,
derived for all solutions u vanishing at the boundary (u =0, on 0S2).

Problem 11.9. Consider the initial-boundary value problem

w(z,t) — Au(x,t) = f(z,t), forx e, t>0,
u(z,t) =0, forz €T, t>0, (11.2.2)
u(z,0) = up(x), forxz € Q,

a) Prove (with ||u| = ([, u*dz)"/?) that
2 ! V 2d < 2 ! 2d
lu(®)]? + / IV u(s)|? ds < [Juol® + / TORE
\V 2 A 24 Vugll? 24
IVu(t)|? + / |Au(s)[? ds < [ Vuo|? + / 1F(s)IP ds

b) Formulate dG(0) — ¢G(1) method for this problem.

Problem 11.10. Formulate and prove dG(0) — ¢G(1) a priori and a poste-
riori error estimates for the two dimentional heat equation (cf. the previous
problem) that uses lumped mass and midpoit quadrature rule.
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The wave equation in RN

The fundamental study of the wave equation in R", n > 2 is an extension of
the results in the one-dimensional case introduced in Part I. Some additional
properties in 1D are introduced in Lecture Notes in the Fourier Analysis (see
homepage of the authors). The higher dimensional problem is considered in
details in our course text book: CDE. In the present Chapter we prove the
law of conservation of energy for the wave equation in R, n > 2, and the
full study refer to CDE.

Theorem 12.1 (Conservation of energy). For the wave equation
it — Au =0, quad in 2 (DE)

u =0, on =T (BC) (12.0.1)
(u=wup) A (u=m1g) in €, fort=0, (1C)

where i = 0*u/0t* we have that

1 1
§||u]|2 + §]|Vu||2 = constant, independent of t, (12.0.2)

i.e., the total energy is conserved, where $||u||* is the kinetic energy, and
LI Vu||? is the potential (elastic) energy.

257
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Proof. We multiply the equation by % and integrate over €2 to get

/ii-udx—/Au-udx:(). (12.0.3)
Q Q

Using Green’s formula:

_/Q(Au)udxz —/F(an)udst/QVu-Vud:c, (12.0.4)

and the boundary condition v = 0 on I'; (which implies & = 0 on I'), we get
/ii-udx+/Vu-Vudx:O. (12.0.5)
Q Q

Consequently we have that

1d 1d 1d
/ (@) de + / vy de =0 = - Ll + |val?) = 0,

2dt 2 dt
and hence
1 .12 1 2 .
§||u|| + §||Vu|| = constant, independent of ¢,
and we have the desired result. O

12.1 Exercises

Problem 12.1. Show that
|@||® 4 || Vul|* = constant, independent of t.
Hint: Multiply (DE): i — Au = 0 by —Ad and integrate over SQ.

Alternatively: differentiate the equation with respect to x and multiply the
result by 1, and continue!

Problem 12.2. Derive a total conservation of energy relation using the

0
Robin type boundary condition: a_u +u=0.
n
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Problem 12.3. Determine a solution for the following equation
i — Au = e"6(z),

where A\ = ;—;—I—;—;—I—;—;, i =+/—1, x = (21,29, x3) and  is the Dirac-delta
1 2 3
function.

Hint: Let u = e'v(z), v(z) = w(r)/r where r = |v|. Further rv = w — -

4
asr — 0.
Problem 12.4. Consider the initial boundary value problem
i — Au+u =0, reQ, t>0,
u =0, red, t>0, (12.1.1)

u(z,0) = up(x), W(z,0) = u(x), =€

Rewrite the problem as a system of two equations with a time derivative of
order at most 1. Why this modification is necessary?

Problem 12.5. Consider the initial boundary value problem
i — Au =0, reQ, t>0,
u=0, red, t>0, (12.1.2)

u(x,0) = up(z), u(z,0) = uy(x), x €.

Formulate the ¢cG(1) method for this problem. Show that the energy is con-
served.
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Chapter 13

Convection - diffusion problems

Most of the multi-physical phenomena are described by the convection, diffu-
sion and absorption. Fluid- and gas dynamical problems, chemical reaction-
diffusion, electromagnetic fields, collisions in plasma of charged Coulomb par-
ticles (electron and ions), particle transport processes both in micro (neutron
transport) and macro-dimension (traffic flow with cars as particles) are often
modeled as convection diffusion and absorption type problems. In this chap-
ter we shall give a brief review of the problem in the one-dimensional case.
The higher dimensional case will be considered in a forthcoming version of
this notes.

13.1 A convection-diffusion model problem

We illustrate the convection-diffusion phenomenon by an example:

Example 13.1 (A convection model). Consider the traffic flow in a highway,
viz the Fig. below. Let p = p(x,t) be the density of cars (0 < p < 1) and
u = u(x,t) the velocity (speed vector) of the cars at the position = € (a,b)
and time t. For a highway path (a,b) the difference between the traffic inflow
u(a)p(a) at the point x = a and outflow u(b)p(b) at x = b gives the density
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variation on the interval (a,b):

d

b b b
S oty = / b, t)dz = p(a)ula) — p(b)u(b) = — / (up)dz

or equivalently

ij(p—%(qu>ctE::0. (13.1.1)

(@ ub)

oo ooy leles

A
1
NI=

a
pP@=1 0

Since a and b can be chosen arbitrary, thus we have
p+ (up) =0. (13.1.2)

Let now uw =1 — p, (motivate this choice), then (13.1.2) is rewritten as

/
p+ ((L=p)p) =p+(p—p?) =0, (13.1.3)
Hence
p+(1—=2p)p =0 (A non-linear convection equation). (13.1.4)

Alternatively, to obtain a convection-diffusion model), we may assume that
u=c—e-(p/p), c>0, e >0, (motivate). Then we get from (13.1.2) that

/

p+<@—a%my:0, (13.1.5)
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i.e.,
p+cp —ep” =0 (A convection - diffusion equation). (13.1.6)
The equation (13.1.6) is convection dominated if ¢ > ¢.

For e = 0 the solution is given by the exact transport p(z,t) = po(x — ct),
because then p = constant on the (c, 1)-direction.

(X +ct, 1)

X =X - ct

Note that differentiating p(x,t) = p(x + ct,t) with respect to t we get
dp Ox Op

o ot ot
Finally, we may rewrite (13.1.6): our last convection-diffusion equation for
p, by changing the notation from p to u, and replacing ¢ by B to get

0, <= ¢+p=0. (13.1.7)

u+6-u —e-u =0. 13.1.8
B

Remark 13.1. Compare this equation with the Navier-Stokes equations for
incompressible flow:

u+ (B-Vu—eAu+VP =0, A divu=0, (13.1.9)

where [ = u, u = (uy,us,ug) is the velocity vector, with uy representing
the mass, us momentum, and uz = enerqy. Further P 1is the pressure and

€= Te with Re denoting the Reynold’s number.
e
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Navier-Stokes equations are not easily solvable, for € > 0 and small, because
of difficulties related to boundary layer and turbulence. A typical range for
the Reynold’s number Re is between 10° and 107.

Example 13.2 (The boundary layer). Consider the following boundary value
problem

u —eu” =0, 0<x<l1
(BVP) (13.1.10)
u(0) =1, u(l) =0.
The exact solution to this problem is given by
1
_ 1/e x/e . o
u(z) = C(e /e et/ ), with  C = SV (13.1.11)

which has an outflow boundary layer of width ~ €, as seen in the Fig. below

y

u(x)

13.1.1 Finite Element Method

We shall now study the finite element solution of the problem (13.1.10). To
this end we represent, as usual, the finite element solution by

U(x) = @o(x) + Urpr(z) + ... + Uppn(x), (13.1.12)

where the ¢;:s are the piecewise linear basis function illustrated viz Fig.
below
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y

Evidently, the corresponding variational formulation is
1
/ <U,<de93+€U'g0;-) dv =0, j=1,2,...n. (13.1.13)
0

This yields the equations

1 ‘
§<Uj+1 . Uj_1> + %(2@ — U, — Ujﬂ) —0, j=1,2,....n, (13.1.14)

where Uy = 1 and U,,;, = 0.

Note that, using Central -differencing we may also write
Uiy —U;— U1 —2U; +U;_ 1
e S bt S A 2 R . 0 ((:) — X equation(13.1.14)).
2h h? h
N——— ~ ~
corresp. to u'(x;)  corresp. to u”’(z;)

Now for € being very small this gives that U,y ~ U,_;, which results, for
even n values, alternating 0 and 1 as the solution values at the nodes:

i.e., oscillations in U are transported “upstreams” making U a “globally bad
approximation” of u.
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A better approach would be to approximate u'(x;) by an upwind derivative

as follows
Ui —=U;_1

h )
which, formally, gives a better stability, however, with low accuracy.

' (x;) ~ (13.1.15)

Remark 13.2. The example above demonstrates that a high accuracy without
stability is indeed useless.

A more systematic method of making the finite element solution of the fluid
problems stable is through using the streamline diffusion method which we,
formally, introduce in the following subsection.

13.1.2 The Streamline - diffusion method (SDM)

The idea is to choose, in the variational formulation, the test functions of the
form (v+3Bhv'), instead of just v (this would finally correspond to adding an
extra diffusion to the original equation in the direction of the stream-lines).
Then, e.g., for our model problem we obtain the equation (5 = 1)

1

/1 [u'(v + %hv') —e-u” (U + %hv')]dm = / f(v + %hv') dr. (13.1.16)
0 0

In the case of approximation with piecewise linears, in the discrete version
of the variational formulation, we should interpret the term fol U'v'dx as a
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sum viz,
1
/ U™ dx = Z/ U dz = 0. (13.1.17)
0 RS

Then, with piecewise linear test functions, i.e., choosing v = ¢; we get the
discrete term corresponding to the second integral in (13.1.16) as

ol 1 1
/0 Ulih@;dl’ = Uj — §Uj+1 — §Uj_1, (13118)
which adding to the obvious relation
1 . —_— .
/ U'pdx = % (13.1.19)
0

we end up with (U; — U;j_1), as an approximation of the first integral in
(13.1.16), corresponding to the upwind scheme.

Remark 13.3. The SDM can also be interpreted as a sort of least-square
method:

Let A= L then A" = —L. Now u minimizes ||w' — f|| if ' = Au= f. This

can be written as
A'Au=A'f <= —u"=—f,  (the continuous form). (13.1.20)

While multiplying u' = Au = f by v and integrating over (0,1) we have
1 1
/ U'v'dz:/ fo'dx (the weak form), (13.1.21)
0 0
where we replaced u' by U’.

For the time-dependent convection equation, the oriented time-space element
are used. Consider the time-dependent problem

w4+ fu —eu’ = f. (13.1.22)
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THTT

Set U(z,t) such that U is piecewise linear in x and piecewise constant in the
(6, 1)-direction. Combine with SDM and add up some artificial viscosity, &,
depending on the residual term to get for each time interval I,,:

/,n/Q [(U+5U) <U+ ghi’) te U,“/] dadt = /In/ﬂf(v+ ghv’) dadt. O

13.1.3 Exercises

Problem 13.1. Prove that the solution u of the convection-diffusion problem
Uy + Uy +u = f,quadin I = (0,1), u(0) =u(l) =0,

satisfies the following estimate

(/qugbda?)l/z < (/If2¢dx>1/2.

where ¢(x) is a positive weight function defined on (0,1) satisfying ¢.(x) <0
and —¢.(x) < ¢(x) for 0 <z < 1.

Problem 13.2. Let ¢ be a solution of the problem
—e¢" —3¢' +2¢ = e, ¢'(0) = ¢(1) = 0.
Let || - || denote the Ly-norm on I. Show that there is a constant C' such that
61(0)] < Cllell,  [leg”|| < Clle]l.
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Problem 13.3. Consider the convection-diffusion-absorption problem
—eu’ +au' +u=f, inl=1(0,1), u(0)=u(1)=0,
where € is a positive constant, and f € Lyo(I). Prove that
lew” || < Il
where || - || denotes the Lo(I)-norm.

Problem 13.4. Use relevant interpolation theory estimates and prove an a
priori and an a posteriori error estimate for the ¢G(1) finite element method
for the problem

—u"+u' =f inlI=1(0,1), u(0)=u(l)=0.

Problem 13.5. Prove an a priori and an a posteriori error estimate for the
c¢G(1) finite element method for the problem

" +u +u=f inl=1(0,1), u(0)=u(l)=0.
Problem 13.6. Consider the convection-diffusion-absorption problem
—EUpe + Uy +u=f, i T=1(0,1), u(0)=0, Veu, +u(l) =0,

where ¢ is a positive constant, and f € Lo(I). Prove the following stability
estimates for the solution u

IVeue|| + [lull + [u(D)] < C[If],
[z | + lletiaa|l < CILI,
where || - || denotes the Lo((0,))-norm and C' is an appropriate constant.

Problem 13.7. Consider the convection problem
B-Vu+au=f, r €N, u=g,quadr el _, (13.1.23)

Define the outflow I'y ans inflow I'_ boundaries. Assume that o — %V B>
¢ > 0. Show the following stability estimate

1
c||u||2/ n - Butdsdt < ||lugl|® + E||f||2 +/ In - Blg*ds. (13.1.24)
r, r.
Hint: Show first that

2(B - Vu,u) = /

r

n-ﬁqus—/F In - Bl|u®ds — (V- B)u, u).

Formulate the streamline diffusion for this problem.



270 CHAPTER 13. CONVECTION - DIFFUSION PROBLEMS

Problem 13.8. Consider the convection problem

u+ 0 -Vu+au=f, xreQ, t>0,
u =g, x € F_’ t > 07 (13125)
(i, 0) = uol), req,

where I'y and I'_ are defined as above. Assume that o — %V B >c>0.
Show the following stability estimate

T T
Wk L) d - Butdsd
lu(-, T)] +c/0 I )] t+/ /n B2 ds dt
< ol + / 18 |dt+/ / n - Blg? ds d.

where |lu(-,T)|]* = [,u(z,T)*dx.

(13.1.26)



Answers to Exercises

Chapter 1. Exercise Section 1.1.1

1.1 The solution is unique only for ¢ # nm, where n is an integer.
1.2 a) No! fo r)dr = 0.

133N =1

1.4 D) =0, =1.

a)a+3b=0, b)3a—7mb=0, «c)2a+eb=0.

)

1.6 a) uss =0; v(s,t) =u(x,y)
b) u(x,y) = flz —y) +xg(z —y).
) vss + vy =0, v(s,t) =u(x,y).

sin 2wz sinh 2y sin 3wz sinh 37y 2sin7asinh (1 — )

1.7
) sinh 27 sinh 37 sinh 7

Chapter 1. Exercise Section 1.2.1

1.11 u = constant gives circles with center (1, _71) and radius 1/|u.
v = constant gives circles with center <U___v17 0) and radius 1/|v — 1].

1.15 The term represents heat loss at a rate proportional to the execess
temperature over 6.

271
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1.18 a® = b2
1.19 a = *c.

Chapter 2. Exercise Section 2.2

2.3

2.5 a. u(x)
b. R(z)

Pu(t) = 0.9991 + 1.083¢ + 0.4212¢> + 0.2786t°.

= %x(l — )

= m?Asinmx + 472 Bsin 27 — 1

c. A=4/m and B = 0.

d. -

2.6

o

b. R(z)

c. A=

2.7 a. u(x)
b. R(z)
c. § =

28 U(zx) =

e

= (m?+1)Asin Tz + (47%+1)Bsin 2rx+ (972 +1)C'sin 37z —x
2 1 2
n(m2+1)’ m(4m? 4+ 1) o 3m(9m2 4+ 1)

= %(7?3 —x3) + %(:L’Q —7?)
=-U'(z)—z+1=1cosZ + 2 cos

8(2m —6)/m and & = §(2 — 27) /7.

(16sinz + 28 sin3z)/m° + 227 /7.

Chapter 3. Exercise Section 3.4

3.2 (a) z, (b) 0.
3.3 )
4—11(z +m)/(2m), —r<x < -7,
0, f(x) = 5/4 —(x+%)/(2m), -5 <2 <0,
1—"7z/(27), 0<z< 3,
\ 3(x —m)/(2m), 5 <z <.




13.1.

3.8

3.9

3.11

3.12

3.13

3.14

3.15

3.16

4.2
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Check the conditions required for a Vector space.

2r—a—>b a+b 2(x—a)

/(@) = fla) =+ () 2

Hint: Use the procedure in the proof of Theorem 3.1, with somewhat
careful estimates at the end.

7r4<e_8x2> ~ 0.252% — 1.2522 + 1.

For example we may choose the following basis:

0, T € [i1, 1),
@i j(z) = | |
Nij(x), i=1,....m+1, j7=0,12.
)\i,O(fL') _ (x - &)(m - xz) )\,-71(1') — (x - xi—1)($6 — Iz) |

(Iz‘—l - &)(%—1 - xi)’ (fz - xi—l)(@' - xz)

o ea)e-&)
hia() (i — wic1) (2 = &)’ i € (@i, o).

This is a special case of problem 3.13.
Trivial

T1+x2

Hint: Use Taylor expansion of f about x = #-

Chapter 4. Exercise Section 4.3

10 0 1 3 2
LU = 21 0 0 -1 3
-2 0 1 0 0 5
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4.3

0
-1

4.4 _
10 0 10 0 11 -3

LDU=10 1 0 01 O 01 1
3 -4 1 0 0 14 00 1

4.7 The exact solution is (1/15, —11/15) = (0.066666, —0.733333).
(a) (u,ul) = (5/64,—47/64), p(J)=1/4 and ||es||o = 0.011.
(b) (u?, ud) = (0.0673828, —0.7331543), p(G) = 1/16 and
lles]oo = 7 x 1074
(c) (u?,u3) = (0.066789, —0.733317), p(wp) = 0.017 and

lles|loo = 1 x 1077,

Chapter 5. Exercise Section 5.5

5.1 ¢) sinmz, xlnz and z(1 — x) are test functions of this problem. z? and
e” — 1 are not test functions.

5.3 a) U is the solution for

2 -1 0 Uy 1
AU=f<+=1/h| -1 2 -1 U | =h| 1
0 —1 2 Us 1

with h = 1/4.

b) A is invertible, therefore U is unique.

5.6 a) ¢ is the solution for
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b) (&1,&) = 7(1/2,1) and U(z) = 7x (same as the exact solution).

5.7 a) ¢ is the solution for

2 -1 0 & -5
AA=f<=1/h| -1 2 -1 & | = 0
0 -1 2 & 0

with 7 = 1/3. That is: (&, &1,&) = —1(15,10,5).

b) U(x) = 5x — 5 (same as the exact solution).

5.8 a) No solution!

b) Trying to get a finite element approximation ends up with the matrix

equation
2 -2 0 & 1
Al=f= | -2 4 -2 & | =1 2
0 —2 2 & 1

where the coefficient matrix is singular (detA = 0). There is no finite
element solution.

5.9 d) ||U||% = €T A¢ (check spectral theorem, linear algebral)

5.10 For an M + 1 partition (here M = 2) we get a; = 2/h, a; ;41 = —1/h
except apy1 i1 = 1/h—1,0,=0, i=1,..., M and by, = —1:

a) U =(0,1/2,1,3/2).
b)eg, Us=U(1) — 1, as k — oo.

5.11 ¢) Set a = 2 and 3 = 3 in the general FEM solution:
¢=5(=1,1,1)" +5(0,0,2)":

&1 -1 0
& | =2/3 1 [+3]0
& 1 2
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5.12
2 —1 & 1 41 &1

1 2 & 1811 4 & 1

W
—

5.13 Just follow the procedure in the theory.

5.15 a priori: |le||g < ||u — mhul| .
a posteriori: ||e||g < Ci||hR(U)|| L)

5.16 a) ||€[|a < Cil[h(al’)'||1/a-

b) The matrix equation:

1 -1 0 0)/[& -3

12 -1 o f|lal| | o
0 -1 3 —2 o | ol
0 0 2 4] \¢& 0

which yields the approximate solution U = —3(1/2,1, 2, 3)T.
¢) Since a is constant and U is linear on each subinterval we have that
(aU") =d'U +aU" = 0.

By the a posteriori error estimate we have that ||¢/[|, = 0, i.e. ¢ = 0.
Combining with the fact that e(z) is continuous and e(1) = 0, we get
that e = 0, which means that the finite, in this case, coincides with the
exact solution.

5.17 a priori: ||e|[m < CZ-(Hhu”H + ||hQU”H>-
a posteriori: |le||gr < Ci||hR(U)||L,1)-

5.18 a) a priori: |le||lg < ||lu — v||n(1 + ¢), and a posteriori: |le||p <
Cil[hR(U) | o) -

b) Since ¢ > 0, the a priori error estimate in a) yields optimality for
¢ = 0, i.e. in the case of no convection (does this tell anything to you?).
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5.19 a priori: ||e||g < C'Z-<Hhu”||+4Hh2u”H>, a posteriori estimate is similar
(see [5.17]).

Chapter 6. Exercise Section 6.6

- J _ _1
JHi T gD

g=1: U(t)=1+3t. q=72: U(t):l—l—%t—l-%t?

6.3 a

)
)

6.5 a) u(t) = e + 5 (8t — 4t + 1).
) ult) = —t+YzesPerf(L5), erf(x) = Z [y eV dy.

(2=} 1)/3]-Ui(zi—1)-(2(x;—zi—1)—1)
6.6 a) U,(:L’,) - 1+2("Ei—;i71) 1

6.9 a)
Explicit Euler: U, = -3U,,_1, Uy=1.
Implicit Euler U, = %Un_l, Uy=1.
Crank-Nicolson: U, = %Un_l, Uy=1.

b)
Explicit Euler:  |U,| =1+ 0.01|U,—1| = |U,| > |Up-1].

Implicit Euler:  |U,| = \/ﬁ|UH_1| = |U,| < |Up-1].
Crank-Nicolson:  |U,| = |1+8 ;Z;||Un_1| = |Uy,—1].

Chapter 7. Exercise Section 7.1.4

7.9 [le]] < [[h*uqal|

Chapter 7. Exercise Section 7.2.3

7.15
(ug(x + 2t) + ug(x — 2t)), x> 2t

(uo(2t + ) + uo(2t — z)), r <2t

u(z,t) =

N[—= N
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7.18 a) u(z,t) = Llug(z + ct) + uop(ct — x)] + 52 ( fOHCt vy + fOCt_x vo).

b) u(z,t)

L [M2c(t — s)ds = t2/2.

Chapter 7. Exercise Section 7.3.3
7.21 apriori:  |le]|g < C’,-(||hu”|| + ||h2u”||>.
a posteriori:  ||e||g1 < Ci||RR(U)|.

7.22 apriori:  |le||p < C’i(||hu”|| + ||h2u”||>.
a posteriori:  ||e||g < Ci||hR(U)||.
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