Chapter 9. Scalar Initial Value Problem. (IVP)

Consider following (ODE) (DE) (IV) { u̇(t) + a(t)u(t) = f(t), 0 < t ≤ T u(0) = u_0 where f(t) is the source term and u̇(t) = du dt . Here a(t) is bounded and a(t) ≥ 0 =⇒ a parabolic problem, while a(t) > 0 =⇒ a dissipative problem. Fundamental solution Let A(t) = ∫_t 0 a(s)ds, (i.e. A(t) is the primitive function of a(t), with A(0) = 0), then (1) u(t) = u_0 · e^{−A(t)} + ∫_t 0 e^{−(A(t)−A(s))}f(s)ds.

Proof: The integrating factor is e^{∫ t0 a(s)ds} = e^{A(t)}. Multiplying the (DE) by e^{A(t)} and using a(t) = Ȧ(t), we get

u̇(t)e^{A(t)} + Ȧ(t)e^{A(t)}u(t) = e^{A(t)}f(t), i.e. d dt (u(t)e^{A(t)}) = e^{A(t)}f(t), which integrating over (0, t) gives that ∫_t 0 d ds (u(s)e^{A(s)})ds = ∫_t 0 e^{A(s)}f(s)ds ⇐⇒ u(t)e^{A(t)} − u(0)e^{A(0)} = ∫_t 0 e^{A(s)}f(s)ds. Now since A(0) = 0 and u(0) = u_0 we get u(t) = u_0 · e^{−A(t)} + ∫_t 0 e^{−(A(t)−A(s))}f(s)ds. and the proof is complete.

Stability estimates Using the fundamental solution we can derive the following stability estimates:

(i) If a(t) ≥ α > 0, then |u(t)| ≤ e^{−αt}|u_0| + 1 α (1 − e^{−αt}) max_{0≤s≤t} |f(s)| (ii) If a(t) ≥ 0 (i.e. α = 0 the parabolic case), then |u(t)| ≤ |u_0| + ∫_t 0 |f(s)|ds or |u(t)| ≤ |u_0| + ‖f‖_{L1}

Proof:

(i) For a(t) ≥ 0, ∀t > 0, we have that A(t) = ∫_t 0 a(s)ds is non-decreasing and A(t) − A(s) ≥ 0, ∀t > s. Since a(t) ≥ α > 0 we have A(t) = ∫_t 0 a(s)ds ≥ ∫_t 0 α · ds = αt. Further

A(t) − A(s) = ∫_t s a(r) dr ≥ α(t − s). Thus e^{−A(t)} ≤ e^{−αt} and e^{−(A(t)−A(s))} ≤ e^{−α(t−s)}. Hence using (1), we get (2) u(t) ≤ u_0 · e^{−αt} + ∫_t 0 e^{−α(t−s)} max_{0≤s≤t} |f(s)|ds, which after integration gives that |u(t)| ≤ e^{−α·t}|u_0| + max_{0≤s≤t} |f(s)| [ 1 α e^{−α(t−s)} ]_{s=t} s=0 |u(t)| ≤ e^{−α·}|u_0| + 1 α (1 − e^{−αt}) max_{0≤s≤t} |f(s)| □

(ii) Let α = 0 in (2) then |u(t)| ≤ |u_0| + ∫_t 0 |f(s)|ds, and the proof is complete. □ Remark: Recall that we refer to the set of functions where we seek the approximate solution as the trial space and the space of functions used for the orthogonality condition, as the test space.

9.2. Galerkin finite element methods (FEM) for IVP cG(1) Continuous Galerkin of degree 1:

In this case the trial functions are piecewise linear and continuous while the test functions are piecewise constant and discontinuous, i.e. the trial and test functions are in different spaces.

Note, e.g. the variational formulation: Find a function u in an appropriate space of trial functions that satisfies

∫_1 0 au^′v^′dx = ∫_1 0 fvdx for all appropriate test functions v.

dG(0) Discontinuous Galerkin of degree 0:

Here both the trial and test functions are piecewise constant and discontinuous (they are in the same space of functions). gG(q) Global Galerkin of degree q:

This method is formulated as follows: Find U ∈ P^q(0, T ), U(0) = u_0, such that ∫_T 0 (U̇ + aU)vdt = ∫_T 0 fvdt, ∀v ∈ P^q(0, T ), with v(0) = 0, where v := {t, t^2, . . . , t^q}. cG(q) Continuous Galerkin of degree q: Find U ∈ P^q(0, T ), U(0) = u_0, such that ∫_T 0 (U̇ + aU)vdt = ∫_T 0 fvdt, ∀v ∈ P^{q−1}(0, T ), where now v := {1, t, t^2, . . . , t^{q−1}}. Note the difference between the two test function spaces above. Example: Consider cG(q) with q = 1 then t^{q−1} = t^0 = 1 and v ≡ 1, thus we have (3) ∫_T 0 (U̇ + aU)vdt = ∫_T 0 (U̇ + aU)dt = U(T ) − U(0) + ∫_T 0 aU(t)dt

But U(t) is a linear function through U(0) and the unknown quantity U(T ), thus (4) U(t) = U(T ) t T + U(0) T − t T , inserting U(t) in (3) we have

(5) U(T ) − U(0) + ∫_T 0 a ( U(T ) t T + U(0) T − t T ) dt = ∫_T 0 f dt. which gives us U(T ) and consequently, through (4) and assuming U(0) is given, U(t). Using this idea we can formulate:

The cG(1) Algorithm for the partition T_k of [0, T ] to subintervals I_k = (t_{k−1}, t_k].

(1) Given U(0) = U_0, apply (5) to (0, t_1] and compute U(t_1).

Then authomatically get U(t), ∀t ∈ [0, t_1] (see (4)).

(2) Assume that U is computed in all the successive intervals (t_{k−1}, t_k], k = 0, 1, n − 1. (3) Compute U(t), t ∈ (t_{n−1}, t_n].

This is done through applying (5) to the interval (t_{n−1}, t_n], instead of (0, T ]: i.e.

U(t_n)−U(t_{n−1})+ ∫_{tn} t_{n−1} a ( t − t_{n−1} t_n − t_{n−1} U(t_n)+ t_n − t t_n − t_{n−1} U(t_{n−1}) ) dt = ∫_{tn} t_{n−1} fdt. Now since U(t_{n−1}) is known, we can calculate U(t_n) and U(t), t ∈ (t_{n−1}, t_n] is determined by the n-version of the linear combination formula (4):

U(t) = U(t_n) t t_n + U(t_{n−1}) t_n − t t_n , In sequel we shall use the notation U(t_n) = U_n, U(t_{n−1}) = U_{n−1}, . . . .

Global forms

Continuous Galerkin cG(q): Find U(t) ∈ V^{(q)}_k , such that U(0) = U_0 and ∫_{tn} 0 (U̇ + aU)wdt = ∫_{tn} 0 fwdt, ∀w ∈ W^{(q−1)}_k , V^{(q)}_k = {v : v continuous piecewise polynomials of degree q on the partition T_k}, W^{(q−1)}_k = {w : w discontinuous piecewise polynomials of degree q − 1 on T_k}.

Discontinuous Galerkin dG(q): Find U(t) ∈ P^q(0, T ) such that ∫_T 0 (U̇ + aU)vdt + a(U(0) − u(0))v(0) = ∫_T 0 fvdt, ∀v ∈ P^q(0, T ). This approach gives up the requirement that U(t) satisfies the initial condition. Instead, the intial condition is represented by (U(0) − u(0)) with U(0) ≠ u(0). Notation: Let v^±n = lim_{s→0+} and [v_n] = v^+_n − v^−_n is the “jump” in v(t) at time t.

dG(q): For n = 1, . . . , N find U(t) ∈ P^q(t_{n−1}, t_n) such that (6) ∫_{tN} t_{n−1} (U̇ + aU)vdt + U^+_{n−1}v^+_{n−1} = ∫_{tn} t_{n−1} fvdt + U^−_{n−1}v^+_{n−1}, ∀v ∈ P^q(t_{n−1}, t_n). Let q = 0, in the case of approximating with piecewise constants v ≡ 1 is the only base function and we have U(t) = U_n = U^+_{n−1} = U^−_n on I_n = (t_{n−1}, t_n], where U_n = U(t_n), ... and U̇ ≡ 0.

Thus (6) gives the dG(0) formulation: For n = 1, 2, . . . , N find piecewise constants U_n such that ∫_{tn} t_{n−1} aU_ndt + U_n = ∫_{tn} t_{n−1} fdt + U_{n−1}. Finally summing over n in (6), we get the global dG(q) formulation: Find U(t) ∈ W^{(q)}_k , such that N∑ n=1 ∫_{tn} t_{n−1} (U̇ + aU)wdt + N∑ n=1 [U_{n−1}]w^+_{n−1} = ∫_{tN} 0 fwdt, ∀w ∈ W^{(q)}_k , U^−_0 = u_0.

An “a posteriori” error estimate for the cG(1) formulation

The continuous problem: (7) u̇(t) + a(t)u(t) = f(t), ∀t ∈ (0, T ) The variational form for (7) is: ∫_T 0 (u̇ + au)vdt = ∫_T 0 fvdt, ∀v(t) ∈ P^q(0, T ). Integrating by parts we get (8) u(T )v(T ) − u(0)v(0) + ∫_T 0 u(t) ( − v̇(t) + av(t) ) dt = ∫_T 0 fvdt. If we choose v to be the solution of the dual problem: −v̇ + av = 0, in (0, T ), then (8) is equivalent to u(T )v(T ) = u(0)v(0) + ∫_T 0 fvdt, ∀v(t) ∈ P^q(0, T ). Thus we have the following:

Dual problem for (7): Find φ(t) such that (9) { −φ̇(t) + a(t)φ(t) = 0, t_N > t ≥ 0 φ(t_N ) = e_N , e_N = u_N − U_N = u(t_N ) − U(t_N )

Theorem 9.2: For N = 1, 2, . . . the cG(1) solution U(t) satisfies |e_N | ≤ S(t_n) · max_{[0,tN ]} |k · r(U)|, where k = k_n = |I_n| for t ∈ I_n = (t_{n−1}, t_n) is the time step and r(U) = U̇ + aU − f is the residual error. Further, S(t_N ) = ( ∫ t_N 0 |φ̇|dt ) /e_N is the stability factor. The stability factor measures the effects of the accumulation of error in the approximation and to give the analysis a quantitative meaning we have to give a quantitative bound of this factor. S(t_n) ≤ { e^{λ·tN} |a(t)| ≤ λ, ∀t 1 a(t) ≥ 0, ∀t Proof: Let e(t) = u(t) − U(t). By the dual problem: −φ̇(t) + a(t)φ(t) = 0 we can write e^2_N = e^2_N + 0 = e^2_N + ∫_{tN} 0 e(−φ̇ + aφ) dt, and using partial integration we have ∫_{tN} 0 e(−φ̇ + a(t)φ)dt = [−e(t)φ(t)]^{tN}_0 + ∫_{tN} 0 ėφ dt + ∫_{tN} 0 eaφ dt = {e(0) = 0} = = − e(t_N ) =_{eN} φ(t_N ) =_{eN} + ∫_{tN} 0 (ė + ae)φ dt = −e^2_N + ∫_{tN} 0 (ė + ae)φ dt. Since ė(t) + a(t)e(t) = u̇(t) − U̇(t) + a(t)u(t) − a(t)U(t), and f(t) = u̇(t) + a(t)u(t) we can now write ė(t) + a(t)e(t) = f(t) − U̇(t) − a(t)U(t). Recalling the definition of the residual: r(U) = U̇ + aU − f we have that ė(t) + a(t)e(t) = −r(U), and consequently

e^2_N = e^2_N + 0 = e^2_N − e^2_N − ∫_{tN} 0 r(U(t))φ(t)dt.

Thus we have the error representation formula: e^2_N (t) = − ∫_{tN} 0 r(U(t))φ(t)dt. To continue we use the interpolant π_kφ of φ and write π_kφ = 1 k_n ∫ I_n φ(s)ds ⇒ e^2_N = − ∫_{tN} 0 r(U)(φ(t) − π_kφ(t))dt + ∫_{tN} 0 r(U)π_kφ(t)dt.

Now from the discrete variational formulation: ∫_{tN} 0 (U̇ + aU)π_kφ(t)dt = ∫_{tN} 0 fπ_kφ(t)dt

we have the Galerkin orthogonality ∫_{tN} 0 r(U)π_kφ(t)dt = 0. Thus the final form of the error representation formula is: e^2_N = − ∫_{tN} 0 r(U)(φ(t) − π_kφ(t))dt. Now applying the interpolation error ‖f − π_qf‖_{Lp(a,b)} ≤ C_i(b − a)‖f^′‖_{Lp(a,b)} , to the function φ and the interval I_n, |I_n| = k_n we get ∫ I_n |φ − π_kφ|dt ≤ k_n ∫ I_n |φ̇|dt. Thus we may write

(10) ∫_{tN} 0 |φ − π_kφ|dt = N∑ n=1 ∫ I_n |φ − π_kφ|dt ≤ N∑ n=1 k_n ∫ I_n |φ̇|dt Let now |v|_J = max_{t∈J} |v(t)|, then using (10) and the final form of the error representation formula we have

|e_N |^2 ≤ N∑ n=1 |r(U)|_{In} · k_n ∫ I_n |φ̇|dt ≤ max_{1≤n≤N}(k_n|r(U)|_{In} ) ∫_{tN} 0 |φ̇|dt.

But since ∫_{tN} 0 |φ|dt = |e_N | · S(t_N ), (see the definition of S(t_N )), we have that |e_N |^2 ≤ |e_N |S(t_N ) max_{[0,tN ]}(k|r(U)|). This completes the proof of the first assertion of the theorem. To prove the second assertion , we claim that: |a(t)| ≤ λ, 0 ≤ t ≤ t_N ⇒ |φ(t)| ≤ e^{λ·tN} |e_N |, 0 ≤ t ≤ t_N (a) |a(t)| ≥ 0, ∀t ⇒ |φ(t)| ≤ |e_N |, ∀t ∈ [0, t_N ] (b) To prove this claim let s = t_N − t, (t = t_N − s) and define ψ(s) = φ(t_N − s), then by the chain rule dψ ds = dψ dt · dt ds = −φ̇(t_N − s).

The dual problem is now formulated as follows: find φ(t) such that −φ̇(t_N − s) + a(t_N − s)φ(t_N − s) = 0. The corresponding problem for ψ(s): { dψ(s) ds + a(t_N − s)ψ(s) = 0, t_N > s ≥ 0 ψ(0) = φ(t_N ) = e_N , e_N = u_N − U_N = u(t_N ) − U(t_N ), has the exact solution ψ(s) = ψ(0) · e^{−A(tN )}e^{A(tN −s)} = e_N · e^{A(t)−A(tN )}. Now using the relation ψ(s) = φ(t), t_N − s = t, we get φ(t) = e_N · e^{A(t)−A(tN )}, and φ̇(t) = e_N · a(t)e^{A(t)−A(tN )}. Thus the proof of both claims (a) and (b) are easily followed:

(a) For |a(t)| ≤ λ, we have |φ(t)| = |e_N |e ∫_t tN a(s)ds ≤ |e N |e^{maxt |a(t)|(tN −t)} ≤ |e_N |e^{λ·tN} . □ (b) For |a(t)| ≤ 0, we have |φ(t)| = |e_N |e^{∫ tN0 a(s)ds} ≤ |e_N |e^{mint a(t)(t−tN )} and since (t − t_N ) < 0 we get |φ(t)| ≤ |e_N |. □

Further note that for a(t) ≥ 0 we have ∫_{tN} 0 |φ̇(t)|dt = |e_N | ∫_{tN} 0 a(t)e^{A(t)−A(tN )}dt = |e_N | · [e^{A(t)−A(tN )}]^{tN}_0 = |e_N | · ( 1 − e^{A(0)−A(tN )} ) ≤ 1, which gives that S(t_N ) = ∫_{tN} 0 |φ̇(t)|dt |e_N | ≤ 1.

The case |a(t)| ≤ λ:

We have earlier derived that φ̇(t) = a(t)e_N · e^{A(t)−A(tN )}, thus |φ̇(t)| ≤ λ|e_N |e^{A(t)−A(tN )} = λ|e_N |e ∫_t tN a(s)ds ≤ λ|e N |e^{λ(tN −t)}. Integrating over (0, t_N ) we get ∫_{tN} 0 |φ̇(t)|dt ≤ |e_N | ∫_{tN} 0 λe^{λ(tN −t)}dt = |e_N | [ − e^{λ(tN −t)} ]_{tN} 0 = |e_N |(−1 + e^{λtN} ), which gives that S(t_N ) ≤ (−1 + e^{λ·tN} ) ≤ e^{λ·tN} , and completes the proof of the second assertion. □

Convergence order O(k^2):

Note that (g(t) − π_kg(t)) ⊥ (constants) ∀g(t), and since U̇(t) is constant on I_N we have that ∫_{tN} 0 U̇(φ − π_kφ)dt = 0, thus

e^2_N = − ∫_{tN} 0 r(U)(φ(t) − π_kφ(t))dt = ∫_{tN} 0 (f − aU − U̇)(φ − π_kφ)dt = ∫_{tN} 0 (f − aU)(φ − π_kφ)dt − ∫_{tN} 0 U̇(φ − π_kφ)dt = − ∫_{tN} 0 (aU − f)(φ − π_kφ)dt. Similarly using the fact that π_k(aU − f) is a constant ∫_{tN} 0 π_k(aU − f)(φ − π_kφ)dt = 0 and we can write

e^2_N = − ∫_{tN} 0 ( (aU − f) − π_k(aU − f) ) (φ − π_kφ)dt.

Now using Theorem 9.2 and the interpolation error we get |e_N | ≤ S(t_N ) · | |k|(aU − f) − πk(aU − f)| | |_{[0,tN ]} ≤ S(t_N ) · | |k_2 d dt (aU − f) | |_{[0,tN ]}. □

9.3.2. An a posteriori error estimate for the dG(0)

Theorem 9.3. For N = 1, 2, . . ., the dG(0) solution U(t) satisfies |u(t_N ) − U_N | ≤ S(t_N )|kR(U)|_{[0,tN ]}, U_N = U(t_N ) where R(U) = |U_N − U_{N−1}| k_n + |f − aU| for t_{N−1} < t ≤ t_N .

Proof: Similar as in cG(1). Note that now the residual error includes jump terms and since dual problem satisfies −φ̇(t) + a(t)φ(t) = 0, we can write

e^2_N = e^2_N + N∑ n=1 ∫_{tn} t_{n−1} e(−φ̇(t) + a(t)φ(t))dt = [P I] =

= e^2_N + N∑ n=1 ( ∫ tn t_{n−1} (ė + ae)φ(t)dt − [eφ]^{tn}_{tn−1} )

= { ė + ae = u̇ − U̇ + au − aU = f − aU, (U constant ⇒ U̇ = 0) }

= e^2_N + N∑ n=1 ∫_{tn} t_{n−1} (f − aU)φdt − N∑ n=1 [eφ]^{tn}_{tn−1} .

(11)

We rewrite the last sum as

N∑ n=1 (eφ)^{tn}_{tn−1} = N∑ n=1 ( e(t^−_n )φ(t^−_n ) − e(t^+_{n−1})φ(t^+_{n−1}) )

= {g(t^−_n ) = g^−_n , g(t^+_{n−1}) = g^+_{n−1}} = = N∑ n=1 (e^−_n φ^−_n − e^+_{n−1}φ^+_{n−1}) = (e^−_1 φ^−_1 − e^+_0 φ^+_0 ) + (e^−_2 φ^−_2 − e^+_1 e^+_1 ) + . . .

+ (e^−_{N−1}φ^−_{N−1} − e^+_{N−2}φ^+_{N−2}) + (e^−_N φ^−_N − e^+_{N−1}φ^+_{N−1}).

To continue we write φ^−_i = (φ^−_i − φ^+_i + φ^+_i ), i = 1, . . . N − 1 then − N∑ n=1 (eφ)^{tn}_{tn−1} = −e^−_N φ^−_N + e^+_0 φ^+_0 − e^−_1 (φ^−_1 − φ^+_1 + φ^+_1 ) + e^+_1 φ^+_1 − e^−_2 (φ^−_2 − +φ^+_2 + φ^+_2 ) + e^+_2 φ^+_2 . . . − e^−_{N−1}(φ^−_{N−1} − φ^+_{N−1} + φ^+_{N−1}) + e^+_{N−1}φ^+_{N−1}.

We rewrite these terms as

− e^−_i (φ^−_i − φ^+_i + φ^+_i ) + e^+_i φ^+_i = −e^−_i φ^−_i + −e^−_i φ^+_i − e^−_i φ^+_i + e^+_i φ^+_i = e^−_i (φ^+_i − φ^−_i ) + φ^+_i (e^+_i − e^−_i ) = e^−_i [φ_i] + φ^+_i [e_i], where [g] = g^+ − g^− represents the jump. Thus − N∑ n=1 (eφ)|^{tn}_{tn−1} = −e^2_N + e^+_0 φ^+_0 + N−1∑ n=1 [e_n]φ^+_n + N−1∑ n=1 e^−_n [φ_n].

Inserting in (11) we get that

e^2_N = e^2_N + N∑ n=1 ∫_{tn} t_{n−1} (f − aU)φdt − N∑ n=1 [eφ]^{tn}_{tn−1}

= e^2_N + N∑ n=1 ∫_{tn} t_{n−1} (f − aU)φdt − e^2_N + e^+_0 φ^+_0 + N−1∑ n=1 [e_n]φ^+_n + N−1∑ n=1 [φ_n]e^−_n = = {φ_n, u_n smooth ⇒ [φ_n] = 0, [u_n] = 0} = e^+_0 φ^+_0 + N∑ n−1 ∫_{tn} t_{n−1} (f − aU)φdt + N−1∑ n=1 [e_n]φ^+_n = {[u_n] = 0 ⇒ [e_n] = [−U_n]}

= N∑ n=1 ( ∫_{tn} t_{n−1} (f − aU)φdt − [U_{n−1}]φ^+_{n−1}) =

= {Galerkin} = N∑ n=1 ∫_{tn} t_{n−1} {(f − aU)(φ − π_kφ) − [U_{n−1}](φ − π_kφ)^+_{n−1}}dt. The rest is as in Theorem 9.2. □ Adaptive dG(0):

To guarantee that the dG(0) approximation U(t) satiesfies

|e_N | = |u(t_n) − U(t_n)| ≤ T OL (TOL is a given tolerance) we seek to determine the time step k_n so that (12) S(t_N ) max_{t∈In} |k_nR(U)| = T OL, n = 1, 2, . . . , N.

Algorithm:

(i) Compute U_n from U_{n−1} using a predicted step k_n.

Example, ∫_{tn} t_{n−1} aU_ndt + U_n = ∫_{tn} t_{n−1} fdt + U_{n−1} (ii) Compute |kR(U)|_{In} := max_n |k_nR(U)|.

Is (12) valid for this k_n?

YES! —−→ Accept the solution U_n and go to the next time step NO! | | | Recompute (12) with a smaller k_n

9.4. A priori error analysis The discontinuous Galerkin method, dG(0) for u̇ + au = f, a=constant: Find U = U(t), t ∈ I_n, such that (13) ∫_{tn} t_{n−1} U̇dt + a ∫_{tn} t_{n−1} Udt = ∫ I_n fdt. Note that U(t) = U_n is constant for t ∈ I_n. Let U_n = U(t_n), U_{n−1} = U(t_{n−1}) and k_n = t_n − t_{n−1}, then ∫_{tn} t_{n−1} U̇dt + a ∫_{tn} t_{n−1} Udt = U(t_n) − U(t_{n−1}) + ak_nU_n = U_n − U_{n−1} + ak_nU_n. Hence with a given initial data u(0) = u_0, the equation (13) can be written as (14) { U_n − U_{n−1} + ak_nU_n = ∫ I_n fdt n = 1, 2, . . . U_0 = u_0.

As for the exact solution u(t) of u̇ + au = f, the same procedure would give (15) u(t_n) − u(t_{n−1}) + k_nau_n(t) = ∫ I_n fdt + k_nau_n(t) − a ∫_{tn} t_{n−1} u(t)dt, where we have moved the term a ∫_{tn} t_{n−1} u(t)dt to the right hand side and add

k_nau_n(t) to both sides.

Thus

(14) ⇔ (1 + k_na)U_n(t) = U_{n−1}(t) + ∫ I_n fdt (15) ⇔ (1 + k_na)u_n(t) = u_{n−1}(t) + ∫ I_n fdt + k_nau_n(t) − a ∫_{tn} t_{n−1} u(t)dt

Let now e_n = u_n − U_n and e_{n−1} = u_{n−1}(t) − U_{n−1}(t) then (15) − (14) gives that

(16) e_n = (1 + k_na)^{−1}(e_{n−1} + ρ_n)

where ρ_n := k_nau_n(t) − a ∫_{tn} t_{n−1} u(t)dt. Thus in order to estimate the error e_n we

need an iteration procedure and an estimate of ρ_n:

Lemma 9.1. We have that |ρ_n| ≤ 1 2 |a||k_n|^2 max_{In} |u̇(t)| Proof. Recalling the definition we have that ρ_n = k_nau_n(t)−a ∫_{tn} t_{n−1} u(t)dt. Thus |ρ_n| ≤ |a||k_n| | |u_n − 1 |k_n| ∫ I_n udt | |.

Using a Taylor expansion of the integrand u(t) about t_n:

u(t) = u_n + u̇(ξ)(t − t_n), for some ξ, t_{n−1} < ξ < t_n

yields |ρ_n| ≤ |a||k_n| | | |un − 1 k_n ∫ I_n [u_n + u̇(ξ)(t − t_n)]dt | | | ≤ |a||k_n| | |u_n − 1 k_n k_nu_n − 1 k_n u̇(ξ) [(t − t_n)2 2 ]_{tn} t_{n−1} | |

= |a||k_n| | | − 1 k_n u̇(ξ) [ 0 − k^2_n 2 ] = |a||k_n| | | − 1 k_n u̇(ξ) k^2_n 2 | | = |a||kn|^2 1 2 |u̇(ξ)|. Thus we get the final estimate for ρ_n: |ρ_n| ≤ 1 2 |a||k_n|^2 max_{In} |u̇(t)| □

To simplify the estimate for e_n we split, and gather, the proof of technical details in the following lemma:

Lemma 9.2. For k_n|a| ≤ 1/2, n ≥ 1 we have (i) (1 − k_n|a|)^{−1} ≤ e^{2kn|a|}. (ii) Let τ_n = t_N − t_{n−1} then |e_N | ≤ 1 2 N∑ n=1 (e^{2|a|τn} |a|k_n) max_{1≤n≤N} k_n|u̇|I_n.

(iii) N∑ n=1 e^{2|a|τn} |a|k_n ≤ e ∫_{tN} 0 |a|e^{2|a|τ} dτ.

We postphone the proof of this lemma and first show that using these results we can obtain a bound for the error e_N (our main result) viz,

Theorem 9.4: If k_n|a| ≤^1_2 , n ≥ 1 then the error of the dG(0) approximation U satisfies |u(t_N ) − U(t_N )| = |e_N | ≤ e 4 ( e^{2|a|tN} − 1 ) max 1≤n≤N k_n|u̇(t)|_{In} .

Proof: Using the estimates (ii) and (iii) of lemma 9.2 we have that |e_N | ≤ 1 2 N∑ n=1 (e^{2|a|τn} |a|k_n) max_{1≤n≤N} k_n|u̇|_{In} ≤ 1 2 ( e ∫_{tN} 0 |a|e^{2|a|τ} dτ ) max 1≤n≤N k_n|u̇|_{In} = = 1 2 e [e2|a|τ 2 ]_{tN} 0 · max 1≤n≤N k_n|u̇(t)|_{In} = e 4 ( e^{2|a|tN} − 1 ) max 1≤n≤N k_n|u̇(t)|_{In} .□ Note that the stability constant e 4 ( e^{2|a|tN} − 1 ) may grow depending on |a| and t_N , and then this result may not be satisfactory at all.

Now we return to the proof of our technical results:

Proof of Lemma 9.2:

(i) For 0 ≤ x ≤ 1/2, we have that 1/2 ≤ 1 − x < 1 and 0 < 1 − 2x ≤ 1. We can now multiply both side of the first claim: 1 1 − x < e^{2x} by 1 − x ≥ 1/2 > 0 to obtain the equivalent relation

(17) f(x) := (1 − x)e^{2x} > 1.

Note that f(0) = 1 and since f^′(x) = (1 − 2x)e^{2x} > 0 the relation (17) is valid.

(ii) Recall that e_n = (1+k_na)^{−1}(e_{n−1} +ρ_n). To deal with the coefficient (1+k_na)^{−1} first we note that (1 + k_na)^{−1} ≤ (1 − k_na)^{−1} if a ≥ 0. Thus (1 + k_n|a|)^{−1} ≤

(1 − k_n|a|)^{−1}, a ∈ R. Further the assumption k_n|a| ≤ 1 2 , n ≥ 1, combined with (i), implies that (1 − k_n|a|)^{−1} ≤ e^{2kn|a|}, n ≥ 1. Thus we have

(18) |e_N | ≤ 1 1 − k_N |a| |e_{N−1}| + 1 1 − k_N |a| |ρ_N | ≤ |e_{N−1}| · e^{2kN |a|} + |ρ_N | · e^{2kN |a|}. Changing, e.g. N to N − 1 we get |e_{N−1}| ≤ |e_{N−2}| · e^{2kN−1 |a|} + |ρ_{N−1}| · e^{2kN−1|a|} = e^{2kN−1|a|} ( |e_{N−2}| + |ρ_{N−1}| ) , which inserting in (18) gives that (19) |e_N | ≤ e^{2kN |a|}e^{2kN−1|a|} ( |e_{N−2}| + |ρ_{N−1}| ) + |ρ_N | · e^{2kN |a|}. Similarly we have |e_{N−2}| ≤ e^{2kN−2|a|} ( |e_{N−3}| + |ρ_{N−2}| ) . Now iterating (19) and using the fact that e_0 = 0 we get, |e_N | ≤e^{2kN |a|}e^{2kN−1 |a|}e^{2kN−2|a|}|e_{N−3}| + e^{2kN |a|}e^{2kN−1|a|}e^{2kN−2|a|}|ρ_{N−2}| + e^{2kN |a|}e^{2kN−1|a|}|ρ_{N−1}| + |ρ_N | · e^{2kN |a|} ≤ · · · ≤ ≤e^{2|a| ∑Nn=1 kn} |e_0| + N∑ n=1 e^{2|a| ∑Nm=n km} |ρ_n|

= N∑ n=1 e^{2|a| ∑Nm=n km} |ρ_n|.

Invoking by Lemma 9.1: |ρ_n| ≤ 1 2 |a||k_n|^2 max_{In} |u̇(t)| we have

|e_N | ≤ N∑ n=1 e^{2|a| ∑Nm=n km} 1 2 |a||k_n|^2 max_{In} |u̇(t)|. Note that N∑ m=n k_m = (t_n − t_{n−1}) + (t_{n+1} − t_n) + (t_{n+2} − t_{n+1}) + . . . + (t_N − t_{N−1}) = t_N − t_{n−1}.

Hence we have shown the assertion (ii) of the lemma: |e_N | ≤ N∑ n=1 e^{2|a|(tN −tn−1 )} 1 2 |a||k_n|^2 max_{In} |u̇(t)| = 1 2 N∑ n=1 (e^{2|a|τn} |a|k_n) max_{1≤n≤N} k_n|u̇|_{In} □ (iii) To prove this part we note that τ_n = t_N − t_{n−1} = (t_N − t_n) + (t_n − t_{n−1}) = τ_{n+1} + k_n, and since |a|k_n ≤ 1/2 we have 2|a|τ_n = 2|a|τ_{n+1} + 2|a|k_n ≤ 2|a|τ_{n+1} + 1. Further for τ_{n+1} ≤ τ ≤ τ_n, we can write e^{2|a|τn} · k_n = ∫_{τn} τ_{n+1} e^{2|a|τn} dτ ≤ ∫_{τn} τ_{n+1} e^{(2|a|τn+1 +1)}dτ = ∫_{τn} τ_{n+1} e^1 · e^{2|a|τn+1} dτ ≤ e ∫_{τn} τ_{n+1} e^{2|a|τ} dτ. (20)

Multiplying (20) by |a| and summing over n we get

N∑ n=1 e^{2|a|τn} |a|k_n ≤ e (^N∑ n=1 ∫_{τn} τ_{n+1} e^{2|a|τ} dτ ) |a| = e ∫_{τ1} τ_{N+1} e^{2|a|τ} |a|dτ = e ∫_{tN} 0 |a|e^{2|a|τ} dτ, which is the desired result and the proof is complete. □

Parabolic case, (a(t) ≥ 0).

Theorem 9.5: Consider the dG(0) approximation U for u̇ + au = f, a(t) ≥ 0. Assume that k_j|a|_{Ij} ≤ 1 2 ∀j, then we have the error estimates

|u(t_N ) − U_N | ≤ 3e^{2λtN} max_{0≤t≤tN} |ku̇| if |a(t)| ≤ λ 3 max 0≤t≤t_N |ku̇| if a(t) ≥ 0 Proof:

Let e = u − U = (u − π_ku) + (π_ku − U) := ẽ + ē, where ẽ is the interpolation error with π_ku being the L_2-projection into W^{(0)}_k . To estimate ē, we use the discrete dual problem (DDP): Find Φ ∈ W^{(0)}_k , such that for n = N, N − 1, . . . , 1. (DDP ) ∫_{tn} t_{n−1} (−Φ̇ + a(t)Φ)vdt − [Φ_n]v_n = 0, ∀v ∈ W^{(0)}_k Φ^+_N = Φ_{N+1} = (π_ku − U)_N :≡ ē_N Let now v = e, then (21) |ē_N |^2 = N∑ n=1 ∫_{tn} t_{n−1} (−Φ̇ + a(t)Φ)ēdt − N−1∑ n=1 [Φ_n]ē_n + Φ_N ē_N .

We now use ē = (π_ku − U) = (π_ku − u + u − U) and write (21) as

|e_N |^2 = N∑ n=1 ∫_{tn} t_{n−1} (−Φ̇ + a(t)Φ)(π_ku − u + u − U)dt

− N−1∑ n=1 [Φ_n](π_ku − u + u − U)_n + Φ_N (π_ku − u + u − U)_N .

Using Galerkin orthogonality we replace u by U. Therfore the total contributiuon from the terms with the factor u − U is identical to zero. Thus, using the fact that Φ̇ = 0 on each subinterval, we have the error representation formula:

|e_N |^2 = N∑ n=1 ∫_{tn} t_{n−1} (−Φ̇ + a(t)Φ)(π_ku − u)dt − N−1∑ n=1 [Φ_n](π_ku − u)_n + Φ_N (π_ku − u)_N

= ∫_{tN} 0 (a(t)Φ)(u − π_ku) dt + N−1∑ n=1 [Φ_n](u − π_ku)_n − Φ_N (u − π_ku)_N .

To continue we need the following results:

Lemma 9.3. If |a(t)| ≤ λ, ∀t ∈ (0, t_N ) and k_j |a|_{Ij} ≤^1_2 , j = 1, 2, . . . , N, then the solution of the discrete dual problem satisfies (i) |Φ_n| ≤ e^{2λ(tN −tn−1)}|ē_N |. (ii) N−1∑ n=1 |[Φ_n]| ≤ e^{2λtN} |ē_N |.

(iii) N∑ n=1 ∫_{tn} t_{n−1} a(t)|Φ_n|dt ≤ e^{2λtN} |ē_N |.

(iv) If a(t) ≥ 0 then Max ( |Φ_n|, ∑_{N−1} n=1 |[Φ_n]|, ∑_N n=1 ∫_{tn} t_{n−1} a(t)|Φn| dt ) ≤ |ē_N |.

Proof: We show the last estimate (iv), (the proofs of (i)-(iii) are similar to that of the stability factor in Theorem 9.2).

Consider the discrete dual problem with v ≡ 1:

(DDP ) ∫_{tn} t_{n−1} (−Φ̇ + a(t)Φ)vdt − [Φ_n]v_n = 0, ∀v ∈ W^{(0)}_k

Φ_{N+1} = (π_ku − U)_N :≡ ē_N .

For dG(0) this becomes (DDP ) { −Φ_{n+1} + Φ_n + Φ_n ∫_{tn} t_{n−1} a(t) = 0, n = N, N − 1, . . . , 1 Φ_{N+1} = ē_N , Φ_n = Φ|_{In} .

Iterating we get

(22) Φ_n = N∏ j=n ( 1 + ∫ I_j a(t)dt )_{−1} Φ_{N+1}

For a(t) ≥ 0 we have ( 1 + ∫ I_j a(t)dt )_{−1} ≤ 1, thus (22) implies that

(23) |Φ_n| ≤ Φ_{N+1} = |ē_N |.

Further we have using (22) that

Φ_{n−1} = N∏ j=n−1 ( 1 + ∫ I_j a(t)dt )_{−1} Φ_{N+1} = ( 1 + ∫ I_{n−1} a(t)dt )_{−1} Φ_n ≤ Φ_n

which implies that

[Φ_n] = Φ^+_n − Φ^−_n = Φ_{n+1} − Φ_n ≥ 0.

Thus N∑ n=1 |[Φ_n]| = Φ_{N+1} − Φ_N + Φ_N − Φ_{N−1} + . . . + Φ_2 − Φ_1

= Φ_{N+1} − Φ_1 ≤ Φ_{N+1} ≤ |ē_N |.

(24)

Finally in the discrete equation:

(25) ∫_{tn} t_{n−1} (−Φ̇ + a(t)Φ)vdt − [Φ_n]v_n = 0, ∀v ∈ W^{(0)}_k

we have v ≡ 1 and Φ̇ ≡ 0 for the dG(0). Hence (25) can be rewritten as ∫_{tn} t_{n−1} a(t)Φ_ndt = [Φ_n],

which gives, summing over n, that

(26) N∑ n=1 ∫_{tn} t_{n−1} a(t)Φ_ndt ≤ N∑ n=1 [Φ_n] ≤ |ē_n|.

Combining (23), (24), and (26) the proof of (iv) is now complete. As we mentioned earlier (i)-(iii) are proved in a similar way as Theorem 9.2(a). We omit the details. □ Quadrature of f: (Assume that a=constant) Then the error representation formula, combining dG(0), with the quadrature role for f is as follows:

e^2_N = N∑ n=1 ( ∫ tn t_{n−1} (f − aU)(φ − π_kφ)dt − [U_{n−1}](φ − π_kφ)^+_{n−1} + ∫_{tn} t_{n−1} fπ_kφdt − (fπ_kφ)_nk_n quadrature error

)

where ḡ_n = { g(t_n) for-the-endpoint-rule g(t_{(n−1/2)}) for-the-midpoint-rule Definition:

If φ is the solution of the dual problem { −φ̇ + aφ = 0, for t_N > t ≥ 0 φ(t_N ) = e_N

then S̃(t_N ) = ∫_{tN} 0 |φ|dt |e_N | is called the weak stability factor.

Note. π_kφ is piecewise constant and ∫ I_n |π_kφ(t)|dt ≤ ∫ I_n |φ(t)|dt. We have the following relations between the two stability factors: S̃(t_N ) ≤ t_N (1 + S(t_N )).

If a > 0 is sufficiently small, then S̃(t_N ) >> S(t_N ). Theorem 9.7: (The modified a posteriori estimate for dG(0)), The dG(0) approximation U(t) computed using quadrature on terms involving f satisfies for N = 1, 2, . . . |u(t_n) − U_n| ≤ S(t_n)|kR(U)|_{(0,tN )} + S̃(t_N )C_j |k^jf^{(j)}|_{(0,tN )}, where R(U) = |U_n − U_{n−1}| k_n + |f − aU|, on I_n and j = 1 for the rectangle rule, j = 2 for the midpoint rule, C_1 = 1, C_2 = 1 2 , f^{(1)} = ḟ and f^{(2)} = f̈.