Special symbols

Function

Rectangle
Triangle
Heaviside unit step

Sign (-signum)
Impulse symbol
Sampling or replicating symbol

Even impulse pair

Odd impulse pair

Filtering or interpolating

Asterisk notation for convelution
Asterisk notation fo; serial products

Pentagram notation

Various two-dimensional functions

Guide to reference data

Sﬁmmary of special symbols

Oddness and evenness

Conjugates

Fourier transforms

Theorems for Fourier transform
Correspondences in the fwo domains
Laplace transforms

Two-dimensional Fourier transforms
Three-dimensional Fourier transforms
Hankel transforms

Mellin transforms
z transforms
Abel transforms
Hilbert transforms

Notation
N k<3
9= >3
_J1—x x] <1
A = {o B> 1
i x >0
Hexy = {0 x <0
1 x >0
BRY=1 Y
8(x)

I{x) = i 8x — n.)

nx) = 13 + 1) + Ja(x — §)

) =26+ )~ B - §)

. sin mx Iwr)
sincx = Y Jiner = ~—=
T ar

S0+ 5 & [ flugte - vy
U+ o e She

£ % 80 8 fage +

"Mi{xy) = T(x)TIy)
’3(xy) = a(x) &(y)
“W(xy) = M(x)H(y)
“sine (x,y) = sinc x sine Y

70, 71
13,15
B 13
107, 131, 265, 573
130, 206, 268
190, 199
385,388
333-335
342
338
345-346
350-351
354
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_____ S Filters and Matrices

o h=(n(0), ..., B(N))  Causal FIR lowpass filter (impulse response) with > h(k) = 1

¢ H  Toeplitz matrix with %(k) on the kth diagonal;
H(w) =3 (k) e~ike
H{el®)y = Y h(k) e~k

o H(E@) =3 nk)z*

Hij = k(i ~ j)
(frequency response in reduced notation)

(signal processing notation)
Transfer function in the z-domain with 7 = e/e

® y=Hx=hxyxcomespondsto ¥ (z) =H(@)X () Convolution Rule

¢ S Delay gives (Sh)(k) = h(k — 1) Time Invariance is SH = Hg

o 571 Advance gives (SIR)(k) = h(k + 1) Multiply transform by 7 = ¢—jo

° ({2) Downsampling operator (4 20k = hgyey = ((0), 2(2), h(4), ...) = even phase of

° (287 = hogg = (B(1), B(3), &(5), ...)  0dd phase of &

o Hp(2) = [Heyen(z) Hogy()] = [Zr@0z ™ Yh2k+ Dz7*}  Polyphase Tepresentation

e (12) Upsampling operator G2y =pO) 0 ¥(1) 0 v(2) 0 ...]has z-transform V (z%)

o (12)x = [x(0) 0 x(2) 0 *(4) OThas z-transform 1[X (z) + X(=2)] = Xeyen(2?)

o H(z7!H Transpose filter with coefficients &(—#): anticausal matrix HT

e ZVH@z) Fip to (N - k) produces (&(N), ..., h(2), r(1), R(0)

° H(—z) Alternating sign (—1)*r(k) produces (), —n(D), 1(2), —h(3), ..)
e 7 ¥H (-zhH

Alternating flip (—1)*1(N -- k) produces (), . (=Y k(0))

o (k) =h(N —k) Symmetric filter (W symmetry for odd N and B symmetry for even N)




Filter Banks

L=($2)C=(}2)+/2Hy Lowpass analysis channel: Filter and downsample
B=(}2)D = ({2)4/2H;  Highpass analysis channel: Filter has S k) =0
V2Fg(12)  Lowpass synthesis channcl: Upsample and filter with Fy(2) = Hi(—z)
V2F(42)  Highpass synthesis channel: Upsample and filter with F;(z) = —Hy(—z)
Fy{2)Hylz) — Fo(-—z)Ho(uz) = Py(z) — Po(—2) =2z7*  No distortion: € delays (odd £)

Hy e;fen(z) Hy,0da(2) ] Foeven(z)  Fleven(2) ] Polyphase
H = ’ ' d F o : .
r@ [ Hieven®) Hioga@ | 0 77 @ Foodafz)  Fi0dd(z) matrices

| Hz) H(— . Ff(2) Fi(z) Modulation
Hm(z)—[ mG) -2 ] and ¥ '"‘[ Fo(~2) Fi(-2) ] matrices

Fp(2)Hp(z) =1  Perfect Reconstruction with no delays

~f
Fo(2)Hp,(2) = [ ZZO _ 22‘5 ] Perfect Reconstruction with £ delays (odd £)

Hy(z7)Hp(z) =1 H,(z) is paraunitary and the filter bank is orthogonal
2o ho(mho(n -+ 2k) = (k) and Ho(z)Ho(z™") + Hol—2)Ho(—z 1) =2 Orthogonal lowpass
2 (=D k"ho(k) =0for0<m < p  Condition A, gives p zeros of Hy(e!®) at w = 1

List of Scaling Functions and Wavelets

Haar (box function and up-down square wave)

Danbechies (maxflat orthogonat with 2p filter co.efﬁcients)

Splines and biorthogonal wavelets (F(z) = (1 + z71)? gives spline of degree p — 1)

Splines and semiorthogonal wavelets (perpendicular to splines, IIR duals)
- Maxflat biorthogonal (F(z) H (2) is Daubechies maxflat product filter)

Binary biorthogonal (coefficients are integers times 27"; Section 6.5)

Shannon (ideal filter, sinc scaling function, box function in w)

Meyer (HR but smooth in & and £)

Coifman (zero moments H®(0) and [ £*¢ (1)dt = Ofor 0 <k < p)

Morlet (¢~ e="/2 with @ = /2] TH2) — :
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Multiresolution and Waveléts

¢ (¢) from the dilation equation (refinement equation) ¢ (r) = Y 2n(k)¢p (2t ~ k)

w(t) ff'o’_m the wavelet equation w(f) = Y 2k, (k) (2t — k)

w(t) = 22w/t — k)  Normalized wavelet on [kAt, (k + NYAt]

Scale parameter j for stepsize At =2/ (At =2/ iﬁ’iD] and MATLAB Toolbox)
Shift-invariant subspaces V; C Vi withV; @ W; =V f(h e Vo« f(2n) ¢ |7
{¢(t —k)}  An orthonormal basis (or only a Riesz bisis) for V;

{iu(t —k)}  An orthonormal basis (or only a Riesz basis) for W,

{21727 —k)} and  [22w(2/t —k)}  Bases for V; and w,-. Joint basis for V4
Orthogonal multiresolution ~ Orthonormal bases with V; perpendicular to W;
Semniorthogonal multiresolution  Riesz bases with V; perpendicular to W;

Biorthogonal multiresolution  Biorthogonal bases with V; L ﬁ’j and W; L i}'j

#(t) and {5(r) from the analysis filters ko and f generate Vo @ Wy = ¥

¢ (r) and w(t) from the synthesis filters f, and f, generate Vo & Wy = V,

{p(t — k), a(i ~£)}) = 6k —1) Biorthogonal {dual) bases for ¥, and ‘70

(w(t —k), W(t — &) =686k —1) Biorthogonal (dual) bases for Wy and W,

ap = {f({), ajk(t)) Coefficients in f;(t) = 3", aj;x(t) = projection of £(7) onto Vs
{f(), Wu(r)) Wavelet coefficients in f() =33 b WD)

A =3 ho(€ —2k) ajqieand by = 3 k(€ —2k) ajy ¢ Mallat Fast Wavelet Transform

bjk

app1e = ) fo(€ —2k) ay + 3 fi(€ —2k) by Fast Inverse Wavelet Transform




Dilation Equation-%-Solution and Smoothness

$(w) = H(%) 3( %) Pourier transform of the dilation equation

P(w) = 521 H(3)  Fourier transform of the scaling function $(¢)

U1y = 3 om(k)pP (2t —k)  Cascade algorithm with $© () = box function
M=(}{2)2H Cascade matrix with double-shifted rows: M = /2L

m© andm(1) N by N submatrices of M Eniries 24(2 — ) and 26(2i — ] + 1)
m(0)® = &  Eigenvector with A = 1 gives & = (r,b(O), @(1), .. ) at the integers
Plhn o )=m@)®(ns -} Recursion for &@) = ($(t), p(t+ 1), ...) atdyadic ¢
m(ty)) m() <+ mity) ‘ All products uniformly bounded <> Bounded recursion for ¢(f)
T=({2)2HHY  Transition matrix from autocorrelation k # A7 corresponding to | H ()2
Ta=a Eigenvector of T gives the‘inner products a(k) = {(p(1), ¢(r + k)

A(z) = Y a(k)z™* and A(w) = X |(e@ -+ 27k)2 ~ Buler-Frobenius polynomial from h(k)
A(w)=land A(z) = landa= 6 Orthonormal basis {¢(f — &)}

O<A<A@ <Band A} o <| L awd(t — K)||> < BY  a? +> Riesz basis {$(f — k))

Condition E for Riesz bases {¢(1 -- £)} and {w;(#)} and L? convergence of ¢ (1) to ¢ (#):
A =1 is a simple eigenvalue of T and all other [M(T)| < 1

Special eigenvalues A = 1, ..., (31 ofMand ) =1, ..., ($)2P~1 of T from p zeros
Smax = —i—zﬁ—g Smoothness of ¢ (¢) with p = {A;. (7)) excluding 1 = 1, %, R (%)21"‘l

Spax = P — % Smoothness in L2 of splines of degree p — 1 from H @) = (HTZH‘-)"

CSmax S p— % Bound on derivatives of ¢(¢) when the filter has p zeros at




