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We see that the mean of a sequence equals the first value of its DFT, but con-
versely the first value of the sequence equals the sum of the DFT.

!——)»mean equals A———V
. ——

—N— n
(a.. } > A )

l—)» first value a equals sum——+

:

GENERALIZED PARSEVAL-RAYLEIGH THEOREM

N-1 N-1
20 |f@)F =N 20 [F)I”

Example:
{1100} D 21— 01+
We see that 3 f2 = 2 and that NZF? =4 X 05 = 2.

PACKING THEOREM

The packing operator Packy packs a given N-member sequence f(7) with trailing
zeros so as to increase the number of elements to KN.

Packe{f(7)} = {g(7)},

| _ff(r) 0=7=N-1
where gl = {0 N=r<KN-L
Thus Pack, {1234} = {12340000}.

This theorem is .

Packy {f(1)} D G(»),

1
where G(v) = EF<%>’ »=0,K2K, ..., KN —=K

The intermediate values of G(»), not given by this relation, can be determined by
sinc-function interpolation between the known values [e.g., by midpoint inter-
polation (p. 225) when K = 2], but for a better method, see Problem 11.8.
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SIMILARITY THEOREM

To have an analogy with expansion or contraction of the scale of continuous time,
we must supply sufficient zero elements, either at the end, as with packing, so
that the sequence may expand, or between elements, S0 that there is room for con-
traction. The operation of inserting zeros between elements so as to increase the
total number of elements by a factor K will be denoted by the stretch operator

Stretchg.
Stretchy {f(7)} = {g(7)},

() = {f(T/K) r=0,K2K ..., (N-1K

where
0 otherwise.

Example:
Stretch, {1234} = {10203040}.

The theorem is, if {g} D {G},

(1

fF(V) v=0,...,N—-1

1

ZF - N) y=N,...,2N -1
Glr) =4 K

L%F(v—K—lN) y=(-1N,..., KN - 1.

Thus, stretching by a factor K in the 7 domain results in K-fold repetition of F(v)
in the » domain; the frequency scale is not compressed by a factor K.

|
EXAMPLES USING MATLAB

The DFT is readily evaluated using MATLABYR, a high-level language that can ex-
ecute operations on arrays from the keyboard and therefore is particularly adapted
to displaying numerical results as the sequence of complex values constituting
the DFT of a given sequence. For example, to obtain the DFT of the sequence

{11110000} just type
' £££([11110000]),

press the return key, and the following is displayed:
40000 1.0000—2.4142i 0 1.0000—0.4142i 0 1.0000+0.4142i 0 1.0000+2.4142i
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4. Convolution theorem. Obtain the cyclic convolutions
{0100}*{0010} and {1100}*{0011}
and verify the results by the convolution theorem.
5. Two-dimensional convolution. Obtain the two-dimensional cyclic convolution sums -
oo, J0o0 and oy . Jo1
A1 0, 01 0 2 0 0
and verify that the results are correct by mean of the two-dimensional convolution
théorem.

6. Two-dimensional DFT. Verify the following four DFT pairs in two dimensions and
show that the fifth results from adding the four togethrer.

0 0l 1f11

1 0 401 1 T
T 8

00 11 -1

O - 2
0 1) 411 -1 —0o i
1ol 1f-1 -1
oo 41 1 v .

T A
0o 1 _1f-1 1 ]

o -
00f "4l1 -1 —Su §
111 1fo 0 L
1 1) 7414 0 .

Enunciate two-dimensional sum and first-value theorems. Reconcile the pattern of mi- |

nuses in the transform with what might be expected from the two-dimensional shift
theorem. Verify the two-dimensional Rayleigh-Parseval theorem on the examples.

SRR

7. Midpoint interpolation. A 16-element sequence whose DFT is F(v) is extended to 32
elements by the addition of 16 trailing zeros. The new DFT is G(v). By the packing the-
orem we can obtain half the values of G(v) immediately; for example, G(0) =
0.5F(0), G(2) = 0.5F(1), - - . G(30) = 0.5F(15). Show that the intermediate values of G(v) .
can be obtained by cyclic convolution of the known values with the midpoint interpo- .
lation sequence (p. 225), that is, that

Gr) =05 > P(%—K—§>sinc(x+%), v=1,3,...,3L

K=—0c0

8. Supplement to packing theorem. The preceding problem requires summjﬁg an infinite
number of terms to obtain intermediate values of G(v). Show that the sum reduces to a
finite number of terms if the interpolating coefficients are modified as follows:'

N-1 7y sin [(k + %)]
Gw)=05 S Fl=- —l> , =13,...,2N -1,
®) 20 (2 T n[aN e+ ]




