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Chapter 1

Introduction

In this lecture notes we present an introduction to approximate solutions for
differential equations. A differential equation is a relation between a function
and its derivatives. In case the derivatives that appear in a differential equa-
tion are only with respect to one variable, the differential equation is called
ordinary. Otherwise it is called a partial differential equation. For example,

du
i u(t) =0, (1.0.1)

is an ordinary differetial equation, whereas

ou_ 0% _

5 "2 =0 (1.0.2)

is a partial differential (PDE) equation. In (1.0.2) %%, % denote the partial
derivatives. Here t denotes the time variable and x is the space variable. We
shall only study one space dimentional equations that are either stationary
(time-independent) or time dependent. Our focus will be on the following

equations:

1.1  Ordinary differential equations (ODE)

e An example of population dynamic as in (1.0.1)

=~ ult) = f(t), (1.1.1)
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where A is a constant and f is a source function.
e A stationary (time-independent) heat equation as

d*u
5= f(x), (1.1.2)

e A stationary convection-diffusion equation

dPu du B

de? ' dr

f(x), (1.1.3)

where f(x) is a source function.

1.2 Partial differential equations (PDE)

e The heat equation

ou 0O%u

e The wave equation
Pu 0%u

e The time depending convection-diffusion or reaction-diffusion equation

ou 0*u  Ou
e R . 1.2.3
o o2 ar W (1.2.3)
Some notation. For convenince we shall use the following notation:
ou . % ,  Ou . 0%u

i = =

YR u = PR u = a U = —-:.
ot ot? ox 0x?

Example 1.1 (Initial Conditions). Consider the simple equation u(t) = t.
Evidently, u(t) = t?/2, is a solution. But, for any constant C, t*/2 + C is
also a solution. In this way we have infintely many solutions (one for each
constant C'). To determine a unique solution we need to supply the equation
with one extra condition. Since the time variable t is always assumed to be
t >0, if we know the value of u(t), e.g., at the beginning, i.e., the initial
value e.g., u(0) = 3, then u(t) = t?/2 + 3 is the unique solution to the initial
value problem: u(t) = t, u(0) = 3. A differential equation associated with
initial conditions 1s an initial value problem.
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Example 1.2 (Boundary Conditions). Likewise u(z) = —x2/2 is a solu-
tion to —u"(x) = 1. But also all u(z) = —x*/2 + Ax + B are solutions, for
all arbitrary constants A and B. Therefore, to determine a unique solution
u(z) we need to determine some fized values for A and B, hence we need
to supply two conditions. Here if e.qg., x belongs to a bounded interval, say,
[0,1], then given the boundary values u(0) = 1 and u(1l) = 0, we get from
u(x) = —2*/2 + Az + B that B =1 and A = —1/2. Thus the solution to
the the initial boundary value problem: —u"(z) = 1, u(0) = 1, u(l) =0
is: u(z) = —x%/2 —x/2+ 1. The generale rule is that one should supply as
many conditions as the highest ordre of the derivative in each variable. So,
for example, for the hear equation u — u” = 0, to get a unique solution we
nedd to supply one initial condition (there is one time derivative in the equa-
tion) and two boundary conditions (there are two derivatives in x), whereas
for the wave equation i — u” = 0 we have to give two conditions in each
variable x and t. A differential equation with supplied boundary conditions
15 a boundary value problem.

Objectives: For f being a simple elementary function (a polynomial, a
trigonometric, or exponential type function or a combination of them), the
equations (1.1.1)-(1.2.3), associated with suitable initial and boundary condi-
tions, have often closed form analytic solutions. But real problems: general
two and three dimensional problems, modeled by equations with variable
cefficients and in complex geometry, are seldom analytically solvable.

In this note our objective is to introduce numerical methods that ap-
proximate solutions for differential equations by polynomials. To check the
quality (reliability and efficiency) of these numerical methods, we choose to
apply them to the equations (1.1.1)-(1.2.3), where we already know their an-
alytic solutions. Below we shall give examples of analytic solutions to ODEs:
(1.1.1)-(1.1.3). For examples on analytic solutions for the PDEs: (1.2.1)-
(1.2.3), we refer to the separation of variables technique introduced in the
second part of our course.

Example 1.3. Determine the solution to the initial value problem
u(t) — Au(t) =0, u(0) = uy, (1.2.4)

assuming that u(t) > 0, for allt, A =1 and ug = 2.

Solution. Since u(t) # 0, for all ¢, we may divide the equation (1.2.4) by
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u(t) and get % = \. Relabeling t by s and integrating over (0,t) we get

/Ot @ds = )\/Ot ds = [lnu(s)]t = A[slf. (1.2.5)

u(s) 0

Hence we have

_ ut) _
Inwu(t) —Inu(0) =AMt or In w0) At. (1.2.6)
Thus 0)
w0) =, ie. wu(t) = upe™. (1.2.7)

Consequently, with A = 1 and uy = 2 we have u(t) = 2¢".

To derive solutions to our examples on a systematic way, we recall the pro-
cedure for determining a particular solution w, to a second order differential
equation with constant coefficiets of the form:

u'(z) + au'(z) + bu(x) = f(z). (1.2.8)

1. If f(z) = a polynomial of degree n. Set

i) up(z) =ap+ax+---+az”, fb#0
i) uy(z) =z(ap+arz+---+aya”), ifb=0,a#0

2. If f(z) = (polynom) X e’*. Set

i) u,(z) = 2z(z)e’™.

This gives a new differential equation for z solved by 1).
ii) u,(z) = Ae’, if polynom = constant.

This works if 0> +ao +b # 0: i.e. o is not a root to the

characteristic equation.

3. If f(x) = pcos(wz) + gsin(wx). Set

i) u,(z) = C cos(wzx) + Dsin(wz), for —w? + aiw + b # 0,
i.e., if iw is not a root to the characteristic equation.

ii) uy(z) = 2(C cos(wz)+ Dsin(wz)), if —w?+aiw+b=0.
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Example 1.4. Find all solutions to the differential equation
u"(z) — u(z) = cos(z). (1.2.9)

Solution. Due to the highest number of derivatives (here 2 which is also
called the order of this differential equation), we shall have solutions depend-
ing on two arbitrary constants. As we mentioned earilear a unique solution
would require supplying 2 conditions, which we skip in this problem.

We note that the characteristic equation to this differentisal equatios:
7?2 —1 = 0 has the roots w = 1. We split the solution procedure in 3 steps:

Step 1: According to the table above we choose a particular solution u,(x)
of the form

uy(r) = Acosz + Bsinx. (1.2.10)
Differentiating twice and inserting in the equation (1.2.9) yeilds
u,(r) = —Asinz+ Bceosx
uy(r) = —Acosxz— Bsinx
uy(r) —up(r) = —2Acosx —2Bsinr = cosx

identifying the coefficients yields A = —%, B =0. Thus

1
uy(x) = —g o8 (1.2.11)

Step 2: The homogeneous solution is given by the standard ansatz

up(z) = Cre™® 4 Che™", (1.2.12)
where C; and Cy are arbitrary constants and r; = 1 and r, = —1 are the
roots of the characteristic equation. Hence

up(x) = Cre® 4+ Cre™™. (1.2.13)

Step 3: Finally, the general solution is given by adding the particular and
homogeneous solutions

1
u(z) = —5 o8 + Cre” + Coe™. (1.2.14)

In the above example we obtained general solutions depending on two con-
stants. Below we shall demonstrate an example where, supplying two bound-
ary conditions, we obtain a unique solution
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Example 1.5. Determine the unique solution of the following boundary value
problem

W' +2u'+u=1+x+2sinz, uw(0) =1, '(0)=0. (1.2.15)

Homogeneous solution:
The characteristic equation for the differential equation (1.2.15) is given by

7> +2r +1=0, and has dubbel root 7, =—1. (1.2.16)
This gives the homogeneous solutions as
up = (C1 4+ Cox)e™ ™. (1.2.17)

Particular solution:
The particula solution can be written as sum of two particular solution to
the following equations:

ul +2ul +up =1+, (1.2.18)

and
uy + 2uhy + ug = 28inx. (1.2.19)

Since the differential equation is linear, a concept justified by the relation
(auy + bug)" = auf +buy, and Va,b € R,

thus u = uy + uy will be a particular solution for (1.2.15). Using the table of
particular solutions, we may insert u;(xz) = Ax 4+ B, as particular solution,
in (1.2.18) and get

2A+ Az +B=1+ux. (1.2.20)

Identifying the coefficients in (1.2.20) gives A =1 and B = —1. Hence
u(z) =x — 1.

Once again using the table of particular solutions, we may insert us(z) =
Asinx + B cosz, as particular solution, in (1.2.19) and get

2Acosx — 2Bsinz = 2sin . (1.2.21)
Identifying the coefficients in (1.2.21) gives A = 0 and B = —1. Hence

us(r) = — cos .
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Thus the general solution is given by
u=up+uy +us = (Cy + Coz)e ™ + (z — 1) — cos . (1.2.22)

Now we use the boundary conditions and determine the coefficients C; and
C5. Observe that

' = Che™ — (C1 4+ Cox)e™™ + 1 +sinz,
and we have that
u0)=1—=C,—-1-1=1=C; =3.
Further
W(0)=0=0C,—C1+1=0=0C =01 — 1= Cy =2.
Thus the final solution is
u(zr) =x —1—cosz+e “(3+ 2x).

Summary: These examples of ODEs can serve as a sort of warm up. As we
mentioned the corresponding analytical solutions for our PDEs is the subject
of Fourier analysis that we cover on the second part of this course. The
remaing chapters will be devoted to the approximation methods for solution
of our ODEs and PDEs. We shall approximate the solutions with, piecewise,
polynomials. Such approximations are known as the Galerkin finite element
methods (FEM). In its final step, a finite element procedure yields a linear
system of equations (LSE) where the unknowns are the approximate values of
the solution at certain points. Then, an approximate solution is constructed
by adapting, piecewise, polynomials of certain degree to these point values.

The entries of the coefficient matrix and the right hand side of FEM’s
final linear system of equations consist of integrals which are not always
easily computable. Therefore, numerical integration are introduced to ap-
proximate such integrals. Interpolation techniques are introduced for both
accurate polynomial approximations and to derive error estimates necessary
in determining qualitative properties of the approximate solutions. That is
to show how the approximate solution approaches the exact solution as the
number of unknowns increase.
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1.2.1 Exercises

Problem 1.1. Find all solutions to the following homogeneous (their right
hand side is zero “07) differential equations
a)u’ —3u +2u=0 b) u" +4u =0 c)u" —6u +9u=0

Problem 1.2. Find all solutions to the following non-homogeneous (their
right hande side are non-zero” # 0" ) differential equations
a)u"+2u' +2u = (1+x)? b)u"+u'+2u=sinz c)u"+3u'+2u=¢"

Problem 1.3. Find a particular solution to each of the following equations
a)u" —2u' =2 b)u +u=sinz c¢)u’ +3u +2u=¢e"+sinz.

Problem 1.4. Solve the boundary value problem for all x € (0, 1),
—u" +u=f(z), u(0)=u(l)=0,

a) for f(x) =0, b) for f(x) ==z, c) for f(x) = sin(rx),

Problem 1.5. Solve the following boundary value problems
a) —u'"'=x—1, 0<z<m, u'(0) = u(m) =0,
b) —u" ==z, 0<z<m, ' (0) =4/ (1) = 0.



Chapter 2

Polynomial Approximation in
1d

Our objective is to present the finite element method (FEM) as an approximation
technique for solution of differential equations using piecewise polynomials. This
chapter is devoted to some necessary mathematical environments and tools, as
well as a motivation for the unifying idea of using finite elements: A numerical
strategy arising from the need of changing a continuous problem into a discrete
one. The continuous problem will have infinitely many unknowns (if one asks for
u(z) at every x), and it cannot be solved exactly on a computer. Therefore it
has to be approximated by a discrete problem with a finite number of unknowns.
The more unknowns we keep, the better the accuracy of the approximation will
be, but at a greater computational expense.

2.1 Overture

Below we shall introduce a few standard examples of classical differential
equations and some regularity requirements.

Ordinary differential equations (ODEs)
An initial value problem (IVP), for instance a model in population dynamics
where u(t) is the size of the population at time ¢, can be written as

at) = Mu(t), 0<t<T,  u(0)=u, (2.1.1)

where 4(t) = 9 and A is a positive constant. For ug > 0 this problem has

the increasing analytic solution u(t) = uge™*, which blows up as t — oo.

9
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e Numerical solutions of (IVP)

Example 2.1. Explicit (forward) Euler method (a finite difference method).
We discretize the IVP (2.1.1) with the forward Euler method based on a
partition of the interval [0,T) into N subintervals, and an approximation of

to-';() £ t ?:; tN—;T

the derivative by a difference quotient at each subinterval [ty, tx1] by u(t) ~
w(try1)—u(te)

. Then an approximation of (2.1.1) is given by

tpr1—tk
t —u(t

w(tpsr) — u(ty) = \-ulty), k=0,...,N—1, and u(0)=up, (2.1.2)
b1 — Uk

and thus, letting Aty = tgi1 — ti,
u(tk+1) = (1 + )\Atk)u(tk) (2.1.3)

Starting with k = 0 and the data u(0) = ug, the solution u(ty) would, itera-
tively, be computed at the subsequent points: ty, to, ..., ty =1T.
For a uniform partition, where all subintervals have the same length At,

(2.1.3) would be of the form
w(trsr) = (1 + AAu(ty), k=0,1,...,N—1. (2.1.4)
Iterating we get
u(tpyr) = (1 4+ MADu(ty) = (14+ A2 u(tp_1) = ... = (1 4+ A .

Other finite difference methods for (2.1.1) are introduced in Chapter 5. There
are corresponding finite difference methods for PDE’s. Our goal, however, is
to study the Galerkin finite element method. To this approach we need to
introduce some basic tools:

Finite dimensional linear space of polynomials on an interval
Below we give an examples of finite dimensional linear space of polynomials
defined on an interval. In our study we shall consider, mainly, polynomials of
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degree 1. Higher degree polynomials are studied in some details in Chapter
3: the polynomial interpolation in 1D.

We define P (a,b) := {Space of polynomials of degree < ¢, a < z < b}.
A possible basis for P (a, b) would be {27}1_y = {1, 2,2 2%, ... 29}. These
are, in general, non-orthogonal polynomials and may be orthogonalized by
the Gram-Schmidt procedure. The dimension of P? is therefore g + 1.

Example 2.2. For linear approximation we shall only need the basis func-
tions 1 and x. An alternative linear basis function on the interval [a,b] is
given by two functions A\,(x) and \y(x) with the additional property

a
Ao() = and  My(z) =
0, r=> 0, x = 0.

Being linear A\,(x) = Az + B. To determine the coefficients A and B we have
that

Mf(a) =1 = Aa+B=1
M) =0 =  Ab+B=0

Subtracting the two relations above we get A(b —a) = =1 = A = .
Then, from the second relation: B = —Ab we get B = ﬁ Thus,
Molr) = /=2 Likewise  My(a) = @
o(z) = : ikewise x) = :
b—a v ’ b—a
1 - .
x

Figure 2.1: Linear basis functions A\, (z) and \y(z).

Note that

Aa(2) + Mp(x) =1, and  al, () + b\p(2) = 2.
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Thus, we get the original basis functions: 1 and x for the linear polynomial
functions, as a linear combination of the basis functions A,(x) and Ay(x).
Hence, any linear function f(x) on an interval [a,b] can be written as:

f(@) = fla)Aa(z) + [(0)Ns(2). (2.1.5)

This is easily seen by the fact that the right hand side in (2.1.5) yields:
fla)Aa(a) + f(D)Ao(a) = f(a) x 14 f(b) x 0 = f(a),
f(@)Aa(b) + f(D)Ae(b) = f(a) x 0+ f(b) x 1= f(b).

That is the two sides in (2.1.5) agree in two distinct points, therefore, being
linear, they represent the same function.

Example 2.3. Let [a,b] = [0, 1] then A\o(z) = 1 —z and A\ (z) = z. Consider
the linear function f(x) =3z +5/2. Then f(0) =5/2, f(1) =11/2 and
) 11
F(O)Xo(z) + f(1) A (2) = 5(1 — )+ SE= 3r+5/2 = f(x).
Definition 2.1. Let f(x) be a real valued function definied on R or on an
interval that contains [a,b]. A linear interpolant of f(z) on a and b is a

linear function m f(x) such that w1 f(a) = f(a) and m f(b) = f(b).
As in verification of (2.1.5), we have also 7 f(x) = f(a)A\o(z)+ f(D)A\p(x) :

b—=x T —a

mif (@) = fla)y— + F(b)

Below, for simplicity, first we shall assume a uniform partition of the interval
[0,1] into M + 1 subintervals of the same size h, i.e., we let x; = jh, and
consider subintervals I; := [z;_1,x;] = [(j — 1)h,jh] for j =1,...,M + 1.
Then setting a = z;_1 = (j — 1)h and b = z; = jh we may define

_J;—jh
h

x—(j—l)h.

Aj-1(z) = ’

and \j(x) =

We denote the space of all continuous piecewise linear polynomial func-
tions on Ty, by Vj. Let

VY2i={v:veV, v0)=uv(l)=0}.
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Y

Y

i oy foo oy

Figure 2.3: An example of a function in V}? with uniform partition.

Applying (2.1.5), on each subinterval ;, j=1,..., M +1, (using \j(z),j =
1,..., M) we can easily construct the functions belonging V;?. To construct a
function v(x) € Vj, we shall also need additional basis functions Ag(x) and/or
Avt1(x) if ©v(0) # 0, and/or v(1) # 0, corresponding to non-vanishing data
in the boundary value problems.

The standard basis for piecewise linears in a uniform partition are given by
the so called hat-functions ¢;(x) with the property that ¢;(x) is a piecewise
linear function such that ¢;(x;) = 6;;, where

el (j )b <z < jh

5ij = e pi(z)=¢ UHE=E g <0 < (G +1)R
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with obvious modifications for j = 0 and j = M + 1. The hat function
¢;(z) is just a combination of two basis functions A;(x) of the two adjacent
intervals I; and [;4; (each of these two adjacent intervals has its own \;(x),
check this), extended by zero for = ¢ (I; U I;41).

ol T 72 1’3:11 . ZTJI' h9€3"|+1 Thr Tikon
e e

Figure 2.4: A general piecewise linear basis function ¢;(x).

2.1.1 Basis function in nonuniform partition

Below we generalize the above procedure to the case of nonuniform partition.
Let now I = [0, 1] and define a partition of I into a collection of nonuniform

subintervals. For example T, : 0 = 29 < 77 < ... < 2y < Tp41 = 1, with
h; = x; —xj_y, and j = 1,...,M + 1, is a partition of [0,1] into M + 1
subintervals. Here h := h(x), known as the mesh function, is a piecewise

constant function defined as h(z) = h; for x € I; = [x;_1,x;]. We shall see
that m; f “gets closer to” f, as max h(z) — 0. Now we may apply the concept
of the linear interpolant to a a set of nonuniform subintevals [; := [x;_1, ;]
of a given interval I, simply by setting a = x;_; and b = z;. Therefore, we
define

LT and Aj(z) = i

.CCJ' —ZL’J’,1 .CCJ' —ZL’j,1

Aj-1(z) =

The corresponding basis functions for the nonuniform case are given as

i | _ A
h; Ti1 ST S
Tjy1—T
@J( ) Rjt1 ] = = 4541

0 v ¢ [, 2]
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Y

' o = =+ ' — X
RN T T, =
TRC AN ol
Figure 2.5: An example of a function in V).
Again with obvious modifications for j =0 and j = M + 1.
Y
1 ______________________________
()
T + letz 333"|—1 i{} 335:11 Thr xﬁl_-&-l &
oty iy

Figure 2.6: A general piecewise linear basis function ¢;(x).

Vector spaces
To establish a framework we introduce some basic mathematical concepts:

Definition 2.2. A set V' of functions or vectors is called a linear space, or
a vector space, if for all u,v € V and all « € R (real number), we have that

(i) u+veV, (closed under addition)
(i) aueV, (closed under multiplication by scalars), (2.1.6)
(i11) F(—u) €V : u+ (—u) =0, (closed under inverse),
where (i) and (ii) obey the usual rules of addition and multiplication by

scalars. Observe that v = 0 in (ii) (or (éi7) and (i), with v = (—u)), implies
that 0 (zero vector) is an element of every vector space.
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Definition 2.3. A scalar product (inner product) is a real valued operator
on' VXV, viz (u,v) : VXV — R such that for all u, v, w € V and all « € R,

(i) (u,v) = (v,u), (symmetry)

(i) (u+ av,w) = (u,w) + a{v,w), (bi-linearity)
(111) (v,v) >0, YveV, (positivity)
(iv) (v,v) =0,<= v =0 (positive definiteness).

(2.1.7)

Definition 2.4. A wvector space V' is called an inner product space if V 1is
associated with a scalar product (-,-), defined on V x V.

Example 2.4. A usual example of scalar product of two functions u and v
defined on an interval [a,b], known as the Ly scalar product, is defined by

b
(u,v) ::/ u(z)v(z)de. (2.1.8)

Here are examples of some vector spaces that are also linear product
spaces associated with the scalar product defined by (2.1.8).

e C(a,b): The space of continuous functions on an interval (a,b),

e PW[q, b]: the space of all polynomials of degree < ¢ on C|a, b] and

e V,,(a,d) and V?(a,b) defined above.

The reader may easily check that all the properties (i) — (iv), in the
definition, for the scalar product are fullfiled for these spaces.

Definition 2.5. Two (real-valued) functions u(x) and v(x) are called orthog-
onal if (u,v) = 0. The orthogonality is also denoted by u L v.

Example 2.5. For the functions u(x) =1 and v(z) = x, we have that
1 1 1 1
/ u(z)v(z)dr = / Ixzdx =0, / u(z)v(z)de = / Ixxdr=1/2 #0.
—1 -1 0 0
Thus, 1 and x are orthogonal on the interval [—1, 1], but not on [0, 1].

Definition 2.6 (Norm). If u € V' then the norm of u, or the length of u,
associated with the scalar product (2.1.8) above is defined by:

ol = Vo = 0 = ([ wpar) 219

This norm is known as the Lo-norm of u(x). There are other norms that we
will introduce later on.
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Now we recall one of the most useful inequalities that is frequently used in
estimating the integrals of product of two functions.

Lemma 2.1 (The Cauchy-Schwarz inequality). For all inner products with
their corresponding norms We have that

[ {w, )| < [

In particular for the Lo-norm and scalar product

‘/uvdw’ < (/\u]Qd:c>1/2(/]v|2dx>l/2.

Proof. A simple proof is given by using
(u—av,u — av) >0, with  a = (u,v)/|v|*

Then by the definition of the Lo-norm and the symmetry property of the
scalar product we get

0 < (u—av,u— av) = ||ul|* - 2a{u,v) + a*||v|*.
Setting a = (u, v)/||v||* and rearranging the terms we get

(u, v)?

[l

(u, v)?
o]

0 < Jlull* - lv]l*,  and consequently < Jlull®,

which yields the desired result. O]

Now we shall return to approximate solution for (2.1.1) using polynomials.
To this approach we introduce the concept of weak formulation viz,

2.2 Variational formulation for (IVP)

We multiply the initial value problem (2.1.1) with test functions v in a certain
vector space V' and integrate over (0,77, to get

/ () i = A / L d, eV (2.2.1)
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or equivalently
T
/ (@(t) = Nu(®)o(t)dt =0,  Vo(t) €V, (2.2.2)
0

which, interpreted as inner product, means that
(u(t) — Au(t)) Lo(t), Vou(t)eV. (2.2.3)

We refer to (2.2.1) as the variational problem for (2.1.1). We shall seek a
solution for (2.2.1) in C(0,7), or in

Vi=HY0,T) = {f : /OT (f(t)2—|—f(t)2> dt < oo}

Definition 2.7. If w is an approximation of u in the variational problem
(2.2.1), then R(w(t)) := w(t) — Aw(t) is called the residual error of w(t).

In general for an approximate solution w we have w(t) — Aw(t) # 0,
otherwise w and u would satisfy the same equation and by uniqueness we
would get the exact solution (w = u). Our requirement is instead that w
should satisfy (2.2.3), i.e. the equation (2.1.1) in average. In other words

R(w(t)) Lo(t), Yolt)eV. (2.2.4)

We look for an approximate solution U(t), called a trial function for (2.1.1),
in the space of polynomials of degree < ¢:

V@O .= PO — (. U(t) =& + &t + Et® + ...+ &t} (2.2.5)

Hence, to determine U(t) we need to determine the coefficients &, &1, . .. &,
We refer to V@ as the trial space. Note that u(0) = ug is given and therefore
we may take U(0) = & = up. It remains to find the real numbers &, ...,&,.
These are coefficients of the ¢ linearly independent monomials ¢, t2, ..., t9.
To this approach we define the test function space:

V9 =Pl = {v e P@ . y(0) = 0}. (2.2.6)

Thus, v can be written as v(t) = 1t + ot + ... + ¢,t?. For an approximate
solution U, we require its residual R(U) to satisfy the condition (2.2.4):

R(U®) Lo(t),  Vo(t) e P,
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2.3 Galerkin finite element method for (2.1.1)

Given u(0) = uy, find the approximate solution U € P@ of (2.1.1) satisfying

ATRaxww@mn:AZU@y—AU@ﬁ@mp:Qvmweﬁ#% (2.3.1)

Formally, this can be obtained requiring U to satify (2.2.2). Thus, since
U € P9, we may write U(t) = uy + > &t then U(t) = 379, j&;t7 "
Further, P(gq) is spanned by v;(t) =t',i =1,2,...,q. Therefore, it suffices to
use these t':s as test functions. Inserting these representations for U, U and
v=1v;,1=1,2,...,q into (2.3.1) we get

1 q q
/ (> g&t " = Mg — AZ@H) Adt=0, i=1,2,...,q. (2.3.2)
0 =1 j=1

Moving the data to the right hand side, this relation can be rewritten as

1,4 1
/ (Z(jé‘jt”j‘l - Agjtiﬂ))dt = )\uo/ fdt, i=1,2,...,q. (2.3.3)
Performing the integration (¢;:s are constants independent of t) we get

q tH—j ti-‘rj-i—l t=1 ti+1 =1
1 - ] = [A ' } : 2.3.4
;@[y i+ i+ j+ 1li=0 Y01 ] o ( )

or equivalently

i( J A )g A i =1,2 (2.3.5)
_ . U 1 = gLy ey (,y J.
e R RN E I VA A B a

which is a linear system of equations with ¢ equations and ¢ unknowns
(&1, &2, - .., &); in the coordinates form. In the matrix form (2.3.5) reads

E=b, with A=(ay), Z=(§)j=;, and b= (b),. (2.3.56)

But the matrix A although invertible, is ill-conditioned, i.e. difficult to invert
numerically with any accuracy. Mainly because {¢'}?_; does not form an
orthogonal basis. For large ¢ and j the last two rows (columns) of A computed
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J A

i+j i+j+1
small value for the determinant of A.
If we insist to use polynomial basis up to certain order, then instead of
monomials, the use of Legendre orthogonal polynomials would yield a diago-
nal (sparse) coefficient matrix and make the problem well conditioned. This
however, is a rather tedious task. A better approach would be through the
use of piecewise polynomial approximations (see Chapter 5) on a partition of
[0, 7] into subintervals, where we use low order polynomial approximations
on each subinterval.

are very close to each other resulting in a very

from A5 =

The Ls-projection onto a space of polynomials

A polynomial 7 f interpolating a given function f(x) on an interval (a,b)
agrees with point values of f at a certain discrete set of points x; € (a,b) :
wf(x;) = f(x;), i =1,...,n, for some integer n. This concept can be gener-
alized to determine a polynomial Pf so that certain averages agree. These
could include the usual average of f over [a, b] defined by,

1 b
i [t

or a generalized average of f with respect to a weight function w defined by

<f»w>:/ fz)w(z)dx.

Pf

o T awd=1

Figure 2.7: An example of a function f and its Ly projection Pf in [0, 1].
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Definition 2.8. The orthogonal projection, or Ls-projection, of the function
f onto P(a,b) is the polynomial Pf € P%(a,b) such that

(fyw)=(Pf,w) < (f—Pf,w)=0 foralwePia,b). (2.3.7)

Thus, (2.3.7) is equivalent to a (¢ + 1) X (¢ + 1) system of equations.

2.4 A Galerkin method for (BVP)

We consider Galerkin method for the following stationary (u = du/dt = 0)
heat equation in one dimension:

—u"(z) = f(z), O0<x<l; u(0) = u(1) = 0. (2.4.1)

Let T : {jh}8Y, (M +1)h =1 be a uniform partition of the interval [0, 1]
into the subintervals I; = ((j — 1)h,jh), with the same length [I| = h

j=1,2,...,M + 1. We define the finite dimensional space V}? by

)

V2= {v € C(0,1) : vis a piecewise linear function on T, v(0) = v(1) = 0},

with the basis functions {; }}Z, defined below (these functions will be used to
determine the values of approximate solution at the points x;, j =1,..., M.

Due to the fact that u is known at the boundary points 0 and 1; it is not
necessary to supply test functions corresponding to the values at o = 0 and
xyme1 = 1. However, in the case of given non-homogeneous boundary data
u(0) = ug # 0 and/or u(1) = uy # 0, to represent the trial function, one uses
the basis functions to all internal nodes as well as those corresponding to the
non-homogeneous data (i.e. at z = 0 and/or z = 1).

Remark 2.1. If the Dirichlet boundary condition is given at only one of the
boundary points; say o = 0 and the other one satisfies, e.g. a Neumann
condition as

—u"(z) = f(z), 0<z<l; uw(0) = by, u'(1) =10, (2.4.2)

then the function gy (at xo = 0 ) will be unnecessary (no matter whether
bo = 0 or by # 0), whereas one needs to provide the half-base function onri1
at xpr41 = 1 (dashed in (2.8) below). Note that, o participates (as data) in
representing the trial function U (see excercises at the end of this chapter).
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Zo

Ly

Figure 2.8: Piecewise linear basis functions

Now we define the function space

Vo = H3(0,1) := {w : /Ol(w(oc)2 +uw'(2)?) dr < oo, w(0) =w(l) = 0} :

A wvariational formulation for problem (2.4.1), is based on multiplying (2.4.1)
by a test function v € Vj and integrating over [0, 1):

/0 (—u"(z) — f(z))v(z)dx =0, Yo(z) € V. (2.4.3)

Integrating by parts we get

1 1
—/ u(z)v(z)de = / u' (z)v (x)dz — [u/ (z)v(z)]g, (2.4.4)
0 0
and since for v(z) € Vp; v(0) = v(1) = 0, we end up with
1 1
—/ o' (z)v(x)dr = / u'(z)v'(x) da. (2.4.5)
0 0
Thus the variational formulation for (2.4.1) is: Find u € V4 such that

/ ) dy = / F@)o(z)de, Yo Vi (2.4.6)

This is a justification for the finite element formulation:
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The Galerkin finite element method (FEM) for the problem (2.4.1):
Find U(x) € V}? such that

/0 U ()0 () dae = /0 f@po(a)de, Vo) € VY. (2.4.7)

Thus the Galerkin approximation U is very similar to Pu: The Lo-projection
of u. We shall determine &; = U(x;) which are the approximate values of u(x)
at the node points z; = jh, 1 < j < M. To this end using basis functions
@;(z), we may write

M M
Ux) = Z & pj(x)  which implies that U’'(z) = Zf’jgo;(x) (2.4.8)
j=1 j=1
Thus, (2.4.7) can be written as

ij/() () U/(HJ)CW:/O fy(x)de,  Vo(z) e V2. (2.4.9)

Since every v(z) € V¥ is a linear combination of the basis functions ¢;(x),
it suffices to try with v(x) = ¢;(z), for i« = 1,2,..., M: That is, to find ¢;
(constants), 1 < j < M such that

i (/Olsoé(x)so;(a:)da:)gj - /Olf(x)goi(x)dx, i=1,2,...,M. (24.10)

j=1

This M x M system of equations can be written in the matrix form as

A& =h. (2.4.11)
Here A is called the stifflness matrix and b the load vector:
1
A={alio ay= [ Gl (2.4.12)
0

by &1

by , ! )
b= , with b, = [ f(x)pi(z)dr, and £ = . (2.4.13)

- 0 .

bM £M
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To compute the entries a;; of the matrix A, first we need to derive ¢}(z), viz

e=(=Dh(; _ b < x <ih

h
pile) = ¢ EE=Eih < p < (i+1)h
0 else
5 (i—1h<az<ih
pi(r) =3 —1 dh<a<(i+1)h
0 else

Stiffness matrix A:
If |¢ — j| > 1, then ¢; and ¢; have disjoint support, see Figure 2.7, and

1
o= [ Gla)ela)dr =0,
0

Figure 2.9: ¢;_; and @j1.

As for i = j: we have that

h h

/zi <1>2d +\/wi+1< 1)2d xi—$i71+$i+1—xi 1+1 2
Q4 — - X —_ = xr = = — _ = —.
b \h .. h 2 2 R h o h




2.4. A GALERKIN METHOD FOR (BVP) 25

It remains to compute a;; for the case of (applicable!) j =i+ 1: A straight-
forward calculation (see the fig below) yields

Tit1 1 1 Tiv1 — T; 1
Obviously @11, = a;iy1 = —%. To summarize, we have
Y
1 _______________________________

Lj-1 i T Lj+2

Figure 2.10: ¢, and ¢,4;.

CLUIO, if ’Z—]|>1,
a; = %, i=1,2,..., M, (2.4.15)
Ai—1; = Qji—1 = —%, 1=2,3,..., M.

By symmetry a;; = a;;, and we finally have the stiffness matrix for approxi-
mating the stationary heat conduction by piecewise linear polynomials in a
uniform mesh, as:

Aunig = 7 . (2.4.16)
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As for the components of the load vector b we have

bi = /01 f(@)pi(x) de = / flao) = do /+ o= o

i

2.4.1 The nonuniform version

Now let ﬁ 0 =120 < 1 < ... < xpyy < w41 = 1 be a partition of
the interval (0, 1) into nonuniform subintervals I; = (x;_1,z;), with lengths
|I;| =h; =x; —xj_1,j=1,2,...,M + 1. We define the finite dimensional
space V! by

V2 :={v e C(0,1) : vis a piecewise linear function on T, v(0) = v(1) = 0},

with the nonuniform basis functions {goj}j]\il. To compute the entries a;; of
the coefficient matrix A, first we need to derive ¢}(x) for the nonuniform
basis functions: i.e.,

=t g <o <
. — Tip1—X
pi(z) = T TS ST =
0 else
1
T Ti1 < T <X
I — 1
pi(z) = T i< T <Tip
0 else

Nonuniform stiffness matrix A:
If |i — j| > 1, then ¢; and ¢; have disjoint support, see Figure 2.9, and

1
0y = / ()0 (a)da = 0.
0

As for i = j: we have that

hi hi+1

/“ <1>2d +/$"+1< 1 >2d xi—xi,le:L'iH—xi 1+ 1
Qg = ) ax - T = = - .
i1 hi x; hi1 h? hzZJrl hi  hig
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For the case of (applicable!) j =i+ 1:

Pit 1 1 Tip1 — T 1
i /ac hivi/  hiva hZ it ( )
Obviously @11, = ajiy1 = —h%l. Thus in nonuniform case we have that
aij:O, lf‘l—j’>1,
aii = 5+ 5 i=1,2,..., M, (2.4.18)
(li_lvz‘:ani_lz—h%_, 222,37,M

By symmetry a;; = a;;, and we finally have the stiffness matrix in nonuniform
mesh, for the stationary heat conduction as:

1 1 1
ata T 0o ... 0
1 1 1 1
A = 0 0 : (2.4.19)
1
0 o
1 1 1
L 0 0 " hm ha hyvyr

With a uniform mesh, i.e. h; = h we get that A = A ;.

Remark 2.2. Unlike the matriz A for polynomial approximation of IVP in
(2.3.5), A has a more desirable structure, e.g. A is a sparse, tridiagonal and
symmetric matrix. This is due to the fact that the basis functions {goj}jj‘il
are nearly orthogonal.

2.5 Exercises

Problem 2.1. Prove that Vo(q) = {v € P9(0,1) : v(0) = 0}, is a subspace
of P9(0,1).

Problem 2.2. Consider the ODE:  u(t) = u(t), 0<t<1; u(0)
Compute its Galerkin approzimation in P9 (0,1), for ¢ =1,2,3, and 4.

1.
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Problem 2.3. Consider the ODE:  4(t) = u(t), 0<t<1; u(0) = 1.
Compute the Ly(0,1) projection of the exact solution u into P>(0,1).

Problem 2.4. Compute the stiffness matrix and load vector in a finite ele-
ment approximation of the boundary value problem

—u"(z) = f(z), 0<z<l1, wu(0)=u(l)=0,
with f(x) =z and h = 1/4.
Problem 2.5. We want to find a solution approzimation U(x) to
—u"(z) =1, 0<z<1, wu(0)=u(l)=0,
using the ansatz U(x) = Asinmx + Bsin 271z,
a. Calculate the exact solution u(zx).
b. Write down the residual R(x) = —=U"(z) — 1

c. Use the orthogonality condition
1
/ R(z)sinmnxdr =0, n=1,2,
0

to determine the constants A and B.
d. Plot the error e(x) = u(x) — U(x).
Problem 2.6. Consider the boundary value problem
—u"(x)+u(z) =z, 0<z<1l, u0)=u(l)=0.
a. Verify that the exact solution of the problem is given by

sinh z

uw) =w— G

b. Let U(x) be a solution approzimation defined by
U(x) = Asinmx + Bsin2rz 4+ C'sin 37z,
where A, B, and C are unknown constants. Compute the residual function

R(z) = -U"(z) + U(z) — x.
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c. Use the orthogonality condition
1
/ R(z)sinmnxde =0, n=1,23,
0

to determine the constants A, B, and C.
Problem 2.7. Let U(z) = &po(x) + &1¢1(z) be a solution approximation to
—u"(z)=2—-1, O0<z<m, 4'(0)=u(r)=0,
where &, 1= 0,1, are unknown coefficients and

¢o(x) = cos g, ¢1(x) = cos 3;

a. Find the analytical solution u(zx).
b. Define the approzimate solution residual R(x).

c. Compute the constants &; using the orthogonality condition

/ﬂ R(z) dilx)dz = 0, i—=0,1,
0

i.e., by approzimating u(z) as a linear combination of ¢o(x) and ¢1(x)
Problem 2.8. Use the projection technique of the previous exercises to solve
—u"(z) =0, 0<zxz<m u(0)=0, ulr)=2,

assuming that U(z) = Asinz + Bsin 2z + C'sin 3z + 32

Problem 2.9. Show that (f — Pyf,v) = 0, Yv € V, if and only if (f —
Puf, o)) =0,i=0,...,N; where {p;}Y.| C Vj, is the basis of hat-functions.
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Chapter 3

Interpolation, Numerical
Integration in 1d

3.1 Preliminaries

Definition 3.1. A polynomial interpolant m,f of a function f, defined on
an interval I = [a,b], is a polynomial of degree < q having the nodal values
at ¢+ 1 distinct points x; € [a,b], 7 =0,1,...,q, coinciding with those of f,
i.e., myf € Pla,b) and m,f(z;) = f(x;), 7=0,...,q.

Below we illustrate this definition through a simple and familiar example.

Example 3.1. Linear interpolation on an interval. We start with the
unit interval I := [0,1] and a continuous function f: 1 — R. We let ¢ =1
and seek the linear interpolant of f on I, i.e. the linear function m f € P?,

such that m f(0) = f(0) and w1 f(1) = f(1). Thus we seek the constants Cy
and Cy in the following representation of m f € P!,

mf(z) = Cy+ Cz, rel, (3.1.1)
where

7Tlf(0> = f(O) = (y= f(()), and
mf(l)=f1) = Co+C=f(1)= Ci= f(1)— f(0).

Inserting Cy and Cy into (3.1.1) it follows that
mf(x) = f0)+(f(1)=f(0)z = fO)(I—z)+f(L)z := f(0)do()+f(1)A1(2).

(3.1.2)

31
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In other words m f(x) is represented in two different bases:
mf(x)=Co-1+Cy-z, with {1, x} as the set of basis functions and
mf(z) = f(0)(1—z)+f(1)x, with {1—z, x} as the set of basis functions.
The functions A\o(z) = 1 —x and A\(x) = x are linearly independent, since if

0=ap(l—2)+ax=ay+ (q —ap)z, forallzel, (3.1.3)

then
r=0 =— ay=0

r=1 — a1 = 0} a0 “ ( )

I

—
|

8

1 )\0 (.CC)

8

N
o
=

S
S~—
g

&

_————
[u— _____W___

Figure 3.1: Linear interpolation and basis functions for ¢ = 1.

Remark 3.1. Note that if we define a scalar product on P*(a,b) by

(pq) = / p(e)a(x)dz,  Vp.q € PHa,b), (3.1.5)

then we can easily verify that neither {1,2} nor {1 — x,z} is an orthogonal
basis for P1(0,1), since (1,z) := fol l-ade=[2]=1%#0and (1 —,z):=
fol(l —z)rdr =§ #0.

With such background, it is natural to pose the following question:
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Question 3.1. How well does m,f approzimate f? In other words how
large/small will the error be in approzimating f(x) by m,f(x)?

To answer this question we need to estimate the difference between f(z) and
myf(x). For instance for ¢ = 1, geometrically, the deviation of f(x) from
mf(z) (from being linear) depends on the curvature of f(x), i.e. on how
curved f(x) is. In other words, on how large f”(z) is, say, on an interval
(a,b). To quantify the relationship between the size of the error f —m f and
the size of f”, we need to introduce some measuring instrument for vectors
and functions:

Definition 3.2. Let x = (z1,...,2,)7 andy = (y1,...,yn)T € R™ be two
column vectors (T stands for transpose). We define the scalar product of x
and 'y by

<X7 y> = XTy =T1Y1 + - TpYn,

and the vector norm for x as the Fuclidean length of x:

[P S Y

L,(a,b)-norm: Assume that f is a real valued function defined on the in-
terval (a,b). Then we define the L,-norm (1 < p <oo) of f by

b 1/p
L,-norm Il Lp(ap) = (/ |f(x)|pd:c) , 1<p<oo,
L.-norm | fllLw(ap) == ;161[%] |f(2)].

For 1 < p < oo we define the Ly(a,b)-space by

Ly(a,b) == {f + [fllzyap) < o0}

Below we shall answer Question 3.1, first in the L.,-norm, and then in the
L,-norm (mainly for p =1,2.)

Theorem 3.1. (L. -error estimates for linear interpolation in an interval)
Assume that f” € Lu(a,b). Then, for ¢ = 1, i.e. only 2 interpolation
nodes (e.g. end-points of the interval), there are interpolation constants,
Ci, 1 = 1,2,3., independent of the function f and the size of the interval
[a,b], such that

(1) NI71f = fllctan) < Cr(b = a)*[Lf" || Lo
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(2) 7S = fllzeotapy < Calb = )| f'l| oy

(3) (71 f) = fllzc@d) < Cs(b— )| f || Loy -

Proof. Note that every linear function, p(x) on [a,b] can be written as a
linear combination of the basis functions A, (z) and \y(z) where

No() = Z:‘z and  \(z) = ‘Z:Z : (3.1.6)
p(z) = pla)Aa(x) + p(b) Ao (2). (3.1.7)

Recall that linear combinations of A,(z) and A\y(z) give the basis functions

{1,z} for P
Ao(2) + () = 1, arq(z) + bp(z) = . (3.1.8)

Here, 71 f(x) being a linear function connecting the two points (a, f(a)) and
(b, (b)), is represented by

T f(x) = fla)Aa(z) + f(0)Ap(). (3.1.9)

Figure 3.2: Linear Lagrange basis functions for ¢ = 1.

By the Taylor expansion for f(a) and f(b) about = € (a,b) we can write

fla) = F@) + (@~ ) f'(2) + 5l — 2P "), e € fo,a]

; (3.1.10)
fb) = f(@) + (b= a) f'(x) + 5 (0= 2)* " (m), o € [2,0].
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Inserting f(a) and f(b) from (3.1.10) into (3.1.9), it follows that

mf(x) =[F(@) + (a — ) (@) + 0~ ) ()] hale)+
@)+ (6= ) (@) + 50— 2P " (m) Mo (x).

Rearranging the terms, using (3.1.8) and the identity (which also follows
from (3.1.8)) (a — x)\o(x) + (b — z)A\p(x) = 0 we get

mf(z) = f(@)[Aa(z) + Mo(@)] + f1(2)[(@ — 2)Aa(2) + (b — 2)Ap(2)]+

5= 2P ha(a) + 5 (6= 2 () e() =

= (@) + 5@ = 2P GMal) + 5 (6 = 2 () ()

Consequently

| f () = f(a)] = %(a — )" f" () Aa() + %(b — )2 f () Mo(2)]. (3.1.11)

To proceed, we note that for a < x < b both (a—x)? < (a—b)? and (b—x)? <
(a — b)?, furthermore \,(z) < 1 and \y(z) < 1, Vo € (a,b). Moreover,
by the definition of the maximum norm both |f"(n.)] < ||f"|l1e(ap), and
L ()] < 1"l Lctapy- Thus we may estimate (3.1.11) as

| f () = f )] < (a—b)z'l'||f"||Loo(a,b>+%(a—b)2-1'||f”||Loo(a,b), (3.1.12)

N | —

and hence
| f(z)— f(2)] < (a=b)*||f"|lzp) corresponding to ¢; =1. (3.1.13)
The other two estimates (2) and (3) are proved similarly. O

Remark 3.2. We can show that the optimal value of C7 = % (cf Problem
3.10), i.e. the constant Cy =1 of the proof above is not the optimal one.

An analogue to Theorem 3.1 can be proved in the L,-norm, p = 1, 2. This
general version (concisely stated below as Theorem 3.2) is the frequently used
L,-interpolation error estimate.
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Theorem 3.2. Let muv(z) be the linear interpolant of the function v(x) on
(a,b). Then, assuming that v is twice differentiable (v € C*(a,b)), there are
interpolation constants c¢;, i = 1,2,3 such that forp=1, 2, oo,

|10 — vl 1,p) < c1(b—a)?[[v" |1, ), (3.1.14)
1) = Ny tay < 26— ) Lyt (3.1.15)
||71'1'U — UHLp(a,b) S Cg(b — a')H'U/HLp(a,b)- (3116)

For p = oo this is just the previous Theorem 3.1.

Proof. For p = 1 and p = 2, the proof uses the integral form of the Taylor
expansion and is left as an exercise. [l

Below we review a simple piecewise linear interpolation procedure on a
partition of an interval:

Vector space of piecewise linear functions on an interval. Given
I =ab),1let Tp :a =20 <21 <23 <...<uayy <zxy =20bea
partition of I into subintervals I; = [z,_1, x;] of length h; = |I;| := z; —x,_1;
j=1,2,...,N. Let

Vi, == {v|v is a continuous, piecewise linear function on 75},  (3.1.17)

then V}, is a vector space with the previously introduced hat functions:
{©;}, as basis functions. Note that o(z) and @y (x) are left and right
half-hat functions, respectively. We now show that every function in V}, is a
linear combination of ¢;:s.

Lemma 3.1. We have that

Yv € Vi v(x) = Zv(xj)goj(x). (3.1.18)

=0
Proof. Both the left and right hand side are continuous piecewise linear func-
tions. Thus it suffices to show that they have the same nodal values: Let

x = x;, then since p;(z;) = d;j,

RHS|y; =v(mo)po(z;) +v(@1)er(zy) + ... +v(zj-1)pj-1(z;)
+v(@;)ei(x;) + v(@j)pja()) + ..+ v(an)en(z;) (3.1.19)
=v(x;) = LHS|,;.

O
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Definition 3.3. For a partition Tp, : a =29 < 11 < 2 < ... < xny = b of
the interval [a,b] we define the mesh function h(x) as the piecewise constant
function h(x) :=h; = x; —xj_ forx € I; = (xj_1,2;), j=1,2,...,N.

Definition 3.4. Assume that f is a continuous function in |a,b]. Then the
continuous piecewise linear interpolant of f is defined by

mf(x) = fle)ese),  w€la,0].

7=0
Here the sub-index h refers to the mesh function h(zx).

Hence
mnf(z;) = f(x;), 7=0,1,...,N. (3.1.20)

Remark 3.3. Note that we denote the linear interpolant, defined for a single
interval |a,b], by m f which is a polynomial of degree 1, whereas the piecewise
linear interpolant my, f is defined for a partition Ty, of |a,b] and is a piecewise
linear function. For the piecewise polynomial interpolants of (higher) degree
q we shall use the notation for Cardinal functions of Lagrange interpolation
(see Section 3.2).

Note that for each interval I;, j =1,..., N, we have that
(i) mnf(z) is linear on I; =  mpf(z) = ¢ + 1z for x € 1.
(i) mnf(zj—1) = flzj-1) and mf(x;) = f(x;).

Combining (i) and (ii) we get

Tnf (1) = co + arzjo1 = f(j-1) o = Lot
—

J?jij,l
mnf(xj) = co + a1z = f(z;) o = —agqfi;ci);;aijlf(xj,l).

Thus, we may write

co = flwj-1)g=h + fle) =54

Tj—Tj—1

ar = f(zj1) ;= + f(z)) 7=

Tj—Tj—1 Tj—Tj—1

(3.1.21)




38CHAPTER 3. INTERPOLATION, NUMERICAL INTEGRATION IN 1D

mnf(z) 1)

Figure 3.3: Piecewise linear interpolant 7, f(x) of f(z).

Forx € [zj_1,%j], 7 =1,2,..., N, adding up the equations in (3.1.21) yields

T; —X& T —Tj—
mhf(z) = co+ ez = fla;_y)—t—— )L
Ty — Tj-1 Ty — Tj-1

= f(zj_1)Aj—1(z) + f(x5)A(2),

where \;_;(z) and Aj(x) are the restrictions of the piecewise linear basis
functions ¢;_1(z) and ¢;(x) to ;.

x
T ;

Figure 3.4: Linear Lagrange basis functions for ¢ = 1 on the subinterval I;.

In the next section we shall generalize the above procedure and introduce
Lagrange interpolation basis functions.
The main result of this section can be stated as follows:
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Theorem 3.3. Let mv(x) be the piecewise linear interpolant of the function
v(x) on the partition Ty, of [a,b]. Then assuming that v is sufficiently reqular
(v € C*(a,b)), there are interpolation constants c;, i = 1,2,3, such that for
p = 17 27 m?

Imh0 = || Ly ap) < |0 ||y (an), (3.1.22)
[(mr0)" = V'l| L) < c2llh” ||z, a0)s (3.1.23)
I = 0l1,00 < sl (3.1.24)

Proof. Recalling the definition of the partition 7, we may write

N N
|mnv — U”IL)p(a,b) - Z 7 — U”Iip(fj) < Z Czl)Hh?UNHZP(Ij) 3.1.25
j=1 j=1 (3.1.25)

2
<cllh U//H]zp(a,b)v
where in the first inequality we apply Theorem 3.2 to an arbitrary partition

interval I; and them sum over j. The other two estimates are proved similarly.
O

3.2 Lagrange interpolation

Consider P%(a,b); the vector space of all polynomials of degree < ¢ on the
interval (a,b), with the basis functions 1,z,2% ..., 29 We have seen, in
Chapter 2, that this is a non-orthogonal basis (with respect to scalar product
(3.1.5) with, e.g. @ = 0 and b = 1) that leads to ill-conditioned coefficient
matrices. We will now introduce a new set of basis functions, which being
almost orthogonal have some useful properties.

Definition 3.5 (Cardinal functions). Lagrange basis is the set of polynomials
{N}E, C Pa,b) associated with the (¢ + 1) distinct points, a = xo < x1 <
... < x4 =">1in [a,b] and determined by the requirement that: at the nodes,
Xi(xj) =1 fori=j, and 0 otherwise (\;(z;) =0 fori # j), i.e. forxz € [a,b],

(x—zo)(z—z1) ... (r—xic1) L (T — @) ... (T — 1)
(%i — l’o)(.fl — (L’1> . (l‘l — xi—l) T (.7)2 — xi—i—l) e (I‘Z — xq)

Ai(z) = . (32.1)
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By the arrows |, 1 in (3.2.1) we want to emphasize that \;(z) = H < 7 )
Ty — Ty

J#i

does not contain the singular factor . Hence

T; — X;

() = (zj —xo)(zj — 1) - () — i) (@) — @) - - (25 — 1) _ 5
Ai(;) (x; — wo) (i — 1) .o (g — wi1) (@ — Tig) - (@ — ) 0ij

and A\i(x), 1 =0,1,...,q, is a polynomial of degree q on (a,b) with
1 i=j
0 i

Example 3.2. Let ¢ = 2, then we have a = vy < x1 < x5 = b, where

(29 — o) (w2 — T9)

(z1 — x0) (71 — T29) =0

221,3:2:>)\1(x2):

(21— x0) (w1 — T9)

(21— x0) (71 — T9) -t

Z:j:1:>)\1(l'1>:

A polynomial P(x) € P?(a,b) with the values p; = P(x;) at the nodes z;,
1=20,1,...,q, can be expressed in terms of the above Lagrange basis as

P(x) = poro(z) + prAi(x) + ...+ pgAg(2). (3.2.3)

Using (322), P(:L’Z) = pg/\g(l’i)—i‘pl)\l(l’i)—F. . —|—p1)\1(1‘2>+ . .—I—pq)\q(aci) = Di-
Recalling definition 3.1, if we choose a < § < & < ... < § < b, as

g+ 1 distinct interpolation nodes on [a, b], then the interpolating polynomial
7of € P%(a,b) satisfies

mof(&) = f(&), i=0,1,....q (3.2.4)
and the Lagrange formula (3.2.3) for 7, f(z) reads as

Tof (x) = [(€o)ro(@) + f(E)Ai(z) + ... + f(€)A(x), a<a<h
Example 3.3. For ¢ = 1, we have only the nodes a and b. Recall that

b—uw T —
Aa(T) = — and \p(T) = -

mf(x) = fla)Xa(x) + f(0)No(2). (3.2.5)

a
, thus as in the introduction in this chapter
a
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Example 3.4. To interpolate f(x) = x® + 1 by piecewise polynomials of
degree 2, in the partition xo = 0, x1 = 1, xo = 2 of the interval [0,2], we
have

maf(x) = f(0)Ao(z) + f(D)Ai(2) + f(2)A2(2),
where f(0) =1, f(1) =2, f(2) =9, and we may compute Lagrange basis as

Nolz) = %(q; S -2, M) = —a(z—2), Ae(z) = %x(:ﬁ _ ).

This yields

@f(x):1-%(x—1)(x—2)—2-m(x—2)+9.%x(m—1):3x2_2x+1.

3.3 Numerical integration, Quadrature rules

In the finite element approximation procedure of solving differential equa-
tions, with a given source term (data) f(z), we need to evaluate integrals
of the form [ f(z)p;(x)dx, with ¢;(z) being a finite element basis function.
Such integrals are not easily computable for higher order approximations
(e.g. with @;:s being Lagrange basis of high order) and more involved data.
Further, we encounter matrices with entries being the integrals of products
of these, higher order, basis functions and their derivatives. Except some
special cases (see calculations for A and A, in the previous chapter), such
integrations are usually performed approximately by using numerical meth-
ods. Below we briefly review some of these numerical integration techniques.

We approximate the integral [ = ff f(x)dx using a partition of the in-
terval [a,b] into subintervals, where on each subinterval f is approximated
by polynomials of a certain degree d. We shall denote the approximate value
of the integral I by I;. To proceed we assume, without loss of generality,
that f(x) > 0 on [a,b] and that f is continuous on (a,b). Then the inte-
gral [ = fab f(z)dz is interpreted as the area of the domain under the curve
y = f(z); limited by the z-axis and the lines * = a and = = b. We shall
approximate this area using the values of f at certain points as follows.

We start by approximating the integral over a single interval [a, b]. These
rules are referred to as simple rules.

i) Simple midpoint rule uses the value of f at the midpoint z := %’ of [a, b],

ie. f (“T*b> This means that f is approximated by the constant function
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(polynomial of degree 0) Py(z) = f<“7+b> and the area under the curve
y = f(x) by

Jz/abf(m)da;z(b—a)f<a;b).

To prepare for generalizations, if we let xg = a and x; = b and assume that
the length of the interval is h, then

(3.3.1)

I~1Iy=hf <a + Z) hf(z) (3.3.2)

fla+h/2) | 7~ b |
' ~_"

f(a) i

a = Zo a+h/2

=
-

S

Figure 3.5: Midpoint approximation I, of the integral [ = f;ol f(x)dx

ii) Simple trapezoidal rule uses the values of f at two endpoints a and b, i.e.
f(a) and f(b). Here f is approximated by the linear function (polynomial

of degree 1) Pj(x) passing through the two points (a,f( )) and (b f(b ))

Consequently, the area under the curve y = f(x) is approximated as

fla )+f()

I—/ f@)dr = (b — a)————= (3.3.3)

This is the area of the trapezoidal between the lines y = 0, x = a and
x = b and under the graph of P;(z), and therefore is referred to as the simple
trapezoidal rule. Once again, for the purpose of generalization, we let x¢ = a,
r1 = b and assume that the length of the interval is h, then (3.3.3) can be
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written as
hifla+h)— fl@)] _, fla) + fla+h)

h
=21 (@) + f(a)]

iii) Simple Simpson’s rule uses the values of f at the two endpoints a and b,

Figure 3.6: Trapezoidal approximation I; of the integral I = fj;l f(z)dz.

and the midpoint 2£° of the interval [a, ], i.e. f(a), f(b), and f("%”) In this
case the area under y = f(x) is approximated by the area under the graph of
the second degree polynomial P(x); with Pa(a) = f(a), P2<“T+b> = f(“TH’>,
and P(b) = f(b). To determine P(z) we may use Lagrange interpolation
for ¢ = 2: let zg = a, 1 = (a+b)/2 and x5 = b, then

Py(x) = f(zo)do(2) + fz1) M (@) + f(2)Aa(2), (3.3.5)
where
Mo(#) = oy
A (z) = % (3.3.6)
hol) = pimmees
Thus

I= /ab f(x)de ~ /ab Py(x)dx = Z £ /ab Ni(z) da. (3.3.7)
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Now we can easily compute the integrals

[ nerae= i =20 i =100y

6 6
Hence
b —a
- / Fla)dr ~ Iy = =2 (o) + 47 () + F(a)]. (3.3.9)
)
fo) |
G:ixo a+ih/2 b:iasl '

Figure 3.7: Simpson’s rule approximation I5 of the integral [ = f;;l f(z)dz.

Obviously these approximations are less accurate for large intervals, [a, b]
and/or oscillatory functions f. Following Riemann’s idea we can use these
rules, instead of on the whole interval [a, b], for the subintervals in an appro-
priate partition of [a,b]. Then we get the following generalized versions.

3.3.1 Composite rules for uniform partitions

We shall use the following General algorithm to approximate the integral

b
I= / f(z)dz.
(1) Divide the interval [a, b], uniformly, into N subintervals

a=20< T <To<...<xNn_1 <Ty=D. (3.3.10)
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(2) Write the integral as

/abf(x)dx:/: f(yc)der...4—/{}6?1 f(x)dx:i::/;kl () da.

(3.3.11)

(3) For each subinterval I}, := [xy_1, 2|, k = 1,2,..., N, apply the same
integration rule (i) — (¢ii). Then we get the following generalizations.

(M) Composite midpoint rule: approximates f by constants (the values of
f at the midpoint of the subinterval) on each subinterval. Let

b—a _ Tp_1+
h:uk‘:T, and $k:%, k:1,2,...,N.
Then, using the simple midpoint rule for the interval Iy, := [x)_1, x],
T T
/ flz)de =~ / f(zg) doe = hf(zy). (3.3.12)
Th—1 Tk—1

Summing over k, we get the Composite midpoint rule as:

/ Fla)de = SO hF(@) = BFE) + -+ f(an)] = My, (33.13)

(T) Composite trapezoidal rule: approximates f by simple trapezoidal rule
on each subinterval I,

/ (@) da ~ g[f(a:kl) + F(ze)l. (3.3.14)

Summing over k yields the composite trapezoidal rule

) + S
k=1 (3.3.15)

[f(xo) +2f(x1) + ... +2f(xn-1) + flon)] = Tw.

a\
\@‘
=
=
=

2
E
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(S) Composite Simpson’s rule: approximates f by simple Simpson’s rule
on each subinterval I},

k—1 T Tk

/jk f(z)da ~ g fap-) +4f(xT> + f(xk)]. (3.3.16)

To simplify, we introduce the following identification on each Ij:

Tho1+ Tk _ h
k-2 = Tk—1, <2%k-1— T =Tk, Zop =T, h,=—.
(3.3.17)
a = Tg T 1 Tk—1 Tk Tk zy=0>
< . 4
a =2y 21 22 22k—2 Zok—1 2ok, Zony = b

Figure 3.8: Identification of subintervals for composite Simpson’s rule

Then, summing (3.3.16) over k and using the above identification, we obtain
the composite Simpson’s rule viz,

/abf(:v)d:c

i % [f(ﬂfk—l) + 4f<xle—i_xk> + f(ifk)}

Q

I
NE
w|§

[f (226-2) + 4f (2201) + f (sz)} (3.3.18)

1

| F(20) + 4F (1) + 2f(22) + 4F () + 2/ (1)

oo+ 2f(zan—2) +4f(2an-1) + f<Z2N)] = Sn.

+ |7
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The figure below illustrates the starting procedure for the composite Simp-
son’s rule. The numbers in the brackets indicate the actual coefficients on
each subinterval. For instance the end of the first interval: z; = 29, coincides
with the start of the second interval, ending to the add-up [1] + [1] = 2 as
the coefficient of f(zy). This is the case for each interior node xy, i.e. zg:s;
k=1,...,N—1.

20 21 22 z3 24

Figure 3.9: Coefficients for composite Simpson’s rule

Remark 3.4. One can verify that the errors of these integration rules are
depending on the reqularity of the function and the size of interval (in simple
rules) and the mesh size (in the composite rules). These error estimates, for
both simple and composite quadrature rules, can be found in any elementary
text book in numerical linear algebra and/or numerical analysis are read as
follows:

Eroor in simple Midpoint rule

Ty h3
[ s nfaol = Gl 0 ne e m).

Error in composite Midpoint rule

[ s@ae -y = B2yl ee )

Eroor in simple trapezoidal rule

o h h3
| /9%_1 f(z)dx — E[f(iz’kfl + f(z)]| = ﬁ|f"(?7)!, 0 € (251, 78).
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Error in composite trapezoidal rule

h2(b — a)

[ e -1 =52 0L e @)

Eroor in simple Simpson’s rule

[t o= s (/2 0l = o (S50) 100 0 ()

Error in composite Simpson’s rule

b 4
dr — = h=(b—-a)/N.

[ 1@ de = sy = 15 max | 74€) b= (- a
Remark 3.5. The rules (M), (T) and (S) use values of the function at
equally spaced points. These are not always the best approximation methods.
Below we introduce a general and more optimal approach.

3.3.2 Gauss quadrature rule

This is an approximate integration rule aimed to choose the points of eval-
uation of an integrand f in an optimal manner, not necessarily at equally
spaced points. Here, we illustrate this rule by an example:

Problem: Choose the nodes x; € [a,b], and coefficients ¢;, 1 < i < n such
that, for an arbitrary integrable function f, the following error is minimal:

[ rarin =Y s, (33.19)

Solution. The relation (3.3.19) contains 2n unknowns consisting of n nodes
x; and n coefficients ¢;. Therefore we need 2n equations. Thus if we replace
f by a polynomial, then an optimal choice of these 2n parameters yields a
quadrature rule (3.3.19) which is exact for polynomials, f, of degree < 2n—1.

Example 3.5. Letn = 2 and [a,b] = [—1,1]. Then the coefficients are ¢; and
co and the nodes are x1 and xo. Thus optimal choice of these 4 parameters
should yield that the approximation

f(@)dx = 1 f(x1) + o f (22), (3.3.20)
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is indeed exact for f(x) replaced by any polynomial of degree < 3. So, we
replace f by a polynomial of the form f(z) = Ax®*+ Bx?*+Cxz+ D and require
equality in (3.3.20). Thus, to determine the coefficients c1, co and the nodes
1, Tg, in an optimal way, it suffices to change the above approximation to
equality when f is replaced by the basis functions for polynomials of degree
<3:i.e., 1,2,2% and 23. Consequently we get the equation system

1
/ 1dlL’:Cl+CQ :>[l’]1_1:2201+02
-1

1 _5172- 1
/xdx:cl-xl—f—@-xg: 5 =0=c-21+cy- 29
_ L2 11
. , (3.3.21)
AN 2
200 — o . g2 2 - A2 2
/x T =c¢C 2]+ C Ty = =_-=C"T]+C x5
1 L3 1-1 3
1 _33'4_ 1
/xgdx:cl-mi’+02-x§:> T =0=c 2% +cy- 7,
-1 L -1
which, although nonlinear, has the unique solution presented below:
( (
c1+ ¢y = 2 Cc1 = 1
C1I1 + Coly = 0 Cy = 1
— v (3.3.22)
¢} + coa3 = 3 r =%
\ clx:{’—i-ch;’:O \ x2:‘/?g.

Hence, the approximation

/11 f(x)dx = c1f(x1) + cof (12) = f( - \/?g) + f(\/?g) (3.3.23)

s exact for all polynomials of degree < 3.

Example 3.6. Let f(z) = 32?2 + 2z + 1. Then fj1(3x2 + 2z 4+ 1)dz =
[2° + 22 + 2]' |, = 4, and we can easily check that f(—/3/3) + f(/3/3) = 4.

Exercises

Problem 3.1. Use the expressions Ao(z) = =% and A\y(z) = =2 to show

—a

Aa(T) + Mp(z) = 1, and aX,(x) + bAp(z) = .

o
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Give a geometric interpretation by plotting, A.(z), Mo(z), Aa(z) + Ap(2),
arg (), bAp(x) and al,(z) + bAp(x).

Problem 3.2. Determine the linear interpolant m f € P(0,1) and plot f
and m f in the same figure, when

(a) f(x) = 2?, (b) f(x) = sin(mz).
Problem 3.3. Determine the linear interpolation of the function

f(x):%(x—wf—cosQ(x—g), —r<zx<T.

where the interval [—m, 7| is divided into 4 equal subintervals.

Problem 3.4. Assume that w' € Ly(I). Let x,z € I = [a,b] and w(z) = 0.
Show that

)| < /|w da. (3.3.24)

Problem 3.5. Let now v(t) be the constant interpolant of ¢ on I.

Show that
/h_1|g0 —vldx < /|g0'| dz. (3.3.25)
I I

Problem 3.6. Show that Pi(a,b) =
is a vector space but, Pi(a,b) := {p(z
s not a vector space.

{the set of polynomials of degree < q},
)p(x) is a polynomial of degree = q},

Problem 3.7. Compute formulas for the linear interpolant of a continuous
function f through the points a and (b+a)/2. Plot the corresponding Lagrange
basis functions.
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Problem 3.8. Prove the following interpolation error estimate:

1
71 = fll s (ap) < g(b — a)*| "l L () -

Problem 3.9. Prove that any value of f on the sub-intervals, in a partition
of (a,b), can be used to define m,f satisfying the error bound

f = T fl| e (ap) < | Jnax Pillf | ooy = NS | Lo (at)-

Prove that choosing the midpoint improves the bound by an extra factor 1/2.

Problem 3.10. Compute and graph m, <e‘8‘”2> on [—2, 2|, which interpolates

e 3" at 5 equally spaced points in [—2,2].

Problem 3.11. Write down a basis for the set of piecewise quadratic poly-
nomials W}EQ) on a partition a = xg < r1 < To < ... < Tya1 = b of (a,b)
into subintervals I; = (x;_1,x;), where

W}Eq) ={v:v

LEPUL)i=1,... m+1}.

Note that, a function v € W,Ez) 15 not necessarily continuous.

Problem 3.12. Determine a set of basis functions for the space of continuous
piecewise quadratic functions Vh(2) on I = (a,b), where

Vh(q) ={ve W,Eq) 2 v is continuous on I}.

Problem 3.13. Prove that

[ () (o 2 a0

Problem 3.14. Prove that
o1 T+
[ f@yde = (25 @1 -
zo

1 1 2 1
< 5 max |f”\/ (x—x1+$0> dr < —(I1—x0)3[max 1.
o ’

[z0,21]

e - T
Hint: Use Taylor expansion of f about x = #*°.
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Chapter 4

Two-point boundary value
problems

In this chapter we focus on finite element approximation procedure for two-point
boundary value problems (BVPs). For each problem we formulate a correspond-
ing variational formulation (VF) and a minimization problem (MP) and prove
that the solution to either of BVP, its VF and MP satisfies the other two as well,
i.e,

(BVP) " <" (VF) < (MP).

2

The <= in the equivalence 7 <= 7 is subject to a regularity requirement on
the solution up to the order of the underlying PDE.

4.1 A Dirichlet problem

Assume that a horizontal elastic bar which occupies the interval I := [0, 1],
is fixed at the end-points. Let u(z) denote the displacement of the bar at a
point = € I, a(x) be the modulus of elasticity, and f(z) a given load function,
then one can show that wu satisfies the following boundary value problem

—(a(m)u’(m))l = f(z), 0<z<l,
u(0) = u(1) = 0.

(BV P) (4.1.1)

Equation (4.1.1) is of Poisson’s type modelling also the stationary heat flux.
We shall assume that a(z) is piecewise continuous function in (0, 1),
bounded for 0 <z <1 and a(x) > 0 for 0 < z < 1.

93
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Let v(z) and its derivative v'(x),x € I, be square integrable functions, that
is: v, v' € Ly(0,1), and define the Ly-based Sobolev space by

H(0,1) := {U(x) : /0 (v(@)? + 1/ (2)?)dz < 0o, v(0) = (1) = o}. (4.1.2)

The variational formulation (VF). We multiply the equation in (BVP)
by a so called test function v(z) € H{(0,1) and integrate over (0, 1) to obtain

- [ @)@ = [ s (113)

Using integration by parts we get

1

- [a(w)u'(w)v(m)} + /01 a(z)u' (z)v'(x)de = /01 f(z)v(x)dz. (4.1.4)

0
Now since v(0) =

v(1) = 0 we have thus obtained the variational formulation
for the problem (4.1.

1) as follows: find u(z) € Hy such that

(VF) /0 a(2)d ()0 () dz = /0 F@)o(z)de, Vo(z) € H. (4.15)

In other words we have shown that if u satisfies (BVP), then u also satisfies
the (VF) above. We write this as (BVP) = (VF). Now the question
is whether the reverse implication is true, i.e. under which conditions can
we deduce the implication (VF) = (BVP)? It appears that this question
has an affirmative answer, provided that the solution u to (VF) is twice
differentiable. Then, modulo this regularity requirement, the two problems
are indeed equivalent. We prove this in the following theorem.

Theorem 4.1. The following two properties are equivalent
i) u satisfies (BVP)
it) u is twice differentiable and satisfies (VF).

Proof. We have already shown that (BVP) = (VF).

It remains to prove that (VF) = (BVP). Integrating by parts on the
left hand side in (4.1.5), assuming that u is twice differentiable, f € C(0,1),
a € C'(0,1), and using v(0) = v(1) = 0 we return to the relation (4.1.3):

_ /O (a(2)e () v(z)dz = /0 f@) v(z)de,  Vo(z)e H  (4.1.6)
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which can be rewritten as

/01 { _ (a(:ﬂ)ul(x))/ - f(ﬂﬁ)}v(x)dx =0, Vo(z) € H{. (4.1.7)

To show that u satisfies BV P is equivalent to claim that (4.1.7) implies

—(a(m)u’(m))l —fx)=0, Vze(01). (4.1.8)
Suppose not. Then there exists at least one point & € (0, 1), such that
~(wew'©) - £&) #0 (4.1.9)
where we may assume, without loss of generality, that
() (©) - &) >0 (or <0). (4.1.10)

Thus, by continuity 30 > 0 such that

!/
g(z) = —(a(m)u'(m)) (@) >0, forall z€lj:=(£—3,E+0). (4.1.11)
Now, ta?bie the test function v(z) in (4.1.7) as the hat-function v*(z) > 0,

AN . . v
0] ~__%T6 & ¢F¢ — T

Figure 4.1: The hat function v*(x) over the interval (£ —0,£ + 0).

with v*(£) = 1 and the support I5, see Fig 4.1. Then v*(z) € HJ and

/01 [~ (a@p (@) = fl) }or (@)de = / )" ) >0

Is
>0 >0

This contradicts (4.1.7). Thus our claim is true. Note further that in (VF)

u € H} implies that ©(0) = u(1) = 0 and hence we have also the boundary
conditions and the proof is complete. O]
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Corollary 4.1. (i) If f(z) is continuous and a(x) is continuously differ-
entiable: f € C(0,1) and a € C'(0,1), then (BVP), (VF) have the same
solution.

(i) If a(x) is discontinuous and f € Lo, then (BV P) is not always well-
defined but (V' F) has still a meaning. Therefore (V' F') covers a larger set of
data than (BV P).

(iii) More important: in (VF), u € C*(0,1),while (BV P) is formulated for
u having two derivatives, i.e. u € C?(0,1).

The minimization problem (MP). For the problem (4.1.1), we may for-
mulate yet another equivalent problem, viz:

Find v € H} such that F(u) < F(w), Yw € H}, where F(w) is the total
potential energy of the displacement w(z), given by

1 1
(MP) F(w) = 5/ a(w')?dx — / fwdz. (4.1.12)
0 0

Internal (elastic) energy Load potential

This means that the solution u minimizes the energy functional F'(w). Below
we show that the above minimization problem is equivalent to the variational
formulation (VF) and hence also to the boundary value problem (BVP).

Theorem 4.2. The following two properties are equivalent
a) u satisfies the variational formulation (VF)
b) w is the solution for the minimization problem (MP)
i.€.

1 1
/ av'v'dr = / fvdz, Wv€ H) <= F(u) < F(w),Yw € Hy. (4.1.13)
0 0

Proof. (=>): First we show that the variational formulation (VF) implies
the minimization problem (MP). To this end, for w € H} we let v = w — u,
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then, since Hj is a vector space and u € Hj, hence v € Hj and

F(w):F(u—i-v):%/Ola((u—l—v)’)gdx—/Olf(u+v)dx:

1 [ 1 [ 1 [t
= —/ 2au'z/dx+—/ a(u’)2dx—|——/ a(v')?dx
2 Jo 2 Jo 2 Jo

N J/ (&

g R

(@) (it

"
1 1
—/ fudx—/ fudzx.
\;57’ L(,)_/
Now using (VF) we have (i) — (iv) = 0. Further by the definition of the
functional F, (ii) — (iéii) = F'(u). Thus

F(w) = F(u) + —/0 a(x)(v'(z))*dw, (4.1.14)

and since a(z) > 0 we get F'(w) > F(u), thus we have proved ” = ” part.
(«<=): Next we show that the minimization problem (MP) implies the vari-
ational formulation (VF). To this end, assume that F'(u) < F(w) Yw € Hj,
and for an arbitrary function v € Hj, set g,(¢) = F(u+¢v), then by (MP), ¢

(413

(as a function of €) has a minimum at € = 0. In other words Zg,(¢) = 0.
=0
We have that

gu(e) = Flu+ev) = %/01a<(u+5v)’>2dx— /01 flu+ev)dx =

1 /1 1 1
=5 / {a(u')? + ag*(v")? + 2acu'v'}dx — / fudx — 5/ fudx.
0 0 0

The derivative 869; (), of g(e,v) is

agv 1 ! N2 [N !
(6) = = / {2ae(v")” + 2au’v"}dx — / fudz, (4.1.15)
Oe 2 /o 0

where aai: = 0, yields

(e=0)

1 1
/ au'v'dr — / fvdz =0, (4.1.16)
0 0

which is our desired variational formulation (VF). Hence, we conclude that
F(u) < F(w), Vw € Hy = (VF), and the proof is complete. O
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We summarize the two theorems in short as

Corollary 4.2.
(BVP)” <" (VF) < (MP).

Recall that 7 <= 7 is a conditional equivalence, requiring u to be twice
differentiable, for the reverse implication.

4.2 The finite element method (FEM)

We now formulate the finite element procedure for boundary value problems.
Todosowelet T, ={0 =2y <z <...<xpy <y = 1} bea partition of
the interval I = [0, 1] into subintervals I = [z)_1, zx] and set hy, = z —x)_1.
Define the piecewise constant function h(z) := zp — xx_1 = hy for z € Ij.

ffo—'_: 0 :il_l irg 5171;||—_—1 3 @ x—'IIJ ZEM+T: 1
"k

Let C(I, Py(Ix)) denote the set of all continuous piecewise linear functions on
Tr. (continuous in the whole interval I, linear on each subinterval ), and

define
V2 ={v:vel,P(l)), v0)=uv(l)=0}. (4.2.1)

Note that V}? is a finite dimensional (dimV}? = M) subspace of

H = {v(x) : /01@(;5)2 4o/ (2)?)dz < 0o, and v(0) = v(1) = o}. (4.2.2)

Continuous Galerkin of degree 1, cG(1). A finite element formulation
for our Dirichlet boundary value problem (BVP) is given by: find u;, € V}?
such that the following discrete variational formulation holds true

(FEM) /Oa(x)u;l(x)v’(x)d:c:/o fx)w(z)de, YveVP. (4.2.3)

The finite element method (FEM) is a finite dimensional version of the vari-
ational formulation (VF'), where the test functions are in a finite dimensional
subspace V), of Hg, spanned by the hat-functions, p;(z), j = 1,..., M.
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Thus, if in VF we restrict v to V}? (rather that Hj) and subtract FEM from
it, we get the Galerkin orthogonality:

/0 a(x) (v (z) — uj,(z))V' (z)dw =0, Vo€ V. (4.2.4)

Now the purpose is to estimate the error arising in approximating the solution
for BV P by functions in V;’. To this approach we need some measuring
environment for the error. We recall the definition of L,-norms:

1 1/p
Lynorm  |ollz, = (/ oa)pdz) ", 1<p <o
0

Logmorm vz, = max [o(z)],

and also introduce: . )
1/2
Weighted Lo-norm  ||v]|, = (/ a(x)|v(x)|2dx> , a(x) >0
0

1 1/2
Energy-norm |vlle = (/ a(x)|v'(x)|2da¢> :
0

Note that vl = ||v]|a-

4.3 Error estimates in the energy norm

We shall study an a priori error estimate; where a certain norm of the error is
estimated by some norm of the exact solution u. Here, the error analysis gives
information about the size of the error, depending on the (unknown) exact
solution u, before any computational steps. An a posteriori error estimate;
where the error is estimated by some norm of the residual of the approximate
solution is also included.

Below, first we shall prove a qualitative result which states that the finite
element solution is the best approximate solution to the Dirichlet problem
in the energy norm.

Theorem 4.3. Let u(z) be the solution to the Dirichlet boundary value prob-
lem (4.1.1) and up(x) its finite element approzimation given by (4.2.3), then

lu —upl|lg < ||lu—vl|Eg, Yv e V2. (4.3.1)

This means that the finite element solution uy, € V¥ is the best approximation
of the solution u, in the energy morm, by functions in V).
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Proof. We take an arbitrary v € V) then using the energy norm
o=l = [ aa)0) o) o
= /0 1 a(z) (' (z) — up(2)) (v (z) — () + () — u(x))dx
= /0 1 a(z)(v'(x) — wy(2)) (' () — ' (2))dx

+Aamwm—mmmwm—%MMw
(4.3.2)

Since v —uy, € V)2, by Galerkin orthogonality (4.2.4), the last integral is zero.
Thus,

1

( /0 1 a(z) (' (z) — um»?m) ’

(4.3.3)

where, in the last estimate, we used Cauchy-Schwarz inequality. Thus
lu —upl|lg < ||lu—v|Eg, Vv € V2, (4.3.4)
and the proof is complete. [l

The next step is to show that there exists a function v(z) € V¥ such that
||lu —v||g is not too large. The function that we have in mind is mu(x): the
piecewise linear interpolant of u(x), introduced in Chapter 3.

Theorem 4.4. [An a priori error estimate] Let u and uy, be the solutions
of the Dirichlet problem (BVP) and the finite element problem (FEM), re-
spectively. Then there exists an interpolation constant C;, depending only on
a(x), such that

lu — wpllp < Cillhad"].. (4.3.5)
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Proof. Since muu(z) € V2, we may take v = mu(x) in (4.3.1) and use, e.g.
the second estimate in the interpolation Theorem 3.3 (slightly generalized to
the weigthed norm || - |4, see remark below) to get

lu = unlle < [lu—mulle = v = (mhu)]la

< Gl = i / oapapep ar) 1O

which is the desired result and the proof is complete. O

Remark 4.1. The interpolation theorem is not stated in the weighted norm.
The a(x) dependence of the interpolation constant C; can be shown as follows

1/2

o = (e = a0l () — () () )

< (max a(@)'?) -’ = (o) Nz, < e max a(2)?) a1,
z€[0,1] z€[0,1]

= cl-(gcrg[%i(] a(m)1/2> </01 h(z)*u” (x)? dw) v
| /0 ' ol () d)

(maXze[o,l] a(fl?)lp) 1/2

(minxe[o,u a(x)1/2)

<¢

Thus ”
O, = ¢ Beeoy ¢(2) ) (4.3.7)

‘ (H’linme[o’l} a(x)1/2) ’

where ¢; = co 18 the interpolation constant in the second estimate in Theorem
3.3.

Remark 4.2. If the objective is to divide [0, 1] into a finite number of subin-
tervals, then one can use the result of Theorem /4.4: to obtain an optimal
partition of [0,1], where whenever a(x)u”(x)? gets large we compensate by
making h(x) smaller. This, however, “requires that the exact solution u(x)
is known” *. Now we state the a posteriori error estimate, which instead of
the unknown solution u(x), uses the residual of the computed solution up ().

Theorem 4.5 (An a posteriori error estimate). There is an interpolation
constant ¢; depending only on a(x) such that the error in the finite element

'Note that when a is a given constant then, —u"(z) = (1/a)f(z) is known.
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approzimation of the Dirichlet boundary value problem (4.1.10), satisfies

= wn s < c(/o a(lx)hQ(x)R2(uh(x))dx)l/2, (4.3.8)
where R(up(x)) = f + (a(x)u),(z)) is the residual, and u(x) — uy(z) € Hy.

Proof. By the definition of the energy norm we have

le(a)ls = [ al@)e@)de = [ alo)u'@) - vh(@))e (@)
0 0 (4.3.9)

_ /0 ool ()¢ (2)d — /0 ' o)l ()¢ ()

Since e € H} the variational formulation (VF) gives that

/01 alz ) dx—/ fla (4.3.10)

Hence, we can write

||E_/ o da:—/la(x)u;L(x)e/(x)da:. (4.3.11)

Adding and subtracting the interpolant me(x) and its derivative (mhe)’(x)
to e and €’ in the integrands above yields

IIE—/f ) — mhe(x d:p+/f z)mpe(x)dx

J/

7
—Aa@%@@@%«wwWM—Aa@%wwwmww

[\ J/

(i0)

Since uy, () is the solution of the (FEM) given by (4.2.3) and mue(z) € V)2
we have that —(ii) + (¢) = 0. Hence

M—/f —md»m—/aw%mwm—W@wa

/ f(z)(e(x) — mpe(x))da — Z / V(€' (z) — (mhe) (z))da.
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To continue we integrate by parts in the integrals in the summation above

- / " o)} (2)(¢/(2) — (mpe) () da

Tk

= —|a@)up @) (@) — me(@)] "+ / " () (@) (e(@) = me()) do.

Th—1 Tk—1
Now, using e(xy) = mpe(xg), k = 0,1..., M + 1, where the x;:s are the
interpolation nodes, the boundary terms vanish and thus we end up with

Tk

- / " a(o)dy(2)(¢ () — (mne) () dz = / (ale)udy(@)) (e(z) — mhe(a))dz.

Tp—1

Thus, summing over k, we have

- / afa)idy (2)(€(z) — (mnelz))di = / (a(z)udy (1) (e() — myel))dz,

where (a(z)u},(x)) should be interpreted locally on each subinterval [zy_1, k).

(Since w},(z) in general is discontinuous, u}(x) does not exist globally on
[0,1].) Therefore

le()1% :/0 fx)(e(z) — 7The(ﬂf))dﬂ“r/o (a(z)up(x)) (e(x) — mre(x))dz
= [ () + (o) @) Hela) = mefe))
Now let R(un(z)) = f(z) + (a(z)u},(x)), i.e. R(un(z)) is the residual error,
which is a well-defined function except in the set {z;}, k = 1,..., M; where

(a(zg)up(zr)) is not defined. Then, using Cauchy-Schwarz’ inequality we get
the following estimate

le(@)|l3 = / R(un () (e() — mne () =

- / ﬁh@m(um» - M(W> dl"

<( | 1 st i) (| (o) (%W)de)” .
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Further, by the definition of the weighted Ls-norm we have,

= (/01 a(x)(%W)de)l/Q. (4.3.12)

To estimate (4.3.12) we can use the third interpolation estimate (in Theorem
5.5) for e(x) in each subinterval and get

H e(x) — mpe(z)
h(x)

H e(x) — mpe(x)

where C; as before depends on a(x). Thus

| <cle@la=Clle@ls,  (43.13)

2 ! 1 2 2 1/2
@l < ([ @R umE)e) " Cle@ls. @310
and the proof is complete. n
Adaptivity

Below we briefly outline the adaptivity procedure based on the a posteriori
error estimate which uses the approximate solution and which can be used
for mesh-refinements. Loosely speaking, the estimate (4.3.8) predicts local
mesh refinement, i.e. indicates the regions (subintervals) which should be
subdivided further. More specifically the idea is as follows: assume that one
seeks an error less than a given error tolerance TOL > 0:

llelle < TOL, e(r) :=u(x) — up(x). (4.3.15)

Then, one may use the following steps as a mesh refinement strategy:

(i) Make an initial partition of the interval

(ii) Compute the corresponding FEM solution uy(z) and residual R(up(x)).

1
(iii) If ||le]|g > TOL, refine the mesh in the places where sz(uh(:v)) is

large and perform the steps (ii) and (iii) again.
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4.4 FEM for convection—diffusion—absorption
BVPs

We now return to the Galerkin approximation of a solution to boundary
value problems and give a framework for the c¢G(1) (continuous Galerkin of
degree 1) finite element procedure leading to a linear system of equations of
the form A¢ = b. More specifically, we shall extend the approach in Chapter
2, for the stationary heat equation, to cases involving absorption and/or
convection terms. We also consider non-homogeneous Dirichlet boundary
conditions. We illustrate this procedure through the following two examples.

Example 4.1. Determine the coefficient matriz and load vector for the ¢G(1)
finite element approximation of the boundary value problem

—u"(z) +4u(z) =0, 0<z<I; w(0) =a#0, u(l)=p#0,

on a uniform partition Ty, of the interval [0, 1] into n 4+ 1 subintervals.
Solution: The objective is to construct an approrimate solution uy in a fi-
nite dimensional space spanned by the piecewise linear basis functions (hat-
functions) ¢;(x), j = 0,1,...,n+ 1 on the partition Tp,. This results in a
discrete problem represented by a linear system of equations A = b, for the
unknown § = {c;}}_,, (co = a and ¢, = B are given in boundary data.)
The continuous solution is assumed to be in the Hilbert space

H' = {w : /1 <w(x)2 +w'(:v)2> dr < oo} .
0
Since u(0) = o and u(1) = B are given, we need to take the trial functions in
Vi={w:weH, w(0)=a, w(l)=4},
and the test functions in
VO:=Hy={w:we H', w(0)=uw(l)=0}.

We multiply the PDE by a test function v € VO and integrate over (0,1).
Integrating by parts we get

1 1
—u'(Dv(1) + «'(0)v(0) +/ u'v' dr + 4/ wdr =0 <
0 0

1 1
(VEF): Find weV sothat / u'v' dz +4/ wdz =0, Vo e VP,
0 0
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The partition Ty, of [0,1] into n + 1 uniform subintervals I, = [0, h], Iy =
[h,2h], ..., and I,11 = [nh,(n + 1)h], is also described by the nodes xy =
0,2y =h,...,x, =nh and v,.1 = (n+ 1)h = 1. The corresponding discrete
function spaces are (varying with h and hence with n),

Vi, i= {wy, : wy, is piecewise linear, continuous on T, w,(0) = o, wp(1) = [},
and
V. := {wy, : vy, is piecewise linear and continuous on T, vu(0) = v(1) = 0}.

Note that here, the basis functions needed to represent functions in Vj, are the
hat-functions ¢;,j =0, ...,n+1 (including the two half-hat-functions ¢y and
©ni1), whereas the basis functions describing V¥ are @;:s for i = 1,...,n,
i.e. all full-hat-functions but not @y and @,1. This is due to the fact that
the values u(0) = a och u(1) = B are given and therefore we do not need to
determine those two nodal values approximately.

2 ¥1 Oni1

J
1 1 1
0 r1=h Ty1 j Tyy1 n Tpyr =1

Zo

Now the finite element formulation (the discrete variational formulation)
is: find up, € Vi, such that

1 1
(FEM) / u%v’dm—l—ll/ upvdr =0, Vv e VY.
0 0

We have that up(x) = copo(z) + Y7, ¢jj() + Cry1pni1(x), where ¢ = a,
Cny1 = and

T — Tj-1, Tj-1 SZL‘SZE]
1 h—z 0<ax<h 1
pola) = o . l copie) =50 Tm—r r;<e<an
, else
0 v ¢ [z, 2,0]
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and

1 T — Tp

nh <z <(n+1)h
§0n+1('r) = E :

0, else.
Inserting uy, into (FEM), and choosing v = ¢;(x), i =1,...,n we get

n

Z(/ol #j@)eile) o+ 4/01 p;(@)pi() dl“) ¢

j=1

——( / (@) do + 4 / pol@)ele) dz)co

([ e [

Pnt1(2)pi(2) da:) Cn+1-

67

In matriz form this corresponds to A§ = b with A = S+4M , where S = Ay

15 the, previously computed, stiffness matriz:

2 -1 0 0 0
-1 2 -1 0 0
g 1 0 -1 2 -1 0 pal
=3 (4.4.1)
o ... ... =1 2 -1
o ... ... ... =1 2
and M 1is the mass-matrix given by
[ ower fyeaor oo J onn
1 1 1
M — fo P1¥2 fo P22 .. fo Pnp2 (4.4.2)
1
| ye1on Jooon o Jy onn |

Note the index locations in the matrices S and M :

= [ e my= [ o
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This, however, does not make any difference in the current example, since,

as seen, both S and M are symmetric.

To compute the entries of M, we

follow the same procedure as in Chapter 2, and notice that, as S, also M 1is

symmetric and its elements m;; are

1
fo PiPj dr = 0,
Mmi; = Mj; = fol (,0?(3:‘) dx,
1
Jo 0i(@)pji (),
Yy
1 _________________

Vi, j

J Lj+1

with i —j| > 1
for 1=j54+1

Lj+2

Figure 4.2: ¢, and ¢,4;.

The diagonal elements are

' 2 1 i ) Tj+1 ,
My = Soj(x) dx = ﬁ( (13 - xj*l) dx + (l’j+1 - 33) )
0

Tj—1

T2 3 o1 B2

R SN N
T2 3 T3 T3 JT

Emgl - g

Ty

z;
coyn,

(4.4.4)
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and the two super- and sub-diagonals can be computed as

1 x;
1 Jt+1
Mjjr1 = Mjy1j = / pjpjr1de = = (zj41 —z)(x — ;) = [PI]
0 IE]'
1 (z —z;)? 200 1 [T (z—xy)?
= | -0 5] _ﬁ/x oy
1r(x— xj)3] w1 ,
= —|— =—h =1.....n—1.
hQ[ 6 1‘] 67 ..7 ) 7n
Thus the mass matrixz in this case is
- 1 _ _ _
s 5 0 0 ... 0 4 1 0 0 ... O
%%%O...O 1 4 1 0 ... 0
1 2 1
M 0 5 35 3 0 :E 0O 1 4 1 0
6 “ e
0 . % % % o ... ... 1 4 1
0 : 3 0 1 4

Hence, fori,j =1,...,n, the coefficient matrix A =S + 4M is given by
1 1
Al = [ depdord [ pwi@de= Lam imgi=1,

Finally, with co = o och c,11 = B, we get the load vector viz,

1 2h 1 2h
=yt e=aG )
by=...=by1 =0,

1 2h 1 2h
by, = _(_E + ?)Cn—l-l = B<E - ?)

Now, for each particular choice of h (i.e. n), a and 5 we may solve A =
b to obtain the nodal values of the approximate solution u; at the inner
nodes xj, j = 1,...,n. That is: £ = (c1,...,¢)T = (up(x1), ... up(z,))’.
Connecting the points (z;,up(x;)), j =0,...,n+1 by straight lines we obtain
the desired continuous piecewise linear approrimation of the solution.
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Remark 4.3. An easier way to compute the above integrals m; ;i1 (as well
as mj;) is through Simpson’s rule, which is exact for polynomials of degree
< 2. Since pj(x)pjr1(x) =0 at ¢ = x; and x = 41, we need to evaluate
only the midterm of the Simpson’s formula, i.e.

1
h T+ x5 T+ T h 1 1
/90j90j+1dx_4690j<]T]+1>'¢j+1<]TJH>'—4 ..... .
0

! h T T r zih (1) 2? h
dr= [ 1=D%qp=[a-5HZ]" - [ D 2 -2
/O“W1 v /0( B 0 [( h)2h}o /0 ho 2T

Example 4.2. Below we consider a convection-diffusion problem:
—eu(z) +pu(x) =r, 0<ax<I; w(0) =0, u'(1)=p#0,

where € and p are positive real numbers andr € R. Here —eu” is the diffusion
term, pu’ corresponds to convection, and r is a giwen (here for simplicity a
constant) source (r > 0) or sink (r <0). We would like to answer the same
question as in the previous example. This time with co = u(0) = 0. Then,
the test function at x = 0; @y will not be necessary. But since u(1) is not
given, we shall need the test function at x = 1: @,11. The function space for
the continuous solution: the trial function space, and the test function space
are both the same:

Vo= {w ; /01 (w(@)? + w'(@)?) de < oo, and w(0) = 0}.

We multiply the PDE by a test function v € V and integrate over (0,1).
Then, integration by parts yields

1 1 1
—eu'(1)v(1) + e/ (0)v(0) + 5/ u'v'dx +p/ vw'vdr = r/ vdr.
0 0 0
Hence, we end up with the variational formulation: find u € V' such that
1 1 1
(VF) 5/ u'v' dx +p/ u'vdxzr/ vdr 4+ efu(l), YveV.
0 0 0

The corresponding discrete test and trial function space is

V¥ = {wy, : wy, is piecewise linear and continuous on Ty, and w,(0) = 0}.
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©o ©2

/

1 I 1
2o =10 1 =nh g1 j Zj+1

Thus, the basis functions for V¥ are the hat-functions ¢;,j = 1,...,n+1
(including the half-hat-function ¢,y1), and hence dim(V,?) =n + 1.

Now the finite element formulation reads as follows: find uy, € V¥ such that

1 1 1
(FEM) 5/ u;lv'dx—l—p/ u’hvdx:r/ vdr +epBv(l), Yve V.
0 0 0

Inserting the ansatz uy(x) = Z”H &ipj(x) into (FEM), and choosing v =
pi(x),i=1,...,n+1, we get

n+1

> [ e [ G in)e=r [ o sa

In matriz form this corresponds to the linear system of equations A§ = b with
A=eS+pC, where S is computed as Ay and is the (n +1) x (n+1)-

stiffness matriz with its last diagonal element S, 11 = fo Or1Prs1 AT =
1/h, and C' is the convection matrix with the elements

Cij = /01 (@) ipi(z) da.

Hence we have, evidently,

2 -1 0 0 0

-1 2 -1 0 0

G 1 o -1 2 -1 ... 0
h

0 -1 2 -1

0 -1 1
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To compute the entries for C, we note that like, S,M and S, also C is a
tridiagonal matriz. But C' is anti-symmetric. Its entries are

(

cij = 0, for |i—j]>1
fo% x)dr =0, for i=1,...,n
Cntlntl = fo Pni1(T) Pl (x) do = 1/2, (4.4.5)
Ciitl = fo i) () de = 1/2, for i=1,....n
\ ci+1z—f0 i1 (x)pl(z) de = —1/2, for i=1,...,n.

Finally, we have the entries b; of the load vector b as

by=...=b,=rh, b1 =1h/2+¢ep.
Thus,

0O 1 0 0 0 1 0

-1 0 1 0 0 1 0

1 0O -1 0 1 0 1 0

025 , b=rh +ef

o ... ... =1 0 1 1 0

O ... ... ... =1 1 1/2 1

Remark 4.4. In the convection dominated case & << 1 this standard FEM

will not work. Spurious oscillations in the approximate solution will appear.
The standard FEM has to be modified in this case.

4.5 Exercises
Problem 4.1. Consider the two-point boundary value problem
—u"'=f 0<z<lI; u(0) = u(1) = 0. (4.5.1)

Let V ={v : ||Jo||+]|V] < oo, v(0)=v(1) =0}, ||| denotes the La-norm.

a. Use V to derive a variational formulation of (4.5.1).
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b. Discuss why V is valid as a vector space of test functions.
c. Classify which of the following functions are admissible test functions
sin 7, 22, xlnzx, e’ —1, z(l —x).

Problem 4.2. Assume that u(0) = u(1) =0, and that u satisfies

/ vdx—/fvd:x

forallveV ={v: |||+ []V|| < oo, ©v(0)=wv(l)=0}.

a. Show that u minimizes the functional

Fv) = / )2 dw — / fvdz. (4.5.2)
Hint: F(v) = Fu+w) = F(u) +...> F(u)
b. Prove that the above minimization problem is equivalent to
—-u"=f 0<z<l; w(0) = u(1) = 0.
Problem 4.3. Consider the two-point boundary value problem
—u"=1, 0<x<I; u(0) = u(1) = 0. (4.5.3)

Let Ty, : xj = i, 7 =0,1,...,4, denote a partition of the interval 0 < r < 1
into four subintervals of equal length h = 1/4 and let V}, be the corresponding
space of continuous piecewise linear functions vanishing at x =0 and x = 1.

a. Compute a finite element approzimation U € V}, to (4.5.3).
b. Prove that U € V}, is unique.

Problem 4.4. Consider once again the two-point boundary value problem
—-u"=f 0<z<l; u(0) = u(1) = 0.

a. Prove that the finite element approximation U € V}, to u satisfies
|(w—U)| < [[(u—0), for all v € Vj,.

b. Use this result and interpolation estimate to deduce that
[(w = U)'|| < Cllhu"]], (4.5.4)

where C' depends on the interpolation constant.
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Problem 4.5. Consider the two-point boundary value problem

—(au) = f, 0<z<l, (455)
u(0) =0, a(L)u'(1) = ¢y,
where a > 0 is a positive function and g, is a constant.
a. Derive the variational formulation of (4.5.5).
b. Discuss how the boundary conditions are implemented.
Problem 4.6. Consider the two-point boundary value problem
—u"=0, xzel:=(0,1); w(0)=0, «'(1)="7. (4.5.6)

Divide I into two subintervals of length h = % and let V}, be the corresponding
space of continuous piecewise linear functions vanishing at x = 0.

a. Formulate a finite element method for (4.5.6).
b. Calculate by hand the finite element approzimation U € V}, to (4.5.6).

c. Study how the boundary condition at x = 1 is approximated.

Problem 4.7. Consider the two-point boundary value problem
—u"=0, 0<z<I; u'(0) =5, wu(l)=0. (4.5.7)

Let Ty, - z; = jh,j = 0,1,...,N, h = 1/N be a uniform partition of the
interval 0 < x < 1 into N subintervals and let V}, be the corresponding space
of continuous piecewise linear functions.

a. Use Vi, with N = 3, and formulate a finite element method for (4.5.7).

b. Compute the finite element approximation U € V), assuming N = 3.

Problem 4.8. Consider the problem of finding a solution approximation to
—u'=1, 0<x<I; u'(0) = /(1) =0. (4.5.8)

Let Ty, be a partition of the interval 0 < x < 1 into two subintervals of equal
length h = % and let V}, be the corresponding space of conlinuous piecewise
linear functions.

a. Find the exact solution to (4.5.8) by integrating twice.

b. Compute a finite element approximation U € V}, to u if possible.
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Problem 4.9. Consider the two-point boundary value problem
—((1+2)u) =0, 0<z<l; uw(0) =0, «'(1)=1. (4.5.9)

Divide the interval 0 < z < 1 into 3 subintervals of equal length h = % and
let 'V}, be the corresponding space of continuous piecewise linear functions
vanishing at x = 0.

a. Use V), to formulate a finite element method for (4.5.9).
b. Verify that the stiffness matriz A and the load vector b are given by

16 -9 0 0
A=-1-9 20 11|, b=]0
0 —11 11 1

c. Show that A 1s symmetric tridiagonal, and positive definite.

d. Derive a simple way to compute the energy norm ||U||%, defined by

1
U2 = / (1 + )V (2)? da,

where U € V), is the finite element solution approximation.

Problem 4.10. Consider the two-point boundary value problem

—u"=0, 0<z<I; w(0) =0, u'(1)=Fk(u(l)—1). (4.5.10)
Let Tp : 0 =29 < 11 < 19 < x3 = 1, where x1 = % and x9 = % be a partition
of the interval 0 < x < 1 and let V}, be the corresponding space of continuous
piecewise linear functions, which vanish at x = 0.

a. Compute a solution approximation U € V}, to (4.5.10) assuming k = 1.

b. Discuss how the parameter k influence the boundary condition at x = 1.
In particular when k — oo and k — 0.

Problem 4.11. Consider the finite element method applied to

"' =0, 0<xz<I; u(0) =a, u'(1) =7,
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where o and B are given constants. Assume that the interval 0 < x < 1
is divided into three subintervals of equal length h = 1/3 and that {¢;}§ is

a nodal basis of Vi, the corresponding space of continuous piecewise linear
functions.

a. Verify that the ansatz

U(z) = apo(w) + &ip1(2) + &2 (@) + Es03(),

yields the following system of equations

«
Loz o) 0
1
S RS T B ; ~1o0]. (4.5.11)
0 0 -1 1 ’ 3

b. If o =2 and 8 = 3 show that (4.5.11) can be reduced to

2 -1 0|4 —2p~1

1

-1 2 -1 & | = 0
0 -1 1 & 3

c. Solve the above system of equations to find U(x).
Problem 4.12. Compute a finite element solution approrimation to

—u"+u=1 0<z<1, u(0) = u(l) =0, (4.5.12)

3x, O<zr<z 0, O<ax<
o1(z) =< 2 -3z, <z <3, po(z) =< 32 -1,

1 1
3 3
0, 2<r<1 3-3z, i<uz<l
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Problem 4.13. Consider the following eigenvalue problem
—au” + bu = 0; 0<z<1, u(0) =u'(1) =0, (4.5.13)

where a, b > 0 are constants. Let T, : 0 = 9 < 1 < ... < xzny = 1,
be a non-uniform partition of the interval 0 < x < 1 into N intervals of
length hy = x; —x;_1, 1 = 1,2,..., N and let V}, be the corresponding space
of continuous piecewise linear functions. Compute the stiffness and mass
matrices.

Problem 4.14. Show that the FEM with the mesh size h for the problem:

—u"'=1 0<z<l1

(4.5.14)
uw(0)=1 /(1) =0,
with
U(x) = Tpo(z) + Urpr(x) + ... + Unpm(x). (4.5.15)
leads to the linear system of equations: A -U = b, where
-1 2 -1 0 7 h
0o -1 2 —1... U,
~ 1 ) ~ ) ~ )
A — - = b =
. U h
0O ... 0 - Un h/2
m X (m+ 1) (m+1)x1 m x 1
. which is reduced to AU = b, with
2 -1 0 ... 0 F h+ %
Ui
-1 2 -1 0 .
1 2
h ’ o .. ’
0o -1 2 -1 h
Un
o o0 0 -1 2 - . h/2
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Problem 4.15. Prove an a priori error estimate for the cG(1) finite element
method for the problem

—u" +au=f, inl=(01), u(0) = u(1) =0,

where the coefficient o = a(x) is a bounded positive function on I, (0 <
alz) <K, zel).

Problem 4.16. a) Formulate a ¢G(1) method for the problem

(a(x)u'(x)) =0, O<x<l,
a(0)u’(0) = uy, u(l) =0.

and give an a priori error estimate.

b) Let ug = 3 and compute the approximate solution in a) for a uniform
partition of I = [0, 1] into 4 intervals and

1/4, x<1/2,
1/2, x> 1/2.

a(x) =

c¢) Show that, with these special choices, the computed solution is equal to the
exact one, i.e. the error is equal to 0.

Problem 4.17. Prove an a priori error estimate for the finite element
method for the problem

—u"(z) +u'(z) = f(z), O0<z<l, u(0) = u(1) = 0.

Problem 4.18. (a) Prove an a priori error estimate for the cG(1) approzi-
mation of the boundary value problem

—u"+cu'+u=f inI=(0,1), u(0) = u(1) =0,

where ¢ > 0 is constant.

(b) For which value of c is the a priori error estimate optimal?
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Problem 4.19. Let U be the piecewise linear finite element approximation

for
—u"(x) + 2zu' (x) + 2u(z) = f(x), x€(0,1), u(0) = u(1) =0,

in a partition Ty, of the interval [0,1]. Set e = u—U and derive a priori error
estimates in the energy-norm:

1
el = [1€'lI* + llell®,  where ||w||2=/ w(z)® da.
0
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Chapter 5

Scalar Initial Value Problems

This chapter is devoted to numerical methods for time discretizations. Here, we
shall consider problems depending on the time variable, only. The approximation
techniques developed in this chapter, combined with those of the previous chap-
ter for boundary value problems, can be used for the numerical study of initial
boundary value problems; such as, e.g. the heat and wave equations.

As a model problem we shall consider the classical example of population
dynamics described by the following ordinary differential equation (ODE)

fit), 0<t<T,
(IV) u(0) = uyp,

=
=
£
=
~—
+
S
=
£
=
I

(5.0.1)

where f(t) is the source term and u(t) = d—ItL The coefficient a(t) is a bounded

function. If a(t) > 0 the problem (5.0.1) is called parabolic, while a(t) > « > 0
yields a dissipative problem, in the sense that, with increasing ¢, perturbations
of solutions to (5.0.1), e.g. introduced by numerical discretization, will decay.
In general, in numerical approximations for (5.0.1), the error accumulates when
advancing in time, i.e. the error of previous time steps adds up to the error of
the present time step. The different types of error accumulation/perturbation
growth are referred to as stability properties of the initial value problem.

81
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5.1 Solution formula and stability

Theorem 5.1. The solution of the problem (5.0.1) is given by
t
u(t) = ug - e~ 4 / e~ A=AW) £(5)ds, (5.1.1)
0

where A(t) = f[f a(s)ds and e*® is the integrating factor.
Proof. Multiplying the (DE) by the integrating factor eA® we have
w(t)e® + A(t)etOu(t) = eAD f(1), (5.1.2)

where we used that a(t) = A(t). Equation (5.1.2) can be rewritten as

%(u(t)e%)) = ADf(p).

We denote the variable by s and integrate from 0 to ¢ to get
t d t
/ —<u(3)e‘4(s)>ds :/ e f(s)ds,
o ds 0

t
u(t)e® — u(0)e® = / ) f(s)ds.
0

Now since A(0) = 0 and u(0) = uy we get the desired result

1.e.

t

u(t) = uge 4® +/ e”AO=AED f(s)ds. (5.1.3)
0

]

This representation of u is known as the Variation of constants formula.

Theorem 5.2 (Stability estimates). Using the solution formula, we can de-
rive the following stability estimates:

(i) If a(t) > a >0, then |u(t)| < e *ug| + é(l — e ) max | f(s)],

0<s<t

(i1) If a(t) > 0 (i.e. a =0; the parabolic case), then

u(t)] < |u0|+/0 [f(s)lds —or Ju(®)] < fuol + [ fllz,0n-  (5.1.4)
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¢

Proof. (i) For a(t) > o > 0 we have that A(t) = / a(s)ds is an increasing
0

function of ¢, A(t) > ot and

A(t)—A(s):/Ota('r)dr—/osa(r)dr:/Sta(r)drza(t—s). (5.1.5)

Thus e 4® < e and e~ (AN~AG) < e=a(t=9) Hence, using (5.1.3) we get

t
()] < Jugle™* + / e~ £(s)|ds, (5.1.6)
0
which yields

]_ s=t
[u(t)] < e ol + max | ()| e ] e

0<s<t

1
< —at - _ —at
[u(®)] < e fug| 4+ (1 = =) max |(s)].

(ii) Let @ = 0 in (5.1.6) (which is true also in this case: for a = 0), then
¢

lu(t)] < Jugl +/ |f(s)|ds, and the proof is complete. O
0

Remark 5.1. (i) ezpresses that the effect of the initial data uy decays expo-
nentially with time, and that the effect of the source term f on the right hand
side does not depend on the length of the time interval, only on the maximum
value of f, and on the value of a. In case (ii), the influence of uy remains
bounded in time, and the integral of f indicates an accumulation in time.

5.2 Finite difference methods

Let us first continue as in Example 2.1 and give the other two, very common,
finite difference approaches, for numerical solution of (5.0.1): Let

Tn={0=xy<z <,.. <y <ay=T}

be a partition of the time interval [0, T'] into the subintervals Iy := [zg_1, zx], k
1,... N as in the Example 2.1:
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to-';() £ Z-fg Eg tN—;T

Example 5.1. Now we discretize the IVP (5.0.1), for a(t) being positive
constant, with the backward Euler method, on the partition Ty, approximat-
ing the derivative u(t) by a backward-difference quotient at each subinterval
Iy = (tg_1,t] by u(t) =~ % Then an approzimation of (5.0.1), with

f(t) =0 is given by

u(tk) — U(tk_l)
te — Tp—1

= —a-u(ty), E=1,...,N, and u(0)=ug. (52.1)
(Note that in forward Euler, we would have —au(t,_1) on the right hand side
of (5.2.1)). Letting Aty =t — tp_1, (5.2.1) yields

(1 + aAtk)u(tk) = U(tk_l). (5.2.2)

Starting with k = 1 and the data u(0) = ug, the solution u(ty) would, itera-
tively, be computed at the subsequent points: ty, to, ..., ty =1T.

For a uniform partition, where all subintervals have the same length At, and
since for a >0, 1 4+ aAt > 0(#£0), (5.2.2) can be written as

u(ty) = (1 +alt) Mu(ty_y), k=1,2,...,N. (5.2.3)
Iterating we get the Backward or Implicit Euler method for (5.0.1):
u(ty) = (1 + aAt) u(te_y) = (1 4+ aAt) 2u(tp_s) = ... = (1 4+ aAt) Fu,.

Remark 5.2. Note that, for the problem (5.0.1), with f(t) = 0, in the
Ezxample 2.1 we just replace A with —a, and get the forward (explicit) Euler
method:

u(ty) = (1 — alt) . (5.2.4)

Example 5.2. Now we introduce the Crank-Nicolson method for the finite
difference approximation of (5.0.1). Here, first we integrate the equation
(5.0.1) over I, = [ty_1,tx] to get

u(te) — ulte 1) +a /t "y dt = /t " (5.2.5)
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Then, approzimate the integral term by the simple trapezoidal rule we get

(tk) — ’U,(tk 1) —+ CLATt( (tk) +u tk 1 / f (526)

Rearranging the terms yields

<1 + a%)u(tk) = (1 — a% (tr-1) / f(t)

Or, equivalently,

Let us assume a zero source term (f = 0), and uniform partition, i.e. Aty =
At for k=1,2,..., N, then we have the following Crank-Nicolson method:

u(ty) = (%)k 0

Example 5.3. Consider the initial value problem:

(5.2.7)

W(t) +au(t) =0, t>0, u(0)=1.

a) Let a = 40, and the time step k = 0.1. Draw the graph of U, :=
Unk), k=1,2,..., approzimating u using (i) explicit (forward) Euler, (ii)
implicit (Backward) Euler, and (iii) Crank-Nicolson methods.

b) Consider the case a = i, (i* = —1), having the complex solution u(t) = e
with |u(t)] = 1 for all t. Show that this property is preserved in Crank-
Nicolson approzimation, (i.e. |U,| = 1 ), but NOT in any of the Euler
approximations.

Solution: a) With a =40 and k = 0.1 we get the explicit Euler:

Up — Up_y +40 x (0.1)U,_1 = 0, U,=-3U,_1, n=12...,
—
Uo =1 Uo = 1.

Implicit Euler:

Up = 7557 Un-1 = U1, n=1,2,3,...,

1+40x(0.1)

Uy = 1.
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Cranck-Nicolson:

. 17—><40>< (0.1) 1 B
Un = 141 x40x Ol)U 3Un717 n=1,23,...,
Uy=1.
E.E.
I.E.
10+ 1
! CN
151
1
‘ ‘ | ‘ ‘ | | |
Ko | % | ‘ ! L e
=T ~13

b) With a =i we get
Ezxplicit Euler

U] = |1 = (0.1) % i[|Up_1| = VI 0.0L|Up_y| = |Up| = [Un_s].

Implicit Euler

1 1
Un:‘—,‘Un_ - U, <|U._il
Ul 1+(0.1)><z| 1 1+0.01| 1] < [Unal

Crank-Nicolson

1—10.1) x4
# net1]| = |Un-1].
2

‘_‘1—1— 1)><z

5.3 Galerkin finite element methods for IVP

The polynomial approximation procedure introduced in Chapter 2, along
with (2.2.5)-(2.3.5), for the initial value problem (2.1.1), or (5.0.1), being



5.3. GALERKIN FINITE ELEMENT METHODS FOR IVP 87

over the whole time interval (0,7) is referred as the global Galerkin method.
In this section, first we introduce two versions of the global Galerkin method
and then extend them to partitions of the interval (0,7") using piecewise
polynomial test (multiplier) and trial (solution) functions. Here, we shall
focus on two simple, low degree polynomial, approximation cases.

e The continuous Galerkin method of degree 1; ¢G(1). In this case the trial
functions are piecewise linear and continuous while the test functions are
piecewise constant and discontinuous, i.e. unlike the ¢G(1) for BVP, here
the trial and test functions belong to different polynomial spaces.

e The discontinuous Galerkin method of degree 0; dG(0). Here both the trial
and test functions are chosen to be piecewise constant and discontinuous.

5.3.1 The continuous Galerkin method

Recall the global Galerkin method of degree ¢; (2.3.1), for the initial value
problem (5.0.1): find U € P%(0,T), with U(0) = ug such that

T T
/ (U + aU)vdt = / fvdt, YvePY0,T), with v(0)=0. (5.3.1)
0 0

We formulate the following alternative formulation: Find U € P%(0,T)
with U(0) = ug such that

T T
/ (U + aU)vdt = / fodt, Vv e PIH0,T), (5.3.2)
0 0

Note that in (5.3.1) we have that v € span{t,t?,...,t?}, whereas in (5.3.2)
the test functions v € span{l,t,t?,...,t7'}. Hence, the difference between
these two formulations lies in the choice of their test function spaces. We
shall focus on (5.3.2), due to the fact that, actually, this method yields a
more accurate approximation of degree ¢ than the original method (5.3.1).
The following example illustrates the phenomenon

Example 5.4. Consider the IVP

u(t) +u(t) =0, 0<t<I,
u(0) = 1.

(5.3.3)
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The exact solution is given by u(t) = e~*. The continuous piecewise linear

approzimation, with the ansatz U(t) =1+ &1t in,

/1(U(t) +U(t))v(t)dt =0, (5.3.4)

and v(t) =t (i.e. (5.3.1)) yields

1 +2 #3171
/ (§1+1+§1t)tdt20: [(€1+1)§+§1§] 20:5:—3/5.
0 0

Hence in this case the approximate solution, that we denote by U is given
by Uy(t) =1 — (3/5)t. Whereas (5.3.2) for this problem means v(t) =1 and
gives

1 2
/(§1+1+£1t)dt:O:> [(§1+1)t—|—§1% ;:0:>g:—2/3.
0

In this case the approzimate solution that we denote by Us is given as Us(t) =
1—(2/3)t. As we can see in the figure below Uy is a better approximation for
et than Uy.

Figure 5.1: Two continuous linear Galerkin approximations of e~*.

Before generalizing (5.3.2) to piecewise polynomial approximation, which
is the ¢G(q) method, we consider a canonical example of (5.3.2).
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Example 5.5. Consider (5.3.2) with ¢ = 1, then choosing v =1, yields

/T(U + al)vdt = /T(U +al)dt = U(T) — U(0) + /T aU(t)dt (5.3.5)

Here U(t), as a linear function, is given by

Ut) = U(O)% FUT) 2, (5.3.6)

Inserting (5.3.6) into (5.3.5) we get

T
T
U(T) — U(0) + / a(U(o)T L U(T dt / Fdt,  (5.3.7)
0

which is an equation for the unknown quantity U(T). Thus, using (5.3.6) with
a given U(0), we get the linear approzimation U(t) for all t € [0,T]. Below
we generalize this example to piecewise linear approximation and demonstrate
the iteration procedure for the cG(1) scheme.

The cG(1) Algorithm
For a partition Ty, of the interval [0,T] into subintervals I, = (ty_1,tx], we
perform the following steps:

(1) Given U(0) = Uy = uy and a source term f, apply (5.3.7) to the first
subinterval (0,t;] and compute U(ty). Then, using (5.3.6) one gets
U(t),Vt € [0,t4].

(2) Assume that we have computed Uy_y = U(ty—1). Hence, Uy_; and
f are now considered as data. Now we consider the problem on the
subintervals I, = (tx_1,tx], and compute the unknown Uy := Ul(ty)
from the local version of (5.3.7),

b t —t t—t
Uk—Ulir/ a(k—UkmL klUk dt = / ft.

PN 7 b — thk—1

Having both Uy_y and Uy, by linearity, we get U(t) fort € I. To get the
continuous piecewise linear approximation in the whole interval [0,ty],
step (2) is performed in successive subintervals Iy, k =2,...,N.
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The cG(q) method
The Global continuous Galerkin method of degree ¢, formulated on a parti-
tion T, 0 =ty < t; < ... <ty =T of the interval (0,7), is referred to as

the ¢G(q) method and reads as: find U(t) € Vk(q), such that U(0) = v, and

tN . ty
/ (U + aU)wdt = / fwdt,  Ywe WY, (5.3.8)
0 0

where

Vk(q) = {v : v continuous, piecewise polynomial of degree < q on T},

Wk(qfl) = {w : wdiscontinuous, piecewise polynomial, deg w < ¢ — 1 on Tx}.

So, the difference between the global continuous Galerkin method and c¢G(q)
is that now we have piecewise polynomials on a partition of [0, 7] rather than
global polynomials in the whole interval [0, 7.

5.3.2 The discontinuous Galerkin method

We start presenting the global discontinuous Galerkin method of degree q:
find U(t) € P4(0,T) such that

/0 T(U + aU)wdt + (U(0) — u(0))0(0) = /0 " fedt, Voe P90, T). (5.3.9)

This approach gives up the requirement that U(t) satisfies the initial condi-
tion. Instead, the initial condition is imposed in a variational sense by the
term (U(0) — u(0))v(0). As in the cG(q) case, to derive the discontinuous
Galerkin method of degree q: dG(q) scheme, the above strategy can be for-
mulated for the subintervals in a partition 7,. To this end, we recall the

notation for the right /left limits: v = lim v(t, £ s) and the corresponding
s—=0

jump term [v,] = v} — v, at time level ¢t = t,,. Then, the dG(q) method for

n

(5.0.1) reads as follows: forn =1,..., N; find U(t) € P%(t,_1,t,) such that

tn X tn
/ (U + aU)vdt + U, v} | = / fodt + U, vt | Yo e Plt,_1,t).
th—1 tn—1
(5.3.10)
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e — 20— — >

n—1 48 ni1

Figure 5.2: The jump [v,] and the right and left limits v

Example 5.6 (dG(0)). Let g = 0, then v is constant generated by the single
basis function: v = 1. Further, we have U(t) = U, = U}, = U, on
I, = (ta_1,t], and U = 0. Thus, for ¢ = 0 (5.3.10) yields the following
dG(0) formulation: forn =1,...,N; find piecewise constants U,, such that

tn tn
/ aU,dt + U, = / fdt + Uns. (5.3.11)
tn—1 tn—1

Summing over n in (5.3.10), we get the following general dG(q) formulation:
Find U(t) € W9, with Uy = ug such that

N tn N 13y
Z/ (U +aU)wdt + Y "[Un_iJw, :/ fwdt, Ywe W\ (5.3.12)
n=1"tn-1 n=1 0

Remark 5.3. One can show that cG(1) converges faster than dG(0), whereas
dG(0) has better stability properties than ¢G(1): More specifically, in the
parabolic case when a > 0 is constant and (f = 0) we can easily verify
that (see Exercise 6.10 at the end of this chapter) the dG(0) solution U,
corresponds to the Backward Euler scheme

Un = (1 —l—lakz>nu0’

and the ¢G(1) solution U, is given by the Crank-Nicolson scheme:

7o (1—%@]{:)”
n — 1—|—%ak Ug,

where k is the constant time step.
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5.4 Exercises

Problem 5.1. (a) Derive the stiffness matriz and load vector in piecewise
polynomial (of degree q) approximation for the ODE of population dynamics:

u(t) = Au(t), for0<t<1, u(0) = uo.

(b) Let A =1 and ug = 1 and determine the approzimate solution U(t), for
q=1and qg=2.

Problem 5.2. Consider the initial value problem
w(t) +a(t)u(t) = f(t), 0<t<T, u(0) = uy.

Show that if a(t) = 1, f(t) = 2sin(t), then we have
u(t) = sin(t) — cos(t) = V2sin(t — 7/2).

Problem 5.3. Compute the solution for
a(t) +a(t)u(t) =13, 0<t<T, u(0) =1,

corresponding to

(a) alt)=4, (b)) a(t)=—t.

Problem 5.4. Compute the cG(1) approxzimation for the differential equa-
tions in the above problem. In each case, determine the condition on the step
size that guarantees that U exists.

Problem 5.5. Without using the solution Theorem 5.1, prove that if a(t) > 0
then, a continuously differentiable solution of (5.0.1) is unique.

Problem 5.6. Consider the initial value problem
w(t) +a(t)u(t) = f(t), 0<t<T, u(0) = wuo.

Show that for a(t) > 0, and for N = 1,2,..., the piecewise linear approxi-
mate solution U for this problem satisfies the error estimate

lu(ty) — Un| < %1&>§|k(('] +aU — f)|, k=ky,, fort,—1 <t<t,.
AN
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Problem 5.7. Consider the initial value problem
w(t) +au(t) =0, t>0, u(0)=wuy, (a= constant).

Assume a constant time step k and verify the iterative formulas for dG(0)
and c¢G(1) approximations U and U, respectively: i.e.

U, = ( L )nuo, U, = (1—_@]{;/2)71/&0.

1+ ak 14 ak/2

Problem 5.8. Assume that
/f(S)dSZO, for j=1,2,...,
I;

where 1; = (tj_1,t;), t; = jk with k being a positive constant. Prove that if
a(t) > 0, then the solution for (5.0.1) satisfies

< A1)
u(t)] < O] + ax [/ ()]
Problem 5.9. Formulate a continuous Galerkin method using piecewise poly-

nomials based on the original global Galerkin method.

Problem 5.10. Formulate the dG(1) method for the differential equations
specified in Problem 5.35.

Problem 5.11. Write out the a priori error estimates for the equations
specified in Problem 5.35.

Problem 5.12. Use the a priori error bound to show that the residual of the
dG(0) approzimation satisfies R(U) = O(1).

Problem 5.13. Prove the following stability estimate for the dG(0) method
described by (5.3.12),

N-1
Unl? + Y U < Juol
n=0
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Chapter 6

Initial Boundary Value
Problems in 1d

A large class of phenomena in nature, science and technology, such as seasonal
periods, heat distribution, wave propagation, etc, are varying both in space and
time. To describe these phenomena in a physical domain requires the knowledge
of their initial status, as well as information on the boundary of the domain, or
asymptotic behavior in the case of unbounded domains. Problems that model
such properties are called initial boundary value problems. In this chapter we shall
study the two most important equations of this type: namely, the heat equation
and the wave equation in one space dimension. We also address (briefly) the
one-space dimensional time-dependent convection-diffusion problem.

6.1 Heat equation in 1d

In this section we focus on some basic Ls-stability and finite element error es-
timates for the, time-dependent, one-space dimensional heat equation. Here,
to illustrate, we consider an example of an initial boundary value problem
(IBVP) for the one-dimensional heat flux, viz

uw—u" = f(x,t), 0<z<l, t >0,
u(z,0) = up(x), 0<z<1l, (6.1.1)
u(0,t) = u,(1,t) =0, t>0.

95
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u(z,t)

t
Figure 6.1: A decreasing temperature profile with data u(0,¢) = u(1,t) = 0.

Example 6.1. Describe the physical meaning of the functions and parame-
ters in the problem (6.1.1), when f = 20 — w.

Answer: The problem is an example of heat conduction where

u(z,t), means the temperature at the point z and time ¢.

u(z,0) = ug(x), is the initial temperature at time ¢ = 0.

u(0,t) =0, means fixed temperature at the boundary point x = 0.

uw'(1,t) =0, means isolated boundary at the boundary point z = 1
(where no heat flux occurs).

f=20—u, is the heat source, in this case a control system to force

u — 20.

Remark 6.1. Observe that it is possible to generalize (6.1.1) to a u dependent
source term f, e.g. as in the above example where f = 20 — u.

6.1.1 Stability estimates

We shall derive a general stability estimate for the mixed (Dirichlet at one
end point and Neumann in the other) initial boundary value problem above,
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prove a one-dimensional version of the Poincare inequality and finally derive
some stability estimates in the homogeneous (f = 0) case.

Theorem 6.1. The IBVP (6.1.1) satisfies the stability estimates

[l DI < Tfuol| +/0 LF (5 s)ll ds, (6.1.2)

1 (-B)I* < !IUG|!2+/O 1£(8)l1* ds, (6.1.3)

where ug and ufy, are assumed to be Lo(I) functions with I = (0,1). Note
further that, here || ® (-, t)|| is the time dependent Ly norm:

(e, )| =l 9)] o) = /was||2d:r;>

Proof. Multiply the equation in (6.1.1) by u and integrate over (0,1) to get

1 1 1
/ tudr — / W'uder = [ fudz. (6.1.4)
0 0 0
Note that uwu = %%uz. Hence, integration by parts in the second integral
yields
1d ' 2 ! "2 / ! !
—— [ wdr+ | () de—u'(1,t)u(l,t)+ ' (0,t)u(0,t) = [ fudz.

Then, using boundary conditions and Cauchy-Schwarz’ inequality yields

[lll = |IuH+\IuH2 /fudx<||f|||luH (6.1.5)

Now since ||u'|[* > 0, consequently |[ul[Z[[ull < [If||[|ull, and thus

d
prlCl SRR (6.1.6)

Relabeling the variable from ¢ to s, and integrating over time we end up with

[u( DI = [ul, ||</||f )| ds, (6.1.7)
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which yields the first assertion (6.1.2) of the theorem. To prove (6.1.3) we
multiply the differential equation by 4, integrate over (0, 1), and use integra-
tion by parts so that we have on the left hand side

1 1 1
/(u)2dx—/ u”udx:y|uu2+/ 't dr — o' (1,t)0(1,t) + u/'(0,1)u(0,1).
0 0 0

Then, since u(O t) = 0= u(0,t) =0, we have

Bl + 5 ] ? = / fade < |If1 Nl < 5 (AP + 1IP),  (618)
where in the last step we used Cauchy-Schwarz’ inequality. Hence,
1
—J|al” + 112 < Z|IfI1P 6.1.9
Nl 4+ 2 g < 21 (6.1.9)
and therefore, evidently,
d
prilCAIRS VT (6.1.10)
Finally, integrating over (0,t) we get the second assertion of the theorem:
1/ (O =[]/, 0)||* < / 1 8)l1* ds, (6.1.11)
and the proof is complete. O]

To proceed we give a proof of the Poincare inequality (in 1d) which is one
of the most useful inequalities in PDE and analysis.

Theorem 6.2 (The Poincare inequality in 1 — d). Assume that u and v’
are square integrable functions on an interval [0, L]. Then, there exists a
constant Cp, independent of u, but dependent on L, such that if u(0) =0,

L L
/ u(z)? dr < CL/ u' () dr, de ||ul] < AOp|lW]| (6.1.12)
0 0

Proof. For x € [0, L] we may write

wa) = [wdr< [l = [ Wl
< ([ wwpay) " ([ ea)”
<([ wwra)” ([ ra) =vi( [ wwra)”
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where in the last step we used the Cauchy-Schwarz inequality. Thus, squaring
both sides and integrating, we get

/OL u(z)?dr < /OLL(/OL !u’(y)de) dz = L? /OL W/ (y)?dy,  (6.1.13)

and hence
[lul] < L||u/|| (6.1.14)

m
Remark 6.2. The constant C;, = L? indicates that the Poincare inequality
is valid for arbitrary bounded intervals, but not for unbounded intervals. If

u(0) # 0 and, for simplicity L = 1, then by a similar arqgument as above we
get the following version of the one-dimensional Poincare inequality:

0 < 2(u(0)? + 13,0 ) (6.1.15)

Theorem 6.3 (Stability of the homogeneous heat equation). The initial
boundary value problem for the heat equation

uw—u" =0, 0<x<1, t>0
u(0,t) = ug(1,t) =0, t>0 (6.1.16)
u(z,0) = up(x), 0<z<l,

satisfies the following stability estimates
d _
o) <l 2P =0, b) lu, Ol < e luol]

Proof. a) Multiply the equation by u and integrate over z € (0, 1), to get

Oz/OI(U—U”)udx: /011'mdx+/01(u')2dx—u’(l,t)u(l,t)+u’(0,t)u(0,t),

where we used integration by parts. Using the boundary data we then have

! 1d
wdot [ (@) de = gl + ] =0,

1d [*
2dt J,
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This gives the proof of a). As for the proof of b), using a) and the Poincare
inequality, with L =1, i.e., ||[u]| < [|v/|| we get

d
E||u\|2+2||u||2 < 0. (6.1.17)

Multiplying both sides of (6.1.17) by the integrating factor e* yields

d 2,2t d 2 2) 2t
= (= 2 < 0. 1.1

We replace t by s and integrate with respect to s, over (0,t), to obtain

td
| (e ds = uG e = a0 <0, (6119
o ds
This yields
[lu( O < e uoll* = [[ul- )] < e™[[uoll, (6.1.20)
and completes the proof. O]

6.1.2 FEM for the heat equation

We consider the one-dimensional heat equation with Dirichlet boundary data:

uw—u" = f, 0<x<l, t>0,
u(0,t) = u(l,t) =0, t>0, (6.1.21)
u(z,0) = up(x), 0<z<l.

The Variational formulation for this problem reads as follows: For every time
interval I, = (t,_1,t,], find u(x,t), = € (0,1), t € I,,, such that

1
// w + u'v' d:rdt:/ / fvdxdt, Yv: v(0,t) =v(1,t) =0. (VF)
I I, Jo

A piecewise linear Galerkin finite element method: c¢G(1) — ¢G(1) is then
formulated as: for each time interval I,, := (¢,_1,t,], with ¢, — t,_1 = ky, let

Ulz,t) = Upy(2) W (t) + Up(2)Tn (1), (6.1.22)
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where
t— tn—l

kn

U, (1) = (6.1.23)

and
Uﬁ(l‘) = Uﬁ71901(l‘) + Uﬁg(ﬁg(ﬂ?) + ...+ UfL’m(pm(JT), n=n-— 1, n (6124)

with ¢; being the usual continuous, piecewise linear finite element basis
functions (hat-functions) corresponding to a partition of Q@ = (0, 1), with
0= < - <y < Tpy1 < -+ < Typ1 = 1, and @j(z;) = d;;. Now the
Galerkin method (FEM) is to determine the unknown coefficients U, , in the
above representation for U (U is a continuous, piecewise linear function both
in space and time variables) that satisfies the following discrete variational
formulation: Find U(x,t) given by (6.1.22) such that

// (Up; + U'pl) daxdt = //fgpzdxdt i=1,2,....,m. (6.1.25)
I, In

Note that, on I, = (t,-1,t,] and with U,(x) := U(z,t,) and U,_1(z) :=
U('ratn—l)a

: - : U, — Uy
Uz, t) = Up_1(2) W1 (£) + Up(2) T (t) = k—l (6.1.26)
Further differentiating (6.1.22) with respect to = we have
Uz, t) = U, _1(2)V,_1(t) + U (x) W, (2). (6.1.27)

Inserting (6.1.26) and (6.1.27) into (6.1.25) we get using the identities, fln dt =
knand [} W,dt = [} W, idt =k, /2 that,

1 1 1
/Ungoz-dx—/ Un_lgoidqu/ \Ifn_ldt/ U;_lgpgdx
Jo o Jo o !
MU
ko2 (6.1.28)
/\IJ dt/ d:v—/ / fgolda:dt
In In

kn/2
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 Unet 9
7 Lpn+1(t‘)_.f""‘
Wi
 Un)
7 N
1 Ut ./’ - '\\
/i{"' N ¢ (x
e N RS M
t.
< : X
Xi-1 X Xi+1

This can be written in a compact form as the Crank-Nicolson system
Ky, Ky,
(M + 35) U, = (M . 55) Up_ + F, (CNS)

with the solution U, given by the data U,_; and F, viz

U, = KM +%S)_1§M - %S)JUn_l + (M + %S)_l F,,  (6.1.29)

B

~
1 A B-1

where M and S (computed below) are known as the mass-matrix and stiffness-
matrix, respectively, and

Un,l Fn,l
Un,2 Fn,Z !
U, = . F= : P@z//f@ﬂﬁ(mw)
c C. I, JO
Un,m Fn,m

Thus, given the source term f we can determine the vector F), and then,
for each n = 1,... N, given the vector U,_; (the initial value is given by
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Uo,j = uo(x;)) we may use the CNS to compute U,y ¢ = 1,2,...m (m
nodal values of U at the z; : s, and at the time level t,,).

We now return to the computation of the matrix entries for M and S, for
a uniform partition (all subintervals are of the same length) of the interval
I =(0,1). Note that differentiating (6.1.24) with respect to z, yields

Ul(x) = Un19)(2) + Upoph(x) + . .. + Uil (). (6.1.31)

Hence, for i = 1,...,m, the rows in the system of equations are given by
1

1 1 1
/(%4_(/¢m0wm+(/¢mgmg+m+</qmaﬁ%m
0 0 0 0

which can be written in matrix form as

et [ ey o i || Una
1 1 1
su. _ | oo fyeh o e || Una | 61,32
| O Y A o S A 1 4, U
L Jo P Jo P o Jy P | | Unm |

Thus, S is just the stiffness matrix A,y computed in Chapter 2:

2 -1 0 0 ... O
-1 2 -1 0 ... 0
1
S =— 6.1.33
. (6.1.33)
0 ... ... —1 2 -1
0 ... ... ... —1 2

A non-uniform partition yields a matrix of the form A in Chapter 2.
Similarly, recalling the notation for the mass matrix M iin (6.1.28), we have

1
[MU,); :/ Uppi, i=1,....,m. (6.1.34)
0

Hence, to compute the mass matrix M one should drop all derivatives from
the general form of the matrix for S given by (6.1.32). In other words unlike
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the form [SU,); = fol Ul pt, MU, does not involve any derivatives, neither in

79

U, nor in ¢;. Consequently

[ 1 1 1 i
Jooror fy o102 o fy 010m
1 1 1
po | doeer Joener o eaem (6.1.35)
1 1 1
| o emer fo omp2 o Jy mm |
For a uniform partition, we have computed this mass matrix in Chapter 4:
[ 2 1 i [ T
s 5 0 0 ... 0 4 1 0 0 ... 0
12 1
5 3 5 0 ... 0 X 1 4 1 0 ... 0
M=h - _
6
12 1
12
0 A |0 1 4 |

6.1.3 Exercises

Problem 6.1. Derive a system of equations, as (6.1.29), for ¢cG(1) —dG(0):
with the discontinuous Galerkin approximation dG(0) in time with piecewise
constants.

Problem 6.2. Let || - || denote the Ly(0,1)-norm. Consider the problem
—u" = f, 0<x<l,

' (0) = vy, u(l)=0.

a) Show that |u(0)| < ||'|| and ||u| < [ju']].
b) Use a) to show that ||u'|| < || f|| + |vol-
Problem 6.3. Assume that u = u(x) satisfies

1 1
/ u'v'dr = / fvdz, for all v(z) such that v(0) = 0. (6.1.36)
0 0

Show that —u" = f for 0 <z <1 and /(1) = 0.
Hint: See previous chapters.
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Problem 6.4 (Generalized Poincare). Show that for a continuously differ-
entiable function v defined on (0,1) we have that

[101* < 0(0)* + v (1)* + [[v']|*.
Hint: Use partial integration for f01/2 v(z)*dx and f11/2 v(z)?dz and note that
(x —1/2) has the derivative 1.

Problem 6.5. Let || - || denote the Ly(0,1)-norm. Consider the following
heat equation

uw—u" =0, 0<x<l, t>0,
u(0,t) = u,(1,t) =0, t>0,
u(z,0) = up(x), 0<z<l1.

a) Show that the norms: ||u(-,t)|| and ||u/(-,t)|| are non-increasing in time.
. L .\ 12

lull = ( Jo u()? da)

b) Show that |[u'(-,t)|| = 0, as t — oc.

c¢) Give a physical interpretation for a) and b).

Problem 6.6. Consider the inhomogeneous problem:

u—cu = f, 0<z<l, t>0,
u(0,t) = u,(1,t) =0, t>0,
u(z,0) = ug(x), 0<z<l1.

where f = f(x,t).
a) Show the stability estimate

lu(-, )| s/o /()] ds.

b) Show that for the corresponding stationary (i = 0) problem we have

] < I
Problem 6.7. Give an a priori error estimate for the following problem:
(au)"'=f, 0<a<l, w(0) =4'(0) = u(1) = /(1) =0,
where a(x) > 0 on the interval I = (0,1).
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6.2 The wave equation in 1d

The theoretical study of the wave equation has some basic differences com-
pared to that of the heat equation. Some important aspects in this regard
are given in extended version of these notes. In our study here, the finite
element procedure for the wave equation is, mainly, the same as for that of
the heat equation outlined in the previous section. We start with an example
of the homogeneous wave equation, as an initial-boundary value problem:

i —u" =0, 0<zr<l1 t>0 (DE)

u(0,t) =0, u(l,t) =0 t>0 (BC) (6.2.1)

u(z,0) = up(x), u(z,0)=wvy(z), 0<z<l1l. (IC)
Theorem 6.4 (conservation of energy). For the equation (6.2.1) we have
1 1 1 1
S + 1 = il + 2 llgl1? = Constant, — (6:22)

where

[lwll* = [w(-, )| :/0 w(z, )| dz. (6.2.3)

Proof. We multiply the equation by @ and integrate over I = (0,1) to get

1 1
/ tiudr — / u"udx = 0. (6.2.4)
0 0

Using integration by parts and the boundary data we obtain
! 10 . 2 ! A 1
/0 §a<u> dx+/0 u' () da:—[ "z, t)u(x, )]0
Y10 /.\2 10/,
= ——(x - 6.2.5
/0 28t<u> d:L‘+/O 591 (u) dx ( )
0.

1d 9 ,
= 5= (Il 2 + ] 2) =

Thus, we have that the quantity

1

1
§Hu||2 + §Hu’|]2 = Constant, independent of ¢. (6.2.6)
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Therefore the total energy is conserved. We recall that 1|[u[|? is the kinetic
energy, and |[u/[|* is the potential (elastic) energy.
0

Problem 6.8. Show that ||(4)']|* + ||u”||* = constant, independent of t.
Hint: Differentiate the equation with respect to x and multiply by 4, . . ..
Alternatively: Multiply (DE): it —u” =0, by —(u)” and integrate over I.

Problem 6.9. Derive a total conservation of energy relation using the Robin

type boundary condition: u' +u = 0.

6.2.1 Wave equation as a system of PDEs
We rewrite the wave equation as a system of differential equations. To this
approach, we consider solving

i —u" =0, 0<x<l, t >0,

u(0,t) =0, u(1,t) =g(t), t>0, (6.2.7)

U({L‘,O) = UO(:E)7 U(ZL’, O) = UO(‘T)v 0<az <1,
where we let © = v, and reformulate the problem as:

u—v =0, (Convection)

v—u" =0, (Diffusion).

(6.2.8)

We may now set w = (u,v)" and rewrite the system (6.2.8) as w + Aw = 0:

_ U 0 -1 u 0
W+ Aw = + ) = . (6.2.9)
v —2 0 v 0

In other words, the matrix differential operator is given by
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6.2.2 The finite element discretization procedure

We follow the same procedure as in the case of the heat equation, and let

Sp =Qx1I,,n=12... N, with I, = (t,_1,t,]. Then, for each n we

define, on S,,, the piecewise linear approximations
Uz, t) = Up1(2)V,1(t) + Up(2) W, (1),
Viz,t) = Vg ()W, q(t) + V() W, (1),

O<ax<l, tel,,

(6.2.10)
where, e.g.

Un(z) =Unio1(x) + ... + Upmom(z), n=n—1,n
Va(z) = Vigpr(@) + ...+ Vamem(z), n=n—1,n.

(6.2.11)

W, ()
1 - \ N

th1 th Tt

For &« — v =0 and t € I,, we write the general variational formulation

1 1
//'dcpdxdt—/ / vpdrdt =0, for all ¢(z,t). (6.2.12)
I, Jo I, Jo

Likewise, v — u” = 0 yields a variational formulation, viz

1 1
/ / v dxdt — / / u" dxdt = 0. (6.2.13)
In JO I, JO

Integrating by parts in z, in the second term, and using the boundary con-
dition «/(1,t) = g(t) we get

1 1 1
/ dpde = [u' ]} — / Wl de = g(t)p(L, £) — (0, £)p(0, ) — / i d.
0 0 0
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Inserting the right hand side in (6.2.13) we get for all ¢ with ¢(0,t) = 0:

1 1
//@gpdmdt—i—/ / u/go'dxdt:/ g(t)p(1,t) dt. (6.2.14)
I, Jo I, Jo In

The corresponding ¢G(1)cG(1) finite element method reads as follows: For
each n, n = 1,2,..., N, find continuous piecewise linear functions U(x,t)
and V(z,t), in a partition, 0 = xg < x1 < --- < x,, = 1 of Q = (0,1), such
that

/I /01 Unl@) _kj]n_l(x) @i(x) dxdt

i&éanmm”@+mwme%mmm=a

for j=1,2,...,m,

(6.2.15)

and
/1 /Olvn@) _k,:/n_l(x)%(:c) dxdt
+/, /01 (Un-1(@) W a(t) + U @) Wa(t) ) () drdt (6.2.16)

~ [ seman forj=12.m

In

where U, U’, V, and V' are computed using (6.2.10) with

t, —t t—ta L
1/)n—1(t) - kn ) ¢n<t) - kn ) kn - tn tn—l-

Thus, the equations (6.2.15) and (6.2.16) are reduced to the iterative forms:

1 kn 1
R AT
0 P JO ,
MU, MV,

1 kn 1 .
= / Up—1(z)p;(z)dx +7/ Vie1(z)pj(x)de, j=1,2,...,m,
0 0

(& S

VvV vV
MUn_l Mvn—l
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and

\/: Vo(x)p,(z)d +%/1 U (2) ) () de

MVn SUn
:/ Vi1 (2)ps(z d:c——/ 2 dtgn = 1,2, m,
0
MVn_l SUn—l

respectively, where we used (6.2.11) and as we computed earlier

2 -1 ... 0 4 1 ... 0
-1 2 -1 ... 1 4 1
1 h
S = M=-"
h I 6 Y
0 -1 2 -1 ... 1 4 1
0 0 -1 1 o ... 1 2

where

gn=(0,... ,0,gn7m)T, where  gn.m = / g(t) dt.
I,

In compact form the vectors U,, and V,, are determined by solving the linear
system of equations:

MU, —52MV, = MU, + &2 MV, _,

(6.2.17)
%”SUn + MV, = —%"SUn,l + MV, 1+ gn,
which is a system of 2m equations with 2m unknowns:
M MU, M =M || U~ 0
— + ,
%”S M Vi —%"S M Vi1 In
. ) —— A\ ~~ -

~
A w b

with W= A", U,=W(1:m)and V,, = W(m+1:2m).
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6.2.3 Exercises

Problem 6.10. Derive the corresponding linear system of equations in the
case of time discretization with dG(0).

Problem 6.11 (discrete conservation of energy). Show that ¢G(1)-cG(1) for
the wave equation in system form with g(t) = 0, conserves energy: i.e.

1T+ 1Vall* = N0l + Vo 1. (6.2.18)
Hint: Multiply the first equation by (U,_1 + U,)'SM ™1 and the second equa-

tion by (Vo_1+V,)! and add up. Use then, e.g., the fact that UL SU, = ||U. ||,
where

Un,l

Un,m

Problem 6.12. Consider the wave equation

i—u" =0, r€e€R, t>0,
u(w,0) = uo(x), z€ R (6:2.19)
u(z,0) =vo(z), =€ R.

Plot the graph of u(x,2) in the following cases.

a) vo =0 and
1, x <0,
ug(z) =
0, z > 0.
b) up =0, and
-1, -1 <x <0,
vo(z) = 1, 0<z <,

0, |z| > 0.
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Problem 6.13. Compute the solution for the wave equation
i —4u” =0, x>0, t >0,
u(0,t) =0, t>0, (6.2.20)
u(z,0) = ug(x), u(x,0)=0, = >0.

Plot the solutions for the three casest = 0.5, t =1, t = 2, and with

1, x € [2,3]
up(z) = (6.2.21)

0, else

Problem 6.14. Apply cG(1) time discretization directly to the wave equation
by letting

Uz, t) = Uy Wy (t) + Un(2)Tn(t),  te€ L, (6.2.22)
Note that U is piecewise constant in time and comment on:

1
//Ucpjdxdt—i—/ / u’go;dxdt:/g(t)goj(l)dt, j=1,2,...,m.
J1. Jo o Jn o Jn

Y

J/

a'e e

1
0
%S(Unfl‘i’Un) In

Problem 6.15. Construct a FEM for the problem
i+a—u" =f, O<z<l, t>0,
u(0,t) =0, w'(1,t) =0, t>0, (6.2.23)
u(z,0) =0, u(x,0) =0, 0<z<l1.

Problem 6.16. Determine the solution for the wave equation

i—cu" =f x>0, t>0,

w(z,0) = ug(x), u(z,0)=uwvy(x), x>0,

ug(1,t) =0, u(0,t) =0 t >0,
in the following cases:

a) f=0.
b)le, U():O, U():O.
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Problem 6.17. Prove that the solution u of the convection-diffusion problem
Uz +uy +u=f, in I=(0,1), u(0)=u(l)=0,

satisfies the following estimate

(/Iu2q§da:>l/2 < (/If2¢dx)1/2.

where ¢(x) is a positive weight function defined on (0,1) satisfying ¢'(x) <0
and —¢'(x) < ¢(x) for 0 <z < 1.

Problem 6.18. Let ¢ be a solution of the problem
—e¢" =3¢ +2¢ =, #'(0) = ¢(1) = 0.
Let || - || denote the Lo-norm on I. Show that there is a constant C' such that
GO < Cllell, — lle¢”]| < Cllell.

Problem 6.19. Use relevant interpolation theory estimates and prove an a
priori error estimate for the ¢cG(1) finite element method for the problem

—u"+u' =f inl=(0,1), u(0)=u(l)=0.

Problem 6.20. Prove an a priori error estimate for the cG(1) finite element
method for the problem

—u"+u' +u=f, inl=(0,1), u0)=u(l)=0.
Problem 6.21. Consider the problem
—eu" +au +u=f, inl=(0,1), u(0) = /(1) =0,
where € is a positive constant, and f € Ly(I). Prove that
leu”[] < [I£1I.
Problem 6.22. We modify the problem 6.21 above according to
—eu’ +e(z)u' +u=f(z) 0<ax<l, u(0) = u'(1) = 0,

where € is a positive constant, the function c satisfies c(x) > 0, (x) < 0,
and f € Lo(I). Prove that there are positive constants Cy, Cy and Cy such
that

Vel < Glllfll, e |l < Callfll,  and ef[u”]] < Cs]|f]],

where || - || is the Lo(I)-norm.
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Problem 6.23. Consider the convection-diffusion-absorption problem
—eu" 4+ +u=f, in I=(0,1), u(0)=0, Veu' (1) +u(l) = 0,

where ¢ is a positive constant, and f € Lo(I). Prove the following stability
estimates for the solution u

Ve | + [lull + [u(L)] < CIIAIl,

[/l + llew”[l < ClI I,

where || - || denotes the Lo(I)-norm, I = (0,1), and C is an appropriate
constant.



Appendix A

Answers to Exercises

Chapter 1

1.1 a) u(z) = C’le + Ce®* b) u(x) = Cycos2x + Cysin2t  c¢) u(z) =

a)
(Cl + CQIE)
1.2 a) u(z) =2?/2+ e “(Acosx + Bsinx)
b) u(z) = 3(sinz — cosx) + e~*/%(cos(v/7/2)z + sin(v/7/2)z)
) u(x) = Cre™ + Cae™ ™ + te”

3

3 — 2

xr° —

—_
w
53

~—

—
8

~—

I

3 3 1r b)u(z) = —3zcosx
x

¢) u(x) = ge* + §(sinz — 3cos ).

1.5 b) No solution.

Chapter 2.
22 =1, Ut)=1+3t. q¢=2, Ut)=1+2t+1p2
q=3, U(t)=1+ 3t + {5t* + 245,
g=4, U(t)~1+40.9971¢ + 0.5161¢* + 0.1311¢% + 0.0737¢*.

2.3
Pu(t) ~ 0.9991 + 1.083¢ + 0.4212¢> + 0.2786t>.

115
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24
8 -4 0
A=| - - b= ()L, b=-—.
4 8 4 ) ( )’L—17 16
0o —4 8
2.5 a. u(z) = 1z(1 —2)
b. R(z) = m*Asinmz + 47?Bsin 27rx — 1

c. A=4/r% and B =0.

2.6 a.
b. R(z) = (7?+1)Asinmz+ (472 +1) Bsin 27z + (972 +1)C'sin 3nz —
2 1 2
A=——F7+— B=——"+——and(C=——F——.
¢ r(r2+ 1)’ T2+ 1) (972 + 1)

2.7 a. u(z) = ¢(7* —2%) + L(a® — 7?)

b. R(z) =—-U"(z) —x+1=1&cos % + 2& cos &

c. & =8(2r —6)/m and & = 5(3 — 2m) /7.

2.8 U(z) = (16sinz + 1 sin 3z)/7° + 22° /7.

Chapter 3.
3.2 (a) z, (b) 0.

3.3 ,
4 —11(z +7)/(27), —r<z<-I,
Wi = | YA @ri/en,  —5<e<0
1—71’/(27T), nggg,
\ 3(x —m)/(2m), 5 <r<T.

3.6 Check the conditions required for a Vector space.

57 2 b b 2 )
r—a— a + Tr—a
a—Db + 1 2 ) b—a

IL f(z) = f(a)
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3.8 Hint: Use the procedure in the proof of Theorem 3.1, with somewhat
careful estimates at the end.

3.10
- <e—8l’2> ~ 0.25z% — 1.2522 + 1.

3.11 For example we may choose the following basis:

0, T € [, i,
pij(z) = ' |
Aivj(x)7 7/:17“'7777/—1_]'7 j:07172

(z —&)(z — )
(%—1 - &)(%—1 - %’)7

oy = @ ti) (@~ &) .
Hia () (T — i) (i = &)’ & € (wn,m).

3.12 This is a special case of problem 2.13.

(@ — zi1) (@ — )

Aio(x) = (& —wim) (& — )

)\z’,l (l’) =

3.13 This is “trivial”.

3.14 Hint: Use Taylor expansion of f about x = #1322,

Chapter 4.

4.1 ¢) sinTz, xlnz and (1 — z) are test functions of this problem. z? and
e” — 1 are not test functions.

4.3 a) U is the solution for

2 —1 0 3 1
AU=f<=1/Ah| -1 2 -1 &L | =h] 1
0 -1 2 & 1

with h = 1/4.

b) A is invertible, therefore U is unique.
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4.6 a) & is the solution for

2 -1 & 0
1 1 £ 7
b) (&1,&) = 7(1/2,1) and U(x) = Tz (same as the exact solution).

4.7 a) In case of N = 3, £ is the solution for

2 -1 0 & -5
AA=f<<=1/h| -1 2 -1 &S| = 0
0 -1 2 & 0

with b = 1/3. That is: (&,&1,&) = —1(15,10,5).

b) U(z) = 5x — 5 (same as the exact solution).

4.8 a) No solution!

b) Trying to get a finite element approximation ends up with the matrix

equation
2 =2 0 &o 1
1
0 -2 2 & 1

where the coefficient matrix is singular (detA = 0). There is no finite
element solution.

4.9 d) ||U||% = €T A€ (check spectral theorem, linear algebral)

4.10 For an M + 1 partition (here M = 2) we get a; = 2/h, a;;41 = —1/h
except apyi i1 =1/h—1,06,=0, i=1,..., M and by = —1:
a) U =(0,1/2,1,3/2).
b)eg Us=U(l) > 1, as k — oo.
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4.11 ¢) Set w =2 and = 3 in the general FEM solution:
§=2(-1,1,1)" +5(0,0,2)":

&1 —1 0
& 1 2
2 -1 & 1141 &1 1|1
3 + — = -

1 2| | & 1811 4] ¢ 311

<= (MATLAB) ¢ =& =0.102.
4.13 Just follow the procedure in the theory.
4.15 a priori: |le||g < ||u — mhul| .

4.16 a) ||e'||. < Cil|lh(aU"Y||1/a-

b) The matrix equation:

1 -1 0 0\ /(& -3
12 -1 of|lal| | o
0 -1 3 —2 o1 | ol
0 0 2 4]\ & 0

which yields the approximate solution U = —3(1/2,1,2,3).

¢) Since a is constant and U is linear on each subinterval we have that
(aU")' =d'U + aU" = 0.

By the a posteriori error estimate we have that ||¢’||, = 0, i.e. ¢ = 0.
Combining with the fact that e(x) is continuous and e(1) = 0, we get
that e = 0, which means that the finite, in this case, coincides with the
exact solution.
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4.17 a priori: ||e||g < C'z‘<||huﬂ|| + ||h2“”H>'

4.18 a) a priori: |le||lg < |lu — v||g(1 + ¢), and a posteriori: |le||p <
CillhRU)|| L)

b) Since ¢ > 0, the a priori error estimate in a) yields optimality for
¢ =0, i.e. in the case of no convection (does this tell anything to you?).

4.19 a prioti: ||e]|m < Oi<]|hu”H + 4Hh2u”|]).

Chapter 5.
5.1 a)aij:%—mlﬂ, b = 5, i,j=1,2...,

b) q= U(t) =1+ 3t. g=2: U(t)=1+3t+ 8¢
5.3 a) u(t) = e + (82 — 4t + 1).

b) u(t) = e2” — ¢ + \\?62 erf( =), erf(m):\%foxe*fdy.

3

(@} =2 1)/3]-Ui(zi1)-Cwi—wim1)—1)
5.4 a) Uz(-Tz) = 1+2(a:z_~;l 1) :

Chapter 6.
6.8 [le]| < [[h*uz|
6.14
(uo(x + 2t) + uo(z — 21)), x> 2t
(ug(2t + ) + ug(2t — x)), T <2t

u(z,t) =

N N

6.16 a) u(z, 1) = Sfuo(w + ct) + uo(ct — 2)] + & ( fi " vo + [ wo).

b) u(z,t) = & fOQCt—s) ds = t*/2.
6.19 a priori:  |le||m < Ci(HhU”H + HhQUNH)'

6.20 a priori: |le||p < Cz(||huﬂ|| + thU”H)'



Appendix B

Algorithms and MATLAB
Codes

To streamline the computational aspects, we have gathered suggestions for
some algorithms and Matlab codes that can be used in implementations.
These are simple specific Matlab codes on the concepts such as

e The Lo-projection.

e Numerical integration rules: Midpoint, Trapezoidal, Simpson.

e Finite difference Methods: Forward Euler, Backward Euler, Crank-Nicolson.
e Matrices/vectors: Stiffness- Mass-, and Convection Matrices. Load vector.

The Matlab codes are not optimized for speed, but rather intended to be easy
to read.

121
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An algorithm for L,-projection:

1. Choose a partition 7 of the interval I into N sub-intervals, N +1 nodes,
and define the corresponding space of piece-wise linear functions Vj,.

2. Compute the (N 4 1) x (N + 1) mass matrix M and the (N + 1) x 1
load vector b, viz

mij—/l%‘%d%‘, bi—/lf%d:r-

3. Solve the linear system of equations
M¢ =b.
4. Set
N
Pof =) &;.
7=0

Below are two versions of Matlab codes for computing the mass matrix M:

function M = MassMatrix(p, phi0O, phiN)

Syntax: M = MassMatrix(p, phi0O, phiN)
Purpose: To compute mass matrix M of partition p of an interval
Data: o - vector containing nodes in the partition

phi0 - if 1: include basis function at the left endpoint
if 0: do not include a basis function

phiN - if 1: include basis function at the right endpoint
0: do not include a basis function

o° d° o° d° o o° o° o

o\

Z

= length(p); % number of rows and columns in M
zeros (N, N); %

=
Il

initiate the matrix M

o\

Assemble the full matrix (including basis functions at endpoints)
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for i = 1l:length(p)-1
h=p(i+ 1) - p(i); % length of the current interval
M(i, 1) = M(i, 1) + h/3;
M(i, 1 + 1) = M(i, 1 + 1) + h/6;
M(i + 1, 1) = M(1 + 1, 1) + h/6;
M(1 + 1, 1 + 1) =M1 + 1, 1 + 1) + h/3;

end

% Remove unnecessary elements for basis functions not included
if "phi0
M = M(2:end, 2:end);
end
if "phiN
M = M(l:end-1, l:end-1);
end

A Matlab code to compute the mass matrix M for a non-uniform mesh:
Since now the mesh is not uniform (the sub-intervals have different lengths), we
compute the mass matrix assembling the local mass matrix computation for each
sub-interval. To this end we can easily compute the mass matrix for the standard
interval I} = [0, h] with the basis functions @9 = (h — z)/h and ¢ = x/h: Then,

1

T

:1:0—; 0 z1=nh

Figure B.1: Standard basis functions ¢y = (h — x)/h and ¢ = z/h.

the standard mass matrix is given by

A Ji, v000 [}, povr

Jr o100 [ o1
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Inserting for wg = (h — 2)/h and ¢, = 2/h we compute Mt as

2 2
Iy fo r)%/h?dx fo —x)x/h*dx _h 2 1 (B.0.1)
fo —x)/h?dx foh 22 /h? dx 611 2
Thus, for an arbitrary sub-interval I, := [xj_1, 2] with the mesh size hi, and

basis functions ¢y and ¢i_1 (see Fig. 3.4.), the local mass matrix is given by

aie — | Jnemeer freeen | b 201 (B.0.2)

fzk PkPk—1 flk Pr1Pk 6 1 2

where hy is the length of the interval I;. Note that, assembling, the diagonal
elements in the Global mass matrix will be multiplied by 2 (see Example 4.1).
These elements are corresponding to the interior nodes and are the result of adding
their contribution for the intervals in their left and right. The assembling is through
the following Matlab routine:

A Matlab routine to compute the load vector b:

To solve the problem of the Lo-projection, it remains to compute/assemble the
load vector b. To this end we note that b depends on the unknown function f,
and therefore will be computed by some of numerical integration rules (midpoint,
trapezoidal, Simpson or general quadrature). Below we shall introduce Matlab
routines for these numerical integration methods.

function b = LoadVector (f, p, phi0O, phiN)

Syntax: b = LoadVector (f, p, phi0O, phiN)

Purpose: To compute load vector b of load f over partition p
of an interval

Data: f - right hand side funcion of one variable
P - vector containing nodes in the partition

phi0 - if 1: include basis function at the left endpoint
if 0: do not include a basis function

phiN - if 1: include basis function at the right endpoint
0: do not include a basis function

o° d° o0 d° o0 O° o o° oe oP°

o\

o =
[l

= length(p); % number of rows in b
zeros (N, 1); % initiate the matrix S
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% Assemble the load vector (including basis functions at both endpoints)
for i = 1l:length(p)-1

h =p(i + 1) - p(i); % length of the current interval
b (i) = b (i) + .5xh*f(p(i));
b(i + 1) = b(i + 1) + .5xh*f(p(1i + 1));

end
% Remove unnecessary elements for basis functions not included
if "phi0

b = b(2:end);
end
if "phiN

b = Db(l:end-1);
end

The data function f can be either inserted as =@ (x) followed by some ex-
pression in the variable x, or more systematically through a separate routine, here
called “Myfunction” as in the following example

Example B.1 (Calling a data function f(z) = 22 of the load vector).
function y= Myfunction (p)

y=x."2

\vskip 0.3cm
Then, we assemble the corresponding load vector, viz:

\begin{verbatim}
b = LoadVector (@Myfunction, p, 1, 1)
Alternatively we may write

f=0(x)x."2
b = LoadVector(f, p, 1, 1)

Now we are prepared to write a Matlab routine “My1DL2Projection” for com-
puting the La-projection.
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Matlab routine to compute the Ls-projection:

function pf = L2Projection(p, f)

assemble mass matrix
assemle load wvector
solve linear system
plot the L2-projection

M = MassMatrix(p, 1, 1);

b = LoadVector(f, p, 1, 1);
pf = M\b;

plot (p, pf)

o° o o o

The above routine for assembling the load vector uses the Composite trapezoidal
rule of numerical integration. Below we gather examples of the numerical integra-
tion routines:

A Matlab routine for the composite midpoint rule

function M = midpoint (f,a,b,N)

h=(b-a) /N
x=a+h/2:h:b-h/2;
M=0;
for i=1:N

M=M+ f(x(i));
end
M=h«M;

A Matlab routine for the composite trapezoidal rule

function T=trapezoid(f,a,b,N)
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A Matlab routine for the composite Simpson’s rule

function S = simpson(a,b,N, f)

=(b-a)/ (2%N);
= a:h:b;

= 0;
0

Q T X DO

[
|
N
E\.)

for :2xN % Define the terms to be multiplied by 4
p=p + £(x(1));

end

for 1 = 3:2:2xN-1 % Define the terms to be multiplied by 2
a=q+ f£(x(1));
end

S = (h/3)x(f(a) + 2xg + 4xp + £(b)); % Calculate final output

The precomputations for standard and local stiffness and convection matrices:

o _ | Inevet neber | _ | wE o w e |

1
i eheh Jr ) Jo 332 fy bd S

As in the assembling of the mass-matrix, even here, for the global stiffness matrix,
each interior node has contributions from both intervals that the node belongs.
Consequently, assembling we have 2/h as the interior diagonal elements in the
stiffness matrix (rather than 1/h in the single interval computes above). For the
convection matrix C, however, because of the skew-symmetry the contributions
from the two adjacent interior intervals will cancel out:

B P T B T B I I e e
noy  Inever | LInist i

1 -1

IR

A thorough computation of all matrix elements, for both interior and bound-
ary nodes, in the case of continuous piece-wise linear approximation, for Mass-,
stiffness- and convection-matrices are demonstrated in Examples 4.1 and 4.2.
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A Matlab routine assembling the stiffness matrix:

function S = StiffnessMatrix(p, phiO, phiN)

Syntax: S = StiffnessMatrix(p, phiO, phiN)

Purpose: To compute the stiffness matrix S of a partition p of an
interval

Data: P - vector containing nodes in the partition

phi0 - if 1: include basis function at the left endpoint
if 0: do not include a basis function

phiN - if 1: include basis function at the right endpoint
if 0: do not include a basis function

o0 o® o° o° o o° o° o o°

o

length (p); % number of rows and columns in S

S = zeros (N, N); initiate the matrix S

o

% Assemble the full matrix (including basis functions at endpoints)
for i = 1l:length(p)-1

h=p(i1+ 1) - p(i); % length of the current interval
S(i, 1) = S(i, 1) + 1/h;
S(i, i + 1) = S(i, 1 + 1) - 1/h;
S(i + 1, 1) = S(i + 1, 1) - 1/h;
S(i +1, i +1) = sS(1 +1, 1 + 1) + 1/h;

end
% Remove unnecessary elements for basis functions not included
if "phi0
S = S(2:end, 2:end);
end
if "phiN
S = S(l:end-1, l:end-1);
end



129

A Matlab routine to assemble the convection matrix:

function C = ConvectionMatrix (p, phiO, phiN)

% Syntax: C = ConvectionMatrix(p, phiO, phiN)

% Purpose: To compute the convection matrix C of a partition p of an

% interval

% Data: P - vector containing nodes in the partition

% phi0 - if 1: include a basis function at the left endpoint
% if 0: do not include a basis function

% phiN - if 1: include a basis function at the right endpoint
% if 0: do not include a basis function

number of rows and columns in C
initiate the matrix C

= length(p);
zeros (N, N);

%
o)
)

C

[

% Assemble the full matrix (including basis functions at both endpoints)
for 1 = 1l:length(p)-1

Cc(i, 1) = C(i, 1) - 1/2;
c(i, 1 + 1) = C(i, 1 + 1) + 1/2;
cC(i + 1, i) =C(i + 1, 1) - 1/2;
c(i1+1, 1 + 1) =cCc(i1 + 1, 1 + 1) + 1/2;

end
% Remove unnecessary elementC for basis functions not included
if “phi0
C = C(2:end, 2:end);
end
if "phiN
C =C(l:end-1, 1l:end-1);
end
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APPENDIX B. ALGORITHMS AND MATLAB CODES

Finally, below we gather the Matlab routines for finite difference approxima-
tions (also ¢G(1) and dG(0) ) for the time discretizations.

Matlab routine for Forward-, Backward-Euler and Crank-Nicolson:

function =

[]

Solves the equation

ul0: initial wvalue;

o° o° oo o

exactexists = 1 <=>

exactexists = 0 <=>
timevector = [0]; %
U_explicit_E = [u0]; %
U_implicit_E = [u0];

o° o

U_CN = [u0]; %
n=1; %
t_1 = 0;

o° oo

while t_1 < T

t_r = nxdt;

o° o

%

Forward Euler:
V:

(e

U_explicit_E(n);

U_h = (l1-dtxa(t_1))*U_
U_h;

U_explicit_E (n+1)
% Backward Euler:
v U_implicit_E (n);

a

three_methods (u0,

exact solution
exact solution

T, dt, a, f, exactexists, u)
du/dt + a(t)*u = f(t)
T: final time; dt: time step size

is known
is unknown

we build up a vector of
the discrete time levels

vector which will contain the
solution obtained using "Forward Euler"

vector which will contain the
solution with "Backward Euler"

vector which will contain the
solution using "Crank-Nicolson"

current time interval

left end point of the current

time interval, i.e. t_{n-1}

right end point of the current

time interval, i.e. t_{n}
$ U v =U_{n-1}
v+dtxf(t_1); % U_h = U_{n};
% U v = U_{n-1}
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o\°
(@

U h = (Uv + dtxf(t_r))/ (1 + dtxa(t_r));

_r)) h = U_{n}
U_implicit_E(n+l) = U_h;

% Crank—-Nicolson:

U_v = U_CN(n); $ U v = U_{n-1}
U_h = ((1 - dt/2*a(t_1))*U_v + dt/2«(£(t_1)+f(t_r)))

/ (1 + dt/2xa(t_r)); $ U_h = U_{n}
U_CN(n+l1l) = U_h;
timevector (n+l) = t_r;
t_ 1 = t_r; % right end-point in the current time interval

% becomes the left end-point in the next time interval.

n=n++1;

end
% plot (real part (in case the solutions become complex))

figure (1)

plot (timevector, real (U_explicit_E), ’":")

hold on
plot (timevector, real (U_implicit_E), "'—--")
plot (timevector, real (U_CN), "-.7)
if (exactexists)
% if known, plot also the exact solution
u_exact = u(timevector);
plot (timevector, real (u_exact), 'g’)
end
xlabel ("t’)

legend ('Explicit Euler’, ’'Implicit Euler’, ’'Crank-Nicolson’, 0)
hold off

i1f (exactexists)
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% if the exact solution is known,

figure (2)

plot (timevector,
hold on

plot (timevector,
plot (timevector,
legend (' Explicit
title ('Error’)
xlabel ('t')

hold off

end

return

APPENDIX B. ALGORITHMS AND MATLAB CODES

then plot the error:

real (u_exact - U_explicit_E), ’':7)

real (u_exact - U_implicit_E), "'—-=-')
real (u_exact - U_CN), "-.7)
Euler’, ’"Implicit Euler’, ’'Crank-Nicolson’

Example B.2. Solving u'(t) + u(t) = 0 with three_methods

a= @(t) 1;

f= @Q(t) O;

u= @(t) exp(-t)
u_0=1;

= 1;

dt=0.01;

three_methods

(u_0,
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Table of Symbols

Symbol | reads Definition
v for all, for every | Vo, cos?z +sin?z =1
= There exists see below
such that dr: x>3
\Y% or zVy (xory)
Aor & | and rAy (randy)also z&y
€ belongs V2eR ( V/2 is a real numbers R)
o not belongs V2 ¢ Q ( v/2 is not a rational number )
L orthogonal to u L v (u and v are orthogonal)
= defines as I:= / b f(z)dx (I defines as integralen in RHS)
= defines /b f(z)dx =: I (The integral in LHS defines I)
a2 approximates A~ B (A approximates B) or A is approximately equal B.
= implies A = B (A implies B.)
= equivalent A <= B (A is equivalent to B.)
ODE Ordinary Differential Equation
PDE Partial Differential Equation
VP Initial Value Problem
BVP Boundary Value Problem
VF Variational Formulation
MP Minimization Problem
PII) | pePi(l) p(z) is a polynomial of degree < ¢ for = € I.
HYI) |ve HYI) if /b (v(x)2+v’(x)2) dr < oo, I=/la,b|.
Vi (1) v e Vi(I) the space of piecewise linear functions on a partition of I.
VoI) | ve V) v € V3,(I) and v is 0 at both or one of the boundary points.
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Symbol reads Exempel /Definition
77
([ir@pa)” 1<p<n
L llps [[f1lz,) | Ly-morm of fon I | |[f]lp := 1
maXger |f($)|7 b=
Ly(I) L,-space f e Lp(I) it || f[lp < o0
1/2
[|V]|a weighted Lg-norm l|v||a == (/a(m)\’u(x)\de) , a(z)>0
I
172
o]l the energy nomm | [olle i= ([ at@lo@)Pde) " olle =[]
~ I
I product [[i=1-23-....N=N
iifl
D sum d i=14243+.. .+ N=N(N+1)/2

=1

(u,v) or (u,v)

skalar/inner product

(u,v) == ugvy + Uy + ... + unvy, u,v € RY

(u,v) = /Iu(az)v(az) dx for u,v € Lo(1).

Pnf Lo-projection (f,w) = (P,f,w), Vw € Pi(a,b).

Tn(I) a partition of [ Tnla, bl :a =29 <x1 <...<ay=b

nf interpolant of f mnf(x;) = f(x;) in a partition T, of I = [a,b].
FDM Finite Difference Method

FE Forward Euler Forward Euler FDM

BE Backward Euler Backward Euler FDM <= dG(0)

CN Crank-Nicolson Crank-Nicolson FDM <= ¢G(1)

FEM Finite Element Method/Galerkin Method
cG(1) continuous Galerkin | continuous, piecewise linear Galerkin approx
dG(0) discont. Galerkin discontinuous, piecewise constant Galerkin
cG(1)eG(1) continuous Galerkin | space time continuous, piecewise linear Galerkin
C; Interpolation Constant

C, Stability constant

Error TOLerance




Index

A
Adaptivity 64,

B
boundary condition 3, 5, 7, 55, 74,
75, 97, 107, 108
Dirichlet 21, 53, 58, 59,
60, 61, 96, 100
Neumann 21, 96
boundary value problem 3, 6, 8, 13,
28, 29, 53, 56, 58, 59, 61, 64, 65,
72-7, 78, 81, 95, 96, 99, 106
Two point bvp 53, 72-75

C
Cauchy-Schwarz 17, 61, 63, 97-99
Conservation of energy 106, 107,
111,
Convection 2, 64, 71, 72, 95,
120, 121, 127-129
Convection-diffusion 2, 64, 70, 107,
113, 114

Convection matrix 70, 127, 129
Crank-Nicolson 84-86, 91, 102, 121,
130-132

D

differential equation V, 1-8, 41, 92,
93, 98, 107,

ordinary differential equation 1, 9,
81,

partial differential equation 1-3,
5,7

50,
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Diffusion 2, 64, 70, 95, 107, 113,
114

E
Error estimates 7, 33, 59, 95
a priori error estimates 79, 93

Interpolation error 35, 51,

F

Finite dimensional spaces
65,

Finite Element Method V, 7, 9,
10, 19, 23, 58, 74, 75, 78,
86, 100, 109, 113
Continuous Galerkin 58, 64, 87,
90, 93, 104,
disontinuous Galerkin 87, 90,
104,

21, 26,

G
Galerkin Method BVP
Gauss quadrature 48

21,

H
hat function 13, 14, 30, 36, 55, 59,
66, 70, 101,

I
Interpolation
Lagrange interpolation
37-39, 43,

linear interpolation 31, 33, 36,

polynomial interpolation 11,



Initial Boundary Value Problem
(IBVP) 3, 81, 95, 96, 99, 106,

Initial value problem 2, 3,9, 17, 81,
(IBVP) 85-87, 92, 93

J, K

L

Lagrange basis 34,38-41, 50,

linear space 10, 15,

Lo-projection 20, 21, 23, 121, 122,
124-126

M

Mass Matrix 67, 69, 102-104,
122-124, 126, 127

Minimization problem 53, 56, 57,
73,

Mixed bvp 96,

N

Neumann problem/data 21, 96,

Numerical integration 7, 31, 41, 121,
124, 126,
Composite midpoint 45
Composite trapezoidal 45
Composite Simpson’s 46
Simple midpoint 41, 45, 47
Simple trapezoidal 42, 45, 47,
85
Simple Simpson’s 43, 46, 48

Norm 16
Lo-norm 16, 17, 63, 72, 97, 104,
105, 113, 114
L,-norm 33, 35
vector norm 33
maximum norm 33, 35

energy norm 59, 60, 62, 75, 79
(0]

Ordinary Differential Equations

(ODE) 1, 7,9, 28, 81, 92
Orthogonality 16, 29, 30, 59, 60

P

Partial Differential Equations
(PDE) 1-3, 7, 10, 53, 65, 70, 98,
107,
heat equation 2, 21, 64, 95, 99,
100, 105, 106, 108,
wave equation 2, 3, 81, 95, 106,
107, 111, 112

partition 10, 12-14, 20, 21, 26, 36,
37, 39, 41, 44, 51, 58, 61, 64,
65, 70, 73-75, 77-79, 83-85.

Poincare inequality 97-100, 105

Q

R
Residual 18, 29, 30, 59, 61-64, 93

S

Scalar initial value problem, 81

Scalar product 16, 17, 32, 33, 39

stability 81, 82, 91, 93, 95-97, 99,
105, 115

Stiffness matrix, 23-26, 28, 67, 71,
75, 92, 103, 127, 128

T

test function 17-19, 21, 22, 54, 55,
58, 65, 70, 73, 87, 117

trial function 18, 21, 65, 70, 87,

U

V/W

Variational formulation 17, 22, 53.
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