Mathematics Chalmers & GU
TMA372/MMG800: Partial Differential Equations, 2017—-03—-15, 14:00-18:00

Telephone: Mohammad Asadzadeh: ankn 3517

Calculators, formula notes and other subject related material are not allowed.

Each problem gives max 5p. Valid bonus poits will be added to the scores.

Breakings from total of 36 points: Exam(30)+Bonus(6). 3: 15-20p, 4: 21-27p och 5: 28p-

For solutions see couse diary: http://www.math.chalmers.se/Math/Grundutb/CTH/tma372/1617/

1. Consider the problem: —ev +2u +u=f inI=(01), u(0) =u'(1) =0,
where € is a positive constant, and f € Ly(I). Prove that
llew" Il < II£1l, (I Ilis the Ly(I) — norm).

2. Show that the solution of the wave equation with homogeneous Dirichlet data and f = 0,

conserves the quantity
IVall* + [l Aull.

3. Derive an a priori and an a posteriori error estimate in the energy norm:
lull% = ||UH%2(0,1) + ||u’||2L2(071)7 for the cG(1) finite element method for the problem

—u" 220" +2u=f, 0<z<l, u(0) = u(1) = 0.

4. In the square domain Q := (0, 2)2, with the boundary I' := 9, consider the problem of solving
1) —Au+u=1, in Q={z=(21,22):0< 21 <2, 0< x5 <2},
u = O7 on Fl = F \ FQ, %'931:2 = %|w2:2 = 1, on Fg = {371 = 2} U {332 = 2}

Determine the stiffness- and mass-matrics (local matrices are given) and the load vector if the cG(1)
finite element method is applied to the equation (1) above and on the following triangulation:
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5. Consider the following problem for the Klein-Gordon equation of quantum field theory:

i —Au+u=0, zeQ t>0,
u(z,0) = ugp(z), w(z,0) =ui(z), =€

(a) Define a suitable energy for this problem and show that the energy is conserved.

(b) Rewrite the equation as a system of two equations with time derivatives of order at most one,
both in scalar and matrix form. Why is this reformulation needed?

6. Formulate and prove the Lax-Milgram theorem.
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TMA372/MMGS800: Partial Differential Equations, 2017-03—15, 14:00-18:00.
Solutions.

1. Multiply the equation by —eu” and integrate over I to get:

1 1 1
2 |2 —e | zd/u de—¢ | wi dx= —eu) f dx.
La(I) 0 o 0

But using the boundary condition we have
1 1
/ wu'u” dr = [PI] = [zu?]} — / (v 4+ zu" ) dz = {u'(1) = 0}
0 0

1 1
= —/ u'? dx—/ xu'u” dx.
0 0
which implies that

1 1/t
(3) / zu'v" dr = —= / u'? dx.
0 2 Jo

Further

1 1 1
(4) / uu” dr = [uu/] — / u'? dr = —/ u'? dx.
0 0 0

Inserting (2) and (3) in (1) we get

1 1 1
llew |12, (ry + g / u'?dr + 5/ u'? dr = / (—eu”) f dz
0 0 0

5 1
(5) = [leu’|[7, (1) < / (—eu”) f dz < {Cauchy-Schwartz}
0

< e NN Loy 1 Locry-
Thus we have
lewLocry < Nl

2. Multiply the equation by Au and integrate over €2 to get
(i, Atw) — (Au, Au) = (Vu Vi) — (Au, Ad)

__+a 2 2 _
= th /|Vu| der/ |Aul dz =0,

where in the first equality we used Green’s formula and the vanishing boundary data. Relabeling
t to s and integrating over (0,t) we get the desired result.

3. The Variational formulation: Let V0 := H}(0,1),

Multiply the equation by v € V. integrate by parts over (0,1) and use the boundary conditions
to obtain

1 1 1 1
(6) Find u € VO / u'v' dr + 2/ au'vdr + 2/ wdr = | fvdr, YveVO
0 0 0

cG(1): Let V.0 := {w € V% : w is cont., p.l. on a partition of I, w(0) = w(1) = 0}

1 1 1 1
(7) Find U € V) : /U’v'dx+2/ xU'vdaz+2/ Uvdr = [ fvdz, YoveVy.
0 0 0 0
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From (1)-(2), we find The Galerkin orthogonality:

1
(8) / ((u —U)"v +2z(u—U)v+2(u— U)v) dr =0, YoV
0
We define the inner product (-,-)g associated to the energy norm to be
1
(v,w)g = / (v'w'" + vw) dz, Yo, w € VO,
0
Note that
1 1oy 1
(9) 2/ ze'edr = / r— (62) dx = [ze*]) — / e dr
0 o dx 0
Thus using (9) we have
1 1
(10) lle||% = / (€€’ +ee)dx = / (ee’ + 2€'e + 2ee) dx.
0 0
We split the second factor ease=u—U =u —v+v — U, with v € V}, and write
1
llel|2, = / (e’(u —U) + 2z (u— U) + 2e(u — U)) dz = {v e V,?}
0
1
= / (e’(u —v) + 2z’ (u —v) + 2e(u — 11)) dx
0
1
+/ (e’(v —U) + 2z (v—U) + 2e(v — U)) dx
0

1
:/0 (e’(uf1))/+2$6/(u7’0)+2€(ufv)) dzx,

where, in the last step, we have used the Galerkin orthogonality to eliminate terms involving U.
Now we can write

1

llel|% :/ (e’(u—v)’ + 2xe’ (u — v) +2e(u—v)) dx
0
<2lle'|] - [Ju = vllz + 2[le]| - [lu = v|
<2lle]|e - [lu—vlle

and derive the a priori error estimate:

llellg < |lu—v||g(l+a), YveEV,.

To obtain a posteriori error estimates the idea is to eliminate u-terms, by using the differential
equation, and replacing their contributions by the data f. Then this f combined with the remaining
U-terms would yield to the residual error:

A posteriori error estimate:

1 1
llel|% :/ (€€ +ee)dx = / (€'¢’ + 2xe’e + 2ee) dx
0 0
(1) 1 1
:/ (u'e’ + 2zu'e + 2ue) dx — / (U'e’ +2zU'e + 2Ue) dx.
0 0

Now using the variational formulation (6) we have that

1 1
/ (u'e’ + 2zu’e + 2ue) dov = / fedz.
0 0

Inserting in (11) and using (7) with v = IIxe we get
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1 1
lelfy = [ sedn— [ @' +200%c + 206) da
0 0

1 1
+ / (U'Hhe’ + QZEU/H}LG + QUHh(i) dr — / fHpedzx.
0 0

Thus

1 1
||e||?5:/0 f(e—l'[he)da:—/o (U’(e—Hhe)'—&-QasU’(e—Hhe)—|—2U(e—Hhe)) dx

M+1

1 1
:/O f(e—Hhe)d:U—/O (22U + 2U) (e — Hye) dz — ;/I U'(e — Mye) dx

J
={partial integration}
M+1

1 1
:/O f(e—l'[he)dx—/o (22U + 2U ) (e — Upe) dx + ; /1 U"(e —1lpe) dx

J

:/1(f—|—U”—2xU' —2U)(e — ye) dx = /1 R(U)(e —TIe) dz
0 0

1
= [ B@ e - M) do < IR 1.0 e = Tae) .
0
< CHlIbRW) |z, - €l < IR s - el

This gives the a posteriori error estimate:

lelle < GillhR(U)|L.,

with R(U) = f+U" —22U' —2U = f — 22U’" — 2U on (x;—1,2;), i =1,...,M + 1.

4. Recall that the mesh size is h = 1. Further, the first triangle (the triangle with nodes at (0, 0),
(1,0) and (0,1)) is not in the support of the test function of Ny, whereas the last triangle (the
triangle with nodes at (4,4), (2,4) and (4,2)) is in the support of the test function for all other 3
nodes: No, N3, N4!. Thus, the nodal basis function ¢ shares 2 triangles with @9 and 2 triangles
with ¢4. Likewise, o and 3 are sharing 1 triangle, ¢o and @4, 2 triangle, and finally @3 and ¢4
1 triangle. see figure below. We define the test function space

T2
T N
2 2 4 O 3 3
h=1
Ny N,
Iy 1 2
Q I
X
T, 9 !
(13) V={v:ve H(Q), v=0 onTy}.

Multiplying the differential equation by v € V' and integrating over 2 we get that

—(Au,v) + (u,v) = (1,v), Yo e V.
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Now using Green’s formula we have that

—(Au,v) = (Vu, Vo) — / (n-Vu)vds

o0
= (Vu, Vo) —/Fl(n-Vu)vds—/FQ(n-Vu)vds

= (Vu,Vu)— < 1,v >p,, Yv e V.
Thus the variational formulation reads as
(Vu, Vo) + (u,v) = (1,v)+ < 1,v >r,, Yv e V.
The corresponding ¢G(1) finite element is: Find u;, € V)2 such that
(Vup, Vo) + (up,v) = (1,v)+ < 1,v >r,, Vv e V2,
where
V}? := {v : v is continuous, piecewise linear on the above partition and v =0, on I';}.

Making the “Ansatz” U(z) = Z?:l &ip;i(z), where ¢, are the standard basis functions, we obtain
the system of equations

4
ij(/V@i-Vsojder/cpi.@jdx):/gpidaﬂr/ pido, 1=1,2,3,4.
i=1 @ Q Q r,

or, in matrix form,
(S+ M) =F,
where S;; = (Vy;, Vp;) is the stiffness matrix,. M;; = (¢;,¢;) is the mass matrix and and

F, = (1,0;)+ < 1,¢; >r, is the load vector. We first compute the stiffness matrix for the reference
triangle T'. The local basis functions are

o1(x1, 2) 1*%*%7 V¢1(I17I2):*% { } }7
pa2(x1,22) = %7 Voo(z1,22) = % [ (1) } )
¢3(x1,22) = %27 Vos(x1,22) = % [ (1) } .

Hence, with |T| = [, dz = h?/2,

1 11—z h2
mi1 = (¢1,¢1) = / o1 da = h2/ / (1 — 21 — 29)* dayday = 1
T 0 Jo

2
1= (Vo Vo0 = [ Vo do = 27 =1,
T

Alternatively, we can use the midpoint rule, which is exact for polynomials of degree 2 (precision
3):

TS~ . h2 1 1\ &2
mll—(¢1,¢1)—/T¢fd$—|3;%(%)2—6(04-44—4) =1

where £, are the midpoints of the edges. Similarly we can compute the other elements and obtain

2 1 1 2 -1 -1
h? 1
1 1 2 -1 0 1



We can now assemble the global matrices M and S from the local ones m and s:

6
M1 = 2mq1 +4mo = Eh2, S11 = 2811 + 4822 = 4,
1
My = My = 2mqo = ﬁhQ’ S12 = S14 = 2519 = —1,
Mz = 0, 513 =0,
3
My = Myy = ma1 + 2mag = ﬁhz, Soo = Syq = S11 + 2822 = 2,
1
Moz = M3q = mq2 = ﬂhQ, 52325342812:—1/2,
1
M24 = 2m23 = Eh?’ 524 = 2823 = O7
Loy
Mss =mq; = Eh , Sa3 = s11 =1,
The remaining matrix elements are obtained by symmetry M;; = Mj;, S;; = S;;. Hence,
12 2 0 2 4 -1 0 -1
h? — —
JY 2 6 1 2 L S= 1 2 1/2 0 7
2|10 1 21 0 —1/2 1 —1/2
2 2 1 6 -1 0 —-1/2 2
and
(Lg1)+ <11 >r, 6-3-3+0=1
b | gt <Lga>r, | _ 3.3 32 1-101/2=3
(Lpg)+ < 1,3 >r, §§:§+2~1-1 /2=
(Lpa)+ <14 >r, 3.2 1=1+21-1-1/2=3

5. a) Multiply the equation by u and integrate to obtain
(i, 0) — (Au, ) + (u, @) =0,
(i, %) + (Vu, Vi) + (u,u) = 0,
1d

- 12 2 2y
S Sl + [9ul + [l ) =0,

%(Hﬂ(lﬁ)\l2 +[Vu@®)? + [Ju®)]*) = %(Ilmll2 +1[Vuol[* + [uo|[*)-

This means that the energy E = 3(|[a(t)[|? + [|[Vu(t)[|? + [[u(t)]|?) is conserved.

b) Set v = 4, v2 = u. Then
’[)1 7A”U2+U2 :0,

’[JQ — V1 = 0.
Now we have a system © + Av = 0 of first order in ¢ and we can use various techniques developed

for such systems, for example, we can apply standard time-discretization methods such as dG(0)
or ¢cG(1).

6. See the lecture notes.
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