Mathematics Chalmers & GU
TMA372/MMG800: Partial Differential Equations, 2019—03—20, 14:00-18:00

Telephone: Mohammad Asadzadeh: ankn 3517

Calculators, formula notes and other subject related material are not allowed.

Each problem gives max 5p. Valid bonus poits will be added to the scores.

Breakings for Chalmers; 3: 15-21p, 4: 22-28p, 5: 29p-, and for GU; G: 15-26p, VG: 27p-
For solutions and information about gradings see the couse diary in:
http://www.math.chalmers.se/Math/Grundutb/CTH/TMA372/1819/index.html

1. Let 7y, f be the linear interpolant of f in (a, b). Prove the L,(a,b) interpolation error estimates:
lmnf — fllz,(ap) < (b— a)QHfNHLp(a,b)) p=1,2

2. Let Q be the hexagonal domain with the uniform triangulation as in the figure below. Compute

Yy
Iy :={y=2h}U{z > 2h} C IO (red)
2ht 0 N3 Na n (outward unit normal to I'y)
h 3
V1 Ny Ns standard element
00\ Ty =T T g
h 2h L 2

the stiffness matrix and the load vector for the cG(1) approximate solution for the problem:
(1) —Au=1, in Q, u=0, on Iy, OJu/On=1, on I'y

3. Derive a posteriori error estimate, in the energy norm, definied as ||v||% = [[v'||? + ||v||?, for
the ¢G(1) approximation of the boundary value problem

—u"(z) + 2zu/ (z) + 2u(z) = f(z), 0<z<1l, «/(0)=0, wu(l)=0.

4. Formulate dG(0) scheme for u(t) + a(t)u(t) = 0, u(0) = ug, a(t) > 0, and prove the stability
N-1
UnI? + Y 1[0 < Juol®.
n=0

5. Consider the convection problem
B-Vut+au=f xe u=gforzel_:={zxecd:f(z) n(z)<O0}.
Assume that oo — %V - B > ¢ > 0. Prove the stability estimate
1
clul)? —|—/ n- fu?ds < E||f||2 +/ In - B|¢? dz, I, :=00\T_.
T, r

Hint: Show first 2(8 - Vu,u) = fl"+ n-pude — [ |n-plu*de — (V- B)u,u).
6. Consider the c¢G(1) approximation u; for the Poisson equation
—Au=f inQ, u=0 on 09, QcRY d=23.
Let e := u — uy, be the error of approximation and show the following gradient estimate in Lo (Q):
IVell = [V (u—up)|| < ClIhD?u].
MA
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TMA372/MMGS800: Partial Differential Equations, 2019-03—20, 14:00-18:00.
Solutions.

1. Let Ag(z) = 222 and \y(z) = =2 be two linear base functions. Then by the integral form of
the Taylor formula we may write

{f(a) = f(z) + f(x)(a fgg y)I"(y) dy,
fO) = f@)+ f@)b—x)+ [[(b- yf” (y) dy,

Therefore using the obvious relations \,(x) + A\p(z) = 1 and aX,(x) + by (z) = =,
I f(z) = f(a)Aa(z) + f(b)Ao(2)
a b
= 1)+ (@) [ @=9)f Wy +2ia) [ G- @)y

and by the triangle inequality we get

|f(x) =y fz)] =

a b
7o) [ (=) W) dy+ 2lo) [ 0= @)

< (@) / - )]

[ @=nrwag|+ o)

a b
<@ [ la=sll @y o) [ 1=l )]y

(2)
< Pala \/ 1" )] dy + (e |/ (b—a)lf" ()] dy
s(b—a)( o)+ Aol /|f" )ldy
= (b—a) (hale) + Mo(a /|f” )l dy = ( —a/lf” )/ dy.
Consequently

[ 15w -l < [0 [ 161 w) = 0?0

To derive Lg(a,b) interpolation error, we square (3) to get
) - us@P < - ( [ 15 6la)’

g(b—a)Q(/ ea)( [ 1w a)=o-o [ 17wk

a

3)

Then integrating over (a,b) we get

IIf - HlszLQ(a,b) <(b- a)4||f”||%2(a,b)7

which yields the desired result.



2. Let V be the linear function space defined by
Vi={v:ve HY(Q), v=0, onT}.
Multiplying the differential equation by v € V and integrating over {2 we get that
—(Au,v) = (1,v), Yv e V.
Now using Green’s formula and the fact that v = 0 on 9\ T';, we have that

—(Au, Vv) = (Vu, Vo) —/ (n-Vu)vds

o9

= (Vu, Vv) — / (n-Vu)vds — / (n-Vu)vds
r Iy

= (Vu,Vv) — / vds, Yv eV,
s

Hence, the variational formulation is:
(Vu, Vo) = (1,v) + (1, v)r,, YveV.

Let V}, be the usual finite element space consisting of continuous piecewise linear functions sa-
tisfying the boundary condition v = 0 on I'y: Then, the ¢G(1) method is: Find U € V}, such
that

(VU,Vv) = (1,v) + (1, v)r,, Yu €V,
Making the “Ansatz” U(z) = Z?Zl &pj(z), where @; are the standard basis functions (g is the
basis function for the interior node N; and 9 and @3 are corresponding basis functions for the
boundary nodes N7 and N, respective) we obtain the system of equations

3
Z@/chi-V(pjdx:/(pidx—t—/ pids 1=1,2,3,4,5.
=1 Q Q Gammas

In matrix form this can be written as S = F, where S;; = (V;, V;) is the stiffness matrix, and
Fi=(1,9;) + (1, vi)r, is the load vector.
We first compute the stiffness matrix for the reference triangle T'. The local basis functions are

¢1($1,$2):1—%—%, V¢1($1,$2):—% { } }7
p2(x1,22) = %7 Voo(z1,x2) = % { (1) } ;
¢3(x1,22) = %27 Vos(z1,x2) = % [ (1) } .

Hence, with |T'| = fT dz = h?/2, we can easily compute

2
1= (V1 Vo0 = [ (Vo do = ST =1,
T

-1
s12 = 821 = (V1, Vo) = / ﬁ'ﬂ =-1/2,
T
523 = 832 = (Vo, Vp3) = 0,
1
S99 — 833 — ... = ﬁ‘T| = 1/2.

Thus by symmetry we get that the local stiffness matrix for the standard element is:

o2 1

s=—-| —1 1 0

201 0 1
2



We can now assemble the global stiffness matrix S from the local stiffness matrix s:
S11 =522 = 3811 + 2802 =3+ 1=4, S12 = S13 = 2812 = —1
S14=2823=0, S15=0, S23=0, Soq = S5 = 2812 = —1,
S33 = 811 + 522 = 3/2 S34 =812 =—1/2 S35 =0,
Siyq = 3522 = 3/2 Sys =823 =0 Sss = 2890 =1

The remaining matrix elements are obtained by symmetry S;; = S;;. Hence,

8§ =2 =2 0 O

-2 8 0 -2 2
S=—-|-2 0 3 -1 0
0 -2 -1 3 0

0 -2 0o 0 2

h h \/ih V2h
/@1 /@2—0 /<P3 3 /@4—5 5 /@5—27 V2h
Ty s Ty Ty Ty

Thus the load vector is given by b = %(5, 5,1,3,2)t 4+ 2(0,0,1,1++/2,2v/2)%. Observe that, here

S becomes independent of h.

|

3. The Variational formulation:

Let V := {v € H'(0,1) : v(1) = 0} be the continuous test function space Multiply the equation
by v € V, integrate by parts over (0,1) and use the boundary conditions to get

1 1 1 1
(VF) Findu € V : / u’v’da:—i—Z/ xu’vda:—|—2/ wdr = [ fvdr, YveV.
0 0 0 0
c¢G(1): Let T, be a partition of (0,1) and define the discrete test function space
Vi, := {v : v is continuous piecewise linear in T,0f(0,1), v(1) = 0}.

1 1 1 1
(4) (FEM) Find U € V}, : / U'v' dz + 2/ xU’vdx+2/ Uvdx :/ fvdz, Yv eV,
0 0 0 0

In VF we restrich v € V, C V. Then (VF)-(FEM) yields
The Galerkin orthogonality:

1
/ ((u —U)v' +2zx(u—U)'v+2(u-— U)v) dr =0, Yv€ V.
0
We define the inner product (-,-)g associated to the energy norm to be
1
(v,w)p = / (v'w' +vw) dz, Vo, w € V.
0

Let e(x) := u(x) — U(x). We use e(1) = u(l) — U(1) = 0 to derive the following key identity:

(5) /0121‘6’6:/1 d‘i( Yo = [PI] =[x (x)2]:—/0162dx=—/ole2dx.
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A posteriori error estimate: Thus using (5)

1 1 1
llel|% :/ (e'e’ + ee)dx = / (e'e’ — ee + 2ee) dv = / (e'e’ + 2xe’e + ce)
0 0 0
1
= / (e'(u —U) +2ze(u—U) + 2e(u — U)) dx
0
1 1
= / (€'u+ 2xeu’ + 2eu)dx — / (e’U’ + 2xelU’ + 2eU) dx := Ty + Ts.
0 0
Now using the variational formulation (VF) with v = e € V we have T} = fol fedz. Hence
1 1
lle]|% :/ fedx 7/ (e'U’ + 2xelU’ + 2eU) dx = { tme€Vyine terms}
0 0

(6) 1 1
/0 fle —mpe) dx — /0 (U’(e —mpe) + 2xU' (e — mhe) + 2U (e — Whe)) dx

Partial integration gives

N 2 ] Ve =)~ 0@ elw) - miel)

=2

I T

(7)
U" (e — mpe) / U" (e — mpe).

Inserting in (6) and using the interpolation error we end up with

el = [ (5 +0" 200" = 20)(e = me) = [ RO)e—mo
<IHR@) ]

(8)

This gives the a posteriori error estimate:

lelle < [[PRU)]-

4. For dG(0) we have discontinuous, piecewise constant test functions, hence in the variational
formulation below

(ﬂ, U) + (au,v) = (fa 1}),

we may take v = 1 and hence we have for a single subinterval I,, = (¢,—1, t,] the dG(0) approxi-
mation

/ (U 4+ aU(t)dt + (U, — U, _y) dt = / fdt.
I,

I,
For f = 0 this yields (see als)o Fig below)

(9) aK Uy + (Up — Up_y) = 0.

Multiplying by U,, we get
ak, U2+ U2~ U,U,_1 =0,
where a > 0, whence
U2 -U,U,_, <0.

Now we use, forn =1,2,..., N,

1 1
U2 U, U, 1= §UEL + §U3 —UnUn_1,
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Uuq
[Ulo
(U1
[U]2
[U]s
[U]n-1
L L L L L L UN t
to=0 t1  ty  t3 tne1 tno1ty =1
and sum over n =1,2,..., N to write
N
> (U2 =UpUpn1) =Ux = UNUn 1+ Ux_y = Un-1Un—2 + — ..U} = Ul
n=1

1 1
=U% —UNUn_1+U% | —Un_1Un_o+—... U —U Uy + 5Ug2 — 5Ug

1 1 1 1 1 1
= U2+ =(Uy —Un_1)*+ =U? U+ (U, = Uy)? = 2U2 <.
2N‘|‘2(N N1)+2 N—1 T +21+2(1 0) 50

Further by the definition [U,,] = U,4+1 — Uy, hence the above inequality yields the desired result
N-1
Ui+ D 0P < U3
n=0

5. Multiply the equation by u and integrate over )

Green’s formula gives

(,B-Vu,u):/Fﬁ-nuzds—/ﬂuv-(ﬁu)da?

:/Fﬁ-nuzds—/Qu<V-,8u+ﬂ-Vu)da?

= B-nu?ds+ B-nu*ds — (V- Bu,u) — (B Vu,u),
r, r_

so that, since f-n <0and u =g on I'_
2(B - Vu,u) = ﬂ~nu2ds—/ |3 -n|g*ds — (V- Bu,u).
ry r_
Inserting in (10) we get

(11) B-nu*ds+2((a— 1V - Bu,u) = 2(u, f) +/ |8 - n| g*ds.
2 r_

Ly
Hence, we have using a — %V -B>c>0and
_ 1
2(f,u) < 2|\ fll[lull < 202D ull) < Ellfll2 +clul?,

so that (11) becomes

1

gen?ds + 2cfull < LI+l + [ 15-nlg? ds.

'y c r_
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This yields the desired result:

1
/ B-nu?ds+ cljul|* < f|\f||2+/ 1B -n|g*ds.
ry ¢ r

6. See the book.
MA



