Mathematics Chalmers & GU
MVE455: Partial Differential Equations for Kf3, 2016-03—14, 8:30-12:30

Telephone: Raad Salman: 031-7725325

Calculators, formula notes and other subject related material are not allowed.

Each problem gives max 4p. Valid bonus poits will be added to the scores.

Breakings from total of 24 points: Exam(20)+Bonus(4). 3: 10-14p, 4: 15-19p och 5: 20p-

For solutions see the couse diary: http://www.math.chalmers.se/Math/Grundutb/CTH/tma372/1516/

1. Consider a uniform partition 0 = zg < 21 < ... < xy = 1 of the interval [0,1] and let {p;}X
be a set of piecewise linear continuous basis functions: ¢;(z;) = 1 for ¢ = j and ¢;(x;) = 0 if
i # j. Given a FEM in form of linear system of equations (S + C)§ = b + d, with S and C
N-by-N matrices, and &, b and d vectors of lenght N, where for i,j =0,...,N—1, S;; = (¢}, <p;),
Cij = (¥i, @3), and b; = (¢, f) with f a given function. dy = « is the only non-zero element of d.
a) Derive the variational formulation and the strong formulation for the PDE from the above data.

b) Let now both u(0) = 0 and o = 0 and derive the continuous stability estimate ||u.|| < || f]|-

2. Prove an a priori error estimate for a finite element method for the boundary value problem,
(the required interpolation estimates can be used without proofs):

—Ugy Uy = f, € (0,1); u(0) = u(1) = 0.
3. The dG(0) solution U for the scalar population dynamics, u(t) + au(t) = f, u(0) = ug, in the
subinterval I, = (t,—1,t,] with k, = ¢, —t,—1, n=1,2,... N, and f =0 is given by
ak Uy + (Up —Up—1) =0, U,=Ul|, =U, =U,.
Let a > 0 and show the discrete stability estimate

N—-1
U12V + Z HUHH2 < Ugv [UTL] = U:f - Un_ = Un+1 — Un
n=0

4. Let © be the triangulated domain below. Compute the ¢G(1) solution of —Au = 0 in Q with
the Neumann data: 9,u = 3 on B; and Dirichlet condition: © = 0 on Bs.

X
2

B2

5. Formulate and prove the Lax-Milgram theorem.
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Solutions.

1. a) It is clear that the homogeneous Dirichlet condition is used at = 1 since the basis function
N is not present in the matrices and there are no modifivations corresponding the last element of
the load vector. Consider now the solution space VO = {w : ||w| + ||[w’|| < 0o}, w(1) = 0} where
|| -] is the usual Ly-norm over I. Then, the variational formulation reads as follows: find u € V°
s.t.

(1) (Ve uz) + (0,u5) = (v, f) + av(0),  VwveV
For the basis functions ginen, ¢(0) = 1, which explains the first element of the vector d.

Backward integration by parts, together with the Dirichlet data on v yields

(2) (v, f) + aw(0) = (v, —tiae + tz) + v(0)ug(0).
Thus, the strong formulation (PDE) is: find such that
(3) —Ugz + Uy =f O<z<1 ug(0) =a, u(l)=0.

(b) Let in (1) @ = 0 and v = u, then
(g, ug) + (u,ug) = (u, f).
Using integration by parts and u(0) = 0,
(u,u,) = u?(2)|*Z5 — (g, u) = (u,uy) = u?(1) — u?(0) = u*(1) — u?(0) = 0.
Hence, using Cauchy-Schwarz and Poincare inequalities:

lual|* = (u, ) <l < Nuall £,
we get the desired result.
2. We multiply the differential equation by a test function v € H} = {v : |[v]|+|]v'|| < o0, v(0) =

v(1) = 0} and integrate over I. Using partial integration and the boundary conditions we get the
following variational problem: Find u € H{(I) such that

(4) /(u'v’ +u'v) = /fv, Vv e Hy(I).
I I
Or equivalently, find u € H}(I) such that
(

(5) Uy, Vg) + (uz,v) = (f,v), Yo € Hi(I),

with (-,-) denoting the Ly([I) scalar product: (u,v) = [, u(z)v(z)dz. A Finite Element Method
with ¢G(1) reads as follows: Find uy, € V} such that

(6) /(uﬁlv' + upv) = /fv, Vo e Vi C Hi(I),
I I
where
V2 = {v : v is piecewise linear and continuous in a partition of I, v(0) = v(1) = 0}.
Or equivalently, find u;, € V¥ such that
(7) (Uh ey v2) + (U, v) = (f0), Vo€ V.
Let now
a(u,v) = (uma Uac) + (um,v).

We want to show that a(-,-) is both elliptic and continuous:
1



ellipticity
(8) au, u) = (ug, ) + (g, u) = ||ug]?,

where we have used the boundary data, viz,
1 2 1
u
/ U u dr = [—} =0.
0 2 1o
continuity

(9) a(u, v) = (uz,vz) + (e, v) < [Jug|[[v2]] + [Jua||l[0]] < 2zl |vel],

where we used the Poincare inequality ||v|| < ||vg]|.

Let now e = u — up, then (5)- (7) gives that

(10)  a(u — up,v) = (Uy — Uz, Vz) + (Uz — Upz,v) =0, Vv € V2, (Galerkin Orthogonality).

A priori error estimate: We use ellipticity (8), Galerkin orthogonality (10), and the continuity (9)
to get

|z — uh7m||2 =a(u —up,u—up) =a(u—up,u—v) < 2luy — upgl||us —vel, Yve V,?.
This gives that
(11) lug — unzl| <2luy —vzl], Vve V;(L),

If we choose v = mpu € V)2, the interpolant of u, and use the interpolation estimate we get from
(11) that

(12) v — uh,z” < 2ug — (Tu)e|| < 20| huge |-

3. For dG(0) we have discontinuous, piecewise constant test functions, hence in the variational
formulation below

(Oﬁ U) + (au’ U) = (f7 U)’
we may take v = 1 and hence we have for a single subinterval I,, = (t,,—1,t,] the dG(0) approxi-
mation

/ (U 4 aU(t)dt + (U, — U, _y) dt = / fdt.
I,

In
For f = 0 this yields (see als)o Fig below)
(13) aK,U, + (U, —U,—1) = 0.

uq
[Ulo
(U]
[U]2
[Uls
[UlN-1
L L L L L L UN t
to = 0 tll tlg t.?, tnLI tjn, tlel ty = 1

Multiplying by U,, we get
ak, U2 + U2 — U,Up—1 =0,
where a > 0, whence
U2 -U,U,, <0.
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Now we use, forn=1,2,..., N,

1 1
U2 - U U,y = 5U{fj + §U2 —UnUp_1,

and sum over n =1,2,..., N to write
N
> (U2 = UpUpn1) =Ux = UNUn -1+ Ux_y = Un-1Un—a + —... U} = UhUp
n=1
1 1
=UZ ~UnUn 1+ U —Un 1 Un o+ —...U} = U Uy + 5U022 - 5Ug

1 1 1 1 1 1
= U2+ =(Uy —Un_1)*+ =U? e+ SUP+ (U, = Uy)? = ZU2 <.
B N+2( N Nl) +2 N—1+ +2 1+2( 1 O) 9 0>

Further by the definition [U,,] = U,4+1 — Uy, hence the above inequality yields the desired result

N—-1
Uk + Y U] < UG
n=0

4. Variational Formulation: Using Green’s formula we have that

0= / —Auv dr = {Green’s} = / Vu- Vv — /(Gnu)fu
Q Q r
(14) ={T:=900:=B1UBy} ={v=0o0n By, and d,u =3 on By}

:/Vu-Vvdx—/ 3vds
Q By

Thus we have the finite element formulation: Find piecewise linear function U € V}, such that

(15) / VU -Vuv = / 3vds, Vv eV,
Q By

Let now

(16) U(z) = Urpr(z) + Uzipa (),

where ; are the piecewise linears basis functions for the above discretization of Q with ¢;(N;)
dij, 4, =1,2. We insert (16) in (15) and let v = ¢;, ¢ = 1,2 to obtain a 2 X 2 system viz,

/ Vi -V dx Uy —|—/ Vs -V dxUs = 3/ p1 ds,
Q Q B

(17)
/V<p1-V302de1+/V302~V<p2de2:3/ (pgdS.
Q Q B
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Note that using the orientation in the figur below we have

k, | ks
k N2
kg
N1
v‘)ol = (715 0) VSQQ = (07 1)
kl k'l
V<p1 = (0, 0) VQOQ = (71, 1)
kg k'2
chl = (0, 0) VQDQ = (71, 71)
k3 k3
Vi =(0,0)  Vegp| =(1,-1)
k‘4 k4
Vipi|  =(0,-1) Vgy| =(1,0)
k:5 k5
Thus
/ V1 - Vs dz = / Vs - Vi dz =0,
Q Q
and
5
/ Vi - Vorde = |kz‘|<V%01|ki 'Vs01|ki>
Q2 i=1
1 1 1 1
3 X (—=1,0) - (=1,0) + 3 X (0,-1)-(0,-1) = 3 + 5= 1.
Similarly
> 1
| Ver Veado = 3" Il (Veal, - Vil ) = 5 % (0.1)- 0,1)
Q i=1 2
+(_17 1) : (_17 1)+(_17 _1) ’ (_17 _1) + (17 _1) ’ (17 _1) + (170) ’ (170)>
:%x (1+2+2+2+1) =4
As for the right hand side we have
3/ 1 = 3 x aread of the side alonge B = 3(1/2 + 1/2) =3,
By
while
3/ Y2 = 0.
By
Summing up we have a trivial situation as follows:
10l ] _[3
0 4 Uy | |0
Thus U(z) = 3pi1(x) and actually, with this configuration, we have a trivial one-dimensional

problem.

5. See the lecture notes.
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