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AbstratThis thesis deals with two aspets of mathematial �nane; In the �rst part theMonte Carlo method is used for analyzing the exoti option Triple Obligation, byderiving the prie and Greeks with orresponding on�dene intervals. Estimationsfor the prie, Delta, Vega, and the Correlation risk are suessfully derived, while es-timations for Gamma, Cross-Gamma, Vomma and Theta are insuÆiently auratedue to the poor onvergene rate provided by the Monte Carlo method. Further,a method for approximating Triple Obligation by a less omplex option, for whihthere exist an analytial expression for the prie, is presented. Using the resultsfrom the Monte Carlo simulations for alibration, we an attain valid estimationsfor the prie, Delta, Vega and the Correlation risk within a fration of the MonteCarlo omputational time.In the seond part, Bates' market model is introdued to ope with the volatilitysmile phenomenon. By means of Fourier methods, analytial expressions for theprie, Delta and Vega of all and digital options are derived and the Fast FourierTransform (FFT) is presented and ustomized for the evaluation of these expres-sions. These results are applied to Vega-hedge a digital option and to alulate theassoiated transation ost, originating from the all option prie spread.
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1 IntrodutionThis thesis deals with two aspets of mathematial �nane; The �rst part onernsthe priing and the prie derivatives with respet to market parameters, the Greeks,of the exoti option Triple Obligation, derived and analyzed by means of MonteCarlo (MC). These results are ompared to results derived by means of Quasi-MonteCarlo (QMC). When priing and hedging exoti options MC is a ommonly usedtool. Even though it provides an easy implementation and the possibility to evaluatea wide variety of �nanial instruments, there exists an onsiderable downside; Theonvergene of order O(n�1), where n is the number of iterations, alls for greatomputational e�ort and time to provide suÆiently aurate results.To evade the omputational e�ort required by MC one would like to �nd anotheroption, similar to Triple Obligation, to whih there exist an analyti expression forthe prie. Here, this option is hosen to be a Triple Digital and optimize the optionparameters suh that it mimis Triple Obligation in terms of the prie and theGreeks.In the seond part of this thesis attention is attrated to the market model intro-dued by Bates, where stohasti volatility and prie proess jumps are introdued,in order to obtain a more aurate desription of a market. When dealing with mod-els that introdues stohasti volatility the methodology for hedging an option needsto be revised; In the Blak-Sholes market model (BS), whih is the most ommonlyused model, one an hedge all options by a risk-free Delta-hedge strategy, but nowa risk-free strategy is also needed for oping with the prie utuations aused bythe stohasti volatility, a Vega-hedge strategy. By deriving analytial results forthe prie and the Greeks of a all option and a digital option under Bates' marketmodel, suh a strategy is derived and applied to the hedging of a digital option.
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2 Sensitivity Analysis of the Exoti Option TripleObligationIn this setion an analysis is performed of the exoti option Triple Obligation bymeans of deriving the prie and the derivatives of the prie w.r.t. the market pa-rameters, the Greeks. The problem is analyzed seen from an investment bankerspoint of view. Thus, one wants to attain suÆiently aurate results while keepingthe omputational e�ort to a minimum. To perform this redution a less omplexoption, to whih we have an analytial prie, is optimized to approximate the orig-inal. This is done by minimizing the di�erene between the pries and the Greeksof the two options.2.1 Prerequisites2.1.1 Monte CarloThe most ommon use for Monte Carlo (MC) methods in mathematial �naneis for evaluating an expeted value of a funtion of a random variable f(X) withprobability density funtion 	(x) over x 2 Rn , i.e.v = E[f(X)℄ = ZRn f(x)	(x)dx:Drawing N random numbers Xi from the distribution 	, arithmeti mean of f anbe alulated, resulting in the Monte Carlo estimatorv̂ � 1N NXi=1 f(Xi)of v. By de�ning �2f = ZRn(f(x)� v)2	(x)dxone realizes that, by virtue of the entral limit theorem, v̂ is approximately dis-tributed as N�v; �fpN� : (1)The strength of MC methods reveals itself when the dimensionality of the domaininreases; For a given d-dimensional hyperube with volume �d the error �lattie ofapproximating the integral of a given funtion by linear means dereases asO(�2). Ina regular grid over a d-dimensional domain, the number of points N is proportionalto � as N / ��d;2



implying � / N�1=d:Thus for a �xed number N of evaluations of the funtion, the relative error relatesto N and d aording to �lattie(N; d) / N�2=d;to be ompared with the relative error from MC�MC(N; d) / N�1=2:This aspet is highly valuable for appliation in mathematial �nane, as the di-mensionality of a problem is given by d = kl;where k represents the number of underlying assets and l represents the number oftimesteps in the time disretization of the asset trajetories, tends to be large forpath-dependent instruments.2.1.2 Quasi-Monte CarloQuasi Monte Carlo (QMC) methods di�er from ordinary MC methods in that theydo not attempt to mimi randomness; By using low-disrepany series, the aim isto generate points in spae that are too evenly distributed to be random. Thereare many suh series and in this thesis fous will be put on the sequene introduedby I.M. Sobol, further explained in [Sob℄. It an be shown that QMC using theselow-disrepany methods under the right irumstanes an attain a onvergenerate of O((d) ln(N)d=N), where d is the problem dimension. This onvergene isasymptotially muh faster then for MC but the problem lies in the fat that theoeÆient (d) may depend on the dimension and thus, for any one high-dimensionalalulation, one annot a priori know the onvergene rate; Number-theoretial re-sults an no longer expliitly determine if, nor how, QMC outperforms MC and oneis left to study empirial results.The problems ourring in high dimensionality an be visualized by, for example,studying two dimensions of the Sobol sequene as done in Figure 1. Some dimensionshave an apparent orrelation resulting in an uneven spread of points throughout thedimension, and this behavior beomes more ommon as the dimensionality inreases.This aspet of QMC is often misinterpreted and as shown in [J�a℄, by initiating theSobol sequene in a orret manner, one an obtain at least the same onvergenerate as for a ordinary MC, even in higher dimensions. The QMC method will notbe further analyzed as it is not entral in this thesis. Instead, results from QMC bythe use of the Sobol sequene are ompared to derived MC results.3
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Figure 1: N �rst numbers in a 30-dimensional Sobol sequene2.1.3 Priing and the GreeksIn this setion the BS market model [BS℄ is introdued, where d assets are modeledby geometri Brownian motionsdSi(t) = rSi(t)dt+ �iSi(t)dXi(t); i = 1; 2; :::; d; (2)under the risk-neutral measure Q , where Xi and Xj have onstant orrelation �ijand r is the onstant risk-neutral interest rate. The prie of a derivative an in thissenario be determined through use of the risk-neutral priing formula:�(t) = EQ [e�r(T�t)g(T ) j Ft℄;where Ft is the �ltration of X(t), g is the payo�-funtion for the derivative and T isthe maturity time. But not only the prie is of relevane when analyzing derivatives;The Greeks, i.e. the derivatives of the prie w.r.t. various market parameters, play4



Greek De�nition DenotationDelta �Si �iGamma �SiSi �iCross-gamma �SiSj �ijTheta �t �Vega ��i �iVomma ��i�i �iCorrelation risk �� �Table 1: The Greeksan important role e.g. when hedging. The de�nitions and denotations are stated inTable 1.When alulating the �rst order Greeks by means of MC or QMC, one often usethe �rst order �nite di�erene approximationb��(t) = �(t; � + d�)� �(t; �)d� = ��(t) +O(d�): (3)Assuming a suÆiently large number of iterations n the result in (1) an be used toderive a (1� �)% on�dene interval for the alulated Greek asP(e�r(T�t)b��(t) 2 1d�Y � ��=2 sYpnd� �����Ft) = 1� �;where Y = g(T; � + d�) � g(T; �), ��=2 = ��1(�=2) if � is the umulative normaldistribution funtion and sY is the sample standard deviation of Y,s2Y = Y 2 � Y 2:Regarding the seond order Greeks, the orresponding results for the seond order�nite di�erene approximations areb���(t) = �(t; � + d�)� 2�(t; �) + �(t; � � d�)d�2 = ���(t) +O(d�2);and P(e�r(T�t)b���(t) 2 1d�2Z � ��=2 sZpnd�2 �����Ft) = 1� �;respetively, where Z = g(T; � + d�)� 2g(T; �) + g(T; �� d�). One an see that therelative error of the approximation, in both ases, depend on n as well as on d�,implying that for eah �x value of n one has to determine the perturbation size d�minimizing the total error. 5



2.2 Desription of Triple ObligationThe derivative Triple Obligation is onstruted to give an alternative to traditionalinterest investments by o�ering a larger payo�. The payo� is dependent on theevolution of three assets; If the assets all exeeds (or equals) their initial value attwo measuring points, a yearly oupon of 6% is reeived. The maturity time is twoyears and the asset value at the measuring point is determined to be the mean assetvalue for the last month of the year, disregarding the 10 lowest values. An exampleis given in Table 2.Asset Erisson B H&M B TeliaSonera CouponInitial value 21:3 210:5 39:3Value after 1st year 23:0 212:2 42:4Value equals or exeeds? Yes Yes Yes 6:00%Value after 2nd year 18:6 225:9 36:1Value equals or exeeds? No Yes No 0:00%Total 106:00%Table 2: Example of payo� for derivative Triple ObligationAnother derivative, Triple Asian-Digital, is now onstruted: The maturity timeis set to one year, and the derivative pays 1 if the three assets all exeeds (or equals)their initial value at the measuring point1, or else pays 0. One an see that TripleObligation is equivalent to a portfolio onsisting of Triple Asian-Digital optionsand obligations, in the right proportions. Knowing this, one an now perform ananalysis of the less omplex derivative Triple Asian-Digital, from whih results forTriple Obligation easily an be derived.2.3 Generating sample pathsRealling the BS model introdued in setion 2.1.3 and de�ning the d�d-dimensionalorrelation matrix �ij = �i�j�ij;the notation (�1X1(t); :::; �dXd(t)) = BM(0;�)is introdued. Now BM(0;�) an be written as A � BM(0; I), where A is theCholesky fatorization of �, i.e. AAT = �. Further, one an now write (2) asdSi(t)Si(t) = rdt+ dXj=1 AijWj(t); i = 1; :::; d;1The measuring point is de�ned in analogous manner as for Triple Obligation6



where W (t) = (W1(t); :::;Wd(t)) is a d-dimensional Brownian motion. Sample pathsan now be generated asSi(tn) = Si(tn�1) exp �r � �2i2 � (tn � tn�1) +ptn � tn�1 dXj=1 AijZj! ;with the partition 0 = t0 � ::: � tn�1 � tn � ::: � tN = T and Zj are normallydistributed random variables, j = 1; :::; d:2.4 Convergene resultsCalulations are now performed for the derivation of the prie and the Greeks asfuntions of the number of iterations. The parameter setting are hosen asS1(0) = 100; S2(0) = 100; S3(0) = 100;�1 = 0:20; �2 = 0:25; �3 = 0:30;�12 = 0:30; �13 = 0:40; �23 = 0:50;ti = i=250; i = 0; :::; 250;r = 0:03;to represent a typial ase of a stok market. Hereafter, when using the term rel-ative error, values from QMC using the Sobol sequene and 223 iterations are usedas "exat" values, an assumption validated by arguments in Setion 2.1.2. Whenplotting, results are displayed in two �gures; The �rst �gure shows the interval ofthe MC sample value within one standard deviation. The seond �gure desribesthe Maximum absolute relative error (MARE) of the above de�ned interval. In ad-dition, results for the QMC metod are inluded. Further, these results are derivedusing three di�erent perturbation settings:Large perturbations: dS = dT = 100 d�i = 100 d�ij = 10:Medium perturbations: dS = dT = 100 d�i = 100 d�ij = 1:Small perturbations: dS = dT = 100 d�i = 100 d�ij = 0:1:Plots are found in Appendix A.1.Interpreting the results one an see that the alulations of the prie have arelatively fast onvergene, where the MARE is less than 1% when the numberof iterations exeeds 105. When analyzing the alulations of the Delta the twosides of the perturbation size problem an bee seen; For large perturbations a fasteronvergene is attained but a obvious bias exists. The other senario is for the smallperturbations, with a slower onvergene but a negletable bias. Nevertheless, with7



an appropriate perturbation size, results where the MARE is less than 5% an beobtained. In the ase of the Gamma, the MARE indiates a poor approximation.But observing that the QMC result is osillating around zero one an onlude thatthe approximation still an be useful. For the rest of the Greeks there are somegeneral results; First, the slow onvergene of MC is an obvious problem, espeiallywhen dealing with seond order �nite di�erene approximations. Another problemis the relatively large error, to a large extent depending on the small values of theseond order Greeks. To summarize, the "naive" MC method is an adequate toolfor performing e.g. a simpler Delta-hedge, but laks auray when further tryingto haraterize the derivative Triple Asian-Digital. This gives a reason for �ndingan appropriate approximation.2.5 Approximation of Triple Asian-DigitalTo further simplify and aelerate the evaluation of Triple Asian-Digital, one wantsto make an approximation by a less omplex derivative. Thus, a derivative thatresembles a Triple Asian-Digital, the Triple Digital, is to be analyzed. The payo�for this derivative is 1 if the three asset values exeeds (or equals) Ki = KSi(0),respetively, at maturity time T . This derivative an be pried analytially [Nor℄;First, the Cholesky fatorization of the orrelation matrix is alulated:AAT = 0� 1 �12 �13�12 1 �23�13 �23 1 1A =) A = 0BB� 1 0 0�12 p1� �212 = d22 0�13 �23 � �12�13d22 = d32 p1� �213 � d2321CCA :Now, the prie an be alulated as�D = e�r�p2� Z 1p1x 1p2�e�p21=2�Z 1p2x e�p22=2N(�p3)dp2� dp1;wherep1x=� ln(S1=K1) + h1g1 ; g1= �1p� ; h1=(r � q1 � �212 )�;p2x=� ln(S2=K2) + h2g2 ; g2= �2p�d22; h2=(r � q2 � �222 )� + �2p�d21p1;p3x=� ln(S3=K3) + h3g3 ; g3= �3p�d33; h3=(r � q3 � �232 )� + �3p�(d31p1 + d32p2):The above expression is now evaluated by Simpson�s rule and, using the �nitedi�erene method as in (3) with the same perturbations used in the MC estimation,8



the equivalent estimation for the prie and Greeks of Triple Digital an now bealulated. The parameters that should be optimized for best �t are the maturitytime T and the strike oeÆient K. The alibration is performed by taking useof the results attained in Setion 2.4, where values and standard deviation for theprie and the Greeks where derived; The goal is for the approximation to derivevalues that lie within one standard deviation of the MC sample result. Thus, wede�ne a penalty funtion V to be minimized, denoting values originating from TripleAsian-Digital by index DA and values originating from Triple Digital by index D:V (K; T )=  �D � �DA��DA !2 + �D � �DA��DA !2 + 3Xi=1  �D;i ��DA;i��DA;i !2 + 3Xi=1  �D;i � �DA;i��DA;i !2:This funtion is optimized w.r.t. the result from the MC alulation in Setion 2.4with 220 iterations, here by MATLAB routine lsqnonlin, produing the optimalparameters T = 0:60596;K = 0:97413;and the prie and Greeks aording to�D = 0:24856;�D;1 = 0:00637;�D;2 = 0:00528;�D;3 = 0:00443;�D;1 = �0:15942;�D;2 = �0:12515;�D;3 = �0:10271;�D = 0:08859:When analyzing the results from the optimization one an see that all terms liewithin one standard deviation from the target value; The approximation produesan result with the same auray as a MC alulation with 220 iterations, by atriple integral evaluation. In terms of omputational time this approximation is agreat improvement and is always preferred, when one only needs to derive the abovespei�ed Greeks.
9



3 Vega-Hedging in Bates' Market Model and theAssoiated Transation CostWhen observing a stok prie proess on the market, one an hoose to alulatethe volatility in di�erent manners. One way to look at it is as the variane of thestok prie under a ertain time interval, empirially derivable. The other way is toderive it theoretially from the market option pries. As the volatility is the onlyunknown parameter, it an be solved for from the equation�BS(S; t; �implied(K; T );K; T ) = �market(S; t;K; T );where �BS is the BS prie, �market is the market prie and �implied is the soughtBlak-Sholes implied volatility. Using a all option in the above alulation wean, beause of the monotoniity of the all prie w.r.t. volatility, easily solve theequation using, for example, the Newton-Raphson method.In pratie, all markets exhibits the volatility smile phenomenon; The volatilitysurfae, onsisting of the implied volatility as a funtion of the strike K and ma-turity T is non-onstant with a harateristi behavior, elaborated in [AHNW℄.Remembering that the BS model uses a onstant volatility, one realizes that theBS model does not reveal the whole truth and a new, more sophistiated model isneeded. There exists many market models trying to inorporate this volatility smilebut no model has been generally aepted as every model has its advantages. In thissetion fous is put on the model introdued by Bates, where asset prie jumps andstohasti volatility are introdued, and espeially the onsequenes that arises; Foran instrument in the BS market model there exist a risk-free delta-hedging strategy,but in Bates' market model a strategy oping with the prie utuations aused bythe stohasti volatility, a Vega-hedge strategy, is needed. By deriving analytialresults for the prie and the prie derivatives of a all option and a digital optionunder Bates' market model, suh a strategy is derived and applied to the hedgingof a digital option.3.1 Prerequisites3.1.1 Bates' market modelA more general market model then in Setion 2 is now introdued, onsisting of anasset prie proess jumps and stohasti volatility;dS(t) = �(S; t)dt+ �(S; t)dW (t) + JdN(t);where W (t) is a Brownian motion, � and � are adapted proesses, N(t) is a Poissonproess with intensity � and the random variable J as the jump size. Under the10



risk-neutral measure Q , the prie proess is desribed by the stohasti di�erentialequationdS(t) = (r � d� �m)S(t)dt+ �(t)S(t)dW (t) + (eJ � 1)S(t)dN(t):If now the proesses are spei�ed as proposed by Bates [Bat℄, the 1-dimensionalmarket model is desribed bydS(t) = (r � d� �m)S(t)dt+pV (t)S(t)dW s(t) + (eJ � 1)S(t)dN(t);dV (t) = �(�� V (t))dt+ �pV (t)dW v(t); V (0) = V;� = Cov(dW s(t); dW v(t));P(dN(t) = 1) = �dt;ln(J) � N(�; Æ);m = e�+1=(2Æ2) � 1;whereW s(t) andW d(t) are Brownian motions. As a note, the proess used to modelthe variane V is a CIR model, introdued by Cox-Ingersoll-Ross [CIR℄, a fat thatwill beome useful when simulating trajetories.3.1.2 PriingNow, observe an European derivative f , based on an Bates' market model asset,with maturity time T and payo� gf . Further, the Fourier transform of gf is denotedby ĝf(z) and the domain where ĝf(z) exists is denoted by the strip of regularity Sf .Making the substitution x(T ) = lnS(T ) the harateristi funtion of x(T ) an bewritten as �T (z) = E [eizx ℄ = Z 1�1 eizx$T (x)dx; (4)where $T is the risk-neutral density of x(T ). The prie �f(x(t)) an now be derivedby making use of The Charateristi Formula as stated in [Sep℄:Theorem 3.1.1 Assume that x(T ) has the analyti harateristi funtion  T (z)with the strip of regularity Sz = fz : � < I(z) < �g. Next, assume that ezixgf(x) 2L1(R) where zi is loated in the payo� strip Sf with transform ĝf (z); I(z) 2 Sf .Then, if SF = Sf \ Sz is not empty, the option value is given by�f(x(t)) = e�r(T�t)2� Z izi+1izi�1 �T (�z)ĝf (z)dz;where zi = z; z 2 SF = Sf \ Sz: 11



Proof: Using risk neutral priing,�f (x(t)) = EQ �e�r(T�t)gf(x)�= e�r(T�t)EQ � 12� Z izi+1izi�1 e�izx(T )ĝf(z)dz�= e�r(T�t)2� Z izi+1izi�1 EQ �e�izx(T )� ĝf(z)dz= e�r(T�t)2� Z izi+1izi�1 �T (�z)ĝf (z)dz: �3.1.3 Fast Fourier transformThe Fast Fourier Transform (FFT) is used for the omputation of the sumf(x) = NXz=1 e�i(z�1)(x�1)2�=N f̂(z); x = 1; 2; :::; N:Choosing N = 2m; m 2 N , the number of multipliations derease from O(N2) toO(N ln2(N)). If one wants to alulate the funtion F de�ned byF (x) = Z 10 e�izx	T (z)dz;the Trapezoid rule an be used, and by setting zj = �(j � 1); the approximationF (x) � NXj=1 e�izjx	T (zj)� (5)is attained. The e�etive upper limit is � = N� and spaing size ! for return valuesis hosen to be xk = �� + !(k � 1); k = 1; 2; :::; N;ranging from �� to �; � = N!=2. Taking into alulation the restrition!� = 2�N ; (6)and improving the Trapezoid rule by Simpson�s rule weightings, an approximation,ready for FFT implementation, is attained:F (xk) = NXj=1 e�i(j�1)(k�1)2�=Neibzj	(zj)�3(3 + (�1)j � Æj�1);12



where Æ is the Kroneker delta funtion; Æn = 1 for n=0, else 0. When hoosing N ,! and �, there are a few aspets that needs to be onsidered:� � should be suÆiently large for the approximation (5) to be valid.� � should over an relevant domain for x.� (6) implies that hoosing a �ner grid for the integration makes the grid for xkmore sparse.3.2 Calulation of the GreeksNow make the substitutions x(t) = ln(S(t)), � = T�t and X = x� ln(K)+(r�d)� .To be able to use the Theorem 3.1.1, an expliit expression for the harateristifuntion, de�ned in (4) is needed. This is done in [Sep℄ by �rst de�ning �T (z) =G(iz) and Q(k; x; V; �; �) = e�(�ik+1=2) ln(K)G(�ik + 1=2; x; V; �; �);then deriving the result from the expressionsQ(k; x; V; �; �) = exp ((�ik + 1=2)X + A(k; �) +B(k; �)V +D(k; �)�) ;u = �� ��=2;� = pk2�2(1� �2) + 2ik��u+ u2 + �2=4; � = �(u+ ik��) + �;A(k; �) = ����2 h +� + 2 ln� � +  +e���2� �i;B(k; �) = �(k2 + 1=4) 1� e��� � +  +e��� ;D(k; �) = � �e�ik(�+Æ2=2)�(k2�1=4)Æ2=2+�=2 � 1� (�ik + 1=2)(e�+Æ2=2 � 1)� :3.2.1 Call optionNow the analytial expressions for the prie, the Delta and the Vega of the Europeanall option, with strike K and maturity time T , are to be derived. Having a payo�funtion g(x) = max(ex �K; 0);13



the prie an by risk-neutral priing, be written as�(x(t); t) = EQ [e�r(T�t)g(x(T ))℄= e�r(T�t)�EQ [ex(T )℄ + EQ [min(ex(T ); K)℄�= ex(t)�(T�t)d � �f (x; V; �; t): (7)Thus, the analysis is now foused on the option f with payo� funtion gf(x) =min(ex; K). The payo� Fourier transform isĝf(z) = Z 1�1 eizxmin(ex; K)dx= limU!1Z lnK�U eizxexdx +K limU!1Z UlnK eizxdx= limU!1 e(iz+1)xiz + 1 �����x=lnKx=�U +K limU!1 eizxiz �����x=Ux=lnK= e(iz+1) lnKiz + 1 � 0 +K 0� eiz lnKiz !
= Kiz+1iz + 1 � Kiz+1iz= Kiz+1z2 � iz ;with the strip of regularity Sf = f0 < =z < 1g. The prie is now attained byapplying Theorem 3.1.1�f (x; V; �; �) = K2� Z izi+1izi�1 eiz ln(K)G(�iz; x; V; �; �)z2 � iz dz:Choosing zi = 1=2 and making the substitution k = z � i=2 gives�f (x; V; �; �) = K2� Z 1�1 Q(k; x; V; �; �)k2 + 1=4 dk:Making yet another substitutionQ�(k; V; �; �) = e�(�ik+1=2)XQ(k; x; V; �; �);the prie is expressed as a Fourier integral�f (x; V; �; �) = KeX=22� Z 1�1 e�ikxe�ik(�(r�d)�ln(K))Q�(k; V; �; �)k2 + 1=4 dk: (8)14



The integral an be shown to be uniformly onvergent, letting us hange the orderof integration and derivation yielding��x�f (x; V; �; �) = KeX=22� Z 1�1 e�ikxe�ik(�(r�d)�ln(K))Q�(k; V; �; �)1=2 + ik dk;and ��V �f(x; V; �; �) = KeX=22� Z 1�1 e�ikxe�ik(�(r�d)�ln(K))B(k; �)Q�(k; V; �; �)k2 + 1=4 dk:To summarize, the prie of a all option under Bates' model is given in (7), theDelta is given by �(x(t); t) = e�(T�t)d � e�x ��x�f(x; V; �; t);and the Vega is given by�(x(t); t) = �2pV ��V �f(x; V; �; t):3.2.2 Digital optionAn analogous analysis is now performed for the digital option with strike K andmaturity time T : The payo� funtiongd(x; t) = � 1 if ex > K0 otherwise ;has the Fourier transformĝd(z) = Z 1�1 eizxgd(x; t)dx = limU!1Z UlnK eizxdx = limU!1 eizUiz � Kiziz = �Kiziz ;with the strip of regularity Sd = f=(z) < 0g. By yet again making use of Theorem3.1.1 the prie an be alulated as�d(x; V; �; �) = � 12� Z izi+1izi�1 eiz ln(K)G(�iz; x; V; �; �)iz dz:Again, hoosing zi = 1=2 and making the substitution k = z � i=2 gives�d(x; V; �; �) = 12� Z 1�1 Q(k; x; V; �; �)1=2� ik dk:15



The prie an now be expressed as a Fourier integral�d(x; V; �; �) = eX=22� Z 1�1 e�ikxe�ik(�(r�d)�ln(K))Q�(k; V; �; �)1=2� ik dk: (9)It an be shown that this integral is uniformly onvergent, letting us interhangeintegration and derivation, yielding��x�d(x; V; �; �) = eX=22� Z 1�1 e�ikxe�ik(�(r�d)�ln(K))Q�(k; V; �; �)dk;and ��V �d(x; V; �; �) = eX=22� Z 1�1 e�ikxe�ik(�(r�d)�ln(K))B(k; �)Q�(k; V; �; �)1=2� ik dk:To summarize, the prie is given in (9), the Delta is given by�d(x(t); t) = e�x ��x�d(x; V; �; �);and the Vega is given by�d(x(t); t) = 2pV ��V �d(x; V; �; �):3.3 CalibrationBefore implementing the model the parameters needs to be alibrated. By this ismeant optimizing the model suh that the BS implied volatility from Bates' all op-tion pries, in the best possible way, resembles the BS implied volatility surfae fromthe all option pries in the market we alibrate against. Further, the alibrationriteria that are used are� The at-the-money implied BS volatility is �BS = 0:1325: item If the Strike goesup by 10% the implied BS volatility goes down by 2%, i.e:K % 10% =) pV = � & 2%:By using an optimization routine, here the MATLAB funtion fminsearh, to solvefor the parameters V; �;�; �; �; �; � and Æ, de�ned in Setion 3.1.1, the least-squareoptimal solution is given by the optimal parameter setting
16
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Figure 2: Calibration results for Bates' market model
V = 0:0182;� = 10:0077;� = 0:0149;� = 0:4731;� = �0:4921;� = 0:3398;� = �0:2090;Æ = 0:2553:3.4 HedgingHaving a alibrated model and analytial expressions for the relevant Greeks, readyto be implemented by FFT, all the means for hedging a digital option is at ourdisposal. The approah is; for eah timestep ti,1. Simulate the value V (ti+1).2. Simulate the orrelated value S(ti+1).17



3. Update the hedge portfolio by trading all options, making the portfolio Vegaequal to the digital option Vega.4. Update the hedge portfolio by trading stoks, making the portfolio Delta equalto the digital option Delta.3.4.1 Generating sample pathsThe transition density for the CIR model, that are used to model the variane V ,is in [Gla℄ shown to beV (t) = �2(1� e��(t�u))4� �2df 4�e��(t�u)�2(1� e��(t�u))V (u)!; t > u;where df = 4���2 ;and �2�(�) is a nonentral hi-square distributed random variable with � degreesof freedom and nonentrality parameter �. By a simple Euler disretization theattained results an be transformed to terms of a Brownian motion inrement;W v(ti+1)�W v(ti) = V (ti+1)� V (ti)� �(�� V (ti))(ti+1 � ti)�pV (ti) :One an now derive the value for the orrelated Brownian inrement asW s(ti+1)�W s(ti) = �(W v(ti+1)�W v(ti)) +p(1� �2)(ti+1 � ti)Zi+1;where Zi are normally distributed random variables, whih in turn makes it possibleto simulate the evolution of the asset S by following the priniples in Setion 2.3.3.4.2 Portfolio updatingNext, the number of all options and stoks that are needed to get a Greek-neutralportfolio needs to be alulated. A few simpli�ations are made to make the problemmore manageable:� The portfolio is hedged by trading new all options eah day, i.e. we keep allall options that are traded in previous days.� The maturity date of the all options are set to math the maturity date ofthe digital option.� Only at-the-money all options are traded, i.e. the strike Ki is hosen to bethe urrent stok value Si. 18



Denoting the portfolio updated at time ti by p(ti), the number of all options tradedat time ti by #(ti) and the number of stoks in the portfolio at time ti by #S(ti),the updating is performed aording to#(ti+1) = �d(ti+1; S(ti+1); V (ti+1))� �p(ti)(ti+1; S(ti+1); V (ti+1))�(ti+1; S(ti+1); V (ti+1)) ;#S(ti+1) = �d(ti+1; S(ti+1); V (ti+1)) � �p(ti)(ti+1; S(ti+1); V (ti+1))� #(ti+1)�(ti+1; S(ti+1); V (ti+1)):3.5 Transation ostWhen trading assets on a real market there always exist a prie spread, i.e. adi�erene between the buy and sell prie. For stoks this spread is manageable,but when trading options the prie spread is onsiderably large. An appropriateapproximation for this spread is the prie di�erene between the option to be tradedand an idential option with a BS implied volatility 1% higher, i.e.�spread() = �(�BS + 0:01)� �(�BS):When having derived a digital option Vega-hedge strategy one an now alulatethe transation ost assoiated with the all option trading.There are two major fators that a�eting the transation ost:1. Vega limits; The portfolio Vega is updated only if it exeeds this limit.2. Trading dates; Opportunities for trading to attain a Delta- and Vega-neutralportfolio (provided that the Vega limit is exeeded).One an now inorporate this transation ost when updating the portfolio as�p(ti) = �p(ti�1)er(ti�ti�1) + S(ti�1)�p(ti�1)(ed(ti�ti�1) � 1)� S(ti) (#S(ti)�#S(ti�1))� #(ti)�(ti)� �spread() j #(ti) j;where the terms represent the interest apital growth, dividends, stok trading ost,all option trading ost and the Vega-hedging transation ost, respetively. At19



the maturity time T the portfolio value dereases by the digital option payo� andinreases by the all option payo�s. By iterating and alulating the disountedmean, the digital option prie inluding the transation ost is attained. This isdone for 10000 iterations and the Vega limit 0:1, similar to the digital option Vegaon the signing day, yielding the results:� Transation ost= 13; 0%; when trading one a day.� Transation ost= 9; 0%; when trading one a week.

20
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A.1.2 Delta
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Figure 6: MARE of Triple Asian-Digital Delta22



A.1.3 Gamma
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Figure 7: Gamma of Triple Asian-Digital
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Figure 9: MARE of Triple Asian-Digital GammaA.1.4 Cross-Gamma
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Figure 10: Cross-Gamma of Triple Asian-Digital
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Figure 11: MARE of Triple Asian-Digital Cross-GammaA.1.5 Vega
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Figure 12: Vega of Triple Asian-Digital
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Figure 13: MARE of Triple Asian-Digital VegaA.1.6 Vomma
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Figure 14: Vomma of Triple Asian-Digital
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Figure 16: Theta of Triple Asian-Digital
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Figure 17: MARE of Triple Asian-Digital ThetaA.1.8 Correlation risk
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Figure 18: Correlation risk of Triple Asian-Digital
28



10
5

10
6

0

20

40

60

80

100

Paths

M
A

R
E

 [%
]

Large perturbations
Medium perturbations
Small perturbations
QMC

Figure 19: MARE of Triple Asian-Digital Correlation risk

29



B MATLAB Codefuntion y=MonteCarlo()Inrement=2^14;Paths=Inrement:Inrement:2^23;MCPrie=zeros(length(Paths),19);MCInterval=zeros(length(Paths),19);%--------------------"Medium perturbations---------------------------------dS=1;ds=0.01;dT=1;drho=0.01;%--------------------------------------------------------------------------%------------------------Correlation---------------------------------------rho12=0.3;rho13=0.4;rho23=0.5;d22=sqrt(1-rho12^2);d32=(rho23 -rho12*rho13)/d22;CorrelationCoeffiients=...[1 0 0; rho12 d22 0; rho13 d32 sqrt(1-rho13^2-d32^2)℄;%--------------------------------------------------------------------------%----------------Perturbations in orrelation------------------------------rho12=rho12+drho;rho13=rho13+drho;rho23=rho23+drho;d22=sqrt(1-rho12^2);d32=(rho23 -rho12*rho13)/d22;CorrelationRiskCoeffiients=...[1 0 0; rho12 d22 0; rho13 d32 sqrt(1-rho13^2-d32^2)℄;%--------------------------------------------------------------------------%--------------Volatility--------------------------------------------------Volatility=diag([0.2 0.25 0.3℄);%--------------------------------------------------------------------------%---------------Stok pries at time t0------------------------------------S0=[100,100,100℄';%--------------------------------------------------------------------------%--------------Interest----------------------------------------------------r=0.03;%--------------------------------------------------------------------------%---------------Timestep---------------------------------------------------30



dt=[231 ones(1,19)℄/250;t=umsum(dt);%--------------------------------------------------------------------------%--------------Perturbation in timestep------------------------------------dtTheta=[231-dT ones(1,19)℄/250;tTheta=umsum(dtTheta);%--------------------------------------------------------------------------%-------------Perturbation in timestep-------------------------------------dtDTheta=[231+dT ones(1,19)℄/250;tDTheta=umsum(dtDTheta);%--------------------------------------------------------------------------%---------------Deterministi part of trajetories-------------------------ST=S0*ones(1,20).*exp((r*ones(3,1)-diag(Volatility).^2/2)*t);DELTA=(S0+dS*ones(3,1))*ones(1,20)....*exp((r*ones(3,1)-diag(Volatility).^2/2)*t);GAMMA=(S0-dS*ones(3,1))*ones(1,20)....*exp((r*ones(3,1)-diag(Volatility).^2/2)*t);VEGA=S0*ones(1,20).*exp((r*ones(3,1)-diag(Volatility+ds*eye(3)).^2/2)*t);VOMMA=S0*ones(1,20).*exp((r*ones(3,1)-diag(Volatility-ds*eye(3)).^2/2)*t);THETA=S0*ones(1,20).*exp((r*ones(3,1)-diag(Volatility).^2/2)*tTheta);DTHETA=S0*ones(1,20).*exp((r*ones(3,1)-diag(Volatility).^2/2)*tDTheta);%--------------------------------------------------------------------------%---------------Iteration--------------------------------------------------Prie=zeros(1,19);PrieSquared=zeros(1,19);CrossPrie=zeros(1,19);CrossCrossPrie=zeros(1,19);FirstOrderStd=zeros(length(Paths),19);SeondOrderStd=zeros(length(Paths),19);for j=1:length(Paths)for i=1:Inrement%--------------Correlated Brownian motion--------------------------N=randn(3,20);Z=...%Stohasti part of trajetoriesCorrelationCoeffiients*umsum(ones(3,1)*sqrt(dt).*N,2);ZTheta=...%Perturbated in timeCorrelationCoeffiients*umsum(ones(3,1)*sqrt(dtTheta).*N,2);ZDTheta=...%Perturbated in timeCorrelationCoeffiients*umsum(ones(3,1)*sqrt(dtDTheta).*N,2);ZCorrelationRisk=...%Perturbated in orrelationCorrelationRiskCoeffiients*umsum(ones(3,1)*sqrt(dt).*N,2);31



%------------------------------------------------------------------%----------------Trajetories--------------------------------------St=ST.*exp(Volatility*Z);Delta=DELTA.*exp(Volatility*Z);Gamma=GAMMA.*exp(Volatility*Z);Vega=VEGA.*exp((Volatility+ds*eye(3))*Z);Vomma=VOMMA.*exp((Volatility-ds*eye(3))*Z);Theta1=THETA.*exp(Volatility*ZTheta);DTheta1=DTHETA.*exp(Volatility*ZDTheta);CorrelationRisk1=ST.*exp(Volatility*ZCorrelationRisk);%------------------------------------------------------------------%----------Payoff--------------------------------------------------Trash=[Evaluate(St,S0)...Evaluate([Delta(1,:);St(2,:);St(3,:)℄,S0)...Evaluate([St(1,:);Delta(2,:);St(3,:)℄,S0)...Evaluate([St(1,:);St(2,:);Delta(3,:)℄,S0)...Evaluate([Gamma(1,:);St(2,:);St(3,:)℄,S0)...Evaluate([St(1,:);Gamma(2,:);St(3,:)℄,S0)...Evaluate([St(1,:);St(2,:);Gamma(3,:)℄,S0)...Evaluate([Vega(1,:);St(2,:);St(3,:)℄,S0)...Evaluate([St(1,:);Vega(2,:);St(3,:)℄,S0)...Evaluate([St(1,:);St(2,:);Vega(3,:)℄,S0)...Evaluate([Vomma(1,:);St(2,:);St(3,:)℄,S0)...Evaluate([St(1,:);Vomma(2,:);St(3,:)℄,S0)...Evaluate([St(1,:);St(2,:);Vomma(3,:)℄,S0)...exp(-r*(dT/250))*Evaluate(Theta1,S0)...exp(r*(dT/250))*Evaluate(DTheta1,S0)...Evaluate(CorrelationRisk1,S0)...0 0 0℄;%------------------------------------------------------------------%------Calulations for sample standard deviation------------------Prie=Prie+Trash;PrieSquared=PrieSquared +Trash.^2;CrossPrie=CrossPrie+Evaluate(St,S0).*Trash;CrossCrossPrie=CrossCrossPrie...+[0 0 0 0 Trash(2:4).*Trash(5:7) 0 0 0 ...Trash(8:10).*Trash(11:13) 0 Trash(14)*Trash(15)...0 Trash([2,2,3℄).*Trash([6,7,7℄)℄;%------------------------------------------------------------------end%--------Sample standard deviation-------------------------------------FirstOrderStd(j,:)=((PrieSquared+PrieSquared(1)-2*CrossPrie)...32



/Paths(j)-2*(Prie.^2+Prie(1).^2-2*Prie.*Prie(1))/Paths(j).^2);SeondOrderStd(j,5:7)=((PrieSquared(2:4)+4*PrieSquared(1)...+PrieSquared(5:7)-4*CrossPrie(2:4)-4*CrossPrie(5:7)...+2*CrossCrossPrie(5:7))/Paths(j)...-(Prie(2:4).^2+4*Prie(1).^2+Prie(5:7).^2 ...-4*Prie(1)*Prie(2:4)-4*Prie(1)*Prie(5:7)...+2*Prie(2:4).*Prie(5:7))/Paths(j).^2);SeondOrderStd(j,11:13)=((PrieSquared(8:10)+4*PrieSquared(1)...+PrieSquared(11:13)-4*CrossPrie(8:10)-4*CrossPrie(11:13)...+2*CrossCrossPrie(11:13))/Paths(j)...-(Prie(8:10).^2+4*Prie(1).^2+Prie(11:13).^2 ...-4*Prie(1)*Prie(8:10)-4*Prie(1)*Prie(11:13)...+2*Prie(8:10).*Prie(11:13))/Paths(j).^2);SeondOrderStd(j,15)=((PrieSquared(14)+4*PrieSquared(1)...+PrieSquared(15)-4*CrossPrie(14)-4*CrossPrie(15)...+2*CrossCrossPrie(15))/Paths(j)...-(Prie(14).^2+4*Prie(1).^2+Prie(15).^2 ...-4*Prie(1)*Prie(14)-4*Prie(1)*Prie(15)...+2*Prie(14).*Prie(15))/Paths(j).^2);SeondOrderStd(j,17:19)=((PrieSquared([6,7,7℄)+4*PrieSquared(1)...+PrieSquared([2,2,3℄)-4*CrossPrie([6,7,7℄)...-4*CrossPrie([2,2,3℄)+2*CrossCrossPrie(17:19))/Paths(j)...-(Prie([6,7,7℄).^2+4*Prie(1).^2+Prie([2,2,3℄).^2 ...-4*Prie(1)*Prie([6,7,7℄)-4*Prie(1)*Prie([2,2,3℄)...+2*Prie([6,7,7℄).*Prie([2,2,3℄))/Paths(j).^2);MCInterval(j,:)=1/sqrt(Paths(j))*sqrt(FirstOrderStd(j,:))..../[1 dS*ones(1,6) ds*ones(1,6) dT/250 dT/250 3*drho dS dS dS℄;MCInterval(j,1)=1/sqrt(Paths(j))...*sqrt(PrieSquared(1)/Paths(j)-Prie(1).^2/Paths(j).^2);MCInterval(j,5:7)=1/sqrt(Paths(j))...*sqrt(SeondOrderStd(j,5:7))/dS^2;MCInterval(j,11:13)=1/sqrt(Paths(j))...*sqrt(SeondOrderStd(j,11:13))/ds^2;MCInterval(j,15)=1/sqrt(Paths(j))...*sqrt(SeondOrderStd(j,15))/(dT/250)^2;MCInterval(j,17:19)=1/sqrt(Paths(j))...*sqrt(SeondOrderStd(j,17:19))/dS^2;33



%----------------------------------------------------------------------%-----------------Prie and Greeks-------------------------------------MCPrie(j,1)=exp(-r)*Prie(1)/Paths(j);MCPrie(j,2:4)=exp(-r)*(Prie(2:4)-Prie(1))/Paths(j)/dS;MCPrie(j,5:7)=exp(-r)*(Prie(5:7)-2*Prie(1)+Prie(2:4)).../Paths(j)/dS^2;MCPrie(j,8:10)=exp(-r)*(Prie(8:10)-Prie(1))/Paths(j)/ds;MCPrie(j,11:13)=exp(-r)*(Prie(11:13)-2*Prie(1)+Prie(8:10)).../Paths(j)/ds^2;MCPrie(j,14)=exp(-r)*(Prie(14)-Prie(1))/Paths(j)/(dT/250);MCPrie(j,15)=exp(-r)*(Prie(15)-2*Prie(1)+Prie(14))/Paths(j).../(dT/250)^2;MCPrie(j,16)=exp(-r)*(Prie(16)-Prie(1))/Paths(j)/(3*drho);MCPrie(j,17:19)=exp(-r)*(Prie([2,2,3℄)-2*Prie(1)+Prie([6,7,7℄)).../Paths(j)/dS^2;%----------------------------------------------------------------------end%--------------Plots-------------------------------------------------------titlar=['\Pi Monte Carlo ';...'\Delta_1 Monte Carlo ';...'\Delta_2 Monte Carlo ';...'\Delta_3 Monte Carlo ';...'\Gamma_1 Monte Carlo ';...'\Gamma_2 Monte Carlo ';...'\Gamma_3 Monte Carlo ';...'\Pi_{\sigma_1} Monte Carlo ';...'\Pi_{\sigma_2} Monte Carlo ';...'\Pi_{\sigma_3} Monte Carlo ';...'\Pi_{\sigma_1\sigma_1} Monte Carlo';...'\Pi_{\sigma_2\sigma_2} Monte Carlo';...'\Pi_{\sigma_3\sigma_3} Monte Carlo';...'\Theta Monte Carlo ';...'\Pi_{tt} Monte Carlo ';...'\Pi_{\rho} Monte Carlo ';...'\Gamma_{12} Monte Carlo ';...'\Gamma_{13} Monte Carlo ';...'\Gamma_{23} Monte Carlo ';...℄;titlar=ellstr(titlar);for j=1:19figure(j)hold on 34



p1=plot(Paths,[MCPrie(:,j)-MCInterval(:,j)℄,':k')hold onp2=plot(Paths,[MCPrie(:,j)+MCInterval(:,j)℄,':k')hold onp3=plot(Paths,MCPrie(:,j),'k')legend([p1 p3℄,'MC sample standard deviation interval','MC Sample')title(titlar(j))xlabel('Paths')ylabel(titlar(j))end%-----------------------------------------------------------------------y=0;funtion y=Evaluate(S,S0) %Payoff funtion for Triple Digital-Asiany1=0;R1=sort(S,2);if min(sign(mean(R1(:,11:20)')'-S0))>=0y1=1;endy=y1;funtion y=ApproximationByTripleDigital()%-------Initial guess------------------------------------K=1;t=1;%----------------------------------------------------------x0=[t,K℄;lb=[0.5 0.5℄;ub=[1.5 1.5℄;[x,resnorm,residual,exitflag,output,lambda,jaobian℄=...lsqnonlin(�PenaltyFuntion,x0,lb,ub)y=xfuntion y=TrippeldigitalPV(r,t,y12,y13,y23,S0,v,K)%--------------Parameters--------------------------------------------------s1=S0(1);s2=S0(2);s3=S0(3);v1=v(1); 35



v2=v(2);v3=v(3);x1=K(1);x2=K(2);x3=K(3);q1=0;q2=0;q3=0;h1=(r-q1-v1^2/2)*t;g1=v1*sqrt(t);x21=y12;x22=sqrt(1-x21^2);x31=y13;x32=(y23-y12*y13)/x22;x33=sqrt(1-x31^2-x32^2);e=0.00000001;p10=-(log(s1/x1)+h1)/g1;p11=sqrt(-2*log(e*sqrt(2*pi)*g1));df=exp(-r*t);%--------------------------------------------------------------------------%--------------Integral----------------------------------------------------n=24;d1=(p11-p10)/n;sum1=0;for i1=0:np1=p10+i1*d1;h2=(r-q2-v2^2/2)*t+v2*sqrt(t)*x21*p1;g2=v2*sqrt(t)*x22;p20=-(log(s2/x2)+h2)/g2;p21=sqrt(-2*log(e*sqrt(2*pi)*g2));d2=(p21-p20)/n;sum2=0;for i2=0:np2=p20+i2*d2;h3=(r-q3-v3^2/2)*t+v3*sqrt(t)*(x31*p1+x32*p2);g3=v3*sqrt(t)*x33;p30=-(log(s3/x3)+h3)/g3;p31=sqrt(-2*log(e*sqrt(2*pi)*g3));k2=exp(-p2^2/2)*normdf(-p30,0,1);if i2==0 | i2==nsum2=sum2+k2;elseif mod(i2,2)==0 36



sum2=sum2+2*k2;elsesum2=sum2+4*k2;endendk1=exp(-p1^2/2)/sqrt(2*pi)*d2*sum2/3;if i1==0 | i1==nsum1=sum1+k1;elseif mod(i1,2)==0sum1=sum1+2*k1;elsesum1=sum1+4*k1;endendy=df/sqrt(2*pi)*d1*sum1/3;%--------------------------------------------------------------------------funtion y=PenaltyFuntion(x)t=x(1);K=x(2);%---------------Calibration targets----------------------------------------V=0.24872608908338;Delta1=0.00651544242495;Delta2=0.00534007141931;Delta3=0.00425724931176;Vega1=-0.14992921489225;Vega2=-0.11846258954450;Vega3=-0.09810183196654;CorrelationRisk=0.08668746786980;%--------------------------------------------------------------------------%----------Std for Calibration targets-------------------------------------(1)=0.00042635734731;(2)=0.00025286844669;(3)=0.00022895434112;(4)=0.00020445060414;(5)=0.01213641691787;(6)=0.01078827604937;(7)=0.00981768542147;(8)=0.00536520699098;%--------------------------------------------------------------------------%-------------- Correlation oeffiients-----------------------------------37



rho12=0.3;rho13=0.4;rho23=0.5;%--------------------------------------------------------------------------%--------------Volatility--------------------------------------------------v(1)=0.25;v(2)=0.3;v(3)=0.35;%--------------------------------------------------------------------------%---------------Initial stok pries---------------------------------------S0(1)=100;S0(2)=100;S0(3)=100;%--------------------------------------------------------------------------%--------------interest----------------------------------------------------r=0.03;%--------------------------------------------------------------------------%---------------------Perturbations----------------------------------------dS=1;dv=0.01;dt=1/250;drho=0.01;%--------------------------------------------------------------------------%-------------------Perturbations------------------------------------------b(1)=TrippeldigitalPV(r,t,rho12,rho13,rho23,S0,v,K*S0);b(2)=TrippeldigitalPV(r,t,rho12,rho13,rho23,S0+[dS 0 0℄,v,K*S0);b(3)=TrippeldigitalPV(r,t,rho12,rho13,rho23,S0+[0 dS 0℄,v,K*S0);b(4)=TrippeldigitalPV(r,t,rho12,rho13,rho23,S0+[0 0 dS℄,v,K*S0);b(5)=TrippeldigitalPV(r,t,rho12,rho13,rho23,S0,v+[dv 0 0℄,K*S0);b(6)=TrippeldigitalPV(r,t,rho12,rho13,rho23,S0,v+[0 dv 0℄,K*S0);b(7)=TrippeldigitalPV(r,t,rho12,rho13,rho23,S0,v+[0 0 dv℄,K*S0);b(8)=TrippeldigitalPV(r,t,rho12+drho,rho13+drho,rho23+drho,S0,v,K*S0);%--------------------------------------------------------------------------%------------------Prie and Greeks----------------------------------------b(1)=b(1);b(2)=(b(2)-b(1))/dS;b(3)=(b(3)-b(1))/dS;b(4)=(b(4)-b(1))/dS;b(5)=(b(5)-b(1))/dv;b(6)=(b(6)-b(1))/dv;b(7)=(b(7)-b(1))/dv;b(8)=(b(8)-b(1))/(3*drho); 38



%--------------------------------------------------------------------------y(1)=(b(1)-V)/(1);y(2)=(b(2)-Delta1)/(2);y(3)=(b(3)-Delta2)/(3);y(4)=(b(4)-Delta3)/(4);y(5)=(b(5)-Vega1)/(5);y(6)=(b(6)-Vega2)/(6);y(7)=(b(7)-Vega3)/(7);y(8)=(b(8)-CorrelationRisk)/(8);y=y.^2;funtion y=BatesCalibration()%----------Parameters------------------------------------------------------tau=1;r=0.0224;d=0.0295;S=100;%--------------------------------------------------------------------------%--------Initial guess-----------------------------------------------------sigma=0.1325;V=sigma^2;kappa=10;theta=0.1325^2;epsilon=0.5;rho=-0.5;lambda=0.3635;ny=-0.2459;delta=0.2547;x0=[V,kappa,theta,epsilon,rho,lambda,ny,delta℄;%--------------------------------------------------------------------------%---------Optimization-----------------------------------------------------[x,fval,exitflag,output℄=fminsearh(�PenaltyFuntion,x0,...optimset('Display','notify'))%--------------------------------------------------------------------------y=0;funtion y=PenaltyFuntion(x)%----------parameters------------------------------------------------------tau=1;r=0.0224;d=0.0295; 39



S=100;%--------------------------------------------------------------------------%-----------Target values--------------------------------------------------perent=[90:0.2:110℄;K=perent/100*S;sigma=0.1325; %at-the-moneysigma=sigma+0.002*(100-perent); %skewweights=abs((100-perent).^2-100);%--------------------------------------------------------------------------%-----Least-square penalty funtion----------------------------------------sum=0;for i=1:length(perent)sum=sum+weights(i)....*(BatesImpliedVolatility(x,tau,S,K(i),r,d)-sigma(i)).^2;end%--------------------------------------------------------------------------y=sum;funtion y=BatesImpliedVolatility(x,tau,S,K,r,d)j=1;Integral=0;in=quadl(�Integrand,0,1,[℄,[℄,x,tau,S,K,r,d);while abs(in)>1e-8Integral=Integral+in;in=quadl(�Integrand,j,j+1,[℄,[℄,x,tau,S,K,r,d);j=j+1;endIntegral=Integral+in;CallPrie=S*exp(-tau.*d)-K/pi*Integral;y=ImpliedVolatilityBisetions(S,K,r,d,tau,CallPrie);funtion y=Integrand(k,x,tau,S,K,r,d)V=x(1);kappa=x(2);theta=x(3);epsilon=x(4);rho=x(5);lambda=x(6);ny=x(7);delta=x(8); 40



X=log(S./K)+(r-d).*tau;u=kappa-rho.*epsilon./2;xi=sqrt(k.^2.*epsilon.^2.*(1-rho.^2)...+2.*i.*k.*rho.*epsilon.*u +u.^2+epsilon.^2./4);PsiPlus=-(u+i.*k.*rho.*epsilon)+xi;PsiMinus=(u+i.*k.*rho.*epsilon)+xi;A=-(kappa.*theta./(epsilon.^2))....*(PsiPlus.*tau+2.*log((PsiMinus+PsiPlus.*exp(-xi.*tau))./(2.*xi)));B=-(k.^2+1/4).*(1-exp(-xi.*tau))./(PsiMinus+PsiPlus.*exp(-xi.*tau));LAMBDA=exp(-i.*k.*(ny+delta.^2./2)-(k.^2-1./4).*delta.^2./2+ny./2)...-1-(-i.*k+1./2).*(exp(ny+delta.^2./2)-1);D=tau.*LAMBDA;Q=exp((-i.*k+1./2).*X+A+B.*V...+D.*lambda);y=real(Q./(k.^2+1/4));funtion y=ImpliedVolatilityBisetions(S,K,r,d,tau,option_prie)Y1=0;Y2=0;Y3=0;Y4=0;ACCURACY=1e-6;MAX_ITERATIONS=200;HIGH_VALUE=1e10;ERR=-1e40;%------arbitrage test------------------------------------------------------sigma_low=0.0001;prie=BlakSholesEuro(S,K,r,d,tau,sigma_low);if(prie>option_prie)Y1=ERR;end%-------------------------------------------------------------------------sigma_high=0.3;prie=BlakSholesEuro(S,K,r,d,tau,sigma_high);while(prie<option_prie)sigma_high=2*sigma_high;prie=BlakSholesEuro(S,K,r,d,tau,sigma_high);if(sigma_high>HIGH_VALUE)Y2=ERR;endendfor i=0:MAX_ITERATIONS 41



sigma=(sigma_low+sigma_high)*0.5;prie=BlakSholesEuro(S,K,r,d,tau,sigma);test=(prie-option_prie);if(abs(test)<ACCURACY)Y3=sigma;breakendif(test<0)sigma_low=sigma;elsesigma_high=sigma;endif(i==MAX_ITERATIONS)Y4=ERR;endendif (Y1~=0)y=Y1;elseif (Y2~=0)y=Y2;elseif(Y4~=0)y=Y4;elsey=Y3;endfuntion y=BlakSholesEuro(S,K,r,d,tau,sigma)dplus=1/sigma/sqrt(tau)*(log(S/K)+(r-d+sigma^2/2)*tau);dminus=1/sigma/sqrt(tau)*(log(S/K)+(r-d-sigma^2/2)*tau);y=S*exp(-d*tau)*normdf(dplus)-K*exp(-r*tau)*normdf(dminus);funtion y=BatesVegaHedge()VegaLimit=input('Vega limit= ');Iterations=input('Iterations= ');SpreadVolatility=input('Spread volatility= ');TradingDayInterval=input('Trading day interval= ');%-------------Results from Calibration-------------------------------------V0=0.0182;kappa=10.0077;theta=0.0149;epsilon=0.4731; 42



rho=-0.4921;lambda=0.3398;ny=-0.2090;delta=0.2553;%--------------------------------------------------------------------------%-------Parameters---------------------------------------------------------x=[kappa,theta,epsilon,rho,lambda,ny,delta℄;BSVolatility=sqrt(V0);r=0.0224;d=0.0295;S0=100;K=100;timesteps=250;dt=1/timesteps;tau=1:-dt:0;FinalTradingDay=245; %poor FFT-results lose to maturity%--------------------------------------------------------------------------%---------------Trajetories-----------------------------------------------S=zeros(Iterations,timesteps+1);V=zeros(Iterations,timesteps+1);S(:,1)=S0*ones(Iterations,1);V(:,1)=V0*ones(Iterations,1);m=exp(ny+1/2*delta^2)-1;for p=1:timestepsdf=4*kappa*theta/epsilon^2;1=epsilon^2*(1-exp(-kappa*dt))/(4*kappa);2=V(:,p)*exp(-kappa*dt)/1;P=poissrnd(2/2);V(:,p+1)=1*hi2rnd(df+2*P);dW=(V(:,p+1)-V(:,p)-kappa*(theta-V(:,p))*dt)..../(epsilon*sqrt(V(:,p)));dX=...%Euler inrement for dV.(rho*dW+sqrt(1-rho^2)*sqrt(dt)*randn(Iterations,1));S(:,p+1)=S(:,p)+(r-d-lambda*m)*S(:,p)*dt...+sqrt(V(:,p)).*S(:,p).*dX...+(exp(ny+delta*randn(Iterations,1))-1)....*S(:,p).*poissrnd(dt*lambda,Iterations,1);end%-----------FFT parameters-------------------------------------------------N=4096;FFTeta=0.25;FFTlambda=2*pi/N/FFTeta; 43



b=N*FFTlambda/2;k=FFTeta*[0:N-1℄;Stok=exp(-b+FFTlambda.*([0:N-1℄));%--------------------------------------------------------------------------%------Interpolation prerequisites-----------------------------------------MaxVolatility=sqrt(max(max(V)));Vspread=[0:0.02:MaxVolatility+0.02℄.^2;[X Y℄=ndgrid(Stok,Vspread); %For interpolationSimpsonVetor=(2*mod([0:N-1℄,2)+2)/3; %For Simpson integral approx.SimpsonVetor(1)=1/3;%--------------------------------------------------------------------------%----------------FFT priing-----------------------------------------------for p=[1:(length(tau)-1)℄[p℄FFTCallPrie=exp(-i.*k'*ones(1,length(Vspread))....*((r-d)*tau(p)-log(K))).*QStar(k'*ones(1,length(Vspread))...,ones(length(k),1)*Vspread,x,tau(p),r,d)..../(k'.^2*ones(1,length(Vspread))+1/4)....*(SimpsonVetor'*ones(1,length(Vspread)));FFTCallDelta=exp(-i.*k'*ones(1,length(Vspread))....*((r-d)*tau(p)-log(K))).*QStar(k'*ones(1,length(Vspread))...,ones(length(k),1)*Vspread,x,tau(p),r,d)..../(i.*k'*ones(1,length(Vspread))+1/2)....*(SimpsonVetor'*ones(1,length(Vspread)));FFTCallVega=exp(-i.*k'*ones(1,length(Vspread))....*((r-d)*tau(p)-log(K))).*B(k'*ones(1,length(Vspread))...,x,tau(p),r,d)....*QStar(k'*ones(1,length(Vspread))...,ones(length(k),1)*Vspread,x,tau(p),r,d)..../(k'.^2*ones(1,length(Vspread))+1/4)...*(SimpsonVetor'*ones(1,length(Vspread)));% FFTDigitalPrie=exp(-i.*k'*ones(1,length(Vspread))...% .*((r-d)*tau(p)-log(K))).*QStar(k'*ones(1,length(Vspread))...% ,ones(length(k),1)*Vspread,x,tau(p),r,d)...% ./(-i.*k'*ones(1,length(Vspread))+1/2)...% .*(SimpsonVetor'*ones(1,length(Vspread)));FFTDigitalDelta=exp(-i.*k'*ones(1,length(Vspread))....*((r-d)*tau(p)-log(K))).*QStar(k'*ones(1,length(Vspread))...,ones(length(k),1)*Vspread,x,tau(p),r,d)....*(SimpsonVetor'*ones(1,length(Vspread)));FFTDigitalVega=exp(-i.*k'*ones(1,length(Vspread))....*((r-d)*tau(p)-log(K)))...44



.*B(k'*ones(1,length(Vspread)),x,tau(p),r,d)....*QStar(k'*ones(1,length(Vspread))...,ones(length(k),1)*Vspread,x,tau(p),r,d)..../(-i.*k'*ones(1,length(Vspread))+1/2)....*(SimpsonVetor'*ones(1,length(Vspread)));FFTCallPrie=fft(exp(i*b*k'*ones(1,length(Vspread)))....*FFTCallPrie*FFTeta);FFTCallDelta=fft(exp(i*b*k'*ones(1,length(Vspread)))....*FFTCallDelta*FFTeta);FFTCallVega=fft(exp(i*b*k'*ones(1,length(Vspread)))....*FFTCallVega*FFTeta);% FFTDigitalPrie=fft(exp(i*b*k'*ones(1,length(Vspread)))...% .*FFTDigitalPrie*FFTeta);FFTDigitalDelta=fft(exp(i*b*k'*ones(1,length(Vspread)))....*FFTDigitalDelta*FFTeta);FFTDigitalVega=fft(exp(i*b*k'*ones(1,length(Vspread)))....*FFTDigitalVega*FFTeta);FFTCallPrie=Stok'*ones(1,length(Vspread))*exp(-tau(p).*d)...-FFTCallPrie*K/pi....*exp(1/2*(log(Stok'*ones(1,length(Vspread)))...-log(K)+(r-d)*tau(p)));FFTCallDelta=exp(-tau(p)*d)-FFTCallDelta*K..../(Stok'*ones(1,length(Vspread)))/pi.*...exp(1/2*(log(Stok'*ones(1,length(Vspread)))...-log(K)+(r-d)*tau(p)));FFTCallVega=-2*ones(length(Stok),1)*sqrt(Vspread)....*FFTCallVega*K/pi.*exp(1/2*(log(Stok'*ones(1,length(Vspread)))...-log(K)+(r-d)*tau(p)));% FFTDigitalPrie=FFTDigitalPrie/pi...% .*exp(1/2*(log(Stok'*ones(1,length(Vspread)))...% -log(K)+(r-d)*tau(p)));FFTDigitalDelta=FFTDigitalDelta./(Stok'*ones(1,length(Vspread))).../pi.*exp(1/2*(log(Stok'*ones(1,length(Vspread)))...-log(K)+(r-d)*tau(p)));FFTDigitalVega=2*ones(length(Stok),1)*sqrt(Vspread).*FFTDigitalVega.../pi.*exp(1/2*(log(Stok'*ones(1,length(Vspread)))...-log(K)+(r-d)*tau(p)));%----------------------------------------------------------------------%-----------At-the-money (ATM)-----------------------------------------ATMCallPrie(:,p)=S(:,p)./K.*interpn(X,Y,real(FFTCallPrie)...45



,K*ones(Iterations,1),V(:,p),'linear');ATMCallDelta(:,p)=interpn(X,Y,real(FFTCallDelta)...,K*ones(Iterations,1),V(:,p),'linear');ATMCallVega(:,p)=S(:,p)./K.*interpn(X,Y,real(FFTCallVega)...,K*ones(Iterations,1),V(:,p),'linear');%----------------------------------------------------------------------%---------------Call option spread-------------------------------------for h=1:IterationsPrieSpread(h,p)=ImpliedVolatilityBisetions(...100,100,r,d,tau(p),ATMCallPrie(h,p));PrieSpread(h,p)=BlakSholesEuro(100,100,r,d,tau(p)...,PrieSpread(h,p)+SpreadVolatility)-ATMCallPrie(h,p);end%----------------------------------------------------------------------%--------------Vega hedge----------------------------------------------if p==1CallOptions(:,p)=interpn(X,Y,real(FFTDigitalVega)...,S(:,p),V(:,p),'linear')./ATMCallVega(:,p);elseif p<=FinalTradingDayPortfolioVega(:,p)=sum(CallOptions(:,[1:p-1℄).*S(:,[1:p-1℄)./K.*...interpn(X,Y,real(FFTCallVega),S(:,p)*ones(1,p-1).*...K./S(:,[1:p-1℄),V(:,p)*ones(1,p-1),'linear'),2);CallOptions(:,p)=(interpn(X,Y,real(FFTDigitalVega)...,S(:,p),V(:,p),'linear')-PortfolioVega(:,p))./ATMCallVega(:,p);elseCallOptions(:,p)=0;end%----------------------------------------------------------------------%--------------------Vega limit----------------------------------------CallOptions(:,p)=CallOptions(:,p)....*max(sign(abs(CallOptions(:,p).*ATMCallVega(:,p))-VegaLimit),0);%----------------------------------------------------------------------%--------------Updates-------------------------------------------------if p~=1 & mod(p,TradingDayInterval)~=0CallOptions(:,p)=0;end%----------------------------------------------------------------------%------------Delta hedge-----------------------------------------------if p==1Delta(:,p)=interpn(X,Y,real(FFTDigitalDelta)...,S(:,p),V(:,p),'linear')-CallOptions(:,p).*ATMCallDelta(:,p);46



elseif p<=FinalTradingDayPortfolioDelta(:,p)=sum(CallOptions(:,[1:p℄).*...interpn(X,Y,real(FFTCallDelta),S(:,p)*ones(1,p).*...K./S(:,[1:p℄),V(:,p)*ones(1,p),'linear'),2);Delta(:,p)=interpn(X,Y,real(FFTDigitalDelta)...,S(:,p),V(:,p),'linear')-PortfolioDelta(:,p);elseDelta(:,p)=Delta(:,FinalTradingDay);end%----------------------------------------------------------------------%-----------------Portfolio value evolution----------------------------if p==1PortfolioValue(:,p)=-CallOptions(:,p).*ATMCallPrie(:,p)...-Delta(:,p).*S(:,p);elsePortfolioValue(:,p)=PortfolioValue(:,p-1).*exp(r*dt)...+S(:,p-1).*Delta(:,p-1)*(exp(d*dt)-1)...-S(:,p).*(Delta(:,p)-Delta(:,p-1))...-CallOptions(:,p).*ATMCallPrie(:,p)...-PrieSpread(:,p).*abs(CallOptions(:,p));endend%--------Portfolio value at maturity time----------------------------------PortfolioValue(:,timesteps+1)=PortfolioValue(:,timesteps).*exp(r*dt)...+S(:,timesteps).*Delta(:,timesteps)*(exp(d*dt)-1)...-max(sign(S(:,timesteps+1)-K),0)...+sum(CallOptions(:,1:timesteps).*...max(S(:,timesteps+1)*ones(1,timesteps)-S(:,1:timesteps),0),2)...+Delta(:,timesteps).*S(:,timesteps+1);%--------------------------------------------------------------------------%--------------Prie-------------------------------------------------------BSDigital=exp(-r)*normdf(-(r-d-1/2*BSVolatility^2)/BSVolatility)BatesDigitalPrie=exp(-r)*mean(PortfolioValue(:,timesteps+1))y='done';funtion y=QStar(k,V,x,tau,r,d)kappa=x(1);theta=x(2);epsilon=x(3);rho=x(4); 47



lambda=x(5);ny=x(6);delta=x(7);u=kappa-rho.*epsilon./2;xi=sqrt(k.^2.*epsilon.^2.*(1-rho.^2)...+2.*i.*k.*rho.*epsilon.*u +u.^2+epsilon.^2./4);PsiPlus=-(u+i.*k.*rho.*epsilon)+xi;PsiMinus=(u+i.*k.*rho.*epsilon)+xi;A=-(kappa.*theta./(epsilon.^2)).*...(PsiPlus.*tau+2.*log((PsiMinus+PsiPlus.*exp(-xi.*tau))./(2.*xi)));LAMBDA=exp(-i.*k.*(ny+delta.^2./2)-(k.^2-1./4).*delta.^2./2+ny./2)-...1-(-i.*k+1./2).*(exp(ny+delta.^2./2)-1);D=tau.*LAMBDA;y=exp(A+B(k,x,tau,r,d).*V+D.*lambda);funtion y=B(k,x,tau,r,d)kappa=x(1);theta=x(2);epsilon=x(3);rho=x(4);lambda=x(5);ny=x(6);delta=x(7);u=kappa-rho.*epsilon./2;xi=sqrt(k.^2.*epsilon.^2.*(1-rho.^2)...+2.*i.*k.*rho.*epsilon.*u +u.^2+epsilon.^2./4);PsiPlus=-(u+i.*k.*rho.*epsilon)+xi;PsiMinus=(u+i.*k.*rho.*epsilon)+xi;y=-(k.^2+1./4).*(1-exp(-xi.*tau))./(PsiMinus+PsiPlus.*exp(-xi.*tau));funtion y=ImpliedVolatilityBisetions(S,K,r,d,tau,option_prie)Y1=0;Y2=0;Y3=0;Y4=0;ACCURACY=1e-6;MAX_ITERATIONS=200;HIGH_VALUE=1e10;ERR=-1e40;%------arbitrage test------------------------------------------------------48



sigma_low=0.0001;prie=BlakSholesEuro(S,K,r,d,tau,sigma_low);if(prie>option_prie)Y1=ERR;end%--------------------------------------------------------------------------sigma_high=0.3;prie=BlakSholesEuro(S,K,r,d,tau,sigma_high);while(prie<option_prie)sigma_high=2*sigma_high;prie=BlakSholesEuro(S,K,r,d,tau,sigma_high);if(sigma_high>HIGH_VALUE)Y2=ERR;endendfor i=0:MAX_ITERATIONSsigma=(sigma_low+sigma_high)*0.5;prie=BlakSholesEuro(S,K,r,d,tau,sigma);test=(prie-option_prie);if(abs(test)<ACCURACY)Y3=sigma;breakendif(test<0)sigma_low=sigma;elsesigma_high=sigma;endif(i==MAX_ITERATIONS)Y4=ERR;endendif (Y1~=0)y=Y1;elseif (Y2~=0)y=Y2;elseif(Y4~=0)y=Y4;elsey=Y3;end 49



funtion y=BlakSholesEuro(S,K,r,d,tau,sigma)dplus=1/sigma/sqrt(tau)*(log(S/K)+(r-d+sigma^2/2)*tau);dminus=1/sigma/sqrt(tau)*(log(S/K)+(r-d-sigma^2/2)*tau);y=S*exp(-d*tau)*normdf(dplus)-K*exp(-r*tau)*normdf(dminus);
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