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Executiv e Summary

This master thesis describ es a trading strategy in �xed income deriv ativ es

called sw ap butter
y . W e apply principal comp onen t analysis (PCA) to

sw ap rate time-series, and sho w ho w PCA can b e used as a to ol for �nd-

ing relativ e v alue on the sw ap rate curv e. W e sho w that PCA reduces the

dimensionalit y of factors describing the v ariation of related sw ap rates and

that principal comp onen ts can b e seen as factors describing shifts in lev el,

slop e and curv ature of the sw ap rate curv e. W e also sho w that PCA can

b e used to w eigh t the comp onen ts of a sw ap butter
y strategy in order to

pro�t from un usual curv e patterns of the sw ap rate curv e, and sta y hedged

against shifts in the o v erall lev el and slop e of the curv e.
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Chapter 1

In tro duction

1.1 Fixed income relativ e v alue trading

The purp ose of �xed income relativ e v alue trading is to pro�t from p erceiv ed

dislo cations of fundamen tal v ariables suc h as in terest rates. The b elief is

that in terest rates rev ert bac k to fair lev els, or historical mean lev els o v er

time, something that can b e exploited and v ery pro�table. The p ersp ectiv e

for rev ersion v aries from da ys to sev eral mon ths, dep ending on historical

trends and the dynamics of the mark et v ariables in question. There are a

broad set of �xed-income and �xed-income deriv ativ e instrumen ts that are

related in one w a y or another. When one maturit y t yp e or single securit y

is miss-priced with resp ect to others, there are man y w a ys to set up trading

strategies with relativ ely lo w risk in order to capture the opp ortunit y .

In this master thesis w e will lo ok at one of these relativ e v alue strategies

in detail, the butter
y strategy in sw aps. The p oten tial p ercen tage gain

of suc h trade is often lo w, but b y considering mark ets with relativ ely high

v olume, the trader can earn considerable pro�t. Statistical arbitrage is a

tec hnique to trade with fa v orable probabilities. In this thesis w e will iden tify

trading opp ortunities for a butter
y strategy using statistical argumen ts.

Just lik e o wners of casinos that win sligh tly o v er 50 p ercen t of the games,

statistical arbitrage can iden tify trades with fa v orable probabilities.

In Chapter 1 w e de�ne the sw ap instrumen t, lo ok at its pricing, its risk

c haracteristics and ho w the butter
y strategy is constructed to pro�t from

un usual curv e patterns in the sw ap curv e. Chapter 2 describ es principal

comp onen t analysis (PCA) and ho w it is applied to the butter
y strategy

in sev eral w a ys. In Chapter 3 w e apply PCA to a real w orld situation with

real mark et data.
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Chapter 2

Theory

2.1 Sw aps

2.1.1 The sw ap instrumen t

A sw ap is a con tractual agreemen t in whic h t w o parties agree to mak e p e-

rio dic pa ymen ts to eac h other. Tw o parties can en ter to sw ap pa ymen ts

of nearly an ything, and the concept of a sw ap is not limited to �nancial

mark ets. Ho w ev er, in this thesis w e concen trate on a \plain v anilla sw ap",

the in terest rate sw ap, or more precisely the �xed-for-
oating in terest rate

sw ap. In this sw ap agreemen t, one part y will agree to mak e 
oating rate

pa ymen ts based on LIBOR

1
to the other part y , whic h in turn mak e �xed

in terest rate pa ymen ts to the former part y of the sw ap agreemen t. Con-

sider the follo wing simple example: Compan y A has a $100 million debt on


oating in terest rate. They b eliev e that the 
oating rate will increase in

the future and w ould lik e to hedge this in terest risk exp osure. They en ter a

sw ap agreemen t with a sw aps dealer to pa y the �xed rate, and receiv e the


oating rate on a $100 million notional amoun t. See Exhibit one b elo w.1The London Interbank Borrowing Rate. An interest rate o�ered between banks withhigh 
redit rate.
3



 

 

 

 

 

 

Company A      Swaps dealer 
    A Pay fixed rate 
 
 
     A Receive floating rate 
 
 
Pay floating rate to lending institution 

Exhibit 1: Flo w of funds for a sw ap agreemen t.

The sw ap will therefore ha v e t w o \legs", the �xed and 
oating leg, referring

to the the �xed in terest pa ymen t stream and the 
oating in terest pa ymen t

stream, resp ectiv ely . A t ypical pa ymen t sc hedule is displa y ed in Figure 1

b elo w.
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Figure 1: P a ymen t sc hedule for a sw ap.

Figure 1 sho ws the pa ymen t sc hedule for a ten-y ear sw ap whic h receiv es

�xed pa ymen ts on ann ual basis and pa ys 
oating pa ymen ts on semi-ann ual

basis.

The notional principal:

Fixed and 
oating pa ymen ts are calculated as if they w ere pa ymen ts of

in terest on an amoun t of money b orro w ed or len t. This amoun t is referred
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to as the notional principal N . It is called principal b ecause this amoun t is

actually nev er exc hanged, as it only functions as a part of the sp eci�cation

of the �xed and 
oating amoun ts to b e paid or receiv ed.

The �xed rate:

This is the rate applied to the notional principal to calculate the �xed

amoun ts. F rom da y to da y , mark et participan ts quote the price at whic h

they are prepared to execute a particular sw ap b y quoting the �xed rate.

Dates of pa ymen ts:

Fixed rate pa ymen ts are usually paid either ann ually or ev ery six mon ths.

The last pa ymen t date is kno wn as the termination date or the maturit y

date of the sw ap. Tw o other relev an t dates are the trade date, on whic h the

t w o parties agree to do the sw ap, and the e�ectiv e date, when the �rst �xed

and 
oating pa ymen ts start to accrue. If a pa ymen t date falls on a w eek end

or bank holida y , and the next w orking da y is in the same calendar mon th,

then the pa ymen t is made on this next w orking da y . Otherwise, pa ymen t

is made on the latest preceding da y at whic h banks are op en. This w a y of

sp ecifying pa ymen t da ys are called modi�ed following business day, and is

the common standard for sw aps in the US.

The �xed rate pa ymen ts:

Collectiv ely , the �xed rate pa ymen ts on a sw ap are kno wn as the �xed leg.

Eac h �xed pa ymen t amoun t FA is determined b y the notional amoun t N ,

the �xed rate Rf , and the \�xed rate da y-coun t fraction" FRDF, according

to the form ula FA = N �Rf � FRDF:
The \�xed rate da y-coun t fraction" is the fraction of a y ear since the

previous pa ymen t (or since the e�ectiv e date of the sw ap). Supp ose a

sw ap has a �xed pa ymen t due on date D2 (da y 2; mon th 2; y ear 2 ), the pre-

vious �xed pa ymen t date (or e�ectiv e date if it is the �rst pa ymen t) w asD1 (da y 1; mon th 1; y ear 1 ). In the US the common standard for calculating

�xed pa ymen ts is the (30/360) basis. In this caseFRDF =

� 360 ( D1;D2 )

360

;
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where � 360 ( D1;D2 ) denotes the n um b er of da ys from D1 un til D2 , calculated

assuming that all mon ths ha v e 30 da ys. In other w ords, w e ha v e

� 360 ( D1;D2 ) = max(0 ; 30 � da y 1 ) + min (30 ; da y 2 )

+360 � (y ear 2 � y ear 1 )

+30 � (mon th 2 � mon th 1 � 1) :
Unfortunately , the sw ap mark et is unable to decide on one single stan-

dard to calculate the �xed time-fraction b et w een dates. There are sev eral

p ossible standards for doing this, for example actual/360, actual/365 or as

in our example (30/360). F urther details on ho w to calculate the da y-coun t

fraction can b e found in [MIR] and [HUL].

The 
oating rate pa ymen ts:

Kno wn collectiv ely as the 
oating leg, standard 
oating rate pa ymen ts are

said to b e \set in adv ance, paid in arrears". Eac h 
oating rate pa ymen t has

three dates asso ciated with it: Ds , the setting date; D1 , the date when in-

terest start to accrue, and D2 , the pa ymen t date. The setting date is usually

t w o business da ys prior to the previous 
oating rate pa ymen t (for the �rst


oating pa ymen t, it is the trade date of the sw ap). In our application, the


oating rate is the six mon th LIBOR rate. Eac h 
oating pa ymen t amoun tFLA is determined b y the notional amoun t N , the 
oating rate R
 , and b y

the \
oating rate da y-coun t fraction" FLRDF, according to the form ulaFLA = N �R
 � FLRDF:
Here D1 is the e�ectiv e date for the rate R
 , and D2 the 
oating pa ymen t

date. In the US, the 
oating rate da y-coun t fraction is calculated on an

(actual/360) basis, whic h means thatFLRDF =

D2 �D1
360

:
A t initiation of the sw ap, the �rst 
oating pa ymen t is kno wn since the

rate, three-mon th or six-mon th LIBOR rate dep ending on the 
oating pa y-

men t frequency , is directly observ able in the LIBOR mark et. F or subsequen t

p erio ds, the actual LIBOR rate is unkno wn and has to b e estimated using

implied LIBOR forw ard rates.
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2.1.2 Pricing �xed-for-
oat in terest rate sw ap

The presen t v alue of a cash 
o w:

The idea of discoun ted cash
o ws will b e required in v aluing a sw ap. It should

b e clear that $1 receiv ed to da y is w orth more than $1 receiv ed after one

y ear

2
. This is b ecause $1 to da y can immediately b e in v ested at prev ailing

rates and th us earn in terest. Supp ose that $1 to da y can b e in v ested for n
y ears at an in terest rate of R (expressed as a decimal). Then the v alue of $1

after n y ears is $1(1 + R )

n
. Or putting it in another w a y: $1 after n y ears

corresp onds to $1 � 1 =(1 + R )

n
to da y . The factor Dn = 1 =(1 + R )

n
is called

the \discoun t factor" for cash
o ws o ccurring in n y ears time.

The idea of discoun t factors can b e extended to p erio dic in terest rates.

In v esting $1 for half a y ear at the rate R giv es an amoun t $1(1 + R=2)

after six mon ths. Rein v esting this for another six mon ths at rate R giv es

$1(1 + R=2)

2
at maturit y . This is not the same amoun t that w ould b e

receiv ed in v esting $1 for one y ear at R , re
ecting the di�erence b et w een

semi-ann ual and ann ual comp ounding.

One can deriv e a rate S at whic h $1 in v ested semi-ann ually for one y ear

is equiv alen t to $1 in v ested for one y ear at the annual rate R . This requires

that

�

1 +

S
2

� 2
= (1 + R ) ) S = 2[

p
1 + R� 1] :

The idea generalizes so that if Rn and Rm are rates with resp ectiv ely n andm comp ounding p erio ds p er y ear, then the t w o are equiv alen t whenRm = m "

�

1 +

Rnn � n=m � 1

# :
In addition to b eing a�ected b y the comp ounding frequency , a quoted

in terest rate R is also a�ected on what basis it is measured. F or example,

a one y ear rate quoted on (actual/360) basis will b e sligh tly di�eren t from

a one y ear rate quoted on (actual/365) or (30/360) basis. One can con v ert

rates b et w een the di�eren t bases using the follo wing equations [MIR]R(a
tual/360) =

360

365

�R(a
tual/365);R(30/365) =

D2 �D1
� 360 ( D1;D2 )

�R(a
tual/360);R(30/365) =

D2 �D1
� 360 ( D1;D2 )

� 360

365

�R(a
tual/365) : (2.1)2In an e
onomy with positive, non-zero interest rates.
7



In order to v aluate the future cash 
o ws for the sw ap, it is necessary to

ha v e discoun t factors Ft for future dates t. A money mark et discoun t factor,

suc h as a factor based up on LIBOR rates, is de�ned asFt =

1

1 + R(a
tual/360) � (( D2 �D1 ) =360)

:
Here ( D2 �D1 ) =360 is the da y-coun t fraction appropriate to money mark et

rates.

Money mark et rates are observ able out to one y ear, and in order to

discoun t cash 
o ws b ey ond that date, other rates are needed. Mark et par-

ticipan ts use money mark et rates to discoun t cash 
o ws in the near future,

futures rate from the Euro dollar futures mark et is b o otstrapp ed for the in-

termediate horizon, and quoted sw ap rates from the sw ap mark et is used for

the longer horizon. By using in terp olation tec hniques, an y discoun t factor

can b e deriv ed for dates up to the longest observ ed in terest rate. The actual

pro cedure to deriv e discoun t factors from mark et data is outside the scop e

of this thesis, but can b e found in [MIR].

Assuming that w e are equipp ed with discoun t factors for an y future

date, presen t v alues PV of an y future cash 
o w Ct at time t is calculated b y

discoun ting the cash 
o w bac k to time zero, b y m ultiplying the cash 
o w Ct
b y the discoun t factor Ft , applicable to the da y corresp onding to t,PV( Ct ) = Ft � Ct:
V aluing the �xed cash
o ws from a sw ap:

The �xed leg is the the simplest cash 
o w stream to ev aluate, since the �xed

cash 
o ws are kno wn with certain t y when the sw ap is initiated. The ev alu-

ation is therefore just a question of discoun ting them bac k to the ev aluation

date, using appropriate discoun ting factors Ft ,PV (�xed leg) =

X t Ft � FAt = N X t Ft �Rf � FRDFt: (2.2)

Here FAt is the �xed cash 
o w amoun ts o ccurring on dates Dt , Rf the �xed

rate, and FRDFt the �xed rate da y coun t fraction applicable to Dt .

V aluing the 
oating cash
o ws from a sw ap:

Consider a single LIBOR cash
o w C due to ha v e the rate set at a date D1
and paid on D2 six mon ths later. W e kno w the discoun t factor F1 applicable

8



to D1 , but w e do not kno w what what the six-mon th LIBOR rate will b e atD1 . This information is encapsulated in the forw ard rate � D1;D2 , whic h b y

de�nition is the rate one uses to discoun t a cash
o w from D2 to D1 . F rom

Equation 2.1, the presen t v alue of C is then giv en b yPV( C ) = F1 � C
1 + (� D1;D2=100) � (( D2 �D1 ) =360)

: (2.3)

This presen t v alue can b e re-expressed asPV( C ) = F2C; (2.4)

since the cash
o w C o ccurs at D2 . Equating Equations 2.3 and 2.4, and

solving for �, giv es

� D1;D2 =

� F1F2 � 1

� � 36000

( D2 �D1 )

=

� F1F2 � 1

� � 1�D1;D2 ;
where �D1;D2 is the n um b er of da ys b et w een D1 and D2 , divided b y the

n um b er of da ys in the y ear according to the righ t con v en tion, divided b y

100. By kno wing discoun t factors for an y t w o da ys w e can calculate the

implied forw ard LIBOR rate for an y p erio d using Equation 2.4.

Under the assumption that mark et participan ts are able to b oth in v est

and b orro w at LIBOR

3
, the mark et exp ectation for the v alue of LIBOR,

calculated on a notional amoun t N from D1 to D2 is � D1;D2 : Th us, the


oating pa ymen t FLA implied from this b ecomesFLAD2 = N � �D1;D2 � � D1;D2 = N � � F1F2 � 1

� : (2.5)

Since this 
oating pa ymen t is receiv ed or paid at time D2 , the presen t v alue

of this cash
o w is the righ t hand side of Equation 2.5, discoun ted b y F2 ,PV( FLAD2 ) = F2 �N � � F1F2 � 1

�

= N � ( F1 � F2 ) :
This v alue can b e represen ted as a cash
o w of $N at time D1 and a cash
o w

of �$ N at time D2 , see Figure 2 b elo w.3This assumption is not true. However, the e
onomi
 e�e
t of this is insigni�
ant, dueto the fa
t that within a standard �xed-for-
oat interest swap portfolio, an approximatelyequal prin
ipal of swaps are paying LIBOR as are re
eiving LIBOR.
9
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Figure 2: Single LIBOR pa ymen t represen tation.

Using the same metho dology as ab o v e, for a t w o y ear sw ap with LIBOR

paid semi-ann ually , the 
oating pa ymen ts can b e represen ted as sho wn in

Figure 3 b elo w.

0.5y 1y 1.5y 2y
- N

 

0   

 

 N

Figure 3: LIBOR pa ymen t represen tation for 2-y ear sw ap.

So, except at the b eginning and end of a sw ap, the principals cancel out,

lea ving just t w o cash
o ws. Th us, the v alue of the 
oating LIBOR leg for

this sw ap is just FV(
oating leg) = N � ( Fs � FT ) ; (2.6)

where N is the notional amoun t, Fs is the discoun t factor at the start date

of the sw ap, and FT is the discoun t factor at the t w o y ear p oin t.

T otal v alue of the sw ap

The total v alue of the sw ap is the net presen t v alue NPV of the 
oating leg

subtracted from the �xed leg. Using Equations 2.2 and 2.6, w e getNPV = PV(�xed leg) � PV(
oating leg)

= N ( Rf P t Ft � FRDFt � ( Fs � FT )) ;
10



where N is the notional amoun t, Rf the �xed rate, FRDFt is the �xed rate

da y-coun t fraction, Fs the discoun t factor for the start date, and FT the

end date discoun t factor. The index t runs o v er all 
oating pa ymen ts whic h

ma y b e quarterly or semi-ann ual. In man y trading situations, it is not the

presen t v alue itself whic h is of most relev ance, but the �xed rate at whic h

the trader will deal. When a sw ap is initiated, the �xed rate is set suc h that

the NPV is zero. Using Equation 2.6, this implies thatRf =

Fs � FT
P t Ft � FRDFt :

Here Rf is the �xed rate that v alue the T -y ear sw ap to zero or par, or, in

other w ords, the T -y ear sw ap par rate.

2.1.3 In terest rate exp osure

A trader that is holding a sw ap p osition will most lik ely b e concerned with

t w o things: The v alue of the sw ap and ho w that v alue is lik ely to c hange.

While it w as explained in some detail in Section 2.1.2 ho w to calculate

the v alue of a sw ap, w e will here explain the sw ap v alues sensitivit y to

mo v emen ts in in terest rates.

Supp ose that a trader en tered in to a sw ap agreemen t to pa y �xed the

�v e-y ear sw ap rate and receiv e 
oat on some notional amoun t. The sw ap

v alue at initiation w as zero. A few da ys after the trade w as en tered, sw ap

rates including the �v e y ear rate fell, and the NPV of the sw ap p osition fell.

The reason for this is that a new sw ap p osition to pa y �xed at a lo w er rate

w ould ha v e an adv an tage compared to the original sw ap, whic h is re
ected

in a new lo w er NPV of the original sw ap.

Supp ose instead that the three, four and sev en-y ear rates w ere to fall,

but the �v e-y ear rate remain unc hanged. What w ould no w b e the v alue

of the sw ap? The answ er is that it w ould b e unc hanged at zero! This is

b ecause the sw ap still is a par sw ap, and still b eing at the prev ailing �v e

y ear mark et rate. This is not to claim that presen t v alues of future cash
o ws

remain constan t. They do c hange, but tak en together, the c hanges cancel

out.

The v ector � with $-sensitivities for sw aps is called the delta-v ector. It

sp eci�es the $-sensitivit y of the v alue of sw aps with resp ect to a one basis

p oin t 0 :01% c hange in sw ap par-rates. The elemen ts in the �-v ector Æ is

deriv ed b y taking �rst deriv ativ e of the v alue of a par sw ap with tenor n
y ears with resp ect to sw ap par-rates R . The delta for a n-y ear par sw ap is

11



giv en b y [MIR] Æn = �N nY
Xi=6m�iFi:

A delta is not static in an y w a y: It c hanges as time go es b y , when

b oth accrual-factors �i and discoun t factors Fi c hange. A comprehensiv e

in v estigation of risk measures for sw aps suc h as the delta can b e found in

[MIR]. The sw ap delta will b e used in the sequel as a to ol for structuring

the butter
y strategy in sw aps.

2.1.4 The butter
y strategy in sw aps

The mark et for sw aps is v ery liquid but irregularities o ccasionally do o ccur.

T raders are v ery quic k to exploit suc h opp ortunities and ha v e dev elop ed

strategies to isolate the misaligned factor without taking more risk than

necessary . One of these strategies is called the butter
y .

In the �xed income mark et, the t ypical butter
y trade consists of taking

a long (short) p osition in a medium maturit y securit y and a short (long)

p osition in a shorter maturit y securit y together with another short (long)

p osition in a longer maturit y securit y [MER]. F or example, if a trader b e-

liev es that the 10-y ear b ond is relativ ely c heap compared with the 5-y ear

note and the 30-y ear b ond, the trader will buy the 10-y ear and sell short

the 5 and 30-y ear b onds. By c ho osing the resp ectiv e w eigh ts correctly , the

trader can hedge against c hanges in in terest rate lev el and slop e risks and

sta y exp osed to c hanges in curv ature. The assumption is that the c heap

10-y ear b ond will rev ert to a higher normal v alue relativ ely to the 5- and

30-y ear b ond.

An equiv alen t butter
y trade consisting of �xed-for-
oating in terest rate

sw ap instrumen ts w ould b e to pa y (receiv e) �xed in the middle tenor and

receiv e (pa y) �xed in the shorter and longer tenor. F or example, a trader

b eliev es that the 7-y ear par sw ap-rate is relativ ely lo w compared to the 2-

y ear and 10-y ear par sw ap-rates. The trader can then en ter in to three sw ap

con tracts and pa y �xed (go short) in the 7-y ear con tract, and receiv e �xed

(go long) in the 2-y ear and 10-y ear sw ap con tracts. What the trader hop es

for is that the 7-y ear sw ap rate will rev ert to its higher fair lev el.

By carefully deciding prop ortions of ho w m uc h delta-risk to tak e in eac h

sw ap p osition, the v alue of the butter
y will sta y una�ected b y b oth c hanges

in the lev el and slop e of the curv e [MER]. The butter
y will only b e a�ected

b y curv ature c hanges that corresp ond to c hanges in the relativ e lev el b et w een

the 2-y ear, 7-y ear, and 10-y ear sw ap rate. A crucial question is ho w to get
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the \righ t" prop ortions. T raders ha v e dev elop ed sev eral w eigh ting sc hemes

to ac hiev e this. F or example b y splitting delta-risk equal b et w een the t w o

wings and the middle, resulting in hedges una�ected b y parallel shifts in the

curv e, but still exp osed to shifts in slop e and curv ature.

The common base for all the w eigh ting tec hniques ab o v e is that they are

based up on historical data. In other w ords, they assume that in terest rate

patterns will rep eat in the future. Sometimes, they do not, and then the

underlying assumptions break do wn. Another problem that traders face is

ho w to iden tify what sectors to buy or sell when they w an t to establish a

butter
y p osition. The fundamen tal issue here is the abilit y to analyze and

iden tify in whic h sectors to pa y or receiv e �xed. T raditionally , traders ha v e

compared mark et data to some more or less realistic mo del, and iden ti�ed

ric h/c heap sectors when mark ed data deviates from mo del stipulated lev els.

As w e will see in the sequel, PCA can b e used as a to ol to iden tify abnormal

curv e patterns as w ell.

2.2 Principal comp onen t analysis

The cen tral idea of PCA is to reduce the dimensionalit y of a data set con-

sisting of a large n um b er of in terrelated v ariables while retaining as m uc h

v ariation of the original data set as p ossible. The underlying data in our

application will b e time series of sw ap rates, and PCA will b e applied to the

co v ariance matrix of this time series data.

PCA is accomplished b y transforming the co v ariance matrix of the orig-

inal data in to a new set of v ariables, called principal comp onen ts. PCA

carries out this decomp osition of the co v ariance matrix b y conducting a ma-

trix diagonalization or eigen-decomp osition of the original co v ariance matrix

of rates in to eigen v alues and eigen v ectors. As a result of construction, the

principal comp onen ts are uncorrelated, in con trast to the original v ariables,

and can b e ordered in imp ortance suc h that the �rst few comp onen ts ex-

plain the ma jorit y of the original v ariation. De�nitions in the follo wing

subsections can b e found in [HOL] and [W OL].

2.2.1 Principal comp onen ts

Let R b e a set of sw ap rate observ ations, and let rti 2 R denote a single

sw ap rate observ ation at time t 2 f1 ; : : : ; Tg for tenor i 2 f1 ; : : : ; ng. W e

de�ne the matrix of cen tered sw ap rate observ ations

~

R as the matrix with

elemen ts

~rti = rti �E [ r

i

] ; (2.7)
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where the exp ectation is tak en o v er the times t 2 f1 ; : : : ; Tg.

Let C b e the co v ariance matrix of

~

R , with elemen ts giv en b y
i;j = E [ ~r

i

~r

j

] �E [ ~r

i

] E [ ~r

j

] :
Assume that C has non-degenerate eigen v alues �1; : : : ; �n and corre-

sp onding linearly indep enden t eigen v ectors X

1

; : : : ; X

n

, so that

C X

i

= �i X

i

:
W e form the matrices

P = [ X

1

; X

2

; : : : ; X

n

] =

2

6

6

6

6

4

x1;1 x1;2 : : : x1;nx2;1 x2;2 : : : x2;n
.

.

.

.

.

.

.

.

.

.

.

.xn;1 xn;2 : : : xn;n 3

7

7

7

7

5

of eigen v ectors or principal comp onen ts of C , and the diagonal matrix

D =

2

6

6

6

6

4

�1 0 � � � 0

0 �2 � � � 0

.

.

.

.

.

.

.

.

.

.

.

.

0 0 � � � �n 3

7

7

7

7

5

with the corresp onding eigen v alues. Then w e ha v e

C = P D P

� 1:
The elemen ts xi;j of P are called factor loadings and quan ti�es the sen-

sitivit y of eac h v ariable ~r

i

to c hanges in eac h principal comp onen t. By

construction, the eigen v ector matrix is orthogonal, so that the eigen v ectors

form an orthogonal base. The eigen v alues hold information ab out ho w m uc h

v ariation of the underlying data can b e explained b y eac h eigen v ector. By or-

dering the eigen v ectors in the order of descending eigen v alues (largest �rst),

w e can create an ordered orthogonal basis with the �rst eigen v ector ha ving

the direction of largest v ariation of the data. In this w a y , w e �nd directions

in whic h the data set has the most signi�can t amoun ts of v ariation. The

amoun t of explanatory p o w er can b e deriv ed b y relating an eigen v alue to

the sum of all eigen v alues as

V ariance explained i =

�i
P j �j : (2.8)
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2.2.2 F air sw ap curv e

When carrying out a PCA-analysis, w e alw a ys get the same n um b er of eigen-

v ectors (or principal comp onen ts) and eigen v alues as the n um b er of tenors

included in the co v ariance matrix. With the new orthogonal basis deriv ed

in Section 2.2.1, w e can express the time-series data ~r

i

as co ordinate v ectors

y

i

, in the new orthogonal basis de�ned b y the eigen-v ector matrix P , as

y

i

= P

T
~r

i

: (2.9)

W e can reconstruct the original data v ector ~r

i

from y

i

b y

~r

i

= P y

i

: (2.10)

Instead of using all the eigen v ectors of the co v ariance matrix, w e ma y

represen t the data in terms of only a few basis v ectors of the orthogonal

basis. Remem b er that w e ha v e the eigen v ectors ordered b y the magnitude

of the eigen v alue. If w e denote the matrix ha ving the k �rst eigen v ectors as

ro ws b y P

T
k

, w e can create a transformation similar to that in Equations 2.9

and 2.10, as

y

i

= P

T
k

~r

i

; (2.11)

~r

i

= P

k

y

i

: (2.12)

As w e will see in the results of our in v estigation, most of the v ariation of

the original data can b e explained b y a relativ ely small n um b er of principal

comp onen ts. By assuming that the \relev an t v ariation" of the data can b e

explained b y only t w o principal comp onen ts, w e can reco v er what w e call

\fair" cen tered observ ations ~r

f

i

for eac h tenor i, using Equation 2.12 withk = 2. If w e also add the mean of r

i

, w e get the fair observ ation as

r

f

i

= P

k

y

i

+ E [ r

i

] ;
whic h w e can compare to the original observ ed rates.

W e de�ne the residual v ector for tenor i b y

RE S

i

= r

i

� r

f

i

: (2.13)

If w e calculate the residual eac h da y , then w e get a measure of ho w m uc h a

sw ap-rate deviates from its fair lev el. Assuming that suc h deviations tend to

b e mean rev erting, w e can use the residual to �nd sectors of the sw ap curv e

with abnormally high deviations and put on strategies that pro�t from suc h

rev ersions. This tec hnique will b ecome clear in Chapter 3.
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2.2.3 The 3rd factor as relativ e v alue indicator

Assume that w e do a principal comp onen t analysis on a co v ariance matrix

where the underlying data is time-series data for three tenors only . W e

will get three eigen-v ectors with corresp onding eigen v alues. W e order the

eigen v ectors b y imp ortance, so that the �rst principal comp onen t accoun t for

the ma jorit y of the v ariation of the underlying data. Since the eigen v ectors

are p erp endicular, the second principal comp onen t describ e v ariation that

cannot b e accoun ted for b y the �rst factor, and the third factor describ e the

v ariation that cannot b e accoun ted for b y the �rst and second factor.

T ak en together, the three comp onen ts p ertain to explain all v ariation of

the data. Using Equation 2.9, w e can deriv e co ordinates for the data in the

orthogonal basis de�ned b y the three eigen v ectors on eac h da y . Assuming

w e are able hedge the exp osure of a butter
y strategy to co ordinate c hanges

in the �rst and second factor, c hanges in the third factor co ordinate is the

only source of risk in the strategy . If the third factor co ordinate also ha v e

mean rev erting prop erties, it can b e used as an indicator on relativ e v alue.

In the Chapter 3 w e will use real mark et data and c hec k if this also holds in

a real-w orld application.

2.3 W eigh ting metho dology

T o compare the fair sw ap-curv e to the actual, and trac k the third factor

co ordinate, are b oth p oten tial to ols to iden tify sectors/tenors to in v est when

constructing a butter
y . The next step is to decide ho w to w eigh t the

butter
y . That is to decide ho w m uc h notional capital to in v est, or risk to

tak e in eac h of the three comp onen ts of the butter
y . The purp ose of the

strategy is to pro�t from when the curv e rev erts from extreme to normal

lev els of curv ature. In order to ac hiev e this, the strategy needs to b e hedged

against c hanges in �rst and second factor co ordinates, and sta y exp osed to

c hanges in third factor co ordinates. In order to sp ecify this trade w e will

need the information displa y ed in T able 1 b elo w.

Notional Delta F actor 1 F actor 2

Wing 1 Nw1 Æw1 xw1;1 xw1;2
Middle Nm Æm xm;1 xm;2
Wing 2 Nw2 Æw2 xw2;1 xw2;2

T able 1: Data required for w eigh ting butter
ies.
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In T able 1, \Wing 1", \Middle" and \Wing 2" are the tenors of the sw ap,

while \Notional" is the notional dollar-amoun t in eac h sw ap, and \Delta"

its dollar sensitivit y to a one basis p oin t c hange in the corresp onding sw ap

rate. The last t w o columns list the factor loadings deriv ed from principal

comp onen t analysis on tome series for three tenors.

As explained earlier, the factor loadings are also measures of sensitivit y

for eac h corresp onding sw ap-rate to c hanges in the �rst and second factor. In

order to w eigh t the butter
y strategy w e set up the follo wing t w o equations,

that ensure that the butter
y is hedged against the �rst and second factor,Nw1 Æw1 xw1;1 + Nw2 Æw2 xw2;1 = Nm Æm xm;1; (2.14)Nw1 � w1 xw1;2 + Nw2 Æw2 xw2;2 = Nm Æm xm;2: (2.15)

Here Equation 2.14 giv es the total sensitivit y of the wings to the middle for

the �rst factor, and Equation 2.15 the total sensitivit y of the wings to the

middle for the second factor. Notice that w e ha v e three unkno wn Nw1; Nw2
and Nm , but only t w o equations.

If w e transform Equations 2.14 and 2.15 b y dividing the left and righ t-

hand side b y Nm Æm , w e get the set of equations

~ww1 xw1;1 + ~ww2 xw2;1 = xm;1; (2.16)

~ww1 xw1;2 + ~ww2 xw2;2 = xm;2; (2.17)

where ~ww1 and ~ww2 are the risk-w eigh ts, de�ned as

~ww1 =

Nw1 Æw1Nm Æm and ~ww2 =

Nw2 Æw2Nm Æm :
In the transformed system of Equations 2.16 and 2.17, w e ha v e only t w o

unkno wn v ariables ~ww1 and ~ww2 . The solution is

~w1 =

xm;1 xw2;2 � xm;2 xw2;1xw1;1 xw2;2 � xw2;1 xw1;2 ; (2.18)

~w2 =

xm;2 xw1;1 � xm;1 xw1;2xw2;2 xw1;1 � xw2;1 xw1;2 : (2.19)

2.4 T rac king the butter
y trade

The butter
y spread S , whic h is the risk-w eigh ted disp ersion of the three

sw ap-rates that constitute the butter
y , is de�ned as [MER]S = rw1 ~ww1 + rw2 ~ww2 � rm: (2.20)
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The butter
y spread can b e used as a measure of p erformance for the butter-


y . F or example, if the trade is set to pro�t from narro w er sw ap spread, that

a drop in the spread S is directly related to the pro�t/loss of the strategy .

An appro ximate pro�t/loss is calculated b y m ultiplying the c hange in

spread � S to the total delta-sensitivit y assumed in the middle sw ap p osition

for the butter
y [MER], giving

pro�t/loss = � S Nm Æm:
The curren t butter
y spread can also b e related to historical spreads of

the same w eigh ting sc heme b y observing the deviation of the curren t spread

to its historical a v erage. By transforming the spread observ ation at time t
in to a standardized normal v ariable Z , w e de�ne the Z -score asZ -score =

St �E [ S ]�S :
2.5 Data

The underlying data set w e will use for our in v estigation comes from one

of the ma jor in v estmen t banks on W all Street. W e ha v e daily sw ap-rate

observ ations for the 2-y ear up to 30-y ear tenor with y early in terv als. The

time series starts Dec 1, 1995 and ends June 22, 2004.
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Chapter 3

Results

In this c hapter, w e will aim to pro vide the reader with a practical example

ho w PCA can b e applied to butter
y strategies. Analysis is based up on

sw ap rate data b et w een Dec 1, 1995 to July 11, 2004, and sp eci�cally w e

will analyze the butter
y consisting of the 2-y ear, 5-y ear and 10-y ear sw aps.

3.1 The delta-v ector

The sw ap delta calculation can b e done in Matlab using the �xed income

deriv ativ es to olb o x, but there are similar pac k ages in FinCad that giv e com-

parable results. The results in T able 2 b elo w assume $10,000 notional.

T enor (yrs) Delta

2 $1 :928

3 $2 :828

4 $3 :708

5 $4 :543

6 $5 :337

7 $6 :094

8 $7 :809

9 $7 :486

10 $8 :125

12 $9 :302

15 $10 :822

20 $12 :820

30 $15 :445
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T able 2: Selected sw ap sensitivities as of July 11, 2003.

3.2 Eigen v ectors as principal comp onen ts

First w e calculate the cen tered sw ap rates for eac h da y b et w een Jan 1,

1995 and July 11, 2003 for the 2-y ear, 5-y ear and 10-y ear sw ap rates using

Equation 2.7. The results are displa y ed in Figure 4 b elo w.
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Figure 4: Daily cen tered sw ap rates for the 2, 5 and 10-y ear sw ap rates.

In order to see ho w these three v ariables relate to eac h other, w e calculate

the co v ariance matrix according to Equation 2.7, the result of whic h is giv en

in T able 3 b elo w.
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2-y ear 5-y ear 10-y ear

2-y ear 2 :533 1 :855 1 :392

5-y ear 1 :855 1 :409 1 :084

10-y ear 1 :392 1 :084 0 :851

T able 3: Co v ariance matrix for the 2, 5 and 10-y ear sw ap rate.

The diagonal elemen ts of T able 3 giv e the v ariance for eac h sw ap rate, while

the o�-diagonal elemen ts describ e ho w the sw ap rate mo v emen ts relate to

eac h other. W e see that there is a stronger relation b et w een the 2-y ear and

5-y ear rate, compared to the 5-y ear and 10-y ear, as w ell as b et w een the 2-

y ear and 10-y ear rate. By applying the command pcacov(C) in Matlab, w e

do a principal comp onen t analysis on the co v ariance matrix ab o v e. W e get

P , the eigen v ector matrix, and D the diagonal matrix with corresp onding

eigen v alues, �1 , �2 and �3 , see T able 4 b elo w.

T enor X 1 X 2 X 3
2-y ear factor loadings �0 :728 0 :639 0 :247

5-y ear factor loadings �0 :545 �0 :321 �0 :774

10-y ear factor loadings �0 :415 �0 :699 0 :582

Eigen v alue 4 :725 0 :773 0 :0024

V ariance explained 98 :35% 1 :61% 0 :04%

T able 4: PCA results for the 2-5-10 co v ariance matrix.

Eac h factor loading in T able 4 describ es ho w the corresp onding rate w ould

c hange if w e had a one-unit c hange in resp ectiv e factor co ordinate. The

factor loadings for the �rst eigen v ector are all negativ e and relativ ely equal

in magnitude. Therefore, if w e had a 10 basis p oin t increase in the �rst

factor co ordinate, the 2-y ear rate w ould decrease b y appro ximately 7.3 basis

p oin ts, the �v e-y ear b y 5.5 basis p oin ts, and the 10-y ear rate b y 4.2 basis

p oin ts. The implication roughly corresp ond to a parallel do wn w ard shift

in the curv e. The second factor imply the curv e to 
atten, since the 2-

y ear rate w ould increase and the 5-y ear and 10-y ear rate decrease. In other

w ords the second factor describ e ho w the slop e c hanges. The third factor

sho w rates going in opp osite directions where the 2-y ear and 10-y ear rate

w ould increase and the 5-y ear decrease. In other w ords, the third factor

describ e c hanges in curv ature of the sw ap curv e. In the last t w o ro ws of

T able 4, w e see the eigen v alues as w ell as the p ercen tage v ariance explained,
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calculated according to Equation 2.8. W e see that a ma jor p ortion 98 :35%

of the v ariation can b e explained b y roughly parallel shifts of the curv e,

1 :61% is attributable is slop e c hanges and only 0 :04% to curv ature.

3.3 The third factor

W e deriv ed the form ula for the co ordinate of the third factor in Equation 2.8

and suggested that it can b e used as a relativ e v alue indicator to iden tify

ev en ts of abnormal curv ature (extreme lev el of factor three co ordinate).

Figure 5 b elo w depicts the third factor co ordinate on daily basis from Jan

1, 1995 to July 11, 2003.
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Figure 5: Daily observ ations of the third factor co ordinate.

In Figure 5 w e see that co ordinate seem fairly cen tered around zero. If w e

calculate the mean of the observ ations ab o v e w e indeed get a n um b er v ery

close to zero, ( � 10

� 16
). The mean rev erting prop ert y of the third factor

can b e used to �nd a pro�table butter
y strategy . When the co ordinate of

factor three reac hes a particular high or lo w lev el for a set of three sw aps, it

indicates that the curv e has un usual curv ature giv en the lev el and steepness

of the curv e. The purp ose of a butter
y strategy is to exploit suc h curv e

patterns. The problem is then to w eigh t the butter
y suc h that its v alue

sta ys una�ected b y c hanges in the �rst and second factor co ordinate but

gain when the third factor co ordinate rev ert to zero.
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3.4 Implied fair sw ap curv e

Instead of applying PCA on a set of three sw ap rates, w e can do the same

analysis on a larger co v ariance matrix including the 2 to 10-y ear with ann ual

in terv als, 12, 15, 20, 25 and 30-y ear tenors. W e get the same n um b er of

principal comp onen ts as n um b er of tenors included in the co v ariance matrix.

As w e observ ed when w e applied PCA to the three-rate example, the �rst

t w o or three principal comp onen ts often capture most part ( � 99 :9%) of the

v ariance. Instead of presen ting all the factor loadings in a table, w e visualize

the �rst three principal comp onen ts in Figure 6 b elo w. The analysis is based

up on time series b et w een Jan 1, 1995 to July 11, 2003.
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Figure 6: F actor loadings for 14-no de case.

F actor loadings for the �rst principal comp onen t imply roughly a parallel

shift in the curv e, the second factor a c hange in the slop e, and the third

factor a c hange in curv ature. The v ariance of the underlying data explained

b y the �rst three principal comp onen ts are as sho wn in T able 5 b elo w.

X 1 X 2 X 3
Eigen v alue 15 :310 0 :299 0 :015

V ariance explained 97 :98% 1 :91% 0 :10%

Cum ulativ e explained 97 :98% 99 :89% 99 :99%

T able 5: PCA results for 14-no de case.

Ev en though w e ha v e 14 principal comp onen ts in total, w e only need t w o

of them to explain 99 :89% of the v ariation of the underlying data. This is
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a p o w erful feature of PCA, b ecause it reduces the dimensionalit y of factors

needed to explain the v ariation without lo osing m uc h information ab out the

underlying data.

As w e explained in Chapter 2, the principal comp onen ts can b e used to

reco v er the actual sw ap rate observ ations at eac h da y , b y Equations 2.9 and

2.10. W e are in terested in iden tifying sectors of the sw ap curv e that are

higher or lo w er than what w e de�ned as the fair curv e (Equations 2.11 and

2.12). W e ha v e de�ned the fair curv e as the curv e reco v ered b y only t w o

principal comp onen ts. Figure 7 b elo w displa ys the actual and fair curv e, as

w ell as the residual (Equation 2.13), as of July 11, 2003.
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Figure 7: F air curv e and residuals for 14-no de PCA.

In the upp er plot in Figure 7, b oth the actual and fair sw ap curv e are plotted.

W e see that the fair curv e closely follo ws the actual curv e. In the lo w er plot

w e ha v e the residual, and w e see that the 2-y ear sw ap rate is higher than

the fair lev el. In termediate tenors suc h as the 3-7 y ear are b elo w, while the
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long end of the curv e are higher than fair.

According to this analysis, it w ould b e b ene�cial to en ter a butter
y

where w e receiv e �xed and pa y the 
oating rate in the 2-y ear and 10-y ear

sw ap, while pa ying �xed and receiv e 
oat in the 5-y ear sw ap. What w e

exp ect is that the 2-y ear and 10-y ear sw ap rate will decrease to its fair lev el.

W e w ould then receiv e the high �xed rate, and pa y 
oating on declining

rates. W e also exp ect the 5-y ear rate to pic k up from its relativ ely lo w lev el,

gradually increase our receiv ed 
oating rate pa ymen ts.

W e earlier plotted the third factor co ordinate for the same butter
y and

that result is also related to Figure 7. A historically high observ ation of

the third factor translates in to a larger gap b et w een the actual and fair

sw ap curv e or in other w ords, a larger residual for those tenors included in

the sw ap butter
y . An extremely high lev el of factor three co ordinate for

a sp eci�c da y and butter
y indicates that it ough t to b e adv an tageous to

pa y �xed and receiv e 
oat the middle tenor, and receiv e �xed and pa y 
oat

on the wings of the butter
y . An abnormally lo w third factor co ordinate

indicate that it is adv an tageous to receiv e �xed and pa y 
oat in the middle

tenor, while pa ying �xed and receiv e 
oat on the wings of the butter
y .

3.5 PCA w eigh ting sc heme

No w when w e ha v e t w o metho ds of �nding v alues on the sw ap curv e, compar-

ing the actual to the fair sw ap curv e, and trac k the third factor co ordinate

for v arious butter
y structures, w e need to calculate appropriate w eigh ts

for the butter
y . As sho wn in Chapter 2, w e solv e the system of Equations

2.18 and 2.19 to get the w eigh ts suc h that the butter
y sta y hedged against

c hanges in the �rst and second factor co ordinates. The imp ortan t thing is

to use factor loadings deriv ed from PCA on three no des. F actor loadings

deriv ed from PCA on an en tire curv e suc h as in the fair curv e calculation,

will b e sligh tly di�eren t from PCA on three no des. This is due to the fact

that PCA on a larger set of data consider the dynamics of more v ariables

(no des), and that will b e re
ected in factor loadings as w ell.

T able 6 b elo w sho ws the results for calculating risk-w eigh ts, spread andZ -score for the 2-5-10 butter
y . The underlying co v ariance matrix is calcu-

lated on daily sw ap rates from Jan 1, 1995 to July 11, 2003.

2-y ear 5-y ear 10-y ear Spread Z -score

Risk w eigh t 31 :95% 100% 75 :21% 67 :83 2 :63
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T able 6: Risk-w eigh ts, Spread and Z -score for the 2-5-10 butter
y .

In T able 6 w e see that in order for the butter
y to sta y hedged for co ordinate

c hanges in factor one and t w o, w e need to ha v e appro ximately 32% of the

middle delta-risk in v ested in to the 2-y ear sw ap, and 75 :21% of the risk in

the 10-y ear sw ap. W e also see that the curren t spread is equal to 67 :83, and

if w e put this spread in relation to historical spreads for the same butter
y

and w eigh ting sc heme, w e get a Z -score equal to 2.63. Before w e mak e an y

conclusions based on the Z -score, w e ha v e to c hec k that the spreads are

normal distributed. One w a y of doing this is to plot quan tiles of a normal

distribution against quan tiles of the sample of spreads St , as is done in

Figure 8 b elo w. If the distribution of S is normal, then this plot should b e

linear.
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Figure 8: Normal quan tile-quan tile plot for 2-5-10 butter
y spreads.

In Figure 8 w e see that spread observ ations are close to linear, and w e

conclude that our Z -score of 2.63 is a relativ ely rare observ ation.

3.6 T rac king the butter
y strategy

Assume that w e en tered in to the sw ap butter
y consisting of going long the

2-y ear and 10-y ear sw aps, and short the 5-y ear sw ap on July 11, 2003. F ur-

ther, assume that the comp onen ts of the butter
y are w eigh ted according
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to the results in Section 3.5. As w e describ ed in Chapter 2, there are sev-

eral w a ys to trac k the p erformance of the butter
y after the trade is done.

W a ys to trac k the butter
y is b y measuring the butter
y spread, its Z -score

and the third factor co ordinate on eac h da y follo wing the trade date of the

butter
y . The most imp ortan t ho w ev er is to trac k the unrealized pro�t/loss

of the strategy . In Figure 9 b elo w, w e ha v e trac k ed the Z -score, butter
y

spread and third factor co ordinate, b efore and after the trade date. The

break b et w een the t w o p erio ds is sho wn as a solid v ertical line, dividing the

plots in to t w o sections.
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Figure 9: Z -score, spread and third factor co ordinate.

In Figure 9 w e see that all three trac king to ols agree quite w ell.
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Figure 10 b elo w depicts the appro ximate pro�t/loss according to Equa-

tion 2.20, if w e assume a $100 million notional for the middle p osition.

Another assumption w e ha v e done is that the delta-v ector sta ys constan t

after the trade date. This assumption is not unreasonable since sw ap deltas

seem to b e relativ ely stable o v er time.
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Figure 10: T otal pro�t/loss after trade date.

If w e compare Figures 9 and 10, w e see that the pro�t/loss in Figure 10 is

roughly the in v erse of an y of the curv es in Figure 9 (after trade date). The

pro�t increases after the trade date and reac hes lo cal maxim um 35, 37, 114

and 207 da ys after trade date. P ossible lev els to lo c k in the pro�t are in the

range of $(600 � 800) thousand.
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Chapter 4

Conclusion

W e ha v e sho wn that principal comp onen t analysis can b e used as a to ol for

�nding relativ e v alue on the sw ap curv e, but also as a to ol for w eigh ting but-

ter
y strategies. The ma jor b ene�t of PCA is the reduction in the n um b er

of factors that explain v ariation of the original time series data. The con-

sideration of factors suc h as lev el, slop e, and curv ature enables the trader to

hedge against c hosen factors and sta y exp osed to others. The metho dology

of re-creating the sw ap curv e using t w o factors enables the trader to explore

for what tenors the third and higher factors ha v e signi�cance, and decide if

the residual is something that can b e traded or not.

PCA w orks on the premise that the relationship that held in the past

will also b e presen t in the future. There is no guaran tee that the co v ari-

ance matrix for a set of sw ap rates will sta y the same. Empirical analysis

also sho w that co v ariance matrices di�er signi�can tly dep ending on the c ho-

sen time windo w to calculate the underlying co v ariance matrix. Principal

comp onen ts, third factor co ordinates, and \fair" curv es, as w ell as butter
y

w eigh ts, are therefore highly dep enden t on the time windo w that is used.

Some analysts argue that the longer time p erio d that is used preceding

the trade, the b etter. Then the analysis will capture man y di�eren t in terest

rate en vironmen ts but migh t not b e applicable to the regime the trader

faces at the momen t. Others sa y that one should try to iden tify the curren t

in terest rate regime, and base the analysis from that time p erio d only . I

b eliev e further empirical analysis ma y bring some clarit y to this question.
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