IMPORTANT DEFINITIONS, THEOREMS AND EXAMPLES,
AND DIFFICULT PROOFS, IN WEAK CONVERGENCE

After ‘Billingsley (1999): Convergence of Probability Measures’

GRADUATE COURSE IN WEAK CONVERGENCE, SPRING 2002

e (S,d), S’ S” metric spaces with Borel sets &, &', &"; S,.(z) = {yeS : d(z,y)<r},
Srlz]={yeS:d(z,y)<r} and A, ={yeS:d(y,A)<r} for r>0, zeS, ACS;

e Cp(S) = {bounded and continuous f:S—R}; || fllcy(s) = suPges |f(2);

e BL(S) = {bounded and Lipschitz uniformly continuous f:S—R}; ||f|lsLcs) =

1fllcs () +sup{lf(z)—f(¥)l/d(z,y) : Soz#y€S} (cf. MT 20);
o Pf= [, fdP for PeP(S)={P probability measure on S} and feCg(S);

* (T, 0) compact metric; C(T) = {continuous f:T—=R}; [[flle(r= supyer!|f();
o C(T)dz—mpy. 4,0 =(x(t1),. .., 2(tk)) eRF; R >z —m;, i, 2= (T4, .-, 7i,) ERF;

e D ={cadlag f:[0,1]—= F} (continu & droite limites 4 gauche);

e B separable real Banach space, dual B* and bidual B** (cf. MT 19, 34).

1. Measures on Metric Spaces.

Theorem 1.1. P € P(S) is regular, i.e., P(A) = infopen goa P(G) = SUDgoged
rcaP(F) for AcS. (Cf. MT 14.)

Theorem 1.2. P,QeP(S) agree if Pf=Qf for feBL(S).

Theorem 1.3. For S separable and complete P€P(S) is tight, i.e., SUD¢ompact
KCS P(K) =1.

Definition. m-system IIC S closed under finite intersection. DC& Dynkin system
if SeD, B\AeD if D>SACBeD, and {J;o, A;€D if {4;}2,CD increasing.

Lemma. (DYNKIN) If w-system I1CD Dynkin system, then o(I1)CD.

Definition. Ap C S separating for PeP(S) if Qe P(S) agrees with P if Q(-)
=P(-) on Ap. ACG separating if P,Q€P(S) agreeif P(-)=Q(-) on A.

Proposition. w-system I with o(I1)=6& is separating.

Example 1.1. PcP(R*) is tight, with {(—o0,y]: y€RF}, {(~oc0,y) : y € RF},
{(y,00) : yeRk} and {[y,0):y€RF} separating.

Example 1.2. (R*, ZSOIM) is separable and complete, P€P(R>) tight,
and finite dimensional sets R}® = {ﬂleﬂ';il<Hi), H; open, n;,k €N} separating.
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Example 1.3. C =C|0,1] is separable and complete, P € P(C) tight, and finite
dimensional sets Cy = {W;l(HZ) : H; open, t;€[0,1], k€N} separating, cf. MT 1.

2. Properties of Weak Convergence.

Definition. P(S)> P,=PecP(S) if P,f—Pf for feCg(S).

Definition. Give P(S) weak topology generated by P(S)>P—PfeR, feCg(S5).
Proposition. P,—P in P(S) iff. P,=P in P(S)! (Cf. MT 8.)

Example 2.1. §, =0, in P(S) iff. z,—sz.

Definition. A€ & P-continuity set of PeP(S) if P(0A)=0.

Theorem 2.1. (PORTMANTEAU) (Cf. MT 10.) Equivalent are
(i) P,=P in P(S);

(ii) P.f—Pf for feBL(S);

(iii) limsup,, P,F <PF for closed FCS;

(iv) liminf, P,G> PG for open GCS;

(v) lim,, P,A=PA for P-continuity A€S.

Theorem 2.2. For PeP(S), if Ap m-system with opens in S countable unions
of sets in Ap, then P,=P in P(S) if P,(A)—P(A) for AcAp.

Theorem 2.3. For S separable, P, = P in P(S) if P,(A)— P(A) for A in
mw-system Ap such that {A€ Ap:x€lnt(A), ACS.(z)} #0 for x€S and £>0.

Definition. AC& convergence determining if, for any PeP(S), P,(A)— P(A)
for P-continuity A€ A implies P,=P in P(S). (Cf. MT 13.)

Theorem 2.4. If S separable, 7-system A is convergence determining if {P-conti-

nuity A€ A:xe€lnt(A), ACSc(x)} #0 for PeP(S), z€S, e>0. (Cf. MT 15.)
Example. Finite intersections of open balls convergence determining if S separable.
Example 2.4. R} is convergence determining for P(R>).

Example 2.5. C; is not convergence determining for P(C).

Theorem 2.6. P,,= P in P(S) iff. subsequences have subsequences =P in P(S).
Proposition. D, = {z €S : h not continuous at v} € & for h:S—S'.

Theorem 2.7. (MAPPING THEOREM) For h:S— S’ measurable with P(Dy)=0,
P,h=t=Ph' in P(S") if P,=P in P(9).

Example 2.6. P,=P in P(R®) iff. P,r,'=Pnr," in P(R*) for keN.
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in P(RF) for keN.

k

Example 2.7. P,=P in P(C) anWt_l,l...,tkiPW;,l...,t

Theorem 2.8 (MT 12). For S’ S" separable, P,,= P in P(S'xS") iff. P,(A'x
A" = P(A'XA") for P(-xS")-continuity A'€ &' and P(S'x-)-continuity A" € G".

Corollary. For S',S" separable, P} x P! = P'xP" in P(S'xS") iff. P,= P
in P(S") and P!=P" in P(S").

3. Convergence in Distribution.

Definition. X, = X for S-valued r.v.’s if PX_,1=PX~! in P(9).

Definition. A€ S X-continuity set of S-valued r.v. X if P{X€0A} = 0.

Proposition. (PORTMANTEAU) For S-valued r.v. X,,, X, equivalent are

(i) Xp=X in S;

(i) E{f(Xn)} = E{f(X)} for feBL(S);

(iii) limsup,, P{X, € F} <P{X € F} for closed FCS;

(iv) liminf, P{X,, €G} > P{X €G} for open GCS;

(v) lim, P{X,, € A} = P{X €A} for X-continuity sets A.

Definition. X,,—»p X in S if P{d(X,X,)>e} — 0 for ¢>0.

Proposition. X, »p X in S iff. d(X,X,)=0 in P(R). X, »pzx in S iff
Xn=z in P(S) for (non-random) z€S. (Cf. MT 9.)

Theorem 3.1. Y,= X in P(S) if X,= X in P(S) and d(X,,Y,)=0 in P(R).

Definition. P € P(S) has density f:S —R wrt. measure g on S if P(A) =
fAfd,u for AeG.

Theorem. (SCHEFFE) If f,f,:S—R are densities wrt. measure pu on S with
fn—=f ae (1), then [¢|fn—fldp— 0. (Cf. MT 3-5.)

Corollary. If P,,P€P(S) have densities f, f, wrt. measure p on (S,S), and
fa—f a.e. (u), then P,=P in P(S).

Theorem 3.4. If X,,=X in P(R), then E{|X|} < liminf, E{|X,|}.

Definition. R.v.’s X,, uniformly integrable if lim,4., sup,, len|>m | Xn|dP =0.

Theorems 3.5-3.6 (MT 2). For {X,}:, CLY(2) with X,,= X in P(R), E{|
Xn|} 2 E{|X|} <00 iff. {Xn}5L, are uniformly integrable. Then E{X,} —>E{X}.
5. Prohorov’s Theorem.

Definition. IICP(S) relatively compact if each sequence in II has subsequence
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that converges in P(S). (Cf. MT 27.)

Proposition (MT 28). P,=P in P(S) if {Pn}52, is relatively compact and
P,(A)— P(A) for Ac A, where ACGS contains a separating class of continuity
sets for each Q€ P(S).

Example 5.1. Let {P,}22; CP(C) be relatively compact. Then P,= P in P(C)
if Py, 1tk: (B)— Py, ltk (B) for B a finite intersection of Pmr; }.._,tk—continuity

balls in R¥. Hence P,= P if in,;}_“,tkipwt_l’lm’t in P(R*) for keN.

k

Definition. IICP(S) tight if sup{inf{P(K):PecIl}: SDK compact} = 1.

Theorem 5.1-5.2. (ProHOROV) IICP(S) tight = II relatively compact. For S
separable and complete, IICP(S) relatively compact = 11 tight.

Definition. M(7) = {signed finite Borel measures on 7} with w*-topology [i.e.,
{veM(T) : lvf—uf|<e}, fEC(T), e>0, subbasic open], MT(T) = {pe M(T) :

p non-negative} and M (T) = {pe MH(T) : u(T) <1},
Lemma. M (T) is sequentially compact.

Math Proof. By Riesz Representation Theorem, C(7)* = M(T) (MT 18) with
il amery = (wt+p~)(T). By Alaoglus’s Theorem, unit ball (0)7 in M(T) is w*-
compact, and so is w*-closed subset M7 (7). w*-topology on (0)% is metrizable iff.
B=C(T) is separable (MT 22), which it is (MT 24)! Since M7 (7) metrizable

and compact, it is sequentially compact. [J

Direct Proof. Take {u;} C M{(T) and dense F = {f;}32; in C(T) (MT 24).
Since {unf1}52, is bounded, there is convergent subsequence {,1,79) fi1}92 . Since
{/1,5,,1) f2}52, is bounded, there is convergent subsequence { ,ug) f2}o2 . Continue li-
ke that ... . Diagonalize so Lf; = lim,, ,ugn) fi = lim,, ,;,ﬁf ) f; exists for 1€N.
Extend L from F to C(T): For g € C(T), take F > g; —¢(7) 9- Then
{Lg;}2, is Cauchy, since |Lg;—Lg;| < lim, ,ug\/j)\gi—gﬂ < llgi—gjllc¢ry, so Lg

=lim; Lg; exists, and is independent of particular sequence F 3 g; —¢(1)g, since

|Lgi—Lg| = lim; |L(gi—g;)| < [|gi—9gllc(r) + limsup; lg—gille(r) = 19i—9lle(T)
for any sequence F 3 §; —¢(7)g- Insame fashion, L is linear, continuous, and (triv-
ially) positive [i.e., Lg > 0 for non-negative g € C(7)], so Riesz Representation
Theorem gives Lg=pg, some p€ M (T), which is in M (T) (take g=1).

To show pi™ —su» 1, pick g€eC(T) and F>g;—¢(yg- Since (u,g")—u)gi—)O,

(n) _

lim, [ g — pg| < limsup, (| (™ — ) (g—g:)| + | —p)gi|) < 2llg—gille¢ry- O
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Proof of in Theorem. Take {P;}2, CII, and compacts K; C Ky C...C
S with sup{Pi(K¢) : i € N} < L. By Lemma, restriction {P;|K1}2; has w*-
convegent subsequence {Pi(1)|K1}f§1. By Lemma, {Pi(l)\Kz}fil has w*-convegent
subsequence {Pi(z)\Kz};?il. Continue like that ... .

Since P®(-nKy) = lim; PM(-NK}) increases with k, P = lim, P®) (-NKy)
exists. Here P is finitely additive, by additivity of P(k)(-ﬂK k). Further, for €>0,

k
SUPcompact KCA P(K) > SUP¢ompact KCA f)z( )(KﬂKk) —€
= Pi(k)(AﬂKk) —e—> P(A)—e as i—oo and k— o0.

So P(A) = SUD¢ompact kca P(K), i-e., tightness. Tight finitely additive probability
setfunctions are additive (MT 17). And Pi(i) =P in P(S), since for closed FFCS

P(F) > lim; P™(FNK,) = lim; P (FNK,) > limsup; PP (F) - 1. O
Corollary. If {P,}52, CP(S) is tight, and each convergent subsequence converges
to P in P(S), then P,=P in P(S).

B-valued Random Variables.

Definition. Mean E € B** of B-valuedr.v. X is B*>n— E(n) =E{n(X)} R
If mean E € B** liesin B (cf. MT 22), it is Pettis-mean of X.

Definition. B-valued r.v. X has Bochner mean E{X} = lim, [, X,dP € B if
{3k [ @ila,:w;€B, A; events in 2, keN} 3 X,, =, X with E{||X—X,]|[} 0.

Proposition (MT 34). B-valued r.v. X has Bochner mean iff. E{||X||} < oc.
If so X has same Pettis mean, and |E{X}|| <E{||X||}.

Definition. Covariance @ : B* — B** of B-valued r.v. X is B*3> 17— Q(n) =
Cov{n(X), (X)} €R.

Theorem. B-valued r.v. X has mean E € B** if E{|n(X)|}<oo for ne€ B*,
and covariance Q:B*— B** if E{(n(X))?}<oco for neB*.

Proof. B*3>n— L(n)=n(X)eL!(£2) islinear with {(n, L(n)):n€B*} closed, sin-
ce N —p+1 and L(ng)=nq(X) _>]L1(Q)Y give 7 (X)—=n(X), we, s0 14 (X)
—pn(X) and L' (£2)-limit ¥ must be n(X). By Closed Graph Theorem L is bo-
unded, so linear map E(n) =E{n(X)} has |E(n)| <E{[n(X)[} = [[L(n)lL:(e) <
IIL||||n|lB*, ie.,isin B** @ is similar (MT 35). O

Definition. B-valued r.v. X [P€P(B)] Gaussian if n(X) [Pn~'] Gaussian for neB*.

Corollary. Gaussian B-valued r.v. has well-define mean and covariance.
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Direct Proof. (Qn)(v) = Cov{n(X),v(X)} is linear in v. If vo—p+ 0, then v,(X)
— 0, w € £, so that Var{v,(X)} — 0 by nature of Gaussian r.v.’s. Hence
(Qn)(va)| < /Var{n(X)}/Var{ve(X)} — 0. E is similar. O

Definition. Process {X(t)}:er Gaussian if Zle a; X (t;) N-distributed, a; €R,
t; €T, k€N, and standard Wiener if zero-mean Gaussian with E{X(s) X (t)} =sAt.

Example. Pick continuous Gaussian process { X (t)}:c[o,1) with (continuous) mean
m(t)=E{X(t)} and covariance r(s,t) = Cov{X(s), X (¢t)}. Since X, (t) = X(|n
t|/n)+ (nt—|nt)) X ([nt]/n) —c X surely, for F € BV[0,1]=C*, FX, > FX
surely. Since FX,, is Gaussian, FX is, so X ~N¢(F, Q). (Conversly, a C-valued
Gaussian r.v. trivially corresponds to continuous Gaussian process.)
For F,Ge€BV[0,1], by Fubini, E(F)=E{FX}=E8{J, X dF}= ['mdF, and
(QF)(G) = Cov{FX,QX} = Cov{ [, X dF, [ X dG} = [} [ r(s,t) dF (s)dG(t).
Since E(F)=F(m)=m(F), mean is Pettis. For standard Wiener process W
Iy forw dFdG = [Jt(f} dF(s))dG (t) + [, s(f) dG(t))dF(s)
= [Jt(F(1)—F(t))dG(t) + fO ))dF(s)
= [-t(F(1 )—F(t))( (1)-G(®)], +fo (£)(G(1)-G(2)) dt.

Characteristic Functions (chf.).

Definition. Chf. of B-valued r.v. X is B*3 ¢x(n) = E{e"X)} € C.
Proposition. Chf. of B-valued r.v. X isw*-continuous and non-negative definite.
Proof. For {ng}aca C B* with 0y —u« 0, 1a(X) = n(X) surely, so n4(X) =
n(X) in P(R) and ¢x(Ma) = ¢y, (x)(1) = by(x)(1) = éx(n). Further,

Sk em1 kT2 bx (Me—ne) = B{Y} iy aptge OO = B{|3y Page™ )21 O
Proposition. Distributions of B-valued r.v.’s agree iff. their chf. do.

Proof. PX~1=PY~! on Dynkin System containing m-system II = {ﬂle{a;
€EB:|ni(z—y)| <ei},meB*,y;€B,e; >0, ke N}, since E{eiZLl‘”W(X)} =
E{eiZLl“‘fW(Y)}. For z€ B, there is 1, €(0)7 with n,(z)=||z|| (MT 33), so for
countable w*-dense D* C(0)} (that is w*-compact metric, by MT 22)

(%) {veB:lz—yl<r}=Nyep-{yeB: In(z-y)|<r},

so o(II) hosts B-balls. Here definition of ||-||* gives C, while D is from D* in-

cludes items arbitrarily w*-close to 7;_,. [Notice (x) means (0)] separates points

in B, since n(z)=n(Z) for n€(0)] = {y: [lz—yl|<r} ={y: [|#—yl[<r}, r>0]. O
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Corollary. X, = X in P(B), some X, iff. {PX;'} is relatively compact and
ox, —¢ on B*, some ¢. Then ¢x=4¢.
Example. Distribution of B-valued Gaussian X given by F,Q, since ¢x(n) =

eiB1=3(@n™)  and given by marginal distributions of Gaussian process {n(X)},ecn~

To E € B** and symmetric non-negative () :B*— B**, there is Gaussian process

{z(n)}nep- with E{z(n)}=E(n) and Cov{z(n),z(v)} = (@n)(v). If Q is co-
variance of B-valued Gaussian r.v. X, n(X)=4z(n) for ne B* (MT 36).

Example. For &;,&,... iid. standardized r.v.’s, the C-valued r.v.’s X, (t) =
n—l/Q(ZJL’:lJ &+ (nt— [ntJ)frnﬂ) satisfy ¢x, (F) = ¢w(n) for continuous F €
BV[0,1], since elementary chf. ¢¢, () is 1—3t2(14+0(1)), so that

x,(F) = B{e X047} = Blexp [iXa(t) (F(1) = F(D)]5 + i fy X,(t) (F(1) ~F(1)) d]}
= BE{exp[0+ )5 1f(1;c/n1)/n\/_§k (F(1)—F(t))dt] }
~ [k=1 [1 (ff(’}l/nl)/n (H—-F(t )dt)ﬁ
= exp{3__, In[l - (f(’;c/nn/n (F(1)—F(t))d ) I}
~exp{—13"_ [ ('Z/"l)/n(F(l)— ()% dt} = w (F).
Chf. for infinite dimensional r.v.’s are chiefly used to show unicity, since tightness

issue is difficult. We give flavour of theory by listing few results from the literature.

Hilbert-Schmidt topology on real separable Hilbert space H is weak topology

generated by the Hilbert-Schmidt operators [i.e., all linear functions L:H — H

with Y27, ||Lek||? < oo for some ortonormal basis {ex}3>,; CH].

Theorem. (SAzoONOV) Let H be a real separable Hilbert space. A function ¢:H
— C 1is chf. for some H-valued r.v. iff. it is continuous in the Hilbert-Schmidt

topology, with ¢(0)=1, and non-negative definite.

For converse, notice linear L:H — H is continuous iff. bilinear form H x H >

(z,y) = L(z,y)=(Lz,Ly) € R is.

Theorem. (MOUCHTARI) If there exists weak topology on B* generated by class
of bilinear forms B*xB* > (z,y) = L(z,y) € R, such that ¢:B*—C is chf. iff. it

is non-negative definite, with ¢(0)=1, and continuous, then B is Hilbert space.

Complete linear metric space ¢ over R countably Hilbert if metric is Y -,

27k(1Al||lx) for Hilbertian norms {||-||x}%2, with |-||g-Cauchy ||-||,-convergent
sequences ||-||x-convergent for k,¢ € N. Countably Hilbert space & nuclear if

Yoo il <oo iE Y07 |ne(z)| <oo for z€®, whenever {n,}5>, CP*.
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Countably Hilbert spaces are much more general than Hilbertian ones. Nuclear
spaces are very special, but include e.g., the Schwarz spaces D and S.

A r.v. X with values in a topological vector space (TVS) E, with dual E*
= {continuous linear n: E—R}, has chf. E*>n— ¢x(n) =E{e(X)},

Theorem. (BouLicAUT) Let E be a separable metrizable HLCTVS (Hausdorff
locally convex TVS). We have, for any individually tight P,, P € P(E) with chf.
¢n, ¢, that ¢n(n)—¢(n) for n€ E* implies P, =P in P(FE), iff. E is nuclear.

6. Miscellany [METRICS FOR WEAK CONVERGENCE (CF. MT 30)].

Theorem. For S separable, P(S) is metrized by dual bounded Lipschitz norm
|P||5, = sup{Pf: feBL(S), || flls. <1}. (Cf. MT 21.)

Proof. We show ||P,—P|gL~—0 iff. Pyf—Pf for feBL(S). is trivial, sin-

ce |Pyf—Pf| < | fllBL|Pa—P|5L- For [<=], pick >0, dense {z;};2,CS, and P-

continuity Sy, (z;), ri €[5, §], so Bi= Sy, (a:i)\(U;-;llSrj (z;)) partition S. Since |f(

z) = f(@:)| <5l fllBL, € B;, and [f|<||fllBL, for fEBL(S), Scheffé gives

|Paf=Pf| = |3i(Jp,(f = F (@) dPa+ f () (Pa(Bi) = P(By)) + [5.(f(z:)— ) dP)]
< (e+ 221 |Pa(Bo) = P(B) I fller — el fllpr. O

Theorem 6.8. For S separable, P(S) is separable and metrized by Prohorov met-
ric p(P,Q)=inf{e>0: P(F)<Q(F.)+¢e for closed FCS}.

Proof. p(P,P)=0. If p(P,Q)=0, P(F)<Q(F), closed F, since Q(F.)!Q(F), so
P(G)=1-P(G°)>1-Q(G°)=Q(G), open G, ie., P=(Q by regularity. If P(F)
< Q(F;)+e, closed F, P(F,;) =1—limg . P((Fz)¢) > 1—limg) . Q(((F2)€)e) —€ >
Q(F)—e since FC(((Fe)°e)¢ (see MT 11) so symmetry. P(F) < R(F:)+€<Q
((Fe)e)+é+é < Q(Fepe)+é+é (MT 11) if p(P, R) <£, p(R, Q) <&, so A-inequailty.

If P,—,P, then, given ¢>0, P,(F)<P(F,)+¢e for closed F€S, for n large
enough, so that limsup, P,(F)<P(F), i.e.,, P,=P in P(9).

Let P, = P in P(S), so that P, — < P. Given &> 0, for closed F C S,
fr=(-d(-,F)/e))" € BL(S) with ||fr|s.<1+1/e and 1 < fr <1p . Hence
P(F) < Pfr < Pofr+||P=PuollgLllfrllee < Pu(Fe) +e  for [|[P—Pollsy <37

Let {Ar}2,; C G partition S with d(Ak)S%, and ap € Ag. Put N, = {372,
r40a, EP(S) : T €Q}. For PeP(S), pick Q= Y, ,7k0a, € Np with Yp_ [P
Ar)—ri| <45, where P{Ug>sAr} <. Then p(P,Q)<1L, sincefor FCS closed,

P(F) < Zkge:FnAk;é@P(Ak) + % < Zkgﬁ:FnAk;é(z)rk"‘% < Q(Fl/n) + % O
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Theorem 6.8. (P(S),p) and (P(S),| - ||51,) are separable complete for S such.
BL

Proof. By inspection of above proof, ||-||§-Cauchy is p-Cauchy, so is enough do lat-
ter. For such, is enough show tight, by Prohorov (cf. M'T 42). By familiar arguing,
this follows if, given €, >0, Pn(ngl,SQ;[xi]) >1—¢, neN, some {fﬁz}zﬂ CS. But
p(Pg, Pp) <(eNd)/2, k,n>ng, and Pn(nglsg/g[.’Bi]) >1—¢€/2, n<ng, give P,(
U, Ss[7i]) = Pu (W21 Ss2l@il)sj2) = Prg (Ul2y Ss alai]) —e/2> 1—¢, n>ng. O

7. Weak Convergence in P(C(T)).

Theorem 7.3. IICP(C(T)) is relatively compact iff. the following two holds
(i) {Px;': P€lIl} is tight for t€T; and
(ii) To each €>0 there exist 6>0 and finite I'CII such that

P({zeC(T): sup{|z(s)—z(t)|:5,t€T, o(s,t) <} >e}) <e  for PeII\I.

Proof. Since S=C(T) separable (MT 24) and complete, Prohorov shows IT
tight, so for € >0, inf{ P(K): P€lIl} > 1—, some compact K CS. By Ascoli, K C
{2 €8 sup; 17, os,0)<s [T(t)—z(s)|<e}, some >0, which gives (ii), with I'=0.
By Ascoli, for te7T, K C{zeS: |z(t)| <M}, some M >0, so (i) follows from
inf{ Pr, '([-M, M]): PeNl} = inf{P({z€S : [z(t)|<M}): PEN} > 1—¢.
By Prohorov’s Theorem, it suffices show II tight. Since I' tight, proof of =
gives (ii) for I", so may put I'=0 in (ii). Take 0; >0 with P({z€S: sup{|z(s)—
o(t)]:s,t€T, o(s,t) <ok} >1}) < 27%e for Pell. Let TC ({t1,...,tm})s (T
totally bounded), where by (i), P({z €S : |z(t;)| > M}) < 5=,
Ascoli, the following set K =clos(K) is compact, with P(K¢)<e for Pe€ll,

K= ﬂ;’;l{xES: lz(t;)| SM}ﬂﬂzozl{wES: SUDs 4T, o(s,t) <% lz(s)—x(t)| < %} O

some M >0. By

Corollary (MT 33). For T connected, (i) in Theorem 7.3 may be replaced with
(i') {Px;':Pell} is tight for some teT.

Corollary (MT 33). (ii) in Theorem 7.3 may be replaced with

(i) To each >0 there exist >0 and finite I'CII such that

P({zeC(T): sup{|z(s)—=(t)|: s€T, o(s,t) <} >e}) <e for Pell\I, teT.
Corollary (MT 33). P,=P in P(C(T)), some P, iff. the following two hold

(i) Pur;l. . = in P(R¥) for t;€T, k€N (where the limit must be Pr >, );
(ii) To each €>0 there exist § >0 and no €N such that

P,({zeC(T): sup{|z(s)—z(t)|: SET, o(s,t) <6} >e}) <e for n>ng, teT.

9



Criterion. (Cf. MT 38) C-valued r.v.’s {X,}5L, relatively compact if limps_, o0
sup,, P{| X, (f)|>M}=0, some t€[0,1], and for some constants C,B,v, x>0

sup,, P{| Xy (s) = Xn(t)| >a} < Clt—s|"""a’  for s,t€[0,1], z€(0,z0).
Proof. (i') from first condition, and (ii) from second, since picking a€(0,v/f3),
P{Supse[t—é,t—i—é] | Xn(s)—Xn(t)] >5}
< P{UZ Usy cp- sl Xl 4) = Xa(0)]> (1= e )e})
< P{Uzeros ol Xn(t+35) = Xa ()| > (1—52)e} }
o0
+ 2 P{U e e sl Xl gife)— Xal0) > (1 gerdem)e),
N es.5l Xn(t+38) = Xn(t)| < (1 g2x)e}
Jr €[-6,0]

+z S P{Xn(t4+2E) —Xa(t) = | Xn(t+ 55D~ Xa ()] > (1- )55}
=1 7 €[-6,9]

< S 2k 2 (k+1)(1+7)/((1_2%)2%k)ﬂ <e for 6>0 small enough. O

8. Wiener Measure and Donsker’s Theorem.

Theorems 8.1-8.2 (MT 37). (DONSKER) For iid. standardized r.v.’s £1,&a,. ..,
{Xa(®}eeon = {n 72 (52 &+ (nt = [t])€rn) by = W in P(C).

Proof. For [E EEL)5 (t—§)V0< (t+6)AL€[£L, £), by Doob-Kolmogorov Inequality

P{sup,c(i_s,16) | Xn(t) = Xn(s)| >e} < 2P{sup;eqs, . o [ Xn(2)—Xn(2)|> 3¢}

= 2P{SUPie{1,...,e—k} ‘Zfi—]::+1£j‘ > %5\/5}

< 2B{(X55216)%}/ (3evin)® = 8(=k)/(€%n)

< 8((n(t+6)+1) — (n(t—06)—1))/(e’n) <&
for n>mng, 0 <dp, giving (ii’). (i') is trivial (¢=0). So relatively compact. By
example, convergent subsequences go to Gaussian with covariance min{s,¢}. (We

found limit chf. for continuous F €BV][0,1]. Such F' are enough by MT 26.) O

12. Geometry of D.

Definition. e A = {increasing bijective A:[0,1]—[0,1]};
o A3 A= | A4 = 5Dy refo,, s | 10 2 €10, 00);
e DxD > (z,y) = di(z,y) = inf{||A||aV]|z—yoA||c: AeA} € [0, c0).

Theorem 12.2. Skorokhod Jy-space (D,d1) complete separable metric space.

Proof. A\=1 gives di(z,y)<oo and dy(z,x)=0. di(z,y)#0 for z(1)#y(1), sin-

ce M(1)=1. |z(t)—y(t)|>0, i<1, gives |z(t)— y(t)\z te(t, t+0], some €,5>0,
10



s0 [lz—yoAlle >, or [|A=I[lc>6 so sup |AG=2E1|> sup [28=L|> 4, ie., A4
> |In(1£6)|, so di(z,y)>0. If |[A|4<E, ||z—z0|lc <& and ||A]|4<E, ||ly—zo||c
<&, then ||z—yoXoA ¢ < |lz— z05\||c+||z05\—y05\05\_1||c§é—i—é, [AoA=1|4 <
/\05\ L(t)—XoA~ A7) =A"1
O~ X- 1() t—s
o 1 e;1 izt i )—i-enl{l} e1,...,en€Q, neN} dense in D, so separable.

sup |In (s)|+sup\ln ()| < g+&. So dy metric.

Enough show Cauchy {yn}s21 €D with di(yn,ym) <2~™, m >n, converges
(MT 42). Taking A\, €A with ||A,|[4<27™ and ||yp—Yn+10An]lc <27™, we have
A —=I|lc <C27", somce C>0. Putting p =Agyno...0\,, this give, for k </,

‘- - _
g —pll < Zi:l}:”A’H'l'i'"O' - OA = Ai4n0. . 0N, || = Zf:li”)‘i-l-lﬂl_ln < (2 (k+n)7
SO ,u,(c") —¢ An. Here A, €A, since A\, (0)=0, An(1)=1, and strictly increasing

S n n 1t 1
[ In 228=206) | — fim | In MR 2EC) | = | In 20=2(6) 4 57b7 01y K G|

< ||/\n||A+Zj:o||)\n+j+1||A <27
Since Ay =MAnt1An, SO )\nil)\ =\,, we get ||yn05\;1—y||c —0, some y, since
koA =y oAt < b a0 At —yi0 A7 = 5 llyse0h —y;ll < 247,
k>n. Here yeD, s0 y,—py, since |A;t[a=Anlla<2 ™ —0. O
Definition. For z:[0,1]—R,
® w;(5) = sup, sepo,1], |s—t|<s [(s) —T()[;
o wy(0) =infomtoc. <tp=1,t;—t; 1>5 SUDg te[ti_1,ts) [z(s)—z(t)];
o w;(0) =suPg<,<s<i<t,t—r<s [T(8) =2 (r)|Alz(t) —z(s);
® Jo =SuPic(o,n [ (t7)—z(t)],

Lemma 12.1 (MT 40). For z:[0,1]—>R,

o w,(5/2) < wa(8) < 200, (6)+ju

o w(0)V|z(6)—x(0)|V]z(1-0)—z(1-0)| < w,(26);

o ul(8) < 24(w(6) v [a(d)~a(0)] V [2(1-0)—a (1))
e zeD iff. limsowl,(5) = 0;

e x<€D is measurable;

® SUp;cpo 1) |Z(t)| <o for x€D;

#{te(0,1]: |z(t7)—=(t)|>d} <oo for x€D.

Proof. Everything easy, except third inequality, which has long boring proof. [

Theorem 12.3. ACD is relatively compact iff. following two hold
(1) supge 4 [lzfle < oo;

(ii) limgsyosup,e 4 wi(0) =0.
11



Proof. Since D separable complete, enough show A totally bounded. Take
e-net eq,...,e, for {z(t):x€A, te(0,1]}. Let sup,c, w,(30) <e, some §>0,
otm—

and |1nTl\ <e¢ some Nem>4§"1. For z€ A, ||[x—yol|c<e, some y €

500, € lpizt iy +€jy,y, {1y s 1<Ji <n}, some pice-wise linear A€ (0)4. O
Theorem 12.4. AC D= DI0,1] is relatively compact iff. following four hold

(1) supzea [[zlle <oo;

(ii) limgsyosup,eq wy (6) =0;

(iii) liminfsyosup,e 4 [2(8) —2(0)|=0 (limg o sup,e 4 |2(6) —2(0)] =0);

(iv) liminfsyosup,e 4 [2(1-0)—z(1-0)| =0 (limsyo sup,e 4 |2(1-0)—2z(1-6)[=0).
Proof. Theorem 12.3, previous lemma, and monotonicity of w/(-) and w/(-). O

Theorem 12.5. 7, . ; measurable. Ty, ™ continuous. For t€(0,1), m, contin-

k

wous at = iff. x continuous at t. For T>1 densein [0,1], c({n;'H:teT, HCR
Borel}) = o(J1) and {7rt_1,1_”7tkH1><. . XHy :t;€T, H;CR Borel, keN} separating.

Proof. Continuity easy. D>z — h.(z) =1 t+e

==/, T €R continuous, since di(zy,)

—0 =2, >z ae., so my=lim, he and m, s measurable. Vyomy o= 0
w(t) L,y 4yt 2(tn)lgs,y —a, © as t;—t;_1—0 (as for separability), so I a({7rt_1

H :teT, HCR Borel})-measurable, since 7y, ¢, is, and V, continuous. O

n

13. Weak Convergence in P(D).

Proposition. Tp = {t€[0,1] : P(m; continuous at ¢)=1} 20,1 and #TpH<Rg
for PeP(D). teTpn(0,1) iff. {x€D:z(t—0)#x(t)} P-null.

Proof. Last statement by 7; continuous at z iff. z isat t. 0,1€T by my, m con-
tinuous. #{t: P(ze€D:|z(t™)—=z(t)|> L) > =} < oo, so #{t: P(zxeD:|z(t")
—z(t)] > 1) > 0} <N, and same for #{t: P(z € D:|z(t")—z(t)|>0) > 0}, by
P(NreiUpew{zeD: |z(ty)—a(te)| > L}) =0 for infinite {tx}52,C[0,1]. O

Theorem 13.1. P,= P in P(D) some P, iff. {P,}%, tight and Pnﬂ-;,l---,tk:> in
P(RF), t; in some dense T>1 in [0,1], kEN. Then Pry' , <Py’ ., t;i€T.

Proof. Tightness necessary, by D separable complete. Given tightness, sufficient
show convergence on separating class, which {W,;ltk Hix...xHg:t;€T, H;CR

Borel, k €N} is. Convergence on T'=Tp necessary, by Mapping Theorem. [

Theorem 13.2. {P,}52, CP(D) tight iff. following two hold
(i) limap— oo limsup, P,(z€D: ||z|c>M) =0;
(ii) limsyolimsup, P, (z€D:w)(6)>e) =0 for e>0.

12



Proof. Let P,(z€D:w,(d;)> %) <27%¢ and P,(z€D:|zlc>M) <&,
neN, so K= {zeD:w,(0x) <s}N{zeD:|z|c <M} compact, by The-
orem 12.3, with P,(K)>1—e¢. Immediate from Theorem 12.3. [

Corollary. (i) in Theorem 13.2 may be replaced with either of
(") limpr—yoo limsup, Py (z€D:|z(t)|>M) =0 for dense T>1 in [0,1];
(i") limp_yoo limsup, P, (z€D:j,>M) =0 and (i') holds for t=0.

Proof. By (ii), pick 6>0 with P,(z€D:w,(6)<3)>1-%, neN. Let 0=s9<...

<sm=1, s; €T, s;—s;_1<9, so for x with w;(é)gé, and 0=ty <...<tp=1,
tj—tj—1>06, with sup,,cr. ;0 [2(t)—2(s)| <1, since s;€[tj—1,1;) some i, [|z]|c
< sup, |z(s;)|+1, so by (i), for M >0 with P,(z€D:[z(s;)|>M-1) < 5=, neN,

we get (i) of Theorem 13.2. Sufficiency of (i”) from w,(0) < 2wl (6)+j,. O
Corollary (MT 45). P,=P in P(D), some P, iff. (ii) of Theorem 13.2 holds
and in,;’l.“’tk:> in P(RF) for t;€Tp, k€N (where limit must be PW,;}_“,tk).
Theorem 13.3. P, = P in P(D), some P, iff. P"”;,l---,tké in P(RF), t; in
some dense T>1 in [0,1], k€N, and following two hold

(i) liminfsyolimsup, P,(z€D:|z(1-0)—z(1-68)|>e) =0 for e>0;

(ii) limglimsup, P, (z€D :w)(8)>e) =0 for >0.

Proof. (ii) of Theorem 13.2 can be replaced with (ii)- (iv) of Theorem 12.4. So (i)-
(ii) necessary. Sufficient, since limsup,, P,(z € D:|z(d)—z(0)|>¢€) >n, some >0
and Tp>d; )0, gives P(zeD:|x(0+0)—x(0)|>¢) >n, contradicting cddlag. O
Corollary (MT 45). If content with if, (i) in Theorem 13.3 may be replaced with
(i') limsyo P(z€D:|z(1)—2(1-8)|>€) =0 for >0.

Proof. (ii) gives limsup,, P{|X,(1)—X,(1-0)|A| X,(1-0)—X,(1-6%)| >} — 0 and
(i") limsup, P{|X,(1)—X,(1-6x)|>e} — 0, some 6] 0, so that limsup,, P{|X,(1
—0)—X,(1—6k)|>e}—0, ie., (i). (Billingsley’s proof seems incomplete!) [

Theorem 13.4. For X,,=X in P(D), P{XeC}=1 iff. jx,=0 in P(R).
Proof. By Mapping Theorem, jx, = jx, since x, =+px easily gives j, —j,. For
D-valued X, by Lemma 12.1, jx =0 equivalent with X C-valued. 0[O
Corollary. P,=P in P(D) with P(C)=1 if Pum,' , =Pm. ' ,
for t;€[0,1], k€N, and (ii) [or (ii')] of Theorem 7.3 hold.

. in P(RF)

Proof. Hypothesis of Theorems 13.1-2 hold, since ||z]|¢ <|z(0)|+ 3w, () and w}

(g) <wg(d), so = in P(D). And Theorem 13.4 applies, since j, <w;(J), 6>0. O
13



Theorem 13.5. X,, = X in P(D), some X, if (Xn(t1),...,Xn(tg)) = in
P(RF), t; in some dense T>1 in [0,1], k€N, and following two hold

(i) liminfs)olimsup, P{|X,(1-0)—X,(1-0)|>e} =0 for e>0;

(ii) there are constants K,[,vy>0 such that

P{| X0n(5)=Xn(r)|A[ Xn(t)—Xn(s)| > A} < Klt—r|"/M for 0<r<s<t<1, A>0.

Proof. Enough show (ii) of Theorem 13.3. Let Dy = {27 %i:i=0,...,2%},

Ap = max{| Xp(8) = Xn(r)|A| Xn(t) = Xn(s)| : 7, 5,t €Dy, s—r=t—5=2"% t—5<5}

By, = max{|X,(s) = Xpn(r)|A| Xn(t) —Xn(s)| : 7,8, t €EDg, 7 <s<t, t—s<0}

C = sup{|Xn(s) = Xn(r)|A | Xn(t) — Xn(s)| : 7,5, €[0,1], r <s5<t, t—5<5/2}

and, for t€ Dy, define t;(t)€ Dy_1 by t.(t)=t if t€ Dg_1 and

1) = {t—Q:: if ¢¢ Dy and | Xn(t)=Xn(t~ _k)\§|Xn( )—Xn(t+2:”:)|‘
t+2 if t¢Dk_1 and |X,(t)—Xn(t—277)|>|Xn({t)—Xn(t+277)|

Notice |X,,(t)— X, (t,(t))| < Ag, t€ Dy, so for #,t€ Dy,
[ Xn(£) = Xn(t)] < [ Xn () = Xn(th (¢ ))\+\Xn(tk(ﬂ)—Xn(tk(f))H\Xn(t?c(f))—Xn(f)l
< [ Xn(tr(8) — £))[+2Ap.
For r,s,t€ Dy with r<s<t, t;c(r)gt;c(s)<t§€(t), so By < By_11+2Ag, giving By
<2 Z_I;:l Aj, since Ag=By=0, and C' <2 Z;’il Aj, by right-continuity. Thus
P{C>e} < Y12 P{24,> (1-1)0"}
2k -1 i) i k(i i -1
< YRt Ximt P{Xn(5r) = Xa(5) A Xn(27F (57) = Xn(5r)| 2 57 0%}
<Y 2FK (2 )1"'"’/257/2/( 5 ghe ¥ =0 as 610, some #>0. O
Corollary. (i) in Theorem 13.5 may be replaced with
(i) X(1)-X(1-6)=0 in P(R) as 6.0.
Proof. This is same exchange of (i) to (i) we have seen before. [
Corollary (MT 45). (ii) in Theorem 13.5 may be replaced with
(ii") E{|Xn(s)=Xn(r)|PA|Xn(t) = Xn(s)[’} < Kt —r['+7.
14. Applications [FUNCTIONAL CENTRAL LIMIT THEOREMS].
Theorem 14.1. (DONSKER) For iid. standardized r.v.’s {£;}32,, {Xn(t)}iecqo,1
= {7 Ghepy = W in P(D).
Theorem 14.3. For uniform iid. [0, 1]-valued r.v.’s {n;}321, {Yn(t)}eefo,1 = {Vn

(3 2271 Lo, (n5)—t) heepo,y = Wo(s) in P(D), where {W°(s)(t) }hsefo,1) is Brown-
ian bridge, i.e., zero-mean Gaussian with E{W°(s)W°(t)} = sAt—st.
14



Proof. Zle a;(10,,1(n)—t;) is zero-mean with variance Z _1 ;a5 (tint;—tit;),

S (ti) = ﬁZ?ﬂZi:ﬂi(l{o,ti](m)—ti) = N(0, Var{3_;_,a;W°(t:)})
in P(R), by elementary CLT. So fidi’s = in P(R), by Cramér-Wold Device. (i')
of Theorem 13.5 holds since E{[W°(1)—W°(1-6)]?} =... =38 — 0 as §,0. For
(ii’) of Theorem 13.5, notice that for 0<r<s<t<1, some constant C >0,

E{(Ya(s)=Yau(r)*(Ya(t) = Ya(s))*}
= B{( &0 () = (=) (Z X L (1) — (t=5)]) "}
= 2E{[1¢q) —(s—r)P[1eq(n) —(t—5)]"}

+ 22 B{ (14 (n) — (s—1)*} E{[ 1<s g (m) = (t—9)*}

+ 22=LE{[1(,,51(n) — (s—7)][1(s,5(n) — (¢ —5 M < C(s—r)(t—s) < C(t—r)%
Theorem 14.3. For iid. [0,1]-valued r.v.’s {£;}32,, {Yu(t)}teo,1 = {V(3 27—,
1j0,4(&5)—Fe(t) beepo, = Y in P(D), where {Y (t)}iqo,1) s zero-mean Gaussian
with B{Y (s)Y (t)} = Fe(sAt)—Fe(s)Fe(t) for s,t€[0,1].

Proof. F=(s)=inf{t€[0,1]: s<Fe(t)} has F*«(s)<t iff. s<Fg(t), so F<(n) =4
¢, and {Y,7(Fe(t))}eero,1] =da {Yn(t)}refo,1]- Since D>z — h(x)=zol €D con-

tinuous on C, general result by Mapping Theorem (P{Y"7e(C}=1). O

23. Euclidian Chf. [MAINLY AFTER Feller Vol. II].
RF-valued r.v. X has chf. ¢x(t) = E{e?tX)} = E{e’ Eﬁ:ltixﬂ'}, teRF.
Theorem. (UNICITY) For Fx-continuity (—oo,z] CRF,

Fx (x) = limgyo fzS:pnyRkH_l;ZIe_iyjzj o N2 (¥5)Px (y) dy dz.

2we

Proof. By weak convergence in P(RF), as €0,
Jo<o@Fx (2) < [, o fyeri I T—1 In(.en) (25 —t5) dFx (t) dz

= fszftERkH?:I ﬁfﬁN(o,s—?)(tj —2z;) dFx (t) dz

= [ocolyerllj= T N0 ¥5) (fyepne™ 7 dFx (1)) dydz. O
Corollary. (INDEPENDENCE) RF-valued r.v.’s X,Y independent iff. ¢xy=dxdy.

Theorem. (INVERSION) RF-valued r.v. X with integrable chf. ¢x is absolutely con-

tinuous with bounded continuous density fx(r) = Wfteme_m’m)‘b)f (t)dt.

Proof. By integrability and inspection of previous proof, as €0, the density

fteRkH;?:lfN(O,e‘?)( ) dFX( ) fyeRkHJ 1€ —iwsE L (bN(O 52)(213)(15)( (y) dy
15



— yERke—i(y,z) (271r)k ¢x(y)dy = f(2),

with f bounded continuous. By bounded convergence, for bounded Borel I CRF,
J1dFx + fzelfteRkH?:IfN(0a€2)(zj_tj) dFx(t)dz — [, erf(2) as €40. U

Theorem. (LEVY-CRAMER, CONVERGENCE) X, = X in P(RF), some X, iff.

ox, — ¢, some ¢ that is continuous at zero. If so ¢x = ¢.

Proof. By Unicity Theorem, enough show tight. By continuity, as K — oo,

lim sup,, P{|(X,);|>2K} < hmsupn2f$|>2K (1- Smm(%(K)) dF(x,), ()

< limsup,, 2fR — smw(%fK)) dF(x,), (z)

= lim sup,, Kfa:ER-ﬁtj |S1/K(

= K fjy 1<y (1=0(- - ,0,5,0,...)) dt; — 0. O

1—ei%i) dt; dF(x,), ()

Corollary. (CRAMER-WOLD DEVICE) X,,= X in P(R¥), some X, iff. {t, X,)
= in P(R) for teR". If so ¢x(t)=limy, ¢y x,y(1).
Theorem. (BOCHNER) ¢:R— C is chf. for some real r.v. iff. continuous, non-

negative definite i.e., Zz,ezl aragd(tp—te) >0, tx €R, areC, neN], with ¢(0)=

Proof. Continuity and ¢(0)=1 necessary, so enough show continuous ¢ with ¢(0)
=1 chf. iff. bounded and [,e**~p(s—t) dF(s)dF(t) > 0, z€R, all F, since dy
=ar/(Yp_q lak|) =pre'®*, pp >0, dF =)} _, prd:, in this gives non-negative de-
finite, and non-negative definite gives ag(t)+ap(—t)+1+al? >0, so ¢(t)=¢(—t) (a
=1,14) and |$(t)|<1 [a=—¢(t)], so integral exists, non-negative for dF =>7_, px
d¢, as above, and in general by approximate with such (cf. proof of Theorem 6.8).
Forr.v. é~¢ andiid. 1.v.’s 0, A~ F, |¢n(y)]> = bnq(y) = [ DdF(s)dF
(1) >0, s0 0< [;eYC™DdF(s)dF(t)dFei4(y) = [eC D p(s—t) dF(s)dF(2).
By Continuity Theorem, bounded continuous ¢ with ¢(0)=1 chf. if ¢ ¢x(gc—2)
chf., e>0. Notice f(z)= 5= [pe ¥d(y)dn(o,e—2)(y) dy > 0, z€R, since equal

\/Z_ﬂ.fRe_imyd)(y) dFN(O,ez)(y) = ﬁfR2e_m(s_t)¢(S—t) dFN(O,52/2) (S)dFN(()’ba/z) (t),
and bounded continuous. f is integrable, since by Inversion Theorem,
Jxdn(o2) (@) f(x) do = [ Fuee,s2) @) d(Y)dneo.e-2) (¥) dy < ||@]] < oo,

so [p f <liminfso [ én0,62)f < ||¢]| by Fatou’s Lemma. Now Dominated Con-
vergence and N(t,6%)=¢ in P(R) as 610 show ¢ ¢n(,-2) chf., since

Jui® £ () dz = limsyo B (don(0.-2) ) (N(E,09)} = (o)) O
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24. Basic Theory for Processes.

Definition. For set T#(), stochastic process {X (¢)}ser with parameter in T is

family of r.v.’s defined on common probability space, that we assume completed.
Definition. The distributions {{Fx,),... x () }terrtren fidi’s of {X()}ier-

Theorem. (KOLMOGOROV) For family of distributions {{F;:RF —[0,1]},ers}ren
there exists process {X (t)}rer with these fidi’s iff. following two hold

(D) Fotis by tintsetsottirtigtse (oo Tim 1y Tjy Tig 1y - - 5 Tj1, Tiy Ty, - - - ) = Fy(x);
(i) limg,,, oo Fi ity (%, Thyr) = Fi(x).

Proof. Enough find probability P on smallest (so called cylinder) o-algebra
of R” that has Pr; ! well-defined with valued Fy, t€T¥, since for X (w;t)=w(t),
weRT, teT, PN {X(t:) e Hi}) = P(NE_ {w(ti) € H;}) = Pyt (Hix...
x Hy). Define finitely additive P on algebra 2 of finite unions of ltk (Hyx...
x Hy) by Prm;'=F;. Enough show P o-additive, since it then extends to ().
Enough show P tight (MT 17). Holds by tightness of fidi’s. O

Definition. Process {X(t)}+er on topological space T' separable if there is count-
able dense separant DCT and P-null N, such that to we2\N and t€T, there
is {t,}72,CD with t, —rt and X (w;t,)— X (w;t).

Separable processes are of utmost importance since their important properties

are determined by fidi’s, and they possess “all nice properties” allowed by the fidi’s.

Example. If separable {X(t)}ic[o,1] has same fidi’s as C-valued r.v. Y, then

P{X not uniformly continuous} = P{U,;“;lﬂjilus’te[o,l]:|S_t|<%{|X(s) -X@)|>+}}
= P{U;ozlﬂgilus,tEDﬂs—ﬂ<%{|X(S) _X(t) | > %}}
= P{X not uniformly continuous on D} = 0,

. . . L .
since limp,joo lim oo P{m€=1Ui,je{l,...,N}:|di—dj|<%{|X(di)_X(dj)|>%}} =0, sin-
ce determined by fidi’s and Y uniformly continuous, so 1 for Y. (On non-continu-

ity null-set we may change X to e.g., 0 without affecting separability or fidi’s.)
Example. Process {X(¢)}icr with iid. N(0, 1)-values is separable.

Theorem. If separable process {X(t)}ier on second order countable space T is

P-continuous [i.e., X(s)—p X (t) if s—rt], each dense in T is separant.

Proof. Pick base {G,}22,, separant DCT and countable dense SCT. To t€D,

n=1"
$,(t) € B, = ﬂke{l,...,n}:Gkat Gr some {§,(t)}22,CS, so $,(t)—t and X(5,(¢))

—p X (t). There is P-null £, and {8 (¢)}52, C{8,(¢)}22, with X (8] (t))—X(t),
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w¢ (2. Take |X(8,(¢))—X(t)] < L. There is P-null 2 such that to ¢t €T and
w2 there is {t¥(t)}22, CD with t¥(t)—t and |X(t¥(t))—X(t)| < Ll Put N
QUUteD ;. Let s¥(t)=4.(t(t)). Then X (s¥(t))—X(t), teT, w¢ N, since

X (55(8) =X ()] < [X (3, (82 () = X (¢ ()| + | X (#:(6) - X ()] < 2.

For open T2 G3t, teG,, CG, some ng€N, so t¥(t) €Gy,, n>n1, some ny €N,
giving s¥(t) =38, (t¥(t)) € By, n>ngVny, by definition of B,,, so s¥(t)—t. O

Example (MT 51). For separable {X(t)}:c[0,1) with separant D€[0,1], P{X (t)
€G some t€[0,1]} = P{X(t) €G some t€ D} for open GCR. For X P-con-
tinuous, this holds for any dense D C|0,1].

Definition. Process {X(t)}:e[o,1] bounded if limp; 00 P{||X|lc>M} =0.
Example (continued). P{||X|¢c>M} =P{X(t)>M some t€D} =1lim,_,,, P
{max;<j<n X(d;)>M}. X bounded iff. some process with same fidi’s bounded.

Definition. Processes {X(t)}ter and {Y(¢)}+ter on common probability space
indistinguishable if P{X(¢t)=Y(¢)} =1 for teT. (Cf. MT 51.)

Example. Indistinguishable processes have same fidi’s.
Right- and leftcontinuous version of a given Poisson process indistinguishable.
If continuously distributed r.v. £ independent of process {X (¢)}scr, then Y (¢)=
X(t) for t#¢, Y(t)=X(t)+1 for t=¢, is indistinguishable from X.

Theorem. (DoOB) Process {X (t)}ter on second order countable topological space

T has separable indistinguishable version {Y (t)}ier-

Proof. Pick countable basis & in T, with &, ={B!}°; sets of & containing ¢.
Enough show for each closed FCR and open GCT (see also MT 52)

(%) {Y(t)eF for teGND}\{Y(t)eF for teG} C N:

Take w¢ N and t€T. By (x) with F={yeR: [y—Y(t)|> 1}, thereis t,¢€
N, BIND with Y (t,)-Y(¢)|<i. Now Y(¢,)—=Y(t) and t,—t.
Let Ap be finite unions of closed intervals with rational or infinite endpoints, and

A intersections of such, so A is the closed in R. There is countable DCT with
(%x) Usea({X(s)€A for se DY\{X(t)eA}) P-null, for teT:

Notice Dy = arginf{P(,cp{X(s) € A}), DCT countable} = |J;; Dy, where
P{N,cp, {X(s)€A}} < inf+E, Ac Ao, s0 2(A) =N,ep, {X(s)€A, X(t) ¢ A}
P-null, since P{N,cp {X(s)€A}} = P{ﬂseDAU{t}{X(s) € A}} by minimality

of Da. Put D= e, Das 2:=Upeq, 2(A). For B=, Ar€A
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Nep1X(s)€ B, X(1) ¢ B} = UpNsepiX(s) € B, X(8) ¢ A} C Uy €2:(Ax) C 62

By (%%) on {X(t)}tep, BE€®, for some countable DB C B, to t€ B, there is P-
null 27 with (,cps{X(s)€F, X(t)eF} C 2P, closed FCR. Let D=Jpce
DB, =0 if teD, 2,=Upee, 2P it t¢D, and N=U,c,%. Put Y(£)=X(t)
if wg 2, Y(t)= limsupps,,, X(s) if we s, so X,Y indistinguishable.

By (%), enough show Ay(B) =(\,cpnplY (5)eF,Y(t)¢F} CN, teGDBe®,.

Let Y(t)¢F and w¢ (. Since X(t)=Y ()¢ F and w¢ 2P, X(s)¢F, some
s€eBND=DB. So Y(s)=X(s)¢F, w¢2s. Thus A(B)NNRFC 2, CN.

Let Y(t)¢ F and we . If Y(s)€F, s€ DB, then Y(t) = limsupps,_; X(s) =
limsupps,_,: Y(s) € F, w¢g N, by F closed and 2, N. So A(B)NCN. O

Theorem. (KOLMOGOROV) Separable process {X (t)}ie[o,1) fits into C if

P{|X(s)—X(t)|>m}gc\t—s\l"’y/xﬂ for s,t€[0,1], >0, some constants c,3,7>0.

Proof. By Example, enough show there is C-valued r.v. Y with same fidi’s. Sample
X at 0,%,...,2 and interpolate; X, (t) = X(|nt]/n)+ (nt—|nt])[X ([nt]/n)—
X (|nt]/n)]. Fidi’s of X,, = those of X, since by condition in theorem,

[ Xn(t)=X ()| < (1=—nt+[nt])| X(|nt] /n)—X(t)|+(nt—|nt])| X([nt] /n)—X(t)| —p 0.

Inequality for X gives it for X,, with other ¢, so tight by Criterion. [

25. Lévy Processes.

Definition. {X(t)}+c[0,1) Lévy process if P-continuous, X(0)=0 and independent
stationary increments. R.v. £ ID if & =4 ) . | n; some iid. r.v.’s {n;}",, neN.

Theorem. (LEvY-KHINTCHINE) £ ID iff. for some unique constants p€R, 02>

0, and Borel measure v on R with [, 1A|z|?dv(z)<oo, denoted &~1D(u,0? v),

pe(z) = E{e™} = exp{iux—{—fR(e”y—l—ixﬁM) dv(y)— 10?2}  for zeR

Remark. can be replaced with any bounded measurable y+O0(y?) as y— 0.

n|
Fidi’s of Lévy process {X(t)}¢c[0,1] are determined by univariate marginal dis-

tributions Fx (), and even by Fx 1y, X(t)=q X (1)**, where ¢¢«t(x) = (¢e(z))".
By Kolmogorov’s Theorem, there is Lévy process {Y(t)}ie[o,1] with Y'(t)=41ID

(m, % v)*t. [There is Lévy process {X(t)}ie[o,1) in C with X (¢) =¢ ID(m, 0% v)*

iff. v=0. Here is difficult, while is MT 56.]

Lemma. For Lévy process {X(t)}iep0,1] with B{X(1)?} <oo, E{X (¢)%} = [E{X

(1)})%2 + Var{X(1)}t, t€]0,1].
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Proof. Recall E{X(1)?}<oo iff. ¢x1)(x) two times (continuously) differentiable
at zero, in which case E{X(1)} = igb’X(l)(O) and E{X(1)?} = X(1)(0) S0
¢X(t)($):¢x(1)($)t gives E{X(1)?}<o0 iff. E{X(t)?} <00, t€[0,1], and

E{X ()%} = — &5 dx)(@)!|omo = —t(t=1)¢'x(1)(0)*bx(1)(0)" 2 =t 1)(0) b x(1)(0) "
=t(t—1)[E{XQ)}]? +tE{X(1)?} = claim. O

Theorem. To &~ ID(m,0%v) there is D-valued r.v. {X(t)}iecpo1] that is Lévy
process with X (t) =4 £*t.

Proof for B{€%} < 00. Xn(t) = L0 has ¢x,)-x,(5)(@) = e
Xn(t) = Xp(s) = &) in P(R), 0<s<t<1. Now (Xn(t1),..., X(tx))
P(RF), to right limit, 0<t; <...<t; <1, since (Xp(t1), X (t2)—X(t1),..., X (tx)—
X(tg—1)) does, by X, (t) = and independent increments. (i’) of Theorem 13.5
holds, since limgs o P{|6*%|>¢} =0 for ¢>0, by MT 56. For (ii’), notice that, by

x), SO

= Iin

independent increments and Lemma, for 0<r<s<t, with Y as above,
E{|Xn(s) =X (r) [*A|Xn(t) = Xn(s)|*} < B{| X0 (s) = Xn (1) P} E{| Xn(t) = Xn(s)|*}
— E{[y(@) _Y((L"TJ+1)/\LnSJ)]2}
« E{[Y(M) _Y((LnsJ+1)ALntJ)]2}
< K(s—r)(t—s) < K (t—r)>.
This holds also for t—r <2<, since then |X,(s)—Xn(r)|*A|X,(t)—Xn(s)[*=0. O
Theorem. ID(in,02,v,)3&, =€ in P(R) iff. £€1D(u,02%v) and the following
(1) limn, pp = p;
(ii) lim, v, (A) =v(A) for v-continuity Borel ACR with 0¢clos(A);
(iii) limgjolim Suany|<e z?y? dv, (y) + (02 —0?)z?| = 0.
Proof of [&]. By Lévy-Khintchine, as n—o0o and €]0 (in that order),

be, (T) = exp{i,una:—{—fw'x(eiwy 1—izg i) dva(y) — 50 2%}

X eXp{.ﬁmgg(eiw_l_my) dvn(y) — %(‘73_0’ 372} — 1D (p,0%0) (z). O

Theorem. D-valued Lévy processes X,= X in P(D) iff. X,(1)=X(1) in P(R).
Proof. By Theorem 13.1 (1€Tx). [&] for limsup, E{X,(1)?} <oco. X,(t)=q4
Xp(D*t = X(1)* =4 X (t), t€]0,1], gives (Xpn(t1),--., X (tx))= in P(RF), by in-
dependent stationary increments. (i’) of Theorem 13.5 holds, since lims P{|X (1)*?|
>e} = 0, while Lemma gives (ii’), since for 0<r<s<t,

E{|Xn(8)—Xn(r)|*A| Xn(t)—Xn(s)|*} < (E{Xn(l)}2(t—r)2+Var{Xn(1)}(t—r))z. O
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Appendix. Micro Theorems (MT) for Exercise (1=EASY, 5=DIFFICULT).

MT 1 (1.5). For D countable dense in T, shew {ﬂle{xEC(T) cx(t;) € Hi b,
H;CT open, t;€D, keN} is separating for P(C(T)).

MT 2 (1.5). In Theorems 3.5-3.6, it is not desirable to require that each E{|X,|}
< 0o, since convergence of E{|X,|} do not involve all X,,. Give characterization
of when E{|X,|} - E{|X|} < oo, using a version of uniform integrability, so that
the requirement that each E{|X,|} <oo is not needed (at all).

MT 3 (2.5). A version of Scheffe’s Theorem: For densities f, fp,:S—R wrt. mea-
sure p, with f,— f a.e. (1), and g,:S—R wuniformly bounded measurable, shew

fs Infndy ~ fs gnfdp as n— oo, in sense that should be specified. Shew lim inf,
Js 9nfndp > [gliminf, g, fdp and limsup, [qgnfndp < [glimsup, gnf dp.

MT 4 (3). Another: For X,, r.v.’s with X,, —» X €L () a.s., limsup, E{X,J} <
E{X*} and limsup, B{X } <E{X"}, shew X, —p1(2)X. Relation to Scheffé?
MT 5 (3). For X,—p X, shew Xp, —p1(0) X iff. {Xn}nz, uniformly integrable.
MT 6 (1.5). For Z-valued r.v.’s X, X, shew P{X,=k} - P{X =k} for keZ

implies X, =X in P(R).

MT 7 (1-5). Discuss first countability of P(S) (i.e., when the open neighborhoods
of each P€P(S) has a countable basis).

MT 8 (3). State general principle of correspondance between weak convergence, in

the sense of convergence wrt. imposed weak topologies, and pointwise convergence.

MT 9 (4). For S-valued r.v.’s X,,, S separable complete, shew (Xm,Xn):>(X,
X') in P(SxS), some S-valued r.v. X, iff. X,—pX in S, some S-valued r.v. X.

MT 10 (3). Billingsley Problem 5.10.
MT 11 (1). Shew (Fz): CFzz and FC(((Fz))e)C, é>e. Exemplify strict inclusion.

MT 12 (1). For separable S',S" and PeP(S'xS"), shew opens in S'xS" count-

able unions of P-continuity S, (x")xS)!

" (2"). How is this used in weak convergence?

MT 13 (1). Shew convergence determining class is separating. Shew Ap C &
separating for PeP(S) if P,(A)— P(A) for A€ Ap implies P,= P in P(S).

MT 14 (1.5). Shew lim.jo P(Ac) = P(Ag) for P€P(S) and (any!) ACS.

21



MT 15 (2). For PeP(S) and S separable, shew opens in S are countable uni-
ons of P-continuity open balls, as well as of P-continuity closed balls. Deduce that

finite intersections of open (closed) balls are convergence determining.

MT 16 (2). For tight P€P(S), shew P(A) = sup{P(K): ADK compact}, A€G.
MT 17 (3.5). Billingsley Problem 1.5.

MT 18 (1.5). Shew Cp(S) Banach space.

MT 19 (2). A real Banach space is normed linear space (B, ||-||) over R, that is
complete (in metric from norm). Shew linear L: B — R continuous iff. contin-
uous at 0 iff. bounded i.e., |L||* = sup{|Lz| : ||z|| <1} < oco. The dual B* =

{linear continuous L:B—R}, with norm [|-||*. Shew (B*,||-||*) is Banach space.
MT 20 (2). Shew BL(S) Banach space.
MT 21 (1.5). Starting with BL(S), explain notation |P|5,s) for PEP(S).

MT 22 (4). Topological space T is metrizable iff. Ty, regular [i.e., for x€T and
open G >z, thereis closed FCG with z € INT(F)], with o-locally finite base [i.e.,

open base O = U;:o:l O,, such that, given n €N, for z €T there is open G>x
with #{H € O,,: GNH #0} < oo]. Shew (0)T is metrizable if B separable. (It
is iff.) [Hint: Take dense {z;};2,CB and O =J;;_, Oi;, where O;; = U,[::’{
LFeO): (F-Fi7) (@) <1} covers (0)F, some {£2}K4 C(0)1, by Alaoglu]
MT 23 (1). Shew Ty can be changed to “Hausdorff” in MT 24. Why isn’t it?

MT 24 (4). Shew C(T) separable. [Hint: By Ascoli, {f € BL(T) : ||fllsr(r) <n},
and BL(T), are C(T)-separable, so clos(BL(7))¢(r)=C(T) by Stone-Weierstrass.|

MT 25 (2). Shew C[0,1] dense in L1[0,1]. Conclude L'[0,1] separable. Discuss
LP[0,1] for general pe(0,00), and more general T in C(T) than T =[0,1].
MT 26 (3). Shew w*-clos({p€ M|[0,1]: u= fdz, f €C[0,1]}) = M[0,1]. Argue
clos({fdx: feC[0,1]}) € MJ0,1].

MT 27 (5). For IICP(S) tight, shew (II relatively compact iff.) clos(II) sequen-
tially compact. For P(S) metrizable (i.e., S separable) shew ILCP(S) relatively
compact iff. clos(Il) sequentially compact.

MT 28 (3). Shew P,=P in P(S) if {P,}>, is relatively compact and P,(A)—

P(A) for A in class that contains a separating class of continuity sets of each

Q€eP(S). Shew it is iff. (and not only if) for S separable.
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MT 29 (3). Billingsley Problem 6.5. [Hint: See Billingsley on ball o-field.]
MT 30 (3). Billingsley Problem 6.10.

MT 31 (4). For S separable complete shew (P(S),||-||5) complete. [Hint: Take
compacts in tightness as continuity sets of finite II CP(S), approximate by f €
BL(S), use Cauchy and Prohorov.]

MT 32 (1.5). Shew n(z)=||z|| some ne€(0)] for z€ B. [Hint: Hahn-Banach.]
MT 33 (3). Shew three corollaries after Theorem 7.3.

MT 34 (3.5). Shew B-valued r.v. X has Bochner mean iff. E{||X||}<oco, and
in that case X has Pettis mean E{X} and |E{X}|| <E{||X]||}. Shew BC B**.

If B=B**, B is reflexive. Discuss Pettis-means for B reflexive.

MT 35 (2.5). Shew B-valued r.v. X has covariance if E{(n(X))?}<oo, n€ B*.
[Hint: Closed Graph Theorem)].

MT 36 (3). Discuss correspondance between r.v. X ~Np(FE,Q) and pair E € B**,

Q:B*— B**, with QQ symmetric non-negative.

MT 37 (2). Shew proof of Donsker’s Theorem not uses but proves existence of W.
MT 38 (1). Shew version of criterion in Section 7 with requirements on moments.
MT 39 (2). Why doesn’t criterion in Section7 give tightness in Donsker’s Theorem?
MT 40 (3). Motivate different parts of Lemma 12.1, except third inequality.

MT 41 (1). Shew z=y in D if same on dense [0,1]2T>1. Shew z,—pzr =

Tn—7ae T

MT 42 (1). Shew Cauchy {x,}32, has subsequence {yn}5L, with d(yn,ym) <

27" for m>n. Shew {z,}5, converges if {yn}s, does.

MT 43 (3). Shew IICE relatively compact iff. totally bounded. Shew Ascoli’s The-

orem ITCC(T) bounded and equicontinuous [i.e., lims o sup,c wy(0) =0] iff. clos

(IT) compact. Can bounded be replaced with sup,cp |z(t)| <oo for a single teT ?
MT 44 (4). Shew z,,z€D with fol Tnf — fol zf, f€C, # di(zn,x)—0.
MT 45 (2.5). Shew two corollaries in Section 13.

MT 46 (1). Shew INDEPENDENCE in Section 23, and CRAMER-WOLD DEVICE.
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MT 47 (1). For non-negative definite v :T xT — R, shew there is Gaussian

process on T with this covariance.

MT 48 (1). Shew separable Wiener process continuous wp. 1.

MT 49 (1). FEzplain processes with same fidi’d need not be indistinguishable.
MT 50 (1). Shew P-continuity need not imply separability.

MT 51 (2). For separable {X (¢)}ie(o,1), separant D, open GCR, shew U, 1
{X(t)€G} = Uep{X(t) €G}  except on P-null. How about general G CR? With
P-continuity, shew 1limp ;o0 P{sup,cpy  on) X () >z} = P{sup;cp ) X (t) >z}

MT 52 (4). Shew (%) is also necessary for separability in Doob’s Theorem.
MT 53 (4). Give missing details of proof of Kolmogorov’s Theorem, Section 24.
MT 54 (2). Shew Kolmogorov gives existence of Lévy process X =q1D(u, 02, v)* .

MT 55 (2.5). Shew R*-valued r.v. & symmetric iff. ¢¢ real. Shew 1D (u,0? v)*?
~1D(6p,60% 6v) and limsjo P{|ID(u, 0% v)*%|>e} =0 for e>0. Shew ID(u, o2,

v) symmetric iff. p=0 and v symmetric iff. PID(p,02,0) Strictly positive.

MT 56 (1.5). Shew there is C-valued Lévy process X =41D(m, 0% v)* if v=0.
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