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Diffusive transport through porous materials is to a large extent determined by the microstructure of the material. To
design materials with controlled transport properties, it is hence important to connect properties of the pore geometry to
diffusive transport rates. Different kinds of microstructures from a stochastic model are generated and multiplicative
regression is used to ﬁnd relationships between geometric measures of the microstructures and numerically simulated diffusive transport. The main results are that the geodesic tortuosity explains a large part of the transport variation, and that
the standard deviations we introduce further improves prediction. It was found that it is best to compute the tortuosity using
the whole pore space, instead of using only the inlet, as is commonly done. The effects of calculating the measures using
small samples of the pore structure were investigated, and a method for minimizing errors resulting from boundary effects
was proposed. © 2018 American Institute of Chemical Engineers AIChE J, 00: 000–000, 2018
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Introduction
With microscopes becoming more and more powerful, the
three-dimensional microstructure of porous materials can now
be imaged in great detail.1-3 Advances in computational power
over the last decades have made possible numerical simulation
of mass transport in the complicated geometric structures
obtained from the microscopy images.4,5 Connecting the
microstructure in the images to transport properties is important in ﬁelds as diverse as composite materials design,6 electrochemical engineering,7 the oil and gas industry,8 and
biomedical and pharmaceutical science.9-11 Our work concerns
porous polymer ﬁlms which are used as coatings to control the
rate of drug release from pharmaceutical pellets. The pore
structure, and thus its diffusive mass transport, can be altered
by changing the processing parameters and the polymer composition.12,13 To aid the design of coatings with tightly controlled transport properties it is important to be able to connect
the pore geometry to the transport properties. In this article we
propose a new measure of transport, the transport ratio, which
helps understanding of how geometric properties inﬂuence diffusive transport, and new geometric measures which predict
the transport ratio better than previously used ones. We also
quantify boundary effects caused by the necessity of using a
ﬁnite sample from the ﬁlm for numerical simulation of mass
transport and for computation of geometric measures, and propose an approach to reduce errors caused by boundary effects.
Additional Supporting Information may be found in the online version of this
article.
Correspondence concerning this article should be addressed to S. Barman at
barmane@chalmers.se
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These results are based on the analysis of random samples
of pore structures simulated from a stochastic model. Simulation has the advantage that new structures can easily be generated from the model, whereas preparing the polymer ﬁlms and
performing the microscopy is a time-consuming and costly
process which poses difﬁcult questions of homogeneity and
reproducibility. Additionally a stochastic model can easily be
changed to generate different kinds of pore structures, whereas
tailoring the production process to generate polymer ﬁlms with
desired properties can be difﬁcult. Here we use a threedimensional thresholded stochastic Gaussian ﬁeld model for
the pore structure of the porous polymer ﬁlms. The parameters
for our model were obtained by ﬁtting it to confocal laser
scanning microscopy images of polymer ﬁlms, see Barman
and Bolin.14 The samples generated from the model are considered to be samples from an ergodic stochastic ﬁlm which is
inﬁnite in the x,y-direction, but ﬁnite (and “thin”) in the zdirection, which is the direction of mass transport.
Gaussian random ﬁeld based models were among the ﬁrst
stochastic models used to reconstruct heterogeneous materials15 (p. 295), and were in, for example, Adler et al.,16 Roberts and Teubner,17 Mukherjee and Wang18 used to connect
macroscopic properties to the microstructure of porous media.
Our new model was found to ﬁt the type of porous polymer
ﬁlm we study well.14 Gaussian ﬁeld models, however, are
only suitable for some types of porous media.19 Our model
was found to ﬁt the type of porous polymer ﬁlm we study
well.14 A larger range of pore geometries, for example, for
particle based systems, can be obtained using simulated
annealing based reconstructions20 and pattern-based simulation
methods.21,22 Examples of other types of stochastic models
that have been used to connect microstructure to transport
properties can be found in Blunt et al.,8 Kim and Pitsch,23 and
Stenzel et al.24
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There are several characterization measures that have been
used to correlate properties of the pore geometry with the diffusive transport. In particular, pore volume and tortuosity have
a long history of being used to predict diffusive transport, see
the review in Ghanbarian et al.25 Here tortuosity attempts to
measure the “windedness” of the pores. There is no consensus
about how to best deﬁne a measure of tortuosity. We argue for
using one deﬁnition of the geodesic tortuosity over more common deﬁnitions, and compare the predictive power of the deﬁnitions. We also include the standard deviation of the geodesic
tortuosity, which in addition to measuring the variation of path
lengths from inlet to outlet is also a measure of the prevalence
of dead-end pores.
Pore size variation also inﬂuences transport ratios and, in particular, bottlenecks can reduce the transport rate greatly.26 A
measure to capture bottleneck effects, “constrictivity,” was
recently introduced in Holzer et al.,27 and shown to be useful for
predicting diffusive transport rates in Stenzel et al.24 We propose
to use the standard deviation of the pore size as an alternative to
constrictivity, which also in a sense captures bottleneck effects,
but has better predictive properties for our dataset.
Following the literature, we ﬁt multiplicative models to predict transport ratios from the geometric measures. We use
stepwise regression to remove predictors that are not statistically signiﬁcant from the models in a systematic way. This
makes it possible to compare the importance of new and old
predictors.
The next section gives a short overview of transport prediction models, introduces new prediction tools, and applies them
to the simulated samples. The following section studies the
effects of limited sample window sizes, and the last
section summarizes our main conclusions.

Background on Transport Prediction
Transport is guided by the diffusion equation
J ¼ − D0 rc,

ð1Þ

along with mass conservation
∂c
¼ rJ,
∂t

ð2Þ

where c is concentration, D0 is the diffusion coefﬁcient, and
J = (Jx, Jy, Jz) is the diffusive ﬂux. For a porous ﬁlm, diffusion
is driven by a difference between the concentration c = cin at the
inlet z = 0 and the concentration c = cout at the outlet z = Lz.
The transport properties of a pore structure are commonly
characterized by the effective diffusion coefﬁcient Deff deﬁned
analogously to Eq. 1 as
e
hJz i ¼ − Deff rc,

ð3Þ

where hJzi is the diffusive ﬂux in the z-direction averaged over
e ¼ ðcout − cin Þ=Lz . Due to the linearthe whole structure and rc
e
ity of Eq. 1, Deff is invariant under changes in rc.
Important geometric factors that can be used to predict Deff
are the volume fraction of connected pores, the tortuosity, pore
connectivity, and variations in pore size10 (Ch. 9).

Porosity
There have been many attempts to predict the mean transport
rate from the pore geometry. The simplest one is Archie’s law,28
2
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Deff
¼ ϵm,
D0

ð4Þ

where ϵ is the pore volume fraction, or porosity. Here the
exponent m is obtained from ﬁtting Eq. 4 to experimental data,
for ϵ far above the percolation threshold. Many other methods
for using the pore fraction as predictor have been developed,
see Ref. 25.

Tortuosity
A development of Archie’s formula that has been extensively used is
Deff ϵ
¼ ,
D0 τ k

ð5Þ

where τ is called the tortuosity factor, or just the tortuosity,
and k = 1 or k = 2 are the most commonly used values for its
exponent. The tortuosity is intended to account for the effect
of increased pore lengths due to winding pore paths. There is
a substantial literature on tortuosity, see the reviews of Ghanbarian et al.25 and Shen and Chen.29
When experimental data on Deff and D0 were available but
there were no data on pore geometry the tortuosity was simply
deﬁned through Eq. 5, as τ = (ϵD0/Deff)1/k. This deﬁnition of
τ, sometimes termed the diffusive tortuosity, is still widely
used25 (p. 1464). However, τ then includes all factors that
lessen the transport rate apart from the volume fraction, and
not just the winding of pores the tortuosity is supposed to
account for. This is a common criticism of Eq. 5.
It has been claimed that the purpose of setting k = 2 in
Eq. 5 has been to obtain tortuosities of reasonable magnitude.26,27 However, the square has been derived theoretically
in the context of diffusion30 and in the context of ﬂow31
(pp. 12–13). See Epstein32 for an overview of the confusion
regarding whether the tortuosity should be squared or not.
Advances in 3D microscopy have enabled direct calculations of tortuosity from the geometric structure of the pores.
The starting point is the pointwise geodesic tortuosity which is
deﬁned as τ(p) = L(p)/Lz, where L(p) is the length of the shortest path through the pore space which goes from the inlet to
the outlet passing through the point p, and Lz is the width of
the ﬁlm. Several different methods for computing a geodesic
tortuosity factor τ from the pointwise tortuosities can be constructed. A common one, used in Stenzel et al.24 and Pecho
et al.,33 is
ð
1
τinlet ¼
τðpÞdp,
ð6Þ
j PIn j p2PIn
where PIn denotes the pores at the inlet. A related tortuosity
factor is the geometric tortuosity, which is instead calculated
on a skeleton extracted from the pore space.34,35 It is common
also here to calculate the geometric tortuosity using only
pointwise tortuosities at the inlet. In Stenzel et al.,24 the geodesic tortuosity was found to outperform the geometric tortuosity
in terms of predicting diffusive transport.

Constrictivity
Unreasonably high tortuosity values were sometimes
obtained when Eq. 5 was used as the deﬁnition of tortuosity.26
To remedy this, in Owen36 and Petersen,26 additional properties of the pore geometry were incorporated into Eq. 5 to give
the formula
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Deff ϵβ
¼ :
D0 τ k

ð7Þ

Here β is a constrictivity factor which accounts for variations in pore width.
The original deﬁnition of constrictivity for a straight pore
with varying widths was β = Amin/Amax, where Amax and Amin
are the largest and smallest cross-sectional areas, respectively.
Alternative deﬁnitions of the constrictivity factor have been
suggested for more complex pore geometries in Berg37 and
Holzer et al.27 In the latter reference the median pore size is
used to deﬁne Amax and the median of the related mercury
intrusion porosimetry-pore size (MIP-pore size) to deﬁne Amin.
The MIP-pore size of a point is the size of the largest sphere
that can travel through the pore space from the inlet to the
point. It provides a measure of bottleneck sizes. It has been
proved useful also in other contexts as a measure of interconnectivity, see Camp et al.38 and Moore.39 Replacing Eq. 5
with Eq. 7 using this constrictivity factor was in Stenzel
et al.24 found to substantially reduce the error in predicting
m l
Deff. More generally, several equations of the form DDeff0 ¼ aϵτ kβ ,
with coefﬁcients a, m, l, and k ﬁtted to data, were in this paper
evaluated with respect to their transport prediction properties.

New Tools
Our aim is to contribute to the understanding how the
geometry of the pore structure inﬂuence transport and in particular efﬁcient prediction of transport from quantitative geometric predictors. We consider the following predictors: the
volume fraction; the volume fraction of connected pores; the
mean pore size; the mean MIP-pore size; the constrictivity
measure that was found to have the greatest predictive capability in Stenzel et al.,24 as described in the previous section; a
new variant of the geodesic tortuosity; and the standard deviations of pore size, the MIP-pore size, and the geodesic tortuosity. The pointwise values of the tortuosity, the pore size, and
the MIP-pore size, illustrated in Figure 1, are thus used to calculate all predictors except the volume fractions. The use of
standard deviations for prediction is new. We have found the
concept of transport ratio, as deﬁned below, useful both for
understanding and for prediction.

Transport ratio



e , and hence
By Eq. 3 we have that TR ¼ hJz i= − ϵD0 rc
the transport ratio is the ratio of the mean transport rate hJzi of
e of a
the pore structure, to the mean transport rate − ϵD0 rc
pore structure with the same volume fraction ϵ but with
straight pores aligned with the direction of transport. The Wiener bounds, ﬁrst proved in Wiener,40 imply that for a porous
ergodic ﬁlm TR ≤ 1.15 The bound is attained for a pore structure with straight pores, which hence has the most efﬁcient, or
“optimal,” transport for the given volume fraction. Thus the
transport ratio relates the transport rate of the ﬁlm to the transport rate of the optimal pore structure.
The transport ratio is related to the diffusive tortuosity
deﬁned by Eq. 5 as TR = 1/τk. The interpretability of the diffusive tortuosity discussed above is solved by the transport ratio.
The transport ratio has been used in the gas diffusion literature,
where it is termed pore continuity25 (p. 1464), though as far as
we can tell without the interpretation we provide above.

Average of the reciprocal of the pointwise geodesic
tortuosity
We propose the deﬁnition of the tortuosity to be 1/τ2 = h1/τ(p)2i
for an inﬁnite ergodic ﬁlm, with the average taken over the pore
space, and thus that for a sample of the ﬁlm τ is computed as
ð
1
1
1
¼
dp,
ð9Þ
τ2 j P j p2P τðpÞ2
where P is the pore space of the sample. A similar expression
was used in the context of hydraulic ﬂow in Dullien,41
Section 4.9.2.1. We choose this deﬁnition partly because then,
as argued next, TR = 1/τ2 for straight pores with constant
cross-section, and partly because 1/τ2 deﬁned in this way has
an intuitive interpretation in terms of the transport ratio for
more complex pore structures.
To see that TR = 1/τ2 for straight pores with constant crosssection we assume that the sample has pores p1, …, pn with
volume Vk, k = 1, …, n and that the pointwise geodesic tortuosity is constant in each pore, and denote it by τk. Recall that
this means that the length of pore k is τk times the width
Pof the
Vk =τ
ﬁlm. Then the integral in Eq. 9 simpliﬁes to 1=τ2 ¼ Pk V k .
2

k

The transport ratio TR is deﬁned by
TR ¼

Deff
:
D0 ϵ

ð8Þ

k

We further make the simplifying assumption that the concentration derivative in the direction of the pore’s path is constant.
The directional concentration derivative is then reduced by a
factor 1/τk compared to a straight pore going in the z-direction,
due to the increased length of the pore, and hence the

Figure 1. Pointwise measures, (a) pore size, PS, (b) MIP-pore size, MIP-PS, and (c) tortuosity, τ, computed in an idealized pore structure. The pore size and MIP-pore size are given as the ﬁtted spheres’ radii in number of
voxels, and are shown with the same color-scale. The black arrow indicates the direction of transport.
[Color ﬁgure can be viewed at wileyonlinelibrary.com]
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e k . Since the
directional ﬂux in the z-direction is − D0 rc=τ
pore has constant cross-section, the cross-sectional area equals
Vk/(τkLz). The cross-section is perpendicular to the pore’s path,
which means that the transport through the pore is the area of
the cross-section times the directional ﬂux, which is
e k . We can compare this to the transport
− Vk =ðτk Lz ÞD0 rc=τ
through a pore in the z-direction with the same volume Vk,
e The transport is thus reduced
which would be − Vk =Lz D0 rc.
by a factor 1=τ2k , where one factor 1/τk comes from the reduction of the concentration derivative, and one factor 1/τk comes
from the reduction of the cross-sectional area, compared to the
straight pore going in the z-direction. The transport through
e P Vk =Lz τ2 . It follows that
the whole pore system is − D0 rc
k
k
the transport ratio can be written as
e P Vk =Lz τ2  P V =τ2
− D0 rc
k
k
k k k
¼ P
,
TR ¼
e P Vk =Lz
− D0 rc
k Vk
k

and hence, assuming the simplifying assumptions, TR = 1/τ2.
Thus the geodesic tortuosity factor τ determines the total
diffusive transport through straight pores with constant crosssection. It follows that the ratio between the transport ratio
through a complex pore structure and 1/τ2 indicates how much
the transport ratio depends on the tortuosity and how much it
is inﬂuenced by other factors. This since 1/τ2 is the transport
ratio of a pore structure with straight pores and the same pointwise tortuosities as the complex pore structure.
The difference between τ and τinlet as deﬁned by Eq. 6 can be
substantial, and so 1=τ2inlet can not be interpreted in terms of the
contribution of the tortuosity to the transport ratio. A major
difference is that τ takes the average over the whole pore
space rather than just over the inlet, and hence incorporates
more information about the pore geometry than τinlet. This is
illustrated in Figure 1c, where the difference between the
pointwise tortuosity at the inlet and outlet is markedly different from the average over the whole pore space. These points,
and the importance of using the average over the inverse of
the point-wise tortuosities squared as in Eq. 9, are further illustrated in the Supporting Information.

Standard deviation
To the extent of our knowledge, standard deviations have
not been used before to predict transport thorough pore structures. We include the standard deviations of the pointwise tortuosity, pore size, and MIP-pore size as predictors.

Stochastic Simulation Experiment
We use the following stochastic simulation experiment to
ﬁnd predictors of transport and to investigate how to handle
boundary effects.

Model
The parametric family of stochastic models developed in
Barman and Bolin14 was used to generate samples of pore
structures. The family is aimed at modeling pore structures in
ethylcellulose/hydroxypropylcellulose (EC/HPC) ﬁlms from
Häbel et al.42 Using estimated covariance functions; a number
of geometric goodness of ﬁt measures; and comparing numerically simulated diffusion in the ﬁlms with diffusion in simulated samples from the model, this family was in Barman and
Bolin14 shown to give good ﬁt to 3D confocal laser scanning
4
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microscopy (CLSM) images of two EC/HPC free ﬁlms, one
with 30% HPC and the other with 40% HPC.
In the models pore structures were obtained by thresholding
and smoothing stochastic simulations of a Gaussian random
ﬁeld. For each simulation the threshold was set so that the
simulated pore structure had the desired volume fraction. The
distribution of a Gaussian ﬁeld is determined by its mean and
covariance function.43 In our models, the mean function is
zero, and the covariance functions are members of a family of
separable oscillating Matérn covariance functions of the form
C(x, y, z) = Cz(z)Cx,y(kx − yk), with Cz(z) a one-dimensional
oscillating Matérn covariance function and Cx,y(kx − yk) a
two-dimensional isotropic oscillating Matérn covariance function.44 The separability of the covariance function C allows
for different behavior along the depth of the pore structures
(the z-direction), and in planar sections (the x,y-plane). Separating the control of the depth and planar section of the model
in this way was motivated by the shapes of the pores in the
CLSM images of the EC/HPC ﬁlms.
The shape of the covariance functions Cz and Cx,y, in the zdirection and in the x,y-plane are controlled by regularity
parameters θz and θx,y, respectively, see Figure 2. The distances from the origin to the ﬁrst peak of the covariance functions are the same for all models in this article, and can be
interpreted as a typical distance between peaks of the Gaussian
ﬁeld along the depth and in the planar sections, respectively.
Stronger oscillations of the covariance function, that is, higher
values of θz and/or θx,y, lead to stochastic simulations where
these typical distances are more closely adhered to, and thus
more regular pore structures, see Figure 3.
Additionally, lower θz-values leads to pores which are more
elongated in the z-direction, that is, pores which are less
winded. More information about the model can be found in
Barman and Bolin.14

Setup
The main stochastic simulation experiment was aimed at prediction of transport. We considered 4 × 3 × 3 = 36 stochastic
pore structure models. These models were obtained using four
pore volume fractions ϵ = 0.25, 0.3, 0.4, 0.5, and three values of
each of the regularity parameters θx,y and θz, which were set to
either a low, a medium, or a high value, see Figures 3 and 4.
The exact values were θx,y = 0.5, 0.8, 0.95, and θz = 0.4, 0.7,
0.95. These values were chosen to obtain a wide range of pore
geometries. For the combination where both θx,y and θz were set
to a high value, we used θx,y = 0.95 and θz = 0.9 due to high
computational cost of calculating the diffusion with θz = 0.95.
We simulated six samples of pore structures of size
250 × 250 × 250 from each of the 12 models. The limiting factor for the size of the samples was the computational cost for
the numerical calculation of diffusion through the pore structures. To avoid boundary effects we computed the geometric
predictors and the diffusion in the entire sample, but only used
central subsamples of size 226 × 226 × 250 for prediction, see
the section “Effects of limited sample window size.”
In a second experiment we used ϵ = 0.3, a high θx,y and
low θz, and simulated 36 pore structures of various sizes from
this model. These were used to compare the methods (9) and
(6) to compute tortuosity, and to evaluate boundary effects.

Computation
In order to use 9 the pointwise geodesic tortuosities τ(p) has
to be computed for all points in the pore space. We used
Matlab’s function bwdistgeodesic,45 which returns the
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Figure 2. Covariance functions (a) Cz and (b) Cx,y, for different values of the regularity parameters θz and θx,y.

geodesic distance from all points in the pore space to a set of
seed locations, to develop the following algorithm: choose as
seed locations the inlet and the outlet, respectively. This gives
the geodesic distance from all points to both the inlet and the
outlet. The distance of the shortest path through the pore space
which goes from the inlet to the outlet and which passes
through a point is obtained by summing the distance to the
inlet and the distance to the outlet. Dividing by the width Lz of
the sample then gives the pointwise tortuosity, which we
obtain for all points in the pore space.
To compute τinlet instead, only the outlet is chosen as seed
locations, which amount to about half the calculations performed to ﬁnd the pointwise tortuosity for all points. Thus by
doubling the number of calculations, we get the pointwise tortuosity for all the points in the pore space, instead of just for the
points at the inlet.
Computation of pore size and MIP-pore size were done
using the Matlab functions bwdist, imdilate, and imﬁll.45

Descriptions of how to implement the pore size measures are
given in Münch and Holzer.46
We calculate diffusion numerically in the pore structures with
the software Gesualdo.47 Gesualdo uses the lattice-Boltzmann
method. The diffusion Eqs. 1 and 2 are solved in the pore space
until steady state, that is, until ∂c
∂t ¼ 0. No-ﬂux boundary conditions J  n = 0 are applied at the pore interfaces, where n is a
vector normal to the interface.48 The diffusive transport is driven
by a concentration gradient along the depth of the sample window (the z-direction), that is we set c = cin at the inlet (z = 0) and
c = cout at the outlet (z = Lz). Mirror boundary conditions are
applied at the other boundaries of the sample window.
To ﬁt the regression models used to predict the transport ratio,
we used Matlab’s stepwiselm for the stepwise linear regression,
and nlinﬁt for the nonlinear regression.45 Programs were implemented in Matlab and computations performed on resources at
Chalmers Centre for Computational Science and Engineering
provided by the Swedish National Infrastructure for Computing.

Figure 3. Pore structures obtained with ϵ = 30% and different values of the regularity parameters θx,y and θz: (a) low
values, (b) medium values, and (c) high values.

Figure 4. Pore structures obtained with medium regularity parameter values and different pore volume fractions:
(a) ϵ = 20%, (b) ϵ = 30%, (c) ϵ = 40%, and (d) ϵ = 50%.
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Prediction of Transport Ratio
Transport ratios
The transport ratios vary within a large range, from 0.09 to
0.80. The mean transport ratio increases from 0.2 for ϵ = 0.25
to 0.6 for ϵ = 0.5, and for each volume fraction the transport
ratio is highest for the model with a high θx,y-parameter and a
low θz-parameter, and lowest for the reversed parameter combination, see Figure 5. Recall that decreasing the θx,y and θz
parameters results in pore structures with higher disorder.
Even though transport ratios show a similar pattern for each
volume fraction, ﬂux behaves quite differently for different
volume fractions, see Figure 6. In this ﬁgure, ﬂux Jz was nore j of the ﬂux
malized by the magnitude j Jopt j¼j Jz, opt j¼j D0 rc
Jopt in an optimal pore structure, analogously to the way the
mean ﬂux was normalized to obtain the transport ratio. This
means that the transport ratio can be expressed
Ð as the average
1
of the normalized ﬂux, that is, as TR ¼ jPj
p2P Jz = j Jopt j dp,
where P is the pore space. The histograms for models with
lower volume fractions have a heavier right tail, indicating the
inﬂuence of bottlenecks where ﬂux tends to be high. Lower
volume fraction histograms also have a higher portion of ﬂux
that is close to zero, and thus a greater portion of the pore
space that does not contribute to the diffusive transport.

Prediction
We performed stepwise linear regressions of the logarithm
of the transport ratio using the logarithm of the geometric
measures listed in Table 1 as predictors (detailed results for
the predictors can be found in the Supporting Information).
The regression results are listed in Table 2. The stepwise
regression removes predictors based on their statistical signiﬁcance, and does not include predictors that are linearly dependent. We only included regression models that were stable. By
a stable model, we mean a model that is not sensitive to
removing some of the data-points. That is the ﬁtted model
coefﬁcients may change slightly, but the predictors chosen by
the stepwise regression essentially remains the same when a
randomly chosen third of the observations are excluded from
the dataset. The model where all predictors were included was
very unstable, and as a consequence was not used.
The best model from Table 2, with the highest R2 value,
TR  τ baσ c , was quite stable. To investigate other interesting
τ
models, we excluded some subsets of the predictors. The second best model, TR 

aϵCb PS c
e ,
τ d σ PS

was less stable, but still the tortu-

osity, PS and σ PS were chosen quite consistently. The third
b
model included in the table, TR  aβτ c , was not the third best
ﬁt, but was included for comparison since this model was used
in Stenzel et al.24 The ﬁt was not stable, as only τ was

= 0.25
xy,l

= 0.3

0.8
0.6

xy,l

xy,m

0.4

xy,h

0.2
z,l

z,m

z,h

included in more than half of the ﬁts when a random third was
excluded from the dataset. The ﬁt is similar to the model
TRβa/τb ﬁtted in Stenzel et al.,24 where the ﬁtted values
were a = 0.36 and b = 5.17. Regression models that include ϵ,
β, and τ were also used in Stenzel et al.24 For our dataset however, β was not signiﬁcant when ϵ was also allowed as a predictor, and this combination is therefore not included in the
table. The fourth model, TR  τab , was very stable. All ﬁtted
models perform very well in predicting the transport ratio, as
indicated by the root mean squared errors (MSEs) and the
explained variation (the R2 values).
The residuals of the logarithmic regression are the logarithms
of the quotient between the ﬁtted values of the corresponding
multiplicative model and TR and hence correspond to residuals
of different sizes in the multiplicative model. To assess the effect
of this we also ﬁtted the multiplicative model directly, that is,
we ﬁt the multiplicative model obtained from the logarithmic
linear regression, but determine the coefﬁcients using nonlinear
regression. Table 2 shows that, as expected, errors were smaller
for the direct multiplicative than for the logarithmic regression,
but differences were small. The ordering of the models was preserved, with the best model being TR  τ baσ c in both cases.
τ
The plots in Figure 7 show a good ﬁt of the model
TR  τ baσ c . The corresponding plots for the other models were
τ
similar.
Above it was argued that 1/τ2 is the transport ratio of a pore
structure where tortuosity is the only factor which lowers the
transport rate. Hence we also ﬁtted the models in Table 2 with
the exponent of the tortuosity factor ﬁxed as 1/τ2. Table 3
shows that the models that include the standard deviations σ τ
and σ PS then still explain a large part of the variation in the
transport rate. The model which used the constrictivity β on
the other hand performed much worse. The ordering of models
was the same as before.
Comparison of Methods to Compute the Geodesic
Tortuosity. For our dataset, the difference between τ and τinlet,
as given by Eqs. 9 and 6 was between 0.3% and 15%. The differences were mainly caused by taking the mean of τ(p) over the
whole pore space instead of only at the inlet. The tortuosity factor
τ was consistently chosen by the stepwise regression and not τinlet.
If τ was excluded from the predictors and τinlet was used instead,
the ﬁt was worse, but still the difference was small.
For further comparison we used the second simulation
experiment. This only included a single model (ϵ = 0.3, high
θx,y and low θz) so that differences between the simulated samples only were due to random variation and therefore involved
a much smaller range of computed transport ratios. The model
b
TR  a=τinlet
then gave an R2 value 0.05, and did not even
lead to a signiﬁcant improvement compared to the constant
model. The model TRa/τb on the other hand explained a
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Table 1. Transport Ratio and Predictors Used in the Stepwise Linear Regression. Shown are the Minimum, Median, and
Maximum Values for the 36 Models

Transport ratio, TR
Tortuosity, τ
Standard deviation of the tortuosity, σ τ
Mean pore size, PS
Standard deviation of the pore size, σ PS
Mean MIP-pore size, MIP-PS
Standard deviation of the MIP-pore size, σ MIP - PS
Constrictivity, β
Pore volume fraction, ϵ
Fraction connected pores, ϵC

large part of the variation in the data (R2 = 0.67). There was a
clear correlation between the transport ratio and τ but only a
very weak correlation with τinlet (Figure 8).

Discussion
Overall, the transport ratio gave an informative means to
compare diffusive transport for different volume fractions. The
same pattern was observed for all volume fractions: more disordered pore geometries with low θx,y-parameter had lower
transport rates than more ordered ones, while the increased
transport caused by the longer pores resulting from lowering
θz outweighed the accompanying increase in disorder. The
transport ratios for lower volume fractions were markedly
lower than for higher volume fractions, and the normalized

Min

Median

Max

0.09
1.05
0.009
3.1
0.60
1.1
0.31
0.14
0.25
0.980

0.37
1.16
0.030
3.8
0.70
2.0
0.46
0.34
0.35
0.999

0.80
1.51
0.086
5.2
1.29
3.5
0.76
0.53
0.5
1.000

ﬂux was qualitatively different for different volume fractions.
This could be explained as follows. Lowering the volume fraction removes links between pores and increases the number of
dead-ends and hence makes the inﬂuence of bottlenecks
higher, and result in a greater portion of the pore space that
does not contribute to diffusive transport.
Stepwise linear regression resulted in quite accurate prediction formulas, both from logarithmic regression and from
direct ﬁtting of multiplicative prediction formulas. The ordering of the models given by stepwise ﬁtting was the same for
the two methods, and the ﬁtted models were very similar.
As far as we know, standard deviations have not been used
before as predictors in the present context. The standard deviations of the tortuosity and of the pore size proved to be

Table 2. Stepwise Linear Regression on the Logarithm of TR, with Some of the Predictors Excluded. The Corresponding
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Multiplicative Models are Also Shown. MSElog and R2log are the Root Mean Squared Error and R2 Value of the Fitted
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Regression on the Logarithm, Respectively, MSEmult are the Corresponding Quantities for Multiplicative Model, and
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
MSEmult,dir for Multiplicative Model Fitted Directly
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
MSEmult

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
MSEmult, dir

0.991

0.024

0.021

0.987

0.028

0.023

0.092

0.977

0.038

0.029

0.099

0.972

0.039

0.029

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
MSElog

Predictors

Fitted Mult. Regression Model

ϵ excluded

0:33
TR  τ4:8
σ 0:2

0.059

0:10ϵ4:4 PS1:4
TR  τ5:1Cσ0:7
PS
0:2
TR  1:26β
τ6:0
0:98
TR  τ6:3

0.070

σ τ excluded
Only τ and β included
Only τ included
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Figure 7. Diagnostic plots for the model TR  τ baσ c : (a) residuals of the linear regression on the logarithm, (b) the ﬁtted
τ

, and (c) the ﬁtted values of the multiplicative
values of the corresponding multiplicative model TR  τ4:80:33
σ 0:23
τ

model ﬁtted directly, TR  τ5:50:42
.
σ 0:19
τ
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Table 3. Linear Regression on the Logarithm of TR, with the Exponent of τ Fixed to the Theoretically Motivated Value. The
Corresponding Multiplicative Model is Shown. The Diagnostic Measures are the Same as Those of Table 2
Predictors

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
MSEmult

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
MSEmult, dir

0.883

0.045

0.045

0.869

0.059

0.050

Fitted Mult. Regression Model

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
MSElog

TR  τ0:06
2 σ 0:6

0.140
0.150
0.317

0.402

0.109

0.101

0.404

–

0.156

0.145

τ, σ τ

τ

τ, PS, σ PS

5:0

TR  0:01PS
τ2 σ 4:5

R2log

PS

τ, β

0:9
TR  1:13β
τ2
0:48
TR  τ2

τ

better complements to the tortuosity than the constrictivity
measure β (Tables 2 and 3). In particular, if the tortuosity
was ﬁxed to the theoretically motivated value 1/τ2 then the
models which included standard deviations explained a
much larger part of the variation in the data than the model
which used β (Table 3).
Higher standard deviations of tortuosity and pore size were
correlated with lower transport rates. This is as expected: The
standard deviation of the tortuosity is inﬂuenced by the proportion of dead ends and by how well the pore structure is
connected, and high standard deviations of the pore size is a
measure of variations in pore size. Variations in pore size have
long been thought to be an important factor inﬂuencing the
transport rate. However, our results indicate that it is not just
the median values of bottlenecks and pore sizes (as measured
by the constrictivity measure β) which are important, but more
generally how much the sizes of the bottlenecks and pores
vary in the pore structure.

(b)

0.45

0.45

0.445

0.445

TR

TR

(a)

The exponent for the tortuosity of the ﬁtted regression
models in Table 2 increased as fewer predictors were included
in the model. The same pattern is seen for the ﬁtted models in
Stenzel et al.24 This indicates that high exponents for the tortuosity are caused by the model being too simple. Adding further measures that, for example, quantify the connectivity of
the pore network might increase the predictive properties of
the regression model, and could possibly decrease the tortuosity exponent further.
The new method 9 for calculating the tortuosity which uses
the pointwise tortuosities of all points in the pore space and
not just the tortuosities at the inlet resulted in a much better
prediction capability for pore structures from a single model.
Using the pointwise tortuosities of all points means that pore
structures where part of the pore network is not well connected
to the rest will have a high tortuosity. These parts of the network which, for example, could include many dead ends, in
general have low transport rates. The tortuosity factor τinlet is
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Figure 8. The relationship between transport ratio and (a) τ, (b) τ inlet.
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not sensitive to such parts at all. This might explain why τ has
better transport prediction capabilities than τinlet.
Fitting the model TRa/τ2, we obtained a = 0.48. The
trend is therefore that the transport ratio is around 50% of
what it would be if only the tortuosity were limiting the transport rate, as discussed in the section “Average of the reciprocal of the pointwise geodesic tortuosity.”
The median values of the pore size and MIP-pore size were
used to compute the constrictivity, as described in the
section “Constrictivity.” For the other measures, we considered the mean of the point-size values for prediction, similarly
to how the tortuosity was deﬁned using the mean of the
squared inverse point-size values. This is an arbitrary choice,
and median values of the pore size and MIP-pore size could
also have been considered.
The transport ratio is restricted to lie within the interval
[0, 1]. Most of the ﬁtted regression models can take values
outside this range, or cannot ﬁll the entire range of possible
values. In particularly the models with a value of the intercept
a > 1, and the models that include standard deviations, can
take values larger than 1. As with all regression models, however, it should be expected that they are valid for the range of
pore structures and transport ratios they were ﬁtted to, but not
for very different structures, such as structures below the percolation threshold, or extremely regular structures.

in calculation of pointwise tortuosity short paths may be cut of
by a x,y-boundary. The bias caused by such errors is greater
close to these boundaries and can be reduced by computing
the values for the entire sample Y, but only using the values in
some subwindow W0  W to estimate of the measure of interest. Here W0 has the same thickness as W but voxels in
W which are close to the x,y-boundaries are excluded from W0 .
Limited Thickness. Measures which are computed for inﬁnite pore structures which are thinner in the z-direction than
the structure of interest may differ from the measure of interest. One may be able to get an impression of the size of this
bias by computing the measure for structures of different
thicknesses, after correcting for boundary effects.
Using only the values in a subwindow to reduce the bias
caused by boundary effects makes sample sizes smaller and
increases the random error. This is the standard bias-variance
tradeoff. Let ψ be the measure of interest. Further let ψ^Y ðW 0 Þ
be the corresponding measure computed from observations in
a ﬁnite subwindow W0 of the sample window W. Here the subscript Y indicates that the pointwise measures are computed
using the entire sample Y. The mean squared error (MSE)
which results from using ψ^Y ðW 0 Þ to estimate the measure for
an inﬁnite pore structure of the same thickness as the sample
can be decomposed into a variance component and a bias
component, as
MSEðψ^Y ðW 0 ÞÞ ¼ Varðψ^Y ðW 0 ÞÞ + Biasðψ^Y ðW 0 ÞÞ :
2

Effects of Limited Sample Window Size
Theory
The goal is to estimate some measure, for example, the
average diffusion or the average or standard deviation of a
pointwise geometric measure in an ergodic stochastic pore
structure Y∞ which is unbounded in the x,y-directions, but
ﬁnite in the z-direction. However, due to computational cost,
or the limited size of microscopy images, it is only possible to
observe a sample Y of the pore structure in some ﬁnite sampling window W. This leads to three kinds of estimation
errors.
Stochastic Variation. A measure which is calculated from
an observation Y in a ﬁnite sampling window will have a random deviation from the measure calculated from Y∞. Such
random errors can be made smaller by using larger sampling
windows or by obtaining several samples and, for example,
taking averages (or medians) of the measures obtained from
the different samples.
Boundary Effects. Numerical calculation of ﬂow in a
bounded sample uses boundary conditions at the x,yboundaries which makes diffusion different in a ﬁnite sample
than it would have been in an inﬁnite pore structure. Similarly,

ð10Þ

Minimizing the MSE thus amounts to balancing these
two effects. The variance and bias components may be
estimated using several pore structures Y1, …, YN, with
PN
^Yi ðW 0 Þ=N −
the bias E ½ψ^Y ðW 0 Þ− ψ  estimated as
i¼1 ψ
 0
PN
^Yi W 0 =N using a small subwindow W0 0 which is
i¼1 ψ
believed to be relatively unaffected by the boundary effects.
Using Eq. 10 this gives an estimate of the MSE, and doing
this for several different subwindows W0 one can ﬁnd a subwindow W0 opt which minimizes this error. This window size
can then be used for estimation of ψ from new samples of this
or similar pore structures. In particular, in the next section the
subwindow size 226 × 226 × 250 which was used in the
section on prediction above is obtained in this way.
Finally, it should be remembered that this optimization only
captures boundary effects in the x,y-plane, and ignores bias
that might be caused by the sample being thinner in the zdirection than the pore structure of interest.

Results
The results of this section are based on the second simulation
experiment which used the model ϵ = 0.3, a high θx,y and low θz,
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Figure 9. Effect of all three sources of error. Box plots of estimated values of (a) TR and (b) τ, for different sizes s ×
s × s of the sample window W.
[Color ﬁgure can be viewed at wileyonlinelibrary.com]
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Figure 10. Division of the sample window W into six subframes, with three levels in the x,y-plane and two levels in
the z-direction.
The resulting division of the pore structure from Figure 3b is shown. Frames (a) and (d) are closest to the x,y-boundary, and frames
(a)–(c) are closest to the inlet. [Color ﬁgure can be viewed at wileyonlinelibrary.com]

Figure 11. (a) TR, and (b) τ, calculated in subframes of the sample window W, with 16 levels in the x,y-plane and
10 levels in the z-direction. Each square represents one frame. Frames with x,y-index one are closest to
the x,y-boundary and frames with z-index one are closest to the inlet.
[Color ﬁgure can be viewed at wileyonlinelibrary.com]

and simulated 36 pore structures for each window size. Figure 9
shows that, as expected, random variation decreases as the size of
the sample window increases. It also illustrates the sum of the
bias caused by boundary effects and the bias caused by using
thinner sampling windows: the averages of the transport ratios
are fairly unaffected by the window size, but instead there is a
clear, albeit small, trend in the averages of the tortuosity. Similar
results were obtained for the other geometric measures.
To investigate boundary effects we divided the 250 × 250
× 250 sampling window W into subwindows, or “frames” WF
with approximately the same number of voxels, as illustrated
in Figure 10. The frames are used to visualize the dependence

(a)

of the pointwise measures on proximity to the x,y-boundaries
and to the inlet and outlet. We computed for each frame the means
of the pointwise measures, ψ^Y ðWF Þ, for the 36 simulated pore
structures, with the pointwise measures computed from the full
250 × 250 × 250 sample window W. Since the transport
ratio TR can be expressed as the mean of the normalized ﬂux
Jz/Jz,opt in the pore space, the pointwise measure corresponding to TR was computed as the normalized ﬂux. The estimated
values in frames close to the x,y-boundary differed considerc ¼ 0:44 and τ^ ¼ 1:13 (Figure
ably from the global estimates TR
11). The values of τ also deviated from the global estimate in
frames close to the inlet and outlet. Additionally, the values of

(b)

Figure 12. The estimated MSE of the estimator ψ^Y ðW 0 Þ, where (a) ψ = TR, and (b) ψ = τ, for centered subwindows W 0
with voxels close to the x,y-boundary removed. The sizes of the subwindows W 0 are given as the percentage of voxels removed from the sample window W.
[Color ﬁgure can be viewed at wileyonlinelibrary.com]
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TR deviated from the global estimate in frames close to the
outlet.
We used a 166 × 166 × 250 central window W00 to estimate
the bias. It can be seen from Figure 12 that bias caused by
boundary effect drops off quickly. Thus, in particular, the
choice of the size of the sub-window W00 did not have a big
effect on the estimates of the MSE. The optimal sub-window
0
Wopt
seems to be around 80% of the full sample window, taking both TR and τ into account. This corresponds to removing
12 voxels at the x,y-boundaries, i.e. removing frames three
steps from the x,y-boundary (see Figure 11), making
the size
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
0
of Wopt
226 × 226 × 250. The estimated optimal MSE were
0.02 and 0.003 for TR and τ, respectively, which is 4% and
0.3% of the global estimates. Thus the boundary bias had a
bigger impact on the estimation of TR than on the estimation
of τ.

Discussion
There are clear boundary effects. For pore structures which
are similar and of the same size as those in the simulation
experiment, removing the 20% of the voxels which are closest
to the x,y-boundaries gives a good compromise between variance and bias. For pore structures which are signiﬁcantly different it may be advisable to check for the extent of boundary
effect as is done in Figure 12.
Figure 11 shows a sizeable difference between calculating
the tortuosity factor from the whole sample window vs. from
the inlet. The difference between the global transport ratio estimate and values close to the outlet, also visible in Figure 11,
is a numerical issue which can be ameliorated by increasing
the number of voxels in the numerical diffusion simulations.
The resulting transport ratio estimate however was not much
affected by increasing the voxel count. Together, these results
illustrate the importance of visualizing trends over the sample
as is done in Figure 11.

Conclusions
The transport ratio, TR, which is introduced in this article
measures the decrease in transport through a ﬁlm, as compared
to a ﬁlm with an “optimal” pore structure and with the same
volume fraction. It hence measures the inﬂuence of connectivity, windedness, and thickness ﬂuctuations of the pores and
provides a uniﬁed way to compare transport in pore structures
which have different pore volume fractions. In contrast, related
and commonly used measures of “diffusive tortuosity” can not
be interpreted in terms of only the windedness of the pores,
even though the name suggests this.
Pointwise geodesic tortuosities are deﬁned as the shortest
path from the inlet to the outlet going through the point, divided
by the thickness of the ﬁlm. We argue theoretically for computing a tortuosity measure, τ, from the average of one divided by
the square of the pointwise geodesic tortuosities over the pore
space, and use this as a measure of the windedness of the pores.
This is in contrast to standard deﬁnitions of geodesic tortuosities
which only use the average of lengths of the shortest paths from
points on the inlet to the outlet. Further we proposed standard
deviations of geometric properties, such as pore sizes and geodesic tortuosities, as additional predictors of transport.
Stepwise regression showed that for the stochastic pore structure model used in this article the average pointwise geodesic
tortuosity was the most important geometric predictor of the
transport ratio TR (and thus the transport rate). High tortuosity
AIChE Journal
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was correlated with low transport rates, and the tortuosity
explained a large part of the variation in transport ratios. The
constrictivity β, which has been shown to be useful for transport
prediction in Stenzel et al.,24 was not an efﬁcient predictor for
this dataset. Instead, higher predictive power was achieved by
using standard deviations of tortuosity and pore size, which
were inversely correlated with transport ratios. An explanation
might be that these standard deviations correlate well with the
proportion of pores that do not contribute much to the diffusive
transport, either due to bottleneck effects or to dead-end pores.
Together, our geometric predictors explained more than 99% of
the variation in transport ratios across different model conﬁgurations in the simulation experiment. The tortuosity measure we
proposed was also shown to be a much better predictor than the
standard deﬁnition for pore structures from a single model.
A next step will be to apply the stepwise regression to different datasets, either empirical or obtained from different stochastic models, similarly to what was done in Stenzel et al.24 In that
work, the models with β, τ, and ϵ explained a smaller part of
the variation in the data than our ﬁtted models (Table 2), likely
due to a larger variation between the stochastic models. However, we can take our results as an indicator that our new tortuosity measure τ and the standard deviations provide information
that is valuable for diffusive transport predictions.
Clear boundary effects introduced by calculating the geometric predictors and the diffusive transport in ﬁnite samples
were demonstrated. In the calculations this was corrected for
by removing slabs at boundaries and determining the size of
the removed slabs by minimizing the mean squared error of
transport ratios and of geometric predictors.
Finally, we believe that the insights and methods obtained
in this article, and in subsequent research, will inform the
design of new and optimized pellet coatings.
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