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Abstract

This paper contains an exposition of the by now rather complete central limit
theory for discrete parameter martingales providing new and efficient proofs. The
basic idea i1s to start by proving a central 1limit theorem under quite restrictive
conditions (that the summands tend uniformly to zero and that the sums of squares
conrerge uniformly) and then to obtain the most general results by random change
of time and truncation. The emphasis is on the sums of squares (or squared varia-
tion process), and Burkholder's square function inequality plays a crucial role in
the development. In particular, this approach leads to a very short and direct
proof of tightness. In the proofs we make much use of a result (Lemma 2.5) which
is believed to be new and which binds together convergence to zero of sums and of
sums of conditional expectations. In the final section, the results are extended
to several dimensions, to mixing convergence, and to convergence to mixtures of

normal distributions.
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0. Introduction

The main thesis of the present paper is to view the martingale central limit
thecrem as basically concerning summands which tend uniformly to zero, and with
squared variation (sum of squares) converging uniformly, and then to reduce
the most general situation to this case by (random) change of timescale and by
truncation. We think that this both appeals to the intuition and leads to quite
efficient proofs. The purposc of the paper thus is to give a selfcontained expo-
sition of the basic martingale central limit theory, using this point of view,
providing as simple and efficient proofs as possible. A second assertion we
would like to make is the usefulness of stochastic processes point of view:
that it is the functional limit results which are important, and not only their
one-dimensional versions. There is, of course, a cost associated with this: one
has to learn at least some elements on convergence of distributions on function
spaces, but the reward then is both better understanding and easier and shorter
proofs. One further feature of our development below is an emphasis on the
squared variation process and a systematic use of Burkholder's square function
inequality. 1In particular this makes possible a very easy proof of tightness,
which 1in other approaches often requires the main effort,

The central limit theorem for discrete parameter martingales represents one
important stage in the development of central limit theory and has in the last
few years reached what seems to be essentially its final form and has also proved
its value in many applications to statistics and applied probability. The theory
has also been recast into the language of "the general theory of processes' of
the Strasbourg school and been extended to the continuous parameter case by the
work of Rebolledo [15,16], Lipstcer and Shirayev [13,14] and others. This has led

to g very satisfying formulation of the results and a rather complete extension
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of the theory. Nevertheless it may perhaps also be said that the essential dif-
ficulties are present already in the discrete case and that the basic continuous
parameter results are rather easy to obtain from the corresponding results for
discrete time, as shown by Helland [9].

Sxcept for the multidimensional result, Theorem 4.3, which is only a small
step away from the one-dimensional results (although it seems quite useful for
applications), none of the theorems of this paper is new. However, almost all
the proofs are new (the main idea was mentioned briefly by the present author in
[19] and was developed in some detail in mimeographed lecture notes from the
Department of Mathematical Statistics, Copenhagen University). In particular
we would like to point out Lemma 2.5, which is a versatile tool and which is new
formulated in the present generality, although various special cases have been
used by many authors.

A related exposition, which starts, however, by assuming known a basic cen-
tral limit theorem for bounded martingale differences is given by Helland [9].

A further rather different exposition which uses the Skorokhod embedding is
contained in the recent book by Hall and Heyde [8]. Both expositions contain
extensive lists of references and accounts of the development of the subject, to
which we refer the reader. Later papers of interest include work by Klopotowski
and colleagues [2,12]}, the articles by Lipster and Shiryaev mentioned above, and
a series of papers by Jeganathan [10,11]. The approach in [11], which in turn
was partly inspired by Rosén [20], is somewhat related to this paper and was
made independently of it.

The plan of the paper is as follows. Section 1 contains some notation, and
in Section 2 the results we need from other areas (functional limit theory and

martingales) are collected, and the basic truncation lemmas (Lemmas 2.5-2.7) are
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obtained. The functional central limit theorem for martingales is then proved in
Section 3, starting from scratch, and finally Section 4 contains a somewhat brief-
er discussion of one direction of extension of the results, to several dimensions

and to convergence to mixtures of normal distributions.

1. Notation

Throughout, we will consider doubly indexed arrays {Xn I Bn j; j>1, n>1}

where the Xn j's are random variables or, in Section 4, random vectors, and for
2.
[o.0]
each n, {B_ .} is an increasing sequence of sigma-algebras, i.e., B

n,j j=1 n jEBn,j+1'

We will never assume that the Xn .'s are obtained by linearly renormalizing a

single sequence of random variables since that is not the case in many of the ap-

plications but will sometimes assume that the sigma-algebras are mested, i.e. that

B . cB ., for n,j=1 ,
n,) n+];] ’

which seems to hold in most cases of interest. Possibly by going over to a pro-

duct space, we will assume that all Xn j‘s and Bn j‘s are defined on the same
probability space (2,8,P). The array is said to be adapted if Xn j € Bn j for

j21, n2l, and it is a martingale difference array (m.d.a.) if in addition

{Xn i’ Bn j; j=1,2,...} is a sequence of martingale differences, i.e., if
1B

E|xn | <  and E(X ) = 0 for j>1.

,J n,j+1 n’j

A stochastic process {1(t)}, defined for t in some interval I is a time-scale
if it is nondecreasing, has left limits and is right continuous. A sequence {Tn}

of time scales is adapted (to {Bn j}) if for each n and tel, Tn(t) is a stopping
time with respect to Bn,l’ Bn,Z""

. be the [t]th partial sum in the nth row, and let

_ vlt]
Let §_(t) = §j=1 Xy s
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{B(t); tel} be a standard Brownian motion. The problem we are concerned with is
convergence in distribution of time-scaled row-sums SnO"Cn te a Brownian motion,
or more generally a time-scaled Brownian motion. Here of course SnOTn is defined
by SnOTn(t) = Sn(Tn(t)). For brevity of notation we will usually write SOTn for
SnOTn, and Ei(-) for E(-

in the nth TOow.

Bn i) (with EO=E) when taking expectation of variables

2

A partition of an interval [0,T] is a finite set of points, O=t0<t1<...<tk=T.

For a given partition, we will write

(1.1) AM) =t, - t , A= max A(L)
¢ £-1 1<8<k
ASOTH(KJ = SOTn(tz) - SOTn(tZ_l) s
k
vSOTn(ﬂ) = sup 1 y Xn,j‘

Tn(t2_1]<kSTn(t£) j=Tn(t£_1)+1

Further, indicator functions will be written as Ly or 1{1}, i.e. 1B(w) is one

if weB and zero if weBC, and similarly 1{ } is one if the event in curly brackets

occurs and zero otherwise. Finally, sums with upper limits which are not integers
. X [x] . . . . .

are defined by zj—l = ;j—l’ i.e. summation is up to the greatest integer which

does not exceed the upper limit.

2. Prerequisites: Functional Limit Theorems, Martingales, Approximation

For easy reference and because one purpose of this paper is to makc a complete
exposition of the martingale central 1limit theorem, we will in this section list
the results on convergence in distribution and on martingales which are needed
for the proofs. The section furthermore contains three lemmas which are essential

for the truncation and approximation procedures we will use.
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Let X, {Xn} be random variables with values in a complete separable metric
space (S,p). With standard terminology and notation, Xn converges in distribu-
tion to X, Xn g X in (S,p), if h(Xn) § h(X) in R, for all functions h: S > R
which are bounded and continuous almost surely with respect to the distribution
of X, and Xn converges in probability to X, Xn 15 X if p(Xn,X) g 0. If X has a
standard normal distribution in Eﬁi we also write convergence in distribution as
Xn g Nd(O,I) and for d = 1, as Xn Q N(0,1). Besides R.,ﬁRd, we will be inter-
csted in the metric spaces D[0,T] and D[0,*) of functions on [0,T] and on [0,=)
which have left limits and are right continuous, with metrics described in [3,21]
and in the subset DO[O,I] of nondecreasing functions in D[0,1]. Convergence in
distribution of vectors will throughout be with respect to the relevant product
metric.

The first result is a criterion for convergence in D{0,»). It can be obtained

as an easy special case of the results of [21, Theorem 2.8] and [3, Theorem 15.5

amended with the argument of Theorem 8.3].

Proposition 2.1. With the notation of (1.1), suppose the following two conditions

hold:

(1) (tightness) for each positive T and €, there exists a function f such that

for any partition of [0,T],
k
limsup ) P(vSot_(&)2e) < f(A) ,
nroo f=1 n
where f(A) » 0, as A - 0, and
(ii) (finite dimensional convergence) if‘{kn}:zl is a sequence of integers and

X a continuous stochastic process with Sot 4 X in D[0,*) as k = o=, it follows

k

n
that X has the same finite-dimensional distributions as B.
Then SOTn Q B in D[0,»), as n » = |,

The next results, on "random change of tim2" and approximation are phrased
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in terms of general processes Xn’Yn and Y in DJ[0,®) or D[0,1] and timescales {Tn}.

Proposition 2.2. (i) Suppose Y, ¢ Y in D[0,*) and that {Tn(t); te[0,1]} are

timescales such that

(2.1) (1) Doty asno o,

for each te[0,1], where T is a non-random continuous function. Then YhOTn g Yor.
(ii) Suppose Y $ Y in D[0,1] and that {Xn} are random variables in D[0,1], such
that

sup 1X (t)-Y (t)] ¢ 0 , asn-» o,
ost<1 M n

Then Xn g Y in D[0,1].

Proof: (i) Since pointwise convergence of increasing functions to a continuous

limit implies uniform convergence, (2.1) implies that T g T in DO[O,l]. and the
result then follows from [21, Theorem 3.1].

(ii) See [3, Theorem 4.1]. [

From martingale theory we will use some simple consequences of the optional
sampling theorem (Proposition 2.3 below), the extension of Kolmogorov's inequality
to martingales (Proposition 2.4(i)) and one half of Burkholder's square function
inequality (Proposition 2.4(ii)). All of this b=longs to the standard fare from
a first encounter with martingale theory, except perhaps the square function in-
equality. An elementary (albeit pedestrian) proof of this latter result is
sketched in the appendix for the special case we shall need--an elegant proof

for the general case is given in [4].

Proposition 2.3. Let'{Xj,Bj; j21} b2 a sequence of martingale differences, let
i<t' be stopping times, and write BT for the pre-T-sigma-algebra. Suppose that

EY. . X7 < . Then

T'
E{) x,!!BT} = 0
j=T+1
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and

E{(}
j=T+1

Proposition 2.4,

2 ,
X)) I8} =E{]

TF
X2\l B}
j=T+1 J T

Let {Xj’Bj} be a martingale difference sequence and let T<T'

be stopping times. Then
(i) for any integer n and real numbers pzl, €>0,
k 1 T'An
P( max | 2 X.|2€) < — E]| X X.|p ,
T<k<t'An j=t1+1 . el j=r+1 J
(ii) for p>1 and C a constant which only depends on p,
T! T!
2
E| ¥ P <cec ) xHP/2
j=r+1 j=T+1
and
T! T!
(iii) P(max |V X.ze) < S By xHP/?
T<k<t' j=T+1 J eP j=1+1 j
Proof: (i) is the extension of Kolmogorov's inequality applied to the martingale
{ZT 2&1 1 k 1 and (ii) is one of Burkholder's square function inequalities.

Further, combining (i) and (ii) we have that

P{ max

T<k<T'An

and (iii) follows by

As will be seen,
of a sum of positive

the present context,

k C T'An
|} X.|ze) < — EC )

j=t+1 ] € j=T+1

2

letting n-eo, n

it is convenient to have an easy means of comparing the size
variables with the sum of their conditional expectation. In

special cases of the following result hes been used by

several authors, but the result itself--and its easy proof--is believed to be new.
Lemma 2.5. Suppose {Z i B i} is an adapted array of positive random variables
and that T is a stopping time with respect to Bn 1 Bn PIRREE for each n. Then
T T ’ ,
n n p
(1) Y'E. (2. ) +>0= ) Z >0,
j:1 J_]- n:J j=1 n)J
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and

(ii) if { max Z, .}:_] is uniformly integrable then
<j< > o
1<3 Tn

T T
p . p
E 7 .50 = Z Ej_l(zn’j) >0

Proof: (i) For any stopping time Vo letting N tend to infinity in the identity

V. AN
B T EL(ew )
E ) 2z .= El{jsv }Z_ .
j:1 n’J j__:l n n,J
N ” .
= 1<
-Z E{l{J_vn}E(zn’j\lBn,j_l)}
j=1
V_AN
n
= E E(z .||B_ . ,
le ( n’J” I’l,]—l)
shows that
gn Vn
E ) Z_ .=E ) E. (Z_.)
j=1 M) j=p Jbmsd
Let
k
t = 4 .
vl inf{k>1; ‘2 Ej_l(Zn’j)zl}
=1
J
= '_ K
vn (vn 1)\Tn ,

and note that\%hl, and hence vn, is a stopping time, and clearly P(vn¢Tn)+O

. P .
since Z.n E } > 0. Further, since v <1,
j=1 n n

j_l(zn’j

n p
E. ,(Z .)~>0, asn-» o
1 J_l n,j

o~ <

j

J
and 0 < E_H E. .(Z .)<1, since v < v'-1, so the sum is uniformly integrable
j=1 j-1""m,] n n

and hence
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V v
5 7
E Z = E E. (Z D)->0 , asn~>w
j:l n,J J':l J_l n,j
Thus, for any &£>0,
T v
n n
p(jzl “n,i7® = Pl p(321 Zn,j>€) 0, A

using Chebycheff's inequality for the last term.

(ii) Define in this case

k
v! = inflkzl; § oz .>1}
n N
j=1
Vo= VAT,
n n n
v
so that v_ again is a stopping time, and note that 0 < Doz <1+ max{z .3
n j=1 "n,j n, ]

1SjSTn}. By the assumption this shows that ijl Z is uniformly integrable,

n,j

and the proof can then be completed in the same way as part (i). 1
The proof of the following frequently used result is left to the reader.
Lemma 2.6. Let {Xn} be real random variables. Then

(1) Xn 13 0 if and only if there exists constants S 0, such that P(Xn >€n)+0,
as n > «, and

(i) X

; s tight if and only if Xn/an 2o for any sequence'{an} of constants
such that a > ®asmn-> .

Combining Lemma 2.6(ii) and Lemma 2.5, and noting that {max{Zn j; lSjSTn}}:_l

3

is uniformly integrable implies that {max{Zn 1./an; lsjsrn}}:zl is uniformly inte-

3

grable if a >, leads to the next lemma.

Lemma 2.7. Let {z_.,B
oA A n,j’ n

3 3

1.} and {Tn} be as in Lemma 2.5. Then

T T
s n o n
(1) if {Zj=1 Ej—l(zn,j)}n=1 is tight then {Xj=1 Zn,j}n=1 is tight, and

T
.. . . . By . . . n o .
(ii) if {max{Zn’j, ISJSTn}}nzl is uniformly integrable, and {Zj=l Zn,j}nzl is
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.
tight, then’ {ijl B 2y j}:=1 is tight.

-

3. Functional Central Limit Theorems for Martingales

Perhaps the most intuitively appealing explanation of the martingale central
limit theorem is the Lévy-Doob-Dubins-Schwarz characterization of the Brownian
motion--a martingale which bhas continuous sample paths and squared variation
equal to the identity is necessarily a Brownian motion (see [6]). (However,
this of course goes both ways: The martingale central limit theorem on the
other hand throws light on the characterization, and it can be used to provide
a simple proof of it). We start by proving an approximation version of the
characterization, informally that if the jumps are uniformly small and the
squared variation is uniformly close to the identity, then a martingale is ap-
proximately a Brownian motion. In the proof of finite dimensional convergence,
we use ideas borrowed from Kunita and Watanabe's proof of the characterization of
Brownian motion but could as well have used the customary proof of finite dimen-
sional convergence, as e.g. in [8], which simplifies considerably in the present
situation. However, the present proof seems to tie in better with our point of
view. Once this result has been proved, the most general central limit theorems

for martingales follow simply by random change of time and truncation.

Lemma 3.1. Suppose {Xn j’Bn i3 j=1, n=1} is a m.d.a. and {Tn(t); t>0} adapted
timescales, with Tn(0)=0 such that there exist constants £n+0 satisfying

T, (1) .
3.1 Ix. .l <e , 1Y xZ . -t] e,

n,J n b n,j n

j=1

for all j,n=l1 and t20. Then
SOTn d B , asn- o, in D[0,»).
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Proof: Using the notation of (1.1) and of Proposition 2.3 we will verify the
hypothesis of Proposition 2.1.
{i) Tightness: By applying in turn Proposition 2.4(iii) for p = 4 and (3.1)

we obtain that

k k Tn(tﬂ)
. - C 2 2

y P(vSot (£)2c) < ) = E( ) X5

£=1 L=1 " et (t, pe1r
<L % (t,-t +2€ )
€4 251 £ -1
Since
) ] :

limsup (t,-t +2e )7 = (t,-t )

oo f=1 L TE-1 n 221 £ "2-1

< AT

this proves tightness.

. .. . . . d
{(ii) Finite dimensional convergence: We have to prove that if SOT, = X as n-x

k
n

where X is continuous, then X has the same finite dimensional distributions as

B. For simplicity of notation, we will assume that kn=n, so that SOTn g X. The
general case is then obtained simply by changing n to kn in the compu+ations be-
low. By the continuity of X, SOTn(t) Q X{t), for t=0, so that

1uSOTn(t)

e N EeluX(t)

= ®t(u) , say,

for each u.and each t>0 and we only have to show that ¢t(u) is the characteris-
tic function of B(t) and the corresponding fact for the k-dimensional charac-
teristic functions.

Again with the notation of (1.1),

iuSct (T) k iuSotr (t ) iuASot (&)
(3.2) e M1 = ) e nL-t g LY
£=1
k iuSot (t ) 2
= Z e ntL-1 {iuASot (&) - Y ASot (£) 2} +T
£=1 n 2 n n
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where, by Taylor's formula

3
u

lrn‘ <37

3
1A50Tn(z)[

fl o~1 R

£=1

Thus, using first Proposition 2.4 (ii) with p = 3 and then (3.1)

T (t,)
k n £
- 2
E{rnl < Cu' Z E( 2 Xn,j)S/Z
£=1 ]ZTn(t£_1)+l

Cu
3 (t

o~

3/2
IABNEY

£=1

and hence, for K = C u /3'

(3.3) 1limsup E]rnl < KAl/ZT

n>x

Now, with the obvious identifications, the hypothesis of Proposition 2.3 is

satisfied, and hence

k iuSot (tﬂ 1) k iuSot (tﬁ 1)
3.4) BV e psot_(£) = ) Ele E(sot (O [ B (o )7
£=1 o £=1 n Mttt
= 0
and
k iuSot_(t, ,) k iuSet (t )
. n'L-1 2 2-1 2
(3.5) E Zzl e nsot () = £z1 E{e E(asot () ||Bn,Tn(t£—1))}
Lt
k iuSot (t ) it
£-1 2
= ) E{ E( 2 x- . |IB )}
051 jet (tg 1) n,j n’Tn(tK—l)
k 1uSoT (t )
= Z Ee K 1 A(/Z) + R b
£=1 n
where . Tn(tg) 2
(3.6) Ir_ | < § E| X7 .- ACL) |
n £=1 g=t (tﬂ 1) )
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-0 , asn->®

IA
o
M

by (3.1).
Taking expectations of both sides of (3.2), inserting (3.3)-(3.6), and letting

n > «© now proves that

u2 K 1/2
[op(w) -1+ 5 ) o, (] <k’
£=1 "£-1
Since the partition 0=t <t,<...<t, =T is arbitrary, this shows that ¢, (u) is
Rieman integrable in t and that
u2 T
op(w) - 1= - = [ ¢ (wdt
Since ¢O(u) = 1, the only solution to this equation is
ul
¢t(u) - e 2 _ Ee1UB(t).

To conclude the proof it only remains to prove the corresponding result for the
multidimensional characteristic functions. However, if uSOTn(T) is replaced by
fg u(t)dSOTn(t), where the function u is assumed to be piecewise constant, with

only finitely many jumps, then the same calculations show that

E exp(ifg u(t)dx(t)) exp(—l/ZIg u(t)zdt)

B exp(ify u(t)dB(1) . M

The first step in weakening the hypothesis of Lemma 3.1 is concerned with the

second part of (3.1).

Lemma 3.2. Suppose'{Xn .,B j} is a m.d.a. and {Tn(t); te[0,1]} are timescales

»J0 T,
such that
‘X .] <e >0 , asn >, and
n,j n
(3.7)
T (t
ORI
S X7 . »>1(t) , asn > o |
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for all n,j=1 and te[0,1], where T is non-random and continuous, then
d .
(3.8) SOTn +B , asn->o , in D{0,®).

Proof: Define, for tz0

I o~1ct
>
(3]

nn(t) =

j 1 n)J

nZl(t) = infls20; n_(s)>t)

. ) . a.s.
(where we, without loss of generality, assume that nn(t) 35 o , as t = «©) so

that {nn} and‘{ngl} are timescales and n;1 in addition is adapted. Clearly

1

and hence Snong 4 B in D[0,~), by Lemma %.1. Since furthermore {nnOTn} are

timescales, and

oT = t , as n > ®© |
N n(t)

Ho~1 —
>
[\
v

for te[0,1], by assumption, Proposition 2.2 (i) implies that
S onmlon or ¢ Bor in D[0,1].
nn n n ’ ’

It is easily seen that moreover

-1 -1
0221 lSOTn(t) - 5 on_ onnorn(t)s < 15(1:113 [Sn(k) -S on_ onn(k)l

IA

e, ® , asno

and, by Proposition 2.2(ii), this proves (3.8). r

In a serse, Lemma 3.2 says all there is to say about the central limit theorem

for martingales, since if SOTn converges to Brownian motion, then the maximum of the
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Xn j's has to tend to zero, which (more or less) leads to the first part of
(3.7), and then the second part, with T(t) = t is minimal. However, we will
derive further conditions, which may be easier to check. The first result

applies not only to m.d.a.'s, but to arrays which are asymptotically close to

m.d.a.'s in an appropriate way.

Theorem 3.3. Suppose that {Xn .,B

. .> > 3 .
FELS j=1, nz1} is an adapted array and {Tn(t),

te[0,1]} are adapted timescales such that, for some a>0,

T (1)
n p
jzl lEj_l(Xn’jl{an’jlsa})l > 0
(3.9)
R 2 P
2 Xn j > 1{t) , asn-> ®
j=1 ’

for te[0,1], where T is non-random and continuous. Then

d
hd

(3.10) SOTn Bot , as n -~ , in D[0,1].

Further, if (3.9) holds for one a>0, then it holds for all a>0.

Proof: It is easily seen that the second part of (3.9) implies that

max{an j|; lSjSTn(l)} B 0, and thus, by Lemma 2.6(1), there exist constants

3

8n -+ 0 such that

(3.11) P({ max ‘Xn .] > En) >0 , asn > ®
1sjst (1) »J

Hence
T (D) ) |
Yooxo Li{az|x Llre b >0, asmn o> e, "
. n,j n,j'
j=1
since all the summands are zero on the set { max ]Xn .|scn}, and then, according
15j<T (1) >
to Lemma 2.5(ii),
T (1) )
(3.12) jzl Ej_l([Xn,j[l{aZ!Xn,j|>en}) > 0 , asmn >,
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Thus, using the first part of (3.9),

Tn(l) Tn(l)
(3.13) jz1 lEj-l(Xn,jl{‘Xn,jlsgn})l < jzl lEj—l(xn,jlﬂxn,jisa})l
Tn(l)
+ 121 Ej_l(IXn’.I {az]xn,j|>gn})
E 0 , asn-—> o>
Now, put
o= x Ladx Llke o, XL o= L= XL
n,J n,J n, n,j n,J n,]
T, (6
Yn,j } Xﬁ,j ) Ej—l(xﬁ,j) » Stor (1) = jzl Yn,J
Then by (3.11) and (3.13)
| T e |
sup |Sot_(t) - S'oT (t)| < X"+ E. (X )
o<ts1 " . j=1 ™J jzl j-17n,g

B 0 , asn >,

and thus, according to Proposition 2.2(ii), the conclusion (3.10) will follow if
we prove thatE¥OTn satisfies the conditions of Lemma 3.2. Clearly {Yn,j’Bn,j} is
am.d.a., and [Yn jl < Zen, so it only remains to be shown that

(
(314 ] v Pty , asnow

for all ée[O,l]. Here
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Tn§t) . Tngt) , Tngt) Tngt) )
Y = (x' ) -2 X' LE. (X' L) E (X'
j___l n,J J=1 n,)j _]:1 n,j 3 1 n,j le J_l n,j
where
Tn(t) ) Tn(t) , Tngt) ,
S e I A G
j=1 »J jzl n,} j:1 )
P
> 1(t) - 0=1(t) , asn~> o,
since the Xg’j's are zero OHV{lg?ng(l) Ixn,j‘sgn}' Further, by (3.13),
) PN |
X' JE. (X' )| g€ - |E. (X! )
521 M J-lm,] oyl J-bng
B 0 , asmn-> oo |
and similarly
ok PN |
E. (X! ) <« E. (X' .)
jzl J"l n,j n le J"l n,j

p
-0 , asn-»> o

by (3.13) and thus (3.14) holds.
Finally for the last assertion of the theorem, if a<a', say, using that

max{|X_.|; 1<jst (1)} Ly 0, we have
1, j n

>

T (1) T (1)
n n
E. _(X_ .1{[X <al - E. . (x_ .1{|x .|<a'
’ jzl J—l( n,J ,J[<a} le J-l( n,J | n,Jl a'h|
T, (D |
< jzl E ]('Xn’jll{a<]Xn’j|Sa'})
B 0 , asn-» oo |

by the same argument as for (3.12).
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As an easy corollary, we will now obtain conditions which insure that norming

with sums of squares and with conditional variances is asymptotically equivalent,

Corollary 3.4. Let {X_.,B
n,j’ n

b 3

j} be an adapted array, and {Tn(t); te[0,1]} adapted

timescales.
(i) 1If

T_(1)

n 2 p
(3.15) OB, (X2 LHx_ L|el) 0, asnow , ve>0

j=1 J—l n,) n,]j
T (1) T (1)
. . n 2 o : n 2 0 . . . .

and if either {zj=1 j—l(Xn,j)}n=1 or { i=1 Xn,j}n=1 is tight (which in par-

ticular holds if either sum converges in probability) then

T, (0 , T, (1) , ,
sup | E X . - z E._l(Xn .)| 0 , asn-> o,
ostsl j=1 M 5=1 ) )

(ii) The hypothesis (3.15) is equivalent to the assumption that (3.15) holds for

one fixed ¢>0, and that maX{[Xn jl; lsjsrn(l)} %o,

3

T (1)
. ; : v - t n ~2 p
Proof: (i) Write X5 xn’jl{txn’j]>1}. Then by (3.15), Ej=1 Ej_l(Xn’j) >0,
Tn(l)~2
and it follows from Lemma 2.5(1) that zj=1 Xn j -+ 0, so we may in the proof

assume that an j‘ < 1, for n,jzl.

b

. Tn(l) 2 S C'n
Then both {2j=1 )} o and (. X2}

j=1 “n,j’n=1 **° tight, by the assump-

i-1%5, 5
tion combined with Lemma 2.7. Further, (3.15) implies that

_ 2 P o
(3.16) Mn = max Ej—l(xn,j) -0 , asn~> s

ISJSTn(l)

and by Lemma 2.5(i), that

T
n
¥

/

(1
xS L{|x
5 n

Jse} R0 , asno e , Ves0
'1 ’J J

o S

2

J

which in the same way gives that
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2
(3.17) Mn = max X L

. 0 , asn-» «
1<j<t (1) M )
n

Clearly, 1y . = X2 .- E. X° .} is am.d.a. with |Y o 20 and since
’ n, i n, i j-1"mn,j} n,j
1 (t) (D T (1)
2 Ne 4 . 2.2
3R SR A U I SR I S b
]_1 )J j:_l ’J j:1 ’J
Tn(l) , -~ T, (D ,
< 2M YOXS L+ M ) E. (X))

by tightness and (3.16), (3.17), and the Corollary then follows from the theorem
(with t(t) = 0).

. . . r
(ii) Trom (3.17) follows that (3.15) implies that max{an i’; 1§]§Tn(1)} L0,

The other implication follows in the same way as the last assertion of thc theo-

Tem. o

We can now prove the general functional central limit theorem for martingales.
Of course, the most important special case of it is when t(t) = t, and the limiting

process is an ordinary Brownian motion.

Theorem 3.5. Suppose {Xn j’Bn j} is a m.d.a., {Tn(t); te[0,1]} are adapted time-

scales and T(t); te[0,1] is a continuous, non-random function and suppose that

one of the following three sets of conditions holds:

E  max )X .] >0 , asn >
1<i<t (1) sl
(3.18) n
1 (t
n. ) 2 P :
X, (), as no» o> for te|0,1]
oy M '

ar
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T (1)

n 2 p

YoOE. (X2 a{lx L]»el} >0, asno>e Ve
121 J_l n;] n,]

(3.19)
Tn(t) 5 P

2 E. (X ) »>1(t) , asn -~ , for te[0,1] ,

b j-1""1n,}

j=1
or
{3.20) (3.19) holds for onc >0, and max an . 15 0 , asn >«

1<j<t (1) >
n

Then

SOTn g BoT as n - o , 1in D[0,1]
Proof: Assume first (3.18) is satisfied. Then { max |x ,‘}m is uniformly
B . n,j' n=1

ISJSTn(l) -

integrable and

[x_ .ja{]x_ . |>1} Yo , as n - ©
n,J n,J

Since {Xn j} is a m.d.a., it follows, using Lemma 2.5(1i) that

3

Tn(l) Tn(l)
jzl 1By 0 31 10, 5 l=ah )= jzl B0 g, 1 1% 510
T (D) | |
< ]_Zl By X, iix Llih

and thus the conditions of Theorem 5.3 are satis{ied, and Sovn -+ BoT , as required.

Next, assume (3.19) holds. By Corollary 3.4, it follows that
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Tn(t)
)

xi j D1y asnooe . for te[0,1] .
:J .

1

and, again using that {Xn i} is a m.d.a.,

3.

Tn(l) Tn(l)
jz] By O X S lih ] < izl By 0 X 1D |
T (1) -
< jzl E]_l(xn,]1{|xn’j[>1})
o,

by assumption, so again the conditions of Theorem 3.3 are satisfied, and
Sot g BoT.
n
Finally, by Corollary 3.4(ii), the conditions (3.19) and (3.20) are equivalent,

so the result holds also under (3.20). 0

Corollary 3.6. Suppose {Xn j’B

3

N j} is a m.d.a. and for each n, T is a stopping

time with respect to Bn 1’ Bn ... and suppose one of the following three sets

of conditions holds:

E max |X .| + 0, as n > ® |
1<j<T »J
n
(3.21)
TTl
~ 2
poxd b as n o> o
or
.
n 2 P
VOB, (XS (X e}) >0, asn oo Ve
]:1 7"] n,1 n,l
(3.22) .
" 2 r
; E (X ) >~ 1, as n > o
i=1 1-1 5]
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or
(3.23) (3.22) holds for one >0, and
max ]X ,| g 0.
1<jer Mo
"7 'n
Then
T
n d
(3.24) ) X_ .= NO,1) , asn > .

Proof: To prove the result assuming (3.21), define adapted timescales

. co .. -1
{Tn(t); te[O,l]}n:1 (similar to n, (t) in the proof of Lemma 3.2) by

inf{k;

3

I~

2 .
Tn(t) Xn j>t}ATn ,  for 0xt<l

1 >

1
—

T (1)

It is easily seen that'{Tn(t)} satisfies the condition (3.18) of the theorem (cf.
the proof of Lemma 3.2), soinparticular SOTn(l) g B(1), which is just another
way of writing (3.24).
The proof under (3.22), or the equivalent condition (3.23) is similar; one
just has to replace Xi,j by Ej_l(Xi’j) in the definition of Tn(t). t1
We conclude this scction with several comments on the results.
(i) 1In reasonable circumstances the conditions are also necessary for the func-
tional martingale central limit theorem. In fact, if {max{!Xn’jI; 1§j§1n(1)}}
is uniformly integrable, and if ”Tn takes all relevant values" (see [19] for a
definition--this holds in particular if Tn(t) only has jumps of size one, as
¢.g. when Tn(t) = [nt]), then SO'[n d Bot implies (3.18), sce [19]. Easy examples

show that neither uniform integrability nor ”Tn takes all relevant values,' can be

entirely dispensed with in this statement.
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. . . 2 . .
Similarly, if limsup E Zi= Xn j < «  then SOTn implies (3.19) and the equi-
>0 - :

1
valent condition (3.20), see [7], [19]. Furthermorc, {max{}Xn ; lijSTn(l)}}m ;
n:

3

then is uniformly integrable, and (3.18) follows from (3.19) and (3.20) by Corol-

lary 3.4.

(ii) One important special case of the theorem is the degenerate one, when

T(t) = 0. From the theorem, if {max{|Xn j!; 1gjgrn}n_1 is uniformly integrable,
T ’ . -
no2op : o0
and E X~ . > 0, for some sequence {r_} of stopping times, then
=1 n,j n n=1
K P
(3.25)  sup | ) X_ .| >0, asn->o
Lo, g
1<k<t =1
n A
and conversely, if (3.25) holds, and {max{lxn.il; 1£jSTn}£=T is uniformly inteora-

T
ble, then Zln xi 1 B,

N 2 .
Similarly, if !}, I Ej 1(Xn j) P 0 , then (3.25) holds, and conversely, (3.25)
1= - s )
L2 T p
and limsup E ijl Xn < o« implies that ?jzl E > 0.

n><°

2
i -1, 1)

(iii) If the Xn j's in each row are independent, and the Tn(t)’s are non-random,

3

jj the second part of (3.19) just says that the

3 E 3

then for B . = o(X S
n, j n,l n

T (1)

. 2 . .
that the normalization is such that V() n Xn 1.) -+ T(t), and the first part is

=1 ™

Lindeberg's condition.
(iv) There is another important special case in which the conditions of the theorem
are particularly easy to check: if the Xn i's are obtained by normalizing a single

3.

stationary ergodic sequence ...X X, X

!EBi 117 assumed te be
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strictly positive and finite, then, for Tn(t) = [nt], it follows at once from
the ergodic theorem that (3.19) holds and hence
[nt] ~ d
Y O(X, - E(X.IB. D))/ V1 > oB(t)
St I AR
J
In nonstationary cases, the conditions of the theorem often have to be checked

by computing higher moments, e.g. the first parts of (3.18), (3.19) follow if

2

(
E X Xa .>0 , asn->o , for some a>2

and the second parts of (3.18), (3.19) may be obtained by computing means and
variances of the sums on the left hand sides.

{v) Throughout, we have (implicitly) assumed that Tn(l), and hence Tn(t) for t<1,
is finite a.s. However, a small further argument, using (ii) above shows that
this can be dispensed with, and that the theorem (and the corollary) holds also

if Tn(l) {or Tn) are extended stopping times which may be infinite with positive

T (1)

probabilities provided Xj?l Xn j converges with a probability which tends to
one (this is automatic under (3.19), (3.20)).
(vii) It is obvious from the proof of Proposition 2.2(i) that the second nart

T, 2 d

X2 . > 1(°) in DO[O,l], with

of (3.18) can be weakened to requiring that ijl n,;

T{+) non-random, but possibly discontinuous, and similar remarks apply to (3.19)

and (3.20).

4. Mixing and Multidimensional Processes

In this section, the convergence in the previous results will be strengthened
to Rényi-mixing--which in turn will make it possible to rcmove the condition that
7(t) is non-random--and multivariate versions of the results will be obtained.
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While the purpose of the previous sections is to provide complete proofs,
starting from scratch, of the basic results of martingale central limit theory,
the intention of the present section 1s only to indicate one possible direction
for developing the results further--examples of other dircctions being provided
by limit theory for continuous parameter martingales and diffusion approximations--
and we will accordingly give a more sketchy development, sometimes leaving details
of arguments to the reader, and referring to results from other areas as they are
needed, rather than explicitly collecting them at the beginning.

Some further notions are needed for the results. As in Section 2, let X,
{Xn}j:1 be random variables in a complete separable metric space (S,p), and in
addition assume that all the Xn‘s are defined on the same probability space

(2,B8,P). Then {Xn} is Rényi-mixing (or just mixing) with limit X, Xn 4 X (mixing)

if Xn 4 X in (S,p), with respect to the conditional probability P(+|B), for any

BeB with P(B)>0. Further,l{Xn} is Rényi-stable (or just stable) if Xn converges

in distribution to some limit, with respect to P(+{B), for any BeB with P(B)>0.

Thus a mixing sequence is stable, and conversely if a stable sequence has the

same limit with respect to P(+[B), for all B, then it is mixing. Loosely
speaking, a sequence is mixing if it converges in distribution and is "asymp-
totically independent' of any fixed events. Prominent examples of sequences
which are stable but not mixing is given by sequences which converge in proba-

bility, or almost surely, to a non-degenerate limit. Some indication of the use

and interest of mixing is given by the following result.

Proposition 4.1. The following three assertions are equivalent:

(1) Xn -+ X (mixing),

(i1) Xn Q X , asmn > » _ with respect to P(*

B) for all BEBO with P(B)>0
for some algebra BO which generates O(X], X?,b,.), and
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(iii) ify, {Yn}:zl are random variables in another complete separable metric

space, with Yn g Y, as n > o, then (Xn,Yn) Q (X,Y).

Sketch of proof. Clearly (i) is equivalent to

(4.1) Eh(Xn)lB >~ Bh{(X)P(B) , as n > o ,
for any bounded continuous function h: S » R and event BeB, and similarly for
(i1), with B replaced by BO' Clearly (i) implies (ii). Further, to any >0 and
BeB there exists a BgeBO with P(BABE) < e, cf. [5], p. 606, and hence if |h] < C,
then

IEh(Xn)lB - Bh(X )1 | < Ce

B

This is casily seen to imply (4.1), if Eh(Xn)lB8 > Eh(X)P(BE), for all €>0, and
hence (ii) implies that (4.1) holds for B ¢ O(XI,X2,...). The case of general
BeB then follows by a further small argument, as in [1].

It is straightforward to see that (iii) holds if and only if (Xn,Y) Q (X,Y)

“or any fixed random variable Y in (S',p'), and this in turn is equivalent to
i : ~. d ~
(4.2} Eh(Xn)l{YeBJ > Eh(X)P(B) , asn —» o

for any continuous bounded h; S ~ R and any Y-continuity set B, cf. [31, p. 20.
Obviously (i) implies (4.2), and conversely, for an arbitrary event BeB, taking
Y = IB and B = (1/2,3/2), say, (4.1) follows from (4.2). Hence (i) and (iii) are
equivalent. M
Additional interesting properties of Rényi-mixing is that it is preserved
under absolutely continuous change of measurc. and that it implies that the sample
paths fluctuate strongly, see [1,17,19]. Furthermore it should be noted that,
with obvious changes only, Temma 4.1 holds also if mixing convergence is replaced
by stability. Using Prowosition 4.1(i1) it is easy to see that the limits of the

previous section are mixing.
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Theorem 4.2. If the o-algebras {B_ .} are nested , i.e. if B_ . ¢ B_ ., for
— n,J n,i n+1, ]
all n,j, then the conclusions of Theorems 3.3 and 3.5 can be strengthened to

.o . . d .
mixing convergence, i.ec., under the same hypotheses, SOTn - Bot (mixing), and

similarly for Corollary 3.6.

Proof: the proofs under the different hypotheses are all similar, so we will
only give one as an example, say the first part of Theorem 3.5.
Thus, we will assume (3.18) holds. According to Proposition 4.1 it is suf-
ficient to show that if B is a fixed event in the algebra u . B . with
- nxzl,j=2l "n,j
P(B)>0, then

(4.3) SOTn Q Botr , as n->o , in D[0,1] ,

. ) . . y . .
with respect to P(*|B). Since B ¢ n=1, i1 Bn,j , there are NysJg with
BeBn . , and since the Bn .'s are nested and increasing, it follows that
0’70 »J
. - Lo
B ¢ Bn,j , forn =z n, o, 3oz
NS
1= BERES i ! = ), X' . . Tt
Let XH,J XH,JI{J JO} and write S OTn(t) ;J=1 N, en
e X, |
sup Sot_(t) - Stot (t)| = ) X L] £33 max X .
0<t<l n n j=1  ™Md 0 lsjst (1) "

in P-prcbability, and thus, as is immediately seen, in P(+|B)-probability. Hence

by Proposition 2.2(ii), (4.3) follows if

(4.4) S'OTn g Botr , asn >~ , in D[0,1] ,
- . ) i .} n= =1} i P(+iB)-m.d.a.
under P(*|B). Clearly, {Xn,J’ Bn,j’ nzn,, jz1l s a P(*{B}-m.d.a. ,
1 )
E( max |x 1B = -~ E max PX
1j<1 (1) s POB) “yojeq 1y M
-+ 0 as n > w
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and T (1) T (1) i AT ()
n ) n ) 0 n 2
Lot 0= ) oxt -] X
]__.1 ’J jzl ’J le ’.J
- T1(t) - 0 = 1(t) ,

in P--and hence in P(*|B)-probability, and thus (4.4) follows from the first part

- : i vt 1
of Theorem (3.5). applied to {kn,j’Bn,j}' M

For the extension to several dimensions it will be useful to have a slightly
different description of the limit process Bor, and to emphasize this we will
change notation and will in the sequel write BT instead of Bot. Clearly, BT can
be characterized as the normal process  which has mean zero, variance function
T(t) and independent increments. Further, of course, BT = BOT makes sense also
if v is a stochastic process, and, in particular, if 1 is independent of B, which
we will assume throughout, then BT can be described by saying that conditional on
T, BT is normal, with zero mean, variance function 7(t), and with independent in-
crements. Similarly, given a nonnegative definite, nondecreasing matrix valued,
possibly random, function T(t) = (Tj k(t); 1<j,k<d), we define a d-dimensiomnal
process BT = (Bgl),...,BEd)) by requiring that conditional on T(t) it is a normal
process with mean zero, variance matrix V(BT(tﬂ|T) = 7(t), and with independent
increments. We then have the following extension of Theorem 3.5. (Theorem 3.3

has the analogous extension--this is, however, left to the reader).

Theorem 4.3, Suppose'{Xn j’B j} is a d-dimensional m.d.a., i.e., that X, ;o=
(X(l),...,X(d))T are d-dimensional random vectors, such that'{X(k),B .} is a
n,J n,J n,J° n,J

m.d.a., for k = 1,2,...,d, that {Tn(t); te{0,1]} are adapted timescales, and

that 1(t) = (Ti k(t); 1<j,k<d) 1s a continuous, possibly random, matrix function.

(i) If one of the following three sets of conditions holds,

E  max {X(k)i ~0 , asn >« _ for k=1,...,d

<< BRLPN
l.ﬁj,,Tn(l)

b
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(4.5)
Tn(t) c b
2 X . X, ->T1(t) , asn->w | for te[0,1]
s n,} n,)
j=1
or
T, (1)
; E. ((X(k1)21{lx(k2f>€})£ 0 , asn >« V>0, and for k=1,...,d,
L 1-1 n,j n,J
j=1
(4.6)
Tn(t) . ,
E E, (X X .,)~>71(t) , asn~->= _ for te[0,1] ,
le J"l n,J n,j}
or
(k), P
(4.7) (4.6) holds for one £>0, and max Xn j‘ > 0 , as mo for k=1,...,d,
2

<I<T
INJ-TH(I)

and if in addition the o-algebras {Bn j} arc nested, then

2

4,
n T

Sot as n-~>e , 1in D[O,l]d s

2

and the convergence is stable: If Yn E Y in (S',p'), then (SOTn,Yn) Q (BT,Y)
in D[O,l]d x S', where the distribution of (BT,Y) is determined by the require-

ment that B and Y are independent, and that the distribution of (t1,Y) 1s the
T (.) T T (.) T

n
Y
X .X Y ) or of () (X

limit of the distributions of () S S o1 Eil

n
=1

)9Y)’

n,jn,i"’n
respectively.
(ii) If in (i) the limit t(t) is non-random, then the hypothesis that the B .'s

are nested can be deleted, and it still follows that SOTn 4 BT in D[O,l]k, but

the convergence is not necessarily stable.

Proof: Suppose first that d=1 and that (4.5) holds. Without loss of generality

we may as in Lemma 3.2 assume that the m.d.a. {Xn i’Bn j} satisfies E max|X_ . [0
> . 3 lgj 3.
i ; 45 w as k » o for each n. We will now proceed as
3.

s

as n » «, and that E?:l X

in Lemma 3.2, defining
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(4.8)

ngl(t) = inf{s>0; nn(s)>t}

It follows at once from Theorem 4.2 that SOn;1 ¢ B (mixing) in D[0,1]. Clearly
Theorem 4.2 can be immediately translated to D{0,T], for any T>0, and it follows
that Sonr_l1 S B (mixing) in D[0,T], for any T>0, which in turn implies that

Son;l1 ¢ B (mixing) in D[0,~), cf. [21]. By assumption,

(
2 P
nn0T = Z Xn j > 1(t) ,
and if in addition Yn 14 Y , then by Proposition 4.1,

-1 d i
(Son =, n_oOT , Yn) > (B,1,Y) ,

where B is independent of (T,Y). By a minor extension of Proposition 2.2(i), it

follows that

-1 B d
(Sonn on ot , Yn) > (B, Y,

and then since

-1
sup {Sot_(t) - Son_~on_oT (t)] < max]X .}
o<t<1 0 nonon 1< M)

p
-0 , asn->oo |

the desired result follows, that

d
(Sorn, Yn) > (BT, Y) , asn -~ ,

this time by a small extension of the second part of Proposition 2.2
Stigl assuming (4.5), {SOTn} is tight also for d>1, since by what just has
been proved its components converge in distribution, and hence are tight. Thus,

. . d . .
similarly for convergence in D[0,1] as in D[0,1], it only has to be shown that
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the finite dimensional distributions converge. Equivalently, as is easily seen
by considering multidimensional characteristic functions, it is sufficient to
prove that

(4.9) [ uttydsor (1) 4 Jutyds (o),

as n >« if u(t) is non-random, piecewise constant and with only finitely many
jumps (this is just the Cramér-Wold theorem, [3], p. 49). However, clearly the
left hand side of (4.9) is a sum of martingale differences and the convergence
follows easily--though with some notational qualms--from what has been proven
for thé case d=1.

The proof of part (i) under the hypotheses (4.6) or (4.7) differs from the
above in only one place--instead of defining N ngl by (4.8) it is convenient to
usce

t 2
nn(t) - jzl Ej—l(xn,j)

Finally, the onc-dimensional version of part (ii) is just Theorem 3.5, and

the multidimensional version is then obtained in precisely the same way as above. I]

Corollary 4.4. Suppose {Xn ., B

.} is a d-dimensional m.d.a., {1t_} is a sequence
s J n,j n

of stopping times, and 1 = (7T 1<j,ksd) a, possibly random, matrix.

i
(1) If one of the conditions (4.5)-(4.7) holds, with Tn(l), Tn(t) replaced by

Tn, and T(t) replaced by 1, and if the o-algebras {Bn j} are nested, then

3

Tn
. d ~
Z Xn . > BT , 4as n > ™
3:1 ,J
where conditional on T, BT is normal with mean zero and variance matrix 1. If

furthermore T is strictly positive definite a.s. and the modified version of

(4.5) holds, then

X .3 Nd(O,]) , as n > «©

N o~1 4
3
i
—
~
N
o~ ~
=3
[a%
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and if the modified version of (4.6) or {(4.7) holds, then

n n

E. . (X X! .))'1/2
1 .]_1 n,J n,) J

o~

X

X . g Nd(O,I) , asmn -+ o .,
j

1 n,J

(ii) If T is non-random, then the hypothesis that the o-algebras are nested can

be deleted.

Proof: The first part of (i) follows from the theorem in a similar way as Corol-

lary 3.6 follows from Theorem 3.5, after reducing the problem to the case d=1 by

T .
considering linear functionals, zd n X(l) (the Cramér-Wold theorem). The
n

k=1 % %j=1

second part is then immediate after noting that stability implies that, e.g. under

the modified version of (4.5), there is joint convergence,

T T
Tn T 2n .
€7 X_ . X .) > (t,B) ,
j:1 n)J n’.] j:1 n’J T
and hence
n Tn
(Vx0T ez
j=1 ») N, j=1 5]
d
= Nd(O,I).

The proof of part (ii) is similar.

Clearly the remarks (1ii)-(vii) after Corollary 3.6 apply,
also to the present situation. Further, as a final remark, considering e.g. d=1
and Condition 4.5, the requirement that the sums of squares converge in probabil-

ity, and not only in distribution is only used to insure asymptotic independence,

T ()
so that the marginal convergences ijl Xi j » T and SOn;l1 » B imply joint con-
vergence
") 2 -1, d
(4.10) ( Z Xn i son_ ) > (t, B) , asn-~> oo

] )

where T and B are independent, and hence convergence in probability can be re-
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placed by any weaker condition which still insures (4.10). One set of such con-

ditions is given in Theorem 3.4 of Hall and Heyde [8].

APPENDIX

Here we will prove the simple special case p=4 of the Burkholder inequality
stated in Proposition 2.4(ii), which is the only case needed for this paper. 1In
fact the proof of finite dimensional convergence, p. 12, £ 4 also uses p=3, but
that might as well have been reduced to p=4 by first using the Liapunov inequality.

E|ASOTn(Z)|3 g'{EASOTn(£)4}S/4 :

Thus let {Xj’Bj} be a martingale difference sequence. We will start by as-

suming that Doob's inequality
k 4 n
(A1) Emax | ) X.|" <C'E() X))
1<k<n j=1 7 j=1 7

4

is known, and prove that then

n
(A.2) E( ) X.) < CE( ) XD°,
j=1 j=1

where C' and C are universal constants.

Let S(n) ; 1<k<n}. By the martingale dif-

i

n _ k
szl Xj and M(n) = max{”j:1 Xj

ference property, ES(j)JXj+1 = E{S(j)SE(Xj+1llBj)} = 0, so that, expanding S(j+1)4:

(S(j)+Xj+1)4 we have

4

. .4 .
ps(i+1)7 - Es(? = EX, 2

cn 3 2
8 ES(]
+ 4ES(J)Xj+1 + 6LS(]) Xj+1 ,

+1
nd thus, summing over 1.

4 N 7 n
EX + 4 ) BS(j-1)X; + 6 )

202
ES(j—l)?Xj
1 j=1 j=1 '

(A.3) ES(m? =

Ho~:3

i
Inserting the obvious inequalities |S(j-1)]| < M(n) and [Xi\ < ZM(n) into (A.3)

we obtain

e

-2
X9

2
(A.4) ES(m)" € (4+8+6)E(M(n)
X

1
l

~.

1
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Now, by the Cauchy-Schwarz inequality and by (A.1)

EM(n) 2

IA

I ~13

n
X2 < {1 2qg ) 223172
j=1" j=1’

n
{EC)
j:

{C'ES(n)4}1/2 2}1/2 )

A

%)
1 J

and inserting this into (A.4) and dividing through by {ES{n)4}1/2 we obtain (A.2)

with C = 182C' (which is not the best possible value of C, cf. [4]).

The general assertion of Proposition 2.4(ii), for p=4, now follows easily by

replacing Xj by le{T<Xj£T'} in (A.2) and letting n tend to infinity, using

Fatou's lemma on the left hand side. (In fact the proof works not only for p=4,

but for any even integer p.)
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