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Neural nets

First:

One input layer with n1 units and input variables xi, i = 1, . . . , n1,

One intermediate (hidden) layer with n2 units

One output layer with K units

For unit j in intermediate layer ompute ativation value aj

zj =

n1
∑

i=1

w
(1)
ji xi + b

(1)
j , (1)

aj =
ezj

∑n2
j′=1 e

z
j′
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for weights w
(1)
ji and biases b

(1)
j . Write

aj = σ(zj), j = 1, . . . , n2, (3)

and all σ the softmax funtion.

From the hidden layer proeed to the output layer and ompute

output variables fk(k), k = 1, . . . , K, as

fk(x) = fk(x, θ) = σ
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where x = (x1, . . . , xn1) is the vetor of input variables, and θ is

the parameter vetor of all weights and biases.
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We an add now add one more hidden layer get the output

fk(x) = σ
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Example: Consider a neural net for the MNIST database with

n1 = 282 = 784 units in the input layer, eah input unit orre-

sponding to one pixel value, and K = 10 orresponding to the

10 possible digits.

Output variables fk(x) sum to one.

Interpret fk(x, θ) as the probability of digit k.

To lassify images, estimate the parameter θ from a training set.

Let θ̂ denote the estimate of θ.

To lassify an image x put

k̂(x) = argmaxkfk(x, θ̂) (6)

Cruial step: estimate θ̂.

Parameter vetor θ may ontain several thousand omponents
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Parameter estimation for neural nets, regularization

Training set T of |T | pairs (x, y)

Output f(x, θ) should approximate y

Choose loss funtion

Let �rst y and f(x, θ) be real-valued

L(θ, T ) =
1

|T |

∑

(x,y)∈T

(y − f(x, θ))2 (7)

Consider now lassi�ation withK lasses, example MNIST with

K = 10

Output a probability distribution fk(x, θ), k = 1, . . . , K,

For a pair (x, y) where kc is the orret lass, de�ne yk as

yk =

{

1 if k = kc
0 otherwise

(8)

and hoose the ross-entropy loss funtion

L(θ, T ) = −
1

|T |

∑

(x,y)∈T

∑

k

yk log fk(x, θ). (9)
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We an minimize L(θ, T ) to obtain an estimate θ̂ = θ̂(T )

Problem: over�tting

To ompensate introdue a regularization termR(θ), for instane

R(θ) =

|θ|
∑

i=1

|θi|
2, (10)

Estimate θ by minimizing the regularized loss funtion

L(θ; T , L, λ, R) = L(θ, T ) + λR(θ), (11)

where λ ≥ 0 is a tuning parameter

To hoose a tuning parameter, either use a separate validation

set T ′
of pairs (x, y) or ross-validation

As alternative to the softmax ativation funtion, one often uses

a reti�ed linear unit given by

a = max(0, z) (12)
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Convolutional neural nets

Let w = (wkℓ) and g = (gij) be matries, the onvolution w ∗ g

is de�ned by

(w ∗ g)ij =
∑

k

∑

ℓ

wkℓ gi−k,j−ℓ (13)

Convolutional neural nets partiularly useful for images analysis

Suh neural nets ontain layers with onvolutional transitions

a
(r+1)
ij = σ
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(14)

Here p usually is a small positive number

Note that we here only have (2p + 1)2 di�erent weights

The same �lter operation applied in di�erent parts of a(r)

It ould onsist of �nding edges in an image

A onvolution layer is often followed by a pooling layer reduing

the layer size

Example: a maxpool operation where a layer of pixels is divided

into adjaent and non-overlapping retangles

Eah retangle is replaed in the following layer by one pixel with

pixel value equal to the maximal pixel value in the retangle
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Handwritten digits. Analysis with a onvolutional neural net.

Table 1 gives the onfusion matrix orresponding to a onvolu-

tional neural net trained on 50 000 digits and evaluated on 10 000

digits from the MNIST data set.

The neural network used onsisted of six layers:

1. An input layer (28×28 pixel images)

2. A onvolution layer with 20 �lters of size 5×5

3. A reti�ed linear unit layer

4. A max pooling layer with size 2×2 pixels

5. A fully onneted layer

6. A softmax layer (outputting the probability for eah of the

10 lasses)

The seond item onsists of 20 di�erent �lters working in parallel)
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The resulting 20 �lters are given in Figure 1

Figure 1: The 20 �lters in the onvolutional neural net used for identifying MNIST

integers.
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From the onfusion matrix: the digit zero seems to be most easy

to identify, estimated identi�ation probability 99.6%

The overall estimated identi�ation probability:

(1130 + 1016 + . . . 975)/10000 = 98.5%

True Estimated lass

lass 0 1 2 3 4 5 6 7 8 9 Sum Perent

0 Number 1130 1 1 1 0 1 0 1 0 0 1135 11.4

Perent 99.6 0.1 0.1 0.1 0.0 0.1 0.0 0.1 0.0 0.0 100

1 Number 1 1016 2 1 0 1 5 4 1 1 1032 10.3

Perent 0.1 98.4 0.2 0.1 0.0 0.1 0.5 0.4 0.1 0.1 100

2 Number 0 3 999 0 1 0 2 4 1 0 1010 10.1

Perent 0.0 0.3 98.9 0.0 0.1 0.0 0.2 0.4 0.1 0.0 100

3 Number 0 1 0 974 0 1 0 0 5 1 982 9.8

Perent 0.0 0.1 0.0 99.2 0.0 0.1 0.0 0.0 0.5 0.1 100

4 Number 0 1 9 0 874 3 0 3 0 2 892 8.9

Perent 0.0 0.1 1.0 0.0 98.0 0.3 0.0 0.3 0.0 0.2 100

5 Number 3 0 0 3 1 942 0 2 0 7 958 9.6

Perent 0.3 0.0 0.0 0.3 0.1 98.3 0.0 0.2 0.0 0.7 100

6 Number 3 8 2 0 0 0 1012 2 1 0 1028 10.3

Perent 0.3 0.8 0.2 0.0 0.0 0.0 98.4 0.2 0.1 0.0 100

7 Number 0 3 2 1 2 0 5 953 2 6 974 9.7

Perent 0.0 0.3 0.2 0.1 0.2 0.0 0.5 97.8 0.2 0.6 100

8 Number 2 0 3 10 3 0 8 2 977 4 1009 10.1

Perent 0.2 0.0 0.3 1.0 0.3 0.0 0.8 0.2 96.8 0.4 100

9 Number 0 0 0 0 1 1 2 1 0 975 980 9.8

Perent 0.0 0.0 0.0 0.0 0.1 0.1 0.2 0.1 0.0 99.5 100

Sum Number 1139 997 1027 984 867 963 1007 978 1011 999 10000 100

Perent 11.4 10.0 10.3 9.8 8.7 9.6 10.1 9.8 10.1 10.0 100

Table 1: Confusion matrix for a onvolutional neural net analysis of the MNIST data set
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