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&('*),+.-0/�1325476�8:9;-=<>4@?BA ∗ C:DFE>G,H=IKJML:NPO@HRQ,E>STOUHWVYX>Z[OU\^]`_aQcbdZWVeX=Z>fhg Q,Eji�J@bkOMlnmhEoHRE>pRVq\5OUpRbrOM\^]tsvukpWVYXow^lxHRw,pROMlzy:\,Vq{kE>p|Z}VqH~bMfg Q,JkpW{@OUlY],ZWE>\^ZW{ME}�n�k�^f,DF���|�=�����F�^pWE�]dE>pRVe��ZW�BE>pRuT�FIef^DFE>\,STOUpR�
��?547��6��[)d9 C�_nleOM\cHj��VqJdX|Q,E=S0VeZ}HWpRb��.OU�BJMp|O@HWJkpWbkf�DFE>G,H=I�JUL�_nlYOU\cH���VeJMleJMukbMf�OU\^]��zE=\cHWE>p�JUL�N�JklqE�Xow,lYOUpT_nlYOU\cHj_nQ�b�ZWVeJMleJMuMb� _aleO��zE���fki�J@bkOMlcmhE>HWE=pWVe\^OUpRb�OU\5](s:uMpRVeX>w,lxHRw,p|OUldyv\,Ve{ME=pRZWVqH~bMfUg Q,JkpW{@OUlY],ZWE>\^ZW{ME}���k�^fUDF���|�=�������,pRE=]dE=pWVe�dZ}�BE>pRu��FIefkDFE>\,STOMpW�
&(13)d4@' 25<><��P¡¢4@£ -=<=��6.-���6 † C�_nlYOU\cHT�zVeJdX|Q,E>S0VYZ~HRpWb¤��OM�5JkpROUHWJkpWbkf3DFE>GdH�I¤JULv_nlYOU\cHT�zVeJMleJMukbMfhOU\5]��zE>\cHWE=p(JML:N�JMleE=X>w,lYOUp�_aleOM\kH_nQ�bdZ}VeJMleJMukb � _aleO��zE���f¥i�J@bcOUl;mhE>HWE=pWVe\^OUpRb�OM\^]Ps:uMpRVeX>w,lxHRw,p|OUl�y:\,Vq{kE>p|Z}VqH~bMfBg Q,JMpR{@OUlY],ZWE>\^ZW{ME}���c�,f5D����|�=�c�d���,pRE=]dE=pWVe�dZ}�BE>pRu

�FIef,D:E=\,STOUpR�
¦ )d<=-T§�+.¨3��At2 CvDFE>G,H=ITJUL�NPOUHWQ,E=S0OUHWVYX>Z�OU\5]©_aQcbdZWVeX=Z>f.g Q,ETi�J@bkOMl3mhE>HWE=pWVe\^OUpRbPOU\5]©s:uMpRVeX>w,lxHRw,p|OUlnyv\^Vq{kE>p|Z}VqH~bMf;g Q,JkpW{@OMle]��

ZWE>\^ZW{ME}�z�k�^fdDF���|�=�������,pRE=]dE=pWVe�dZ}�BE>pRu0�FIef^DFE>\,STOUpR�

ivw,\,\,Ve\,u0Q,E=Ok]¥ª «U¬^­@®a¯W°,±R¬^²(³0­�´M²>µ¶¯(±U·B´T®¹¸W±U·,¯»ºo­@¸�³T±@®¹¼ ­@·^¯

∗ g.J0½�Q,JMS¾XoJMpRpRE=ZWG5Jk\^]dE>\5XoEFZWQ,Jkw,le]j�BE�OM],],pWE�ZWZWE=]
† �zw^pWpRE>\cH�OM],]dpRE=ZRZ=ª3_¿JcOUleVeZ�s�ÀUÁÂf,��Ã,leJ@½vZ}{kE~��ÄkÅdf¥���c�@�[�,pRE=],E>pRVq�dZW�5E=pWuÆ�Ff,D:E=\,STOUpR�
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§ ¨�©3ªb«O¬K­S®U¯�ªd°	¬(©
± \#JkpR],E>p¤HWJ Z}HWw5]db leJ@½�leb E	²dG,pRE=ZRZWE=] uME>\^E=Z`Ve\#S0VeX>pWJcOUpW�p|O7bjE	²dG5E=pWVeS0E>\cHRZFVqH�VYZ:w5Z}E>L»w,l3HWJ�Ve\^X>pWE�OMZWE�HWQ,E[G,Q,JMHWJkS[E>HWpRVeX
ucOUVe\©Ve\©HWQ,EÆZRX>OM\,\,Ve\,u^IK³vJ@½�E>{kE>p�f¥O�lYOUpRuME[ukOMVq\rSTO7bPX>OMw^Z}EZWJMS0E�G,Vy²dE>lYZ0L»JMpTQ^VqukQ,lqb�E	²dG,pRE=ZRZ}E�] ukE>\,E�Z[HWJ`�BE=X>JMS0EPZWOUH}�
w^pROUHWE=];f¿HWQ^OUH[VYZ(HWQ,EjpWE=uMVYZ~HRE>pRE=]¤G,Vy²dE>l {@OUlew,E=Z(�BE=XoJkS0EjX>E>\d�
ZWJMpRE=]©O@H�HWQ,E0w,G^G5E=p�lqVeS0VxH�f;½�Q,VYX|Q©½�VqHWQ ��´��,VqH�G^pWE�XoVYZ}VeJM\©VeZ
216−1 = 65535 I�g.E=X|Q,\^V�µcw,E�Z3L»JMpnOM]@�~w^Z~HRS0E>\cHaJULÂQ,VeuMQ,leb�EF²c�
G^pWE�ZWZWE=]�ZWVquk\^OUl.Vq\cHRE>\^ZWVxHRVqE�Z�OUpRE�uMVe{ME=\�Vq\_¶�VqH�OU\^]PNKX��zlew,pWE� ÄU�k�&·k�z�^OkZ}E�]jJM\POTZWS0OMlql.Z}E>HvJULnO7{@OUVeleOM�,lqE�ZWG5JMHFZWw,S0S0OMpWVeE=ZZWw^X|QrOMZ�Z}GBJUH�S0E=OM\;f;ZWG5JMH�S0E�]dVeOM\rOM\^]KZWGBJUH�{@OUpRVeOM\^XoEkI�s:Z
S0E=\kHRVqJk\,E=]�Ve\U¶�VqH:OU\^]jNPX7�zlqw,pRE � ÄU�k�&·c�nVqHvZ}Q,Jkw,lY]��BE�G5JcZ~�ZWVe�,lqEaHWJFuMEoH3S0JMpREaOMX=Xow,p|O@HREnOM]7�~w^Z}HWS0E=\kH|Z�½�Q^E>\�OMlqlcG,Vy²�E=lk{@OMlx�
w^E=Z:OMpWE�O7{@OMVqlYOU�,leEMI ± \¢HWQ^E�G,pRE=ZWE>\cHvG^OMG5E=pv½zE(Z~HRw^]db¢Z}G^OUHWVYOUl
Z}HROUHWVYZ~HRVeX=OUl�S0Jd]dE>lYZ[L»JMp0G,Vy²dE>l�{@OUlew,E�Z0½�Q,VeX|Q�ZWQ,JMw,lY]�E>\^OM�,lqEZWw^X|Q¢OM]7�~w5Z~HRS[E=\cHRZ=I

s XoJk\c{kE>\,VeE>\cH�H~b�GBE�JULnS0Jd]dE=lqleVq\^uÆVeZ:HWJ�HWp|OU\^Z}L»JMpRS ]^O@HRO
HRJ �BE=X>JMS0E©OMG,G,pRJ;²�VeSTO@HRE>leb�¸�OUw5ZWZWVeOM\�]dVeZ}HWpRVe�,wdHWE�] ½�VqHWQ�OS0E�OU\�{@OUlew,E�L»w,\^XoHWVeJM\P]dE>HWE=pWS0Ve\,E=]¢��bjuME>\^E�Vq\cHWE=\^ZWVxHRVqE�Z:OU\5]
ZWGBJUH©ZWQ^OUGBE=ZKOU\^]�O�X>JMpRpWE�Z}GBJM\^],Vq\,u�X>J@{7OMpWVYOU\5XoE©L»w,\^X�HRVqJk\;I�^JMp�Z}w5X|QPS0J�],E>lYZFX>E>\^ZWJMpRE=]¢G,Vy²dE>l3{@OUlew,E=Z�X>OM\P�5E[JMG,HWVeS0OMlqleb
E�Z~HRVqSTOUHWE=];IE¶©E�Vq\�{ME�Z~HRVqucO@HREÆZ}E={ME>p|OUlnH~bcGBE=Z�JUL�HRpROM\^Z~L»JkpWSTOU�
HRVqJk\^ZTJk\�HRQ,EPG,Vy²dE>lvleE>{kE>l:ZWw^X|Q�OMZTHWQ,EPleJMucOUpRVxHRQ,S0VeX�HRpROM\^Z~�

L»JMpRS0OUHWVeJM\;fMHWQ,EF�zJ;²��}�zJ;²�L OUS0Velqb � �zJ;²0OU\^]��zJ;²¥f5��¹&´M�c�3OU\5]
HWQ,EFVq\�{ME=pRZWE�Q�b�G5E=pW�BJMleVeXFZ}Ve\,E�HRpROM\^Z}L»JMpRS0OUHWVeJM\ � ³vw,�BE>p�EoH OUl¹IqfÄU�M�cÄ>ºnDFw,pR�,Vq\�EoHjOMl*Ief�ÄU�M�cÄM�of OMleZWJtX>OMlqleE=]�HWQ,E©uME>\^E>p|OUleVy»=E=]
lqJkukOUpRVqHWQ,S � i�JdX|�ME�OU\^][DFw,pW�^Vq\;fcÄU�M��·k�oI.g Q,E�Ve\�{ME>p|ZWEzQ�b�G5E=p}�
�5JklqVYX�Z}Ve\,E�HRpROM\^Z}L»JMpRS0OUHWVeJM\(Q^OMZhG^pWJ@{kE>\[w^Z}E>L»w,l,L»JkpaOU\5OUleb$»=Vq\^u
S[VYXopRJkOMpWp|O7b�ZWG5JMH�Ve\cHWE=\^Z}VqHWVeE=Z=f¥�,wdH�Q,E=pWE[½�E(OUG^G,lqb�VqH�O@H�HWQ,E
G,V7²dE=l�leE>{ME=l*Ivg Q^E���J;²c�}�zJ;²ÆHRpROM\^Z~L»JkpWSTOUHWVeJM\j½�VxHRQPE	²dGBJM\,E=\kH
�,I¶ÅdfUV¹I EkIMO�ZCµcw^OMpWE pRJ�JUH¿HWp|OU\^Z}L»JMpRSTO@HRVqJk\�JMG,HWVeS0OMldL»JMph_¿JkVeZRZ}Jk\
]dVeZ}HWpRVe�,wdHWE�]�XoJkw,\cHRZ=f^Q^OkZv�BE>E>\�w5Z}E�]PO@H:G^V7²dE>l.lqE={ME=l.OU\5OUleb�ZWVYZ
JUL.S0VYXopRJkOMpWp|O7b[]^O@HRO[��bS¸�lYOMZW�BE>b�OM\^]S¸�Q5O^»=OMl � ÄM�M�&·c��I

g Q^E(ZWG5JMH�ZWQ^OUGBE=Z�Z}HWw^]dVeE=]KVq\5Xolew^]dE�HRQ,pRE>E(H~bcGBE=Z�ZWw,uMukE=Z}�
HWE=][��b�¶�VeE>pRleVq\,u�E>HaOUl¹I � ÄM�M�cÄM��ª � V �hO�Xob�leVq\^],pWVYX�G,leOUHWE�OUwTZ}GBJUH]dVeZ}HWpRVe�,wdHWVeJM\�f � VeVY��OM\KVYZ}JMHWpRJMG,VYX0ÄUD�¸�OUw5ZWZWVeOM\©]dVYZ}HWpRVq�,w,HWVeJM\;f
OU\^] � VeVqV ��O0Xop|O@HRE>pvZWG5JMHv]dVeZ}HWpRVe�,wdHWVeJM\�X>JM\^ZWVeZ}HWVe\,u0JULhO0]dVy¼BE=p}�
E>\^X>E:�BEoH~½�E>E>\�H~½zJ[ZWX=OUleE=]�VeZWJUHRpWJkG,VeXFÄUD½¸�OUw^ZRZWVeOM\�]dVYZ~HRpWVe�,wd�
HWVeJM\^Z=I[g Q^E=ZWETS[Jd]dE=leZ�],Jj\^JUH�Z}E=E>S HRJ�uMVe{ME0O¢ZWOUHWVYZ~L OkX�HWJkpWb
]dE=ZRXopRVqG,HWVeJM\TL»JkpzHRQ,E�],O@H|OMZWEoH�XoJM\5Z}VY]dE>pRE=];f�OM\^]Æ½�E�Vq\cHWpRJd]dw^X>E
O¢\,E>½#XolYOMZRZ�JML S0Jd]dE=leZ�½�VxHRQ`G5Jklqb�\,JkS[VYOUlq� Qcb�GBE>pR�5JklqVYX0Z}GBJUH
Z}Q^OMG5EkI(¶�VqHWQ`O�ZWE=X>JM\^]©]dE>ukpWE=E(GBJMleb�\,JMS0VYOUl¿½�E(ukEoH�O�X>JM\d�
Z}VY]dE>p|OU�^lqbPVeS0G,pRJ@{ME=]rGBE>pWL»JMpRSTOU\^X>EMI�g Q^VeZ(Z}GBJUH(ZWQ^OMG5EÆSTO7b
�5E[pWE=ukOMpR]dE�]POMZ�O�uME=\,E>p|OUleVy»�O@HRVqJk\�JULaHRQ,ETXob�leVq\^],pWVYX�G^leOUHWE=OMw
Z}GBJUHvZWQ^OUGBE � V ��I

g Q^E�S0Jd]dE>lYZ[OUpRE�OUG^G,lqVeE=]`HWJ©Or],OUHROMZWEoH(JM�dH|OUVe\,E=] ½�VxHRQO�ZWG5E�XoVYOUlelqb©]dE=ZWVquk\,E=]rZWG5JMH}HWE�]`ÅU�@� S0E>p�JMleVqukJM\�w^X>lqE=JUHWVY]dE[S0Vx�
XopRJkOUpRp|O7bMIW³vE=pWE�HWQ,E¢EF²�G^pWE�ZWZWVqJk\tJUL��cÅkÄPZWE>leE=X�HRE=]�uME=\,E=Z[Ve\HWp|OU\^ZWuME=\,VeX(svp|OU�,VY]dJkG^Z}VYZ�G,lYOU\cHRZ�OMpWE0XoJkS[G5OUpRE=]�HRJjHWQ,ETXoJkp}�
pWE�Z}GBJM\^],Vq\,uFuME=\,E=Z3Ve\(½�Vele]d�*H~b�GBEzG,lYOU\cH|Z>I¿DFOUHROFVq\5Xolew^]dE�ZWX=OU\^Z
½�VxHRQP]dV7¼ÂE>pRE>\cH�G,Q,JUHRJMS0EoHRpWVYX�ukOMVq\5Zvp|OU\,ukVq\,u[L»pRJMS¾\,J�ZRO@HRw,p}�O@HWVeJM\�HWJ0Q,E�O7{�b�ZWOUHWw,p|O@HRVqJk\;I

¾ �3VeuMw,pRE0��OM�5JkwdHvQ,E=pWEkI ¿
À ÁÃÂpª�ÂÅÄÆªb«�Â�©UÇdÈ?¬@«OÉÊÂ@ªd°	¬(©SÇËÂ(©U­ ÌNÍYÎ

ÏRÐ ¬@«OÂpªd¬@«�ÑÒÂ(©UÂ Ð ÑKÇb°	Ç
ÓhÔ<Õ ÖØ×�Ù�ÚbÛqÜ"×6Ý<Þ
g Q,E�],OUHRO w5Z}E�] L»JMp Z}Q^OMG5E�S[Jd]dE=lqleVe\,u OM\^] ],OUHRO HRpROM\^Z~�L»JMpRS0OUHWVeJM\KOMpWE[�^OkZ}E�]KJk\©O�HWp|OU\^ZRXopRVeGdHWJkS[E[OU\^OMlqbdZWVeZ � HWJ¢�5E
]dE=ZRXopRVq�BE=] Ve\�]dE>HROUVel:Ve\ O¤L»wdHRw,pREPG,w,�,leVYX>O@HRVqJk\;fv��pRVeZ}HWE=\^Z}E=\
OU\^] � OM�d�PJULÆS0EoH|OU�BJMleVeX=OUlelqb�OMlxHRE>pRE=] s:pROM�,Ve],JMG^ZWVeZ©G,lYOU\cHRZ� g3O@H}HRE>p|ZWOMlql�EoH#OUl¹IqftÄM�M�M�c��I g Q,E OMpWp|O7b VYZ O Xow5Z~HRJMS
]dE=ZWVquk\,E=] ÅM�@� S[E=p�JMleVqukJM\�w^X>lqE=JUHWVY]dE OUpRpRO7bkf 9 × 18 S0S¢f·kÅU� µ S ]dJUH�ZWG^OMX>Vq\,u5f�Z}GBJUHWHWE=] ��b NE¶t¸ �zVeJUHRE=X|Q w5Z~�
Vq\,u O Z}Ve\,uMleE�G,Ve\ JM\ E=G5J;²db X>JkOUHWE=] ukleOkZWZ`ZWleVe]dE�Z>I
g Q,E
OUpRpRO7b�XoJk\kH|OUVe\^Z G,pRJM�BE=Z L»JMp���ÅMÄ Z}E=lqE�X�HWE�]%s:pROM�,VY]dJMGd�Z}VYZ uME>\^E=Z ]dE=ZWVeuM\,E�] HWJ�XoJ@{kE>p HWQ,E X>bkHRJdX|Q,pWJkS0E=Z _n�cÅM�� _hO&µcw,E>H}HWE�EoH`OUl¹Iqf�ÄM�M�M�qºa¶rE>p|X|�c� i�E=VeX|Q^Q^OUpWHPEoH`OUl¹Iqf�ÄM�M�kÄk�� ZWE>EPQcH}HRG;ª ÀMÀ7½�½�½�I �,VeJM�^OkZ}EkI ],�,À@_n�cÅM�cÀM��OM\^]�uMlebdXoJcZ}b�lqHWp|OU\^Z}�L»E>p|OMZWE � y�¸�gv� � _¿O�µcw,EoHWHWE�E>H�OMl*Ief¥ÄU�M��·k��S(w,lxHRVqukE>\,E�L OUS0VelqVeE=Z
OMZ�½�E>lel.OkZvuME=\,E=Z�HWQ^OUHFpRE>lYO@HWE�HRJ�OUpRJMSTOUHWVYX�OUS0Vq\^J�OMX>Ve]¢�,VeJU�Z}b�\cHWQ,E�Z}VYZ=fkZWE=XoJk\^],OMpWb(S[E>HROM�5JklqVYZ}S OU\5]TZ~HRpWE�ZWZ=I3g Q^E�ÅU�U�¹S0E=p
JMleVqukJM\�w^XoleE>JMHWVY]dE=Zz½�E>pRE�],E=ZWVquk\,E=]���b�NE¶�¸ ��VeJUHRE=X|Q;fdE�ZWZWE>\d�
HWVYOUlelqbtOkZ[],E=ZRXopRVq�BE=] �cbt��OM\,EjEoHÆOUl¹I � ÄU�k�M�c��ItSTiHßFs ½ OMZ

Ä



VYZWJMlYO@HWE�]jL»pWJkS ·M�Æ],O7bdZ:JMlY]Psvp|OU�,VY]dJkG^Z}VYZ�pRJkZWEoHWHWE�leE=O7{kE=Z�w5Z~�
Ve\,u NPVeX>pWJk_3Jklqb � sF� _aw,pWE g�N ZWSTOUlel:ZRX>OUleE�STiHß:s G,w,pRV � X>O@�
HRVqJk\K��VqH � svS��^VqJk\5��I(·U� ·^I Å µ u�STiHß:s ½ OMZFw^Z}E�]�L»Jkp�]dVepRE=X�H
Ve\^X>JMpRG5JkpROUHWVeJM\�JUL�X>b�·U�[OM\^] Xob,Å@���^w^JMpRE=ZRXoE>\cHÆ]dbkE=Z � svS0E=p}�
ZWQ^OMS�_nQ^OUpRSTOMX>VeOF�zVeJUHRE=X|Q5��w^ZWVq\^u�Á�w^G5E=pRZRXopRVqG,H ±C± ��VxH � ± \c{�VqH}�
pRJMukE>\5�oI�³:b��,pWVY]dV�»=OUHWVeJM\^ZzOU\^]T½ OMZWQ,Ve\,ukZn½zE=pWEvGBE>pWL»JMpRS0E=]0E�Z~�
ZWE>\cHRVeOMlqleb�OkX>X>JMp|]dVq\^u HWJvHRQ,EaSTOM\cw,L OMX�HRw,pRE>p|Z¥Vq\5Z~HRpWw^XoHWVeJM\^Z3OU\5]
ZWw,�^ZWE�µcw,E=\cHWlebrZRX>OM\,\,E=]¤w5Z}Ve\,uKO[¸�N©Á¤�^����svpRpRO7b©Á,X>OU\^\,E>p� sI¼Âb�S[E>HWpRV7²^��w^Z}Ve\,u�L»Jkw,p(],V7¼ÂE>pRE>\cH�G,Q^JUHWJkS�w,lqHWVeG,leVqE=p�ucOUVe\^Z>ª·k�,fd�c�,f,ÅU�^f�´M�[½�Q,VelqE��kE>E>G^Vq\,u(HWQ^E�leOkZ}E=p�G5J@½�E>p�O@HH·k�,I

g Q^EÆpWE�Z}w^lxHRVq\,u���´��^VxH[uMp|O7b©ZRX>OUleETHRVxL � VqSTOMuME=Z(OUpRE�O7{@OUVelx�
OM�,leE�L»JMp�H~½�J0{7OMpWVeEoHRVqE�Z>ªh½�VelY]�H~b�G5E�½ H�fdHWp|OU\5Z}ukE>\,VYX�lqVe\,E�·^²ÂI �,f
L»Jkw,p�G,Q,JMHWJkS�w,lqHWVeG,leVqE=p�ucOUVe\^Z=ª�·k�,f¥�k�^f�ÅU�^f�´M�,f;OM\^]KH~½zJ¢]dbME
ZW½ OUGjE	²dG5E=pWVeS0E>\cHRZ=ªhXob>·,f,X>b,Ådf�L»JMpvO(HRJUHROMl¥JUL ��´[VeS0OMuME�Z>I
ÓIÔjÓ �YÛ�×��gÞ��
	+Û���×�Ù�Ü
	��aÞ
��EoH Z = Z(x) ]dE>\^JUHWE�HWQ,E(Vq\cHWE=\^ZWVxH~bjJULnOTG,Vy²dE>l x Ia³:E>pRE Z
VYZ�Or��´U�¹�^VxH�Ve\kHRE>ukE>p�f�V¹I EkIqf 0 ≤ Z ≤ 216 − 1 = 65535 I0�;EoH
Y (x) ],E>\,JMHWE�O(HWp|OU\^Z}L»JMpRSTO@HRVqJk\�JUL Z(x) f

Y (x) = f(Z(x), λ),
� �7�

½�Q^E>pRE f(·, λ) VeZ�O�L OMS0Vqleb0JUL¥HWp|OU\5Z~L»JkpWSTO@HRVqJk\T]dE>GBE>\^],Vq\,u[JM\
HRQ,E�G^OMpROMS[E>HWE=p�{kE=XoHWJMp λ I± \¢HRQ,E�L»JklqleJ@½�Ve\,u^f,½�E�ZWQ^OUlel.X>JM\^ZWVY]dE>p�HRQ,pRE>E�HRpROM\^Z~L»JkpWSTOU�HRVqJk\^Z=ªns µq­��c±@¸�¼ ®»°�³[¼��(®*¸R±@·,¯»ºo­U¸�³0±U®*¼ ­U·

Y = k log(Z + λ1),
� ÄM�

½�Q^E>pRE λ1 VeZ.O�G5JcZ}VqHWVe{MEhJ&¼ÂZWEoH.G^OUp|OUS0EoHRE>p�I�s��F­������n­���®¹¸W±U·,¯��ºo­U¸�³0±U®*¼ ­U·
Y =

{

k
(

(Z + λ1)
λ2 − 1

)

/λ2 VqL λ2 6= 0
k log(Z + λ1) VqL λ2 = 0

� ·k�
½�Q^E>pRE λ1 > 0 f,OU\5]�OM\©¼ ·��7²>¸|¯>²�°��R¬,²>¸��|­@µ ¼��(¯�¼ ·Â²�®¹¸W±@·^¯»ºo­@¸�³��
±U®*¼ ­U·

Y = k OMpRZWVq\^Q (Z + λ1

λ2

), λ2 > 0.
� �c�

g Q^E¢X>JM\^Z}HROM\cH k VeZ[w^ZWE=]�Ve\ OMlql�HWQ^pWE=E�HRpROM\^Z}L»JMpRS0OUHWVeJM\^Z�HWJ
ZRX>OMlqE�HWQ,E�HWp|OU\5Z~L»JkpWS0E=]¤G^V7²dE>l Ve\cHWE>\5Z}VqHWVeE=Z[Z}w5X|Q`HWQ^OUH0O©ZWOUH}�
w^pROUHWE=]©G,Vy²dE>l � V¹I EMIef.OjG,Vy²�E=ln½�VqHWQrVq\cHWE=\^ZWVxH~b Z = 216 − 1 =
65535 �zXoJMpRpRE=ZWG5Jk\^],ZaHWJÆO[{@OUlew,E�JUL Y = 1 I

¾ �3VeuMw,pRE�Ä(OM�5JkwdH�Q,E>pREMI ¿
ß:JUHRE�HRQ^O@HÆOUp|ZWVq\,Q (z) = log(z +

√
z2 + 1) L»JMp z > 0 f

ZWJÆL»JkpFlYOUpRuME z ½�E�Q^O7{kE�OUp|ZWVq\,Q (z) ≈ log(2z) I�s:Z�O�pWE�Z}w,lqH=fHRQ,E:leJMucOUpRVxHRQ,S0VeX�HRpROM\^Z}L»JMpRS0OUHWVeJM\[VeZaE=ZRZ}E=\cHWVYOUlelqb � O@HzlqE�OMZ}HnL»JMp
lYOUpRuMEK{7OMlqw^E=ZÆJML z �ÆO ZWG5E�XoVYOUl�X>OMZWEPJML��5JMHWQ�HRQ,E©��J;²��~�zJ;²
HRpROM\^Z}L»JMpRS0OUHWVeJM\ � ½�VxHRQ λ2 = 0 �nOU\5]THWQ^EFVe\�{ME>p|ZWEvQ�bcGBE>pR�BJMleVeXZWVe\,E�HWp|OU\^Z}L»JMpRSTO@HRVqJk\ � ½�VqHWQ λ2 = 2 ��I

�3VeuMw,pREj�0ZWQ,J@½vZFHWQ^ETVq\�{ME=p}HRE=]©uMpRE>bPZRX>OMlqE[VqSTOMuME0JULzHWQ,E
Y �¹Ve\cHWE=\^Z}VqHWVeE=ZhL»JMphHRQ,E:leJMucOUpRVxHRQ,S0VeXzHWp|OU\5Z~L»JkpWSTO@HRVqJk\ � ÄM�¿½�VqHWQ
λ1 = 20 OU\5] k = 1/ log(216 + 20 − 1) L»JMp�HRQ,EÆ½�Vele]�H~b�GBE

uMpRE>E>\ � X>b>·k�TX|Q^OM\,\,E=lv½�VxHRQ�G,Q,JMHWJMS0E>HWpRVeX¢ucOUVe\t´k�,I�_nV7²dE=leZ
½�VxHRQ Y �¹{@OMlqw,E�Z�XoleJkZWE0HWJ �ÆOUpRE0ZWQ,J@½�\¤Ve\`�,leOkX|�©OM\^]rG,V7²dE=leZ½�VxHRQ Y �¹{@OMlqw,E�ZhXoleJkZWE�HWJ���OUpRE lqVeuMQcHnukpWE=bMI.g Q^E�S[VY],]dleE�G^OM\,E>l
JULÆ�3Vqukw,pWE���Z}Q,J@½vZ�HWQ,E X>JMpRpWE�Z}GBJM\5]dVq\^u�ZRO@HRw,p|O@HWE�]�G,V7²dE=leZ
½�Q,E>pRE Y = 1 I ± \�HWQ^EjpRVeuMQcH[G5OU\,E=l�½�E�Z}Q^J@½ HWQ,E¢Ve\kHRE>\^Z}�
VxHRVqE�Z�L»Jkp[HWQ,pRE>E¢Z}GBJUH|Z[½�VxHRQ�G,Q^JUHWJkS0EoHWpRVYXÆukOMVq\5ZY·k�,fh�c�,fzÅM�
OU\^]z´M�^f;pRE=ZWG5E�X�HWVe{ME=lqbkf.OMlqJk\,u¢Q,JMpRVeZWJM\cH|OUl¿lqVe\,E�Z�HWQ,pRJMw^uMQrHWQ,E
Z}GBJUH�XoE=\kHRpWE�Z>I �aOMX|QrJULnHRQ,E0Vq\cHRE>\^ZWVxH~b©Xow,pR{ME�ZFOMpWE[uMVe{ME=\PL»JMp
ÄMÅKG,V7²dE=leZ=f�HWQ,EPX>E>\cHWpRE¢G,V7²dE=l:OU\^]���Ä©G,Vy²dE>lYZTJM\ E=OkX|Q ZWVY]dEMI
g Q,ETZ}GBJUH|Z�OUpRE�HRQ,EÆZ}Vy²�HWQ;f�HWE=\kHRQrOM\^]KH~½zE=lxL HRQ¤ZWGBJUHRZ�Ve\rHWQ,E¹@HWQ`pRJ@½ Vq\tHWQ,E�lqE>L H[G^OM\,E>l�ºhHRQ,E=ZWEÆHRQ,pWE=E�ZWG5JMHRZ(Q^O7{MET\�w,S[�
�5E=pRZ��=�cÄdfB�=��´,f�OU\^]©�=�k�,f�OU\^]�Z}Q,J@½�S[E�]dVew,S¢fdQ,VqukQjOM\^]ÆleJ@½
Z}GBJUH:Ve\cHWE=\^Z}VqH~bMfBpRE=ZWG5E�X�HWVe{ME=lqbkfBOM\^]jHWQ^E�Ve\kHRE>\^ZWVqH~b¢X>w,pR{ME=Z:OUpRE
J@{ME>pRlYO7bME=]ÆL»JMp�OUlel�L»Jkw,p:ucOUVe\^Z>I:ÁdG5JMHRZ(�=�kÄ,f����&´TOU\5]`�=�k�TOUpRE
S0OMpW�kE=]�½�VxHRQj�BJ;²dE=Z Ve\�HRQ,E�leEoL H:G^OM\,E>l¥JML¿�3VeuMw,pRE[�MI
! " Ï ¬pª�Ç$#SÂ Ï Ì ÉÊ¬K­SÌ Ð Ç
��OkZ}E�] Jk\�E>S0G,VepWVYX>OMl�JM�^ZWE>pR{@O@HWVeJM\5Z0JUL�Z}GBJUHÆVe\cHWE>\5Z}VqH~b G,pRJU�� lqE�Z�OMZ�ZWE>E>\©Vq\¤�3Vqukw,pRE��kf;½zET]dE�Z}VepRE[OjZ}G5O@HWVYOUlhZWG5JMH�Z}Q^OMG5E
S[Jd]dE=l�HWJ Q^O7{MEKHWQ,ErL»JMleleJ@½�Vq\,u HWQ,pRE>ErG,pRJMGBE>pWHWVeE=Z=ª � V ��VeZWJU�
HWpRJMG,VYXUf;V¹I EMIef;HWQ5O@H�HWQ,EÆO7{kE>p|OUukE�Ve\kHRE>\^ZWVqH~bKO@H�OjG,Vy²�E=l x JM\^lqb]dE>GBE>\^]^Z�JM\rHWQ,EÆ],VeZ}HROM\^XoE[L»pRJMS x HRJ¢HWQ,EÆZWG5JMH�XoE>\cHRpWETOU\5]
\,JUHhJM\[HRQ,E:]dVepWE�X�HRVqJk\�L»pRJMS HWQ,EvX>E>\cHWpREMf � VqV �hZWQ,JMw^le]0OUleleJ@½tL»JMp
Z}GBJUHW� ZWQ^OUGBE=ZÆpWE�Z}E=S��,leVq\^u`�5JMHWQ�%}{MJkleX=OU\,JcZ|ÀUXop|O@HWE=pRZ�À@],JM\�wdHRZ
&OU\^]'%}G,lYO@HRE=OUw5Z(&�ItÁ�G5JMHTVq\cHWE=\^ZWVxHRVqE�Z[OMpWE�JUL HRE>\ Q^VqukQ,E=Z}H[\^E=OUp
HWQ,E�E�]duME¢JUL�HWQ^EPZ}GBJUH�OM\^]�ZWSTOUlelqE=pT\,E=OMp0HWQ,EPZWGBJUH�XoE=\cHWpRES0OM��Vq\,u�HWQ,E�pRE=ZWw,lqHWVe\,u[ZWGBJUH�Z}Q^OMG5E�pRE=ZWE>S��^lqE�O�{kJMlYX>OM\,J � ZWE>E
S[VY],]dleE�G^OU\,E=lÂJUL.�3VeuMw,pRE(�7��fdOU\5] � VeVeVY��OUleleJ@½�L»JMp�Z}G5O@HWVYOUlÂXoJkp}�
pWE=leOUHWVeJM\;fvV¹I EMIef:G,Vy²dE>lYZjX>lqJcZ}EKHWJkuMEoHRQ,E>p¢OU\5] ½�VqHWQ HRQ,E`ZWOMS0E]dVeZ}HROM\^XoEFL»pRJMS#HRQ,E�Z}GBJUHvXoE=\cHWpRE�ZWQ,Jkw,le]��5E�S0JkpWE�XoJkpWpRE>lYO@HRE=]
HWQ^OM\�G,Vy²dE>lYZ L»w,pWHWQ,E=pvOUG^OMp}H�I

��EoH S ],E>\,JMHWE¿HWQ^EzZWEoH�JML�ZWG5JMHRZ=Ib¶�VqHWQ�E�OMX|Q�ZWG5JMH s, s ∈ S,½zE�OMZRZ}JdXoVYO@HRE:O�ZWEoH As JML�G,Vy²dE>lYZ>IO¶rE�OkZWZWw,S0E�HWQ5O@H \,J�G,Vy²dE>l
�5E=lqJk\,ukZaHWJ[S0JMpREvHWQ5OU\�Jk\,EFZWw^X|QjZ}E>H=fdOU\^]�Z}JkS0E:G,Vy²dE>lYZzSTO7b\,JUH��5E0OMZRZ}JdX>VeOUHWE=]P½�VxHRQ©OU\�b�ZWG5JMH=I��;E>H Y = Y (x) ]dE>\,JMHWE
HWQ,E � G5JcZWZWVq�^lqbKHWp|OU\^Z}L»JMpRS0E=]^�FVe\kHRE>\^ZWVqH~b©O@H�O¢G^V7²dE>l¹f x f¿½�VxHRQ
G,V7²dE=laXoE=\kHRpWE�XoJ�JMp|]dVe\^O@HRE=Z x = (x1, x2) IR¶©EjOMZRZ}w^S[E0HRQ^O@H
Y (x) OM\^] Y (x′) OMpWE(Vq\^],E>GBE>\^]dE=\cH�VqL x OM\^] x′ OUpRE[OkZWZWJdXoVq�
O@HWE�]�½�VqHWQ�]dVy¼ÂE>pRE>\cH:Z}GBJUH|Z>I

�zJk\^ZWVe]dE=p©\^J@½ O�ZWG5JMH s OM\^] G^V7²dE>lYZ x ∈ As I �;EoH
cs = (cs1, cs2) �5EtHWQ,E ZWGBJUH©X>E>\cHWpRE`JULÆZWG5JMH s f(OU\^] leEoH
rs(x) = ‖x − cs‖ �BE¢HWQ,E©]dVeZ}HROM\^XoE¢L»pRJMS�G,Vy²�E=l x HWJtHWQ,EZ}GBJUHvXoE=\cHWpREMIhs:ZRZ}w^S[E�HRQ^O@H

Y (x) = Bshs(rs(x)) + bs + ε(x), x ∈ As

� ÅM�
½�Q,E>pRE Bs S0E=OkZ}w,pRE=Z¥HWQ,EhVe\cHWE>\5Z}VqH~bFJML�ZWGBJUH s f bs VeZ;O�X>JM\^Z}HROM\cHpWE=G,pWE�Z}E=\cHWVe\,u�HWQ,E��^OkX|�cukpWJkw,\^]¥f hs(r) VYZzO(Z}GBJUH�ZWQ^OUGBEvL»w,\5X��HWVeJM\©OM\^] ε(x) XoJMpRpRE=ZWG5Jk\^],Z�HRJU»=E>pRJU� S0E=OU\K\,JMVYZ}E[O@H x I3¶©E
OMZRZ}w,S0ETHRQ^O@H (Y (x), x ∈ As) Q^OMZ[OPS(w,lxHRVq{@OMpWVYO@HRE�\,JkpWSTOUl]dVeZ}HWpRVe�,wdHWVeJM\j½�VqHWQ¢S0E=OU\¢{kE=X�HRJMp µs OU\^]jXoJ@{@OMpWVYOU\^X>EFSTOUHWpRV7²
Cs Ing Q�w^Z

µs(x) = Bshs(rs(x)) + bs,

OU\^]�HWQ,E�ZWG5JMH:Z}Q5OUGBEFL»w^\^X�HRVqJk\ hs(r) STO7b�]dE=G5E=\^]jJM\jG^OUp|O@�S[E>HWE=pRZ=I©Á�JkS[EjZ}GBJUH0Z}Q5OUGBE�G^OMpROMS[E>HWE=pRZ�STO7br�5E¢XoJkS0S[Jk\

·



L»JkpvOUlel;Z}GBJUH|Z��,wdH:ZWJMS0E�STO7bÆ�BE�Z}GBJUHW� ZWG5E�XoV � XUI± \�HWQ,E�G,pRE=ZWE>\cH.G^OMG5E=p¿½zEzJM\,leb�XoJM\5Z}VY]dE>p.HWQ^E�ZWVqS0G,leE=Z}H3X>JU�
{@OMpWVYOU\^X>EvS0Jd]dE>lB½�Q,E>pREvE�OMX|QÆG,Vy²dE>lBVq\cHRE>\^ZWVxH~b[VYZzOkZWZWw,S0E=]TVe\d�
],E>GBE>\^]dE=\cH=fMV¹I EMIef ε(x) ∼ N(0, σ2

I) fM½�Q^E>pRE I VeZ3HRQ,E�Ve],E>\cHWVqH~b
STOUHWpRV7²¥I N�JMpRE�XoJkS[G^lqVYX>OUHWE=]�ZWG^OUHWVYOUl�X>JMpRpWE=leOUHWVeJM\�Z}HWpRw^XoHWw,pRE=Z½�Velel;�5E�Ve\�{ME�Z~HRVqucO@HWE�]TL»w,pWHWQ^E>pvVe\jO0lYO@HRE>p G,w,�^lqVYX>OUHWVeJM\;I¶rE�XoJk\^ZWVe]dE=p�HWQ,E�L»JklqleJ@½�Vq\^u�L»Jkw,p:ZWG5JMH�ZWQ^OMG5E�S0Jd]dE>lYZ>ª
/�1.�����;' £*6.¨.4@£��M)^'�-�13)��a��At2;¨3��'�� ��EoH

hs(r) =
1

πσ2
s

1(r ≤ σs),
� ´k�

½�Q,E=pWE 1(P ) = 1 VqL P VYZ�HWpRw,EÆOU\5] 1(P ) = 0 JUHWQ^E>pW�
½�VYZ}EkIKg Q,EÆG^OMpROMS0EoHWE=p σs > 0 VeZ�HWQ,E�pROk]dVew^Z�JML�HRQ,E
ZWG5JMH=I

/�1.�
	j)^+.-�-=£*),6�-�1.)��z��At2;¨3�c'�� _nwdH
hs(r) =

1√
2πσ2

s

φ(
r

σs

),
� �U�

½�Q,E=pWE σs > 0 OM\^] φ VYZ¤HRQ,E�Z}HROU\5],OUp|]dV�»>E=] JM\^Eo�]dVeS0E>\^ZWVqJk\^OUl¥\^JMpRS0OMl¥]dE>\^ZWVqH~b
φ(r) =

1√
2π

exp(−1

2
r2).

/�1.�
	j)^+.-�-=£*),6�¨3£
�a�c4@��6��k��-=13)��a��At2�¨.��'�� ��EoH
hs(r) =

1 + αs√
2πσ2

s

φ(
r

σs

) − αs√
2π(βsσs)2

φ(
r

βsσs

),
� �k�

½�Q,E=pWE σs > 0 f αs > 0 OU\^] 0 < βs < 1 I
���a2B'
�;632BAt£ ),'
�R1����a�c4��a2B' £��T-��a25<0-=13)��a��� ),At£*'
��� _nwdH

gs(r) =

I
∑

i=1

bsir
i − as

γs − r
, 0 ≤ r < γs,

½�Q,E=pWE I ≥ 2 f as > 0 OU\^] γs > 1 Ih_nw,H�L»w,p}HRQ,E>p
hs(r) =

{

Ks

σ2
s

exp(gs(r/σs)) VqL 0 ≤ r < γsσs

0 VqL r ≥ γsσs,

� ¹k�
½�Q,E=pWE σs pWE=G,pWE�Z}E=\cHRZ.HWQ,E p|OM]dVew^Z.JUL5HWQ,E�ZWG5JMHhOM\^] σsγsVYZ�HRQ,E ]dVeZ}HROM\^XoEzL»pRJMS HWQ^E�ZWG5JMHnXoE>\cHRpWEz½�Q,E>pREaHRQ,E>pRE OUpRE\,J�S0JMpRE�ZWVquk\^OUlcL»pRJMS�HRQ,E�Z}GBJUH�I3g Q^E X>JM\^Z}HROM\cH Ks VeZhOL»w,\^XoHWVeJM\©JULaHRQ,E0G^OUp|OUS0E>HWE>p|Z bs1, . . . , bsI , as, γs Z}w5X|QHWQ5O@H

∫ ∞

0

∫

2π

0

hs(r)rdrdθ = 1,

O�XoJk\^]dVqHWVeJM\[HWQ5O@HnVYZaOUlYZWJ�ZRO@HRVeZ � E�](��b�HWQ,E:ZWGBJUHaZWQ^OUGBE=Z� ´c��f � �U�ofaOU\^] � �c��I g Q,EjG^OMpROMS[E>HWE=pRZ as OU\^] γs ]dEo�HWE=pWS0Ve\,EPHRQ,E¤Z~HRE>E>G^\,E=ZRZjJUL�HWQ^E¤ZWGBJUH�E�]duMEkI ± HjSTO7b�BE�\^JUHWE�]�HWQ^OUH�HWQ,E�ZWG5JMH�L»w,\^X�HRVqJk\ � ¹k�zVYZI»>E=pWJ[JMw,HRZWVe]dE
OtX>Vqp|XoleE©OMpWJkw,\^] HWQ^E©XoE=\cHWpRE�L»JMp r > γsσs fFZ}VeS0VqlYOUpHWJ HWQ,E¤Xob�leVq\5]dpWVYXKZWGBJUHjL»w,\^X�HRVqJk\ � ´k��fF½�Q,VYX|Q VeZS»=E>pRJ

L»JMp r > σs IE¶�Q,VelqETHRQ,E�X>b�lqVe\^]dpRVeX�Z}GBJUH(ZWQ^OMG5ETL»w^\^X��
HWVeJM\(VeZ¿]dVYZRXoJM\cHRVq\�w,Jkw^Z>f7HRQ,EzL»w,\^X�HRVqJk\ � ¹k��VeZ¿X>JM\cHWVe\�w,JMw^ZOU\5]�Ve\ � \,VqHWE=lqb�]dVy¼ÂE>pRE>\cHWVYOU�,leEMI�³vJ@½�E>{kE>p�f>HRQ,E�Xob�lqVe\^]dpRVYX
ZWG5JMH�Z}Q^OMG5ETSTO7b©�5EÆJk�dHROMVq\^E=]¤OMZ�O¢leVqS0VqHWVe\,uKX=OMZWE[JML
HWQ^E�G5Jklqb�\,JkS[VYOUlq� Qcb�GBE>pR�5JklqVYX�Z}GBJUHvZWQ^OUGBEMf^ZWE>E��BE>leJ@½�I
¶rE�pWEXµkw^VqpRE:HRQ,E��BJMw,\^]^OUpRb�XoJk\^]dVqHWVeJM\

g′s(0) = 0,
� ���k�

V¹I EkIqf7HRQ^O@H3HWQ,E ZWG5JMH3Ve\cHWE>\5Z}VqHWVeE=Z3OUpRE �5OUH.\,E�OUp.HWQ,E XoE=\cHWpRE
JULBHWQ^E:Z}GBJUH�IhN�JkZ}HnJUL HRE>\;fk½zE�½�JMw,lY]0OUlYZ}J�pRE�µcw,VepREzHRQ^O@H

g′s(1) = 0,
� �k���

ZWw^X|Q¤HWQ^OUH�HRQ,E�ZWG5JMH(Ve\cHWE>\5Z}VqH~b`Z~H|OUpWHRZ�HRJ©]dE�XopRE=OMZWEÆO@H
{@OUlew,E0� � V*I EMIef,½�Q,E=\�HRQ,E�G,Vy²�E=l¥VeZ OUH�],VeZ}HROM\^XoE σs O7½�O7bL»pRJMS#HRQ,E�Z}GBJUH:X>E>\cHWpRE��oI
�,Jkp I = 2 HWQ,ET�BJMw^\^],OUpRbKX>JM\^]dVqHWVeJM\5Z � �=�c��OU\^] � �k���pRE=ZWw,lxH Ve\�HRQ,E�L»JMlelqJ@½�Ve\,u0XoJM\5Z~HRpROMVq\cHRZzJM\�HWQ,E�G^OMpROMS0EoH}�
E>p|Z Ve\�HRQ,E�GBJMlebc\^JMS0VeOMl*ª

bs1 = as/γ2

s

bs2 =
as

2

{

1

(γs − 1)2
− 1

γ2
s

}

.

± L¥½zE Q,E=pWE�leEoH as HWE=\^](HWJ@»=E>pRJ�OM\^] γs HWE=\^][HWJ�Jk\,E ½zEuME>H HWQ,E�HWQ^E�X>b�lqVe\^]dpRVeX�ZWG5JMH ZWQ^OMG5E�OMZ O[leVqS0VqHWVe\,uTX>OMZWEMI
¶rE�½�Vqlel�w^ZWE�HRQ,EPXoJk\^]dVqHWVeJM\ � �k���(Vq\�HWQ^EPZ}EXµkw^E>l��,wdH
VqH�STO7b¢�5E[\,JMHWE=]PHWQ^OUH�VqLa½�E(ZWG5E�XoVqL»b g′s(1) OMZ�O�G5JcZ~�
VqHWVe{ME¢XoJM\5Z~H|OU\cH(½�E�STO7b¤JM�dH|OUVe\ ZWG5JMH0ZWQ^OUGBE=Z(½�VqHWQ�O]dJkS[E0ZWQ^OUGBEMf;OM\^]�VqLz½�E[ZWG5E�XoVqL»b g′s(1) OMZ�O�\,E>ucO@HWVe{ME
XoJk\^Z}HROU\cHT½�EjSTO7btJk�dHROMVq\�S0JMpRE¢G,pRJM\,Jkw,\^XoE�] X>pROUHWE>p
ZWQ^OUGBE=Z=I

D�O@H|OPOU\5]¤E=Z}HWVeS0OUHWE�]`Z}GBJUH(ZWQ^OMG5ETL»Jkp�HRQ,EÆGBJMlebc\^JMS0VeOMlx�
Qcb�GBE>pR�5JklqVYX�Z}GBJUHnZWQ^OUGBEzS0Jd]dE=l,OUpRE�ZWQ,J@½�\�Ve\V·MD�Ve\[�3VeuMw,pREI·
L»JMphZ}GBJUH����kÄFO@H¿ukOUVe\V´M�,fUX>JMpRpWE�Z}GBJM\5]dVq\^uvHWJ�HRQ,E w,G,GBE>pnXow^pW{kEVq\�HWQ,E�pRVeuMQcH�G^OU\,E=l¥JULh�3Vqukw,pWE0�kI

¾ �3VeuMw,pRE@·[OM�5JkwdHvQ,E=pWEkI ¿

�3VqH}HRE=]�X>bcleVe\^]dpRVeX=OUl¹f;¸�OMw^ZWZWVYOU\;f?¸�OUw^ZRZWVeOM\�],V7¼ÂE>pRE>\^X>EMf@OU\5]G5Jklqb�\,JkS[VYOUlq� Qcb�GBE>pR�5JklqVYX:ZWQ^OMG5E�L»w,\^XoHWVeJM\^Z�X>JMpRpWE�Z}GBJM\5]dVq\^u�HWJ
HWQ,EvZWG5JMHRZaVq\0HRQ,EvpRVqukQkHhG^OM\,E>l5JUL¥�3Vqukw,pWE��vOMpWEvZWQ,J@½�\0Ve\Æ�.VeuU�
w,pWE(�^I ± H�VYZ�XoleE=OUpRleb¢ZWE>E=\PHRQ^O@H�HWQ^E[GBJMleb�\,JMS0VYOUlq�¹Q�b�GBE>pR�5JklqVYXZ}GBJUH�ZWQ^OUGBEnS0Jd]dE>l � HRZ;HWQ,Ez],O@H|O��5E>H}HRE>p;HRQ^OU\�HRQ,EhHRQ,pWE=EnJUHRQ,E>p
S[Jd]dE=leZ=I

¾ �3VeuMw,pRE��0OM�5JkwdHvQ,E=pWEkI ¿

�
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�aÔ<Õ �R×OÛ�×�� Ú�Ù>Ú�Û�ÚbÞ�Ù>Ü�� ×dÙ�Ü 	 �
��EoH A′

s = {x ∈ As : Y (x) < `c} OU\5] A′′
s = {x ∈ As :

Y (x) ≥ `c} ]dE>\^JUHWE0HRQ,E�ZWEoH�JML�G,Vy²dE>lYZ�Ve\ As HWQ^OUH�OUpRETw,\d�X>E>\^ZWJMpRE=]0OM\^]0XoE>\5Z}JkpWE�]¥fUpRE=ZWG5E�X�HWVe{ME=lqbkfkOUHnHWQ,E:lqE={ME>l `c IhÁ�GBJUHZWQ^OMG5E(G^OUp|OUS0EoHRE>p|ZvSTO7b¢�5E[E=Z}HWVeSTO@HRE=]P��b¢STO?²dVeS[V�»>Ve\,u�HWQ,E
leJMu0leVq�kE>leVqQ^JcJd]�L»w,\^XoHWVeJM\

LY = L1 + L2,
� ��ÄM�

½�Q^E>pRE
L1 =

∑

x∈A′

s

log{ 1

σe

φ(
Y (x) − Bshs(rs(x)) − bs

σe

)}

OM\^]
L2 =

∑

x∈A′′

s

log{1 − Φ(
`c − Bshs(rs(x)) − bs

σe

)},

½�Q^E>pRE φ OM\^] Φ OUpREaHRQ,E�Z~H|OU\^],OMpR],Vy»=E=]�\,JkpWSTOMlc]dE=\^ZWVxH~b�L»w,\5X��
HRVqJk\ OU\5] ]dVYZ~HRpWVe�,wdHRVqJk\�L»w,\^XoHWVeJM\;f[pWE�Z}GBE=XoHWVe{ME=lqbkI g Q,E leJMuleVe�ME>leVeQ,J�J�] � �7ÄM��X>OM\©�BETSTO?²dVeS[V�»>E�]K��bKZ}HROM\^],OMpR]©VxHRE>p|O@HRVq{kE
STO^²�VeS0Vy»�O@HRVqJk\�HWE�X|Q,\,VDµkw^E=Z=f¥EMI u^Ief�µkw5OMZWVx�1ßvE=½ HWJM\KJMppßvE>lY]dE=p}�
NPE=OM];I¶rE:\^JUHWE:HWQ^OUHzVqL;HWQ^EFZWG5JMH�ZWQ^OUGBE:G^OMpROMS0EoHWE=pRZaOUpREv{@OUpRVqE�]
Ve\^]dVe{�Ve],w^OUlelqb0L»Jkp�Z}GBJUH|Z ½zE�uME>H ZWV7²ÆG5OUp|OUS0EoHRE>p|ZnL»JkpzHRQ,E�Z}GBJUH
ZWQ^OMG5E�S[Jd]dE=leZ � ´c��OM\^] � �M��ª Bs f cs1 f cs2 f bs f σe OU\^] σs fOM\^]`E=VqukQkH(G^OUp|OUS0EoHRE>p|Z�L»Jkp�HWQ^E�S0Jd]dE>lYZ � �k�(OU\^] � ¹k�oIrg Q,E
Ok],]dVqHWVeJM\^OMlhG^OUp|OUS0E>HWE>p|Z�OUpRE αs OM\^] βs L»JMp�S0Jd]dE>l � �k��OU\5]
as OU\^] γs L»Jkp�S0J�],E>l � ¹c��Ig.J E�Z~HRVqSTOUHWE©OMleZWJ G5OUp|OUS0EoHRE>p|ZÆVe\�HWQ,E©HWp|OU\5Z~L»JkpWSTO@HRVqJk\� ���of,½zE�STO?²dVeS0Vy»=E

LZ = LY +
∑

x

log

(

∂Y (x)

∂Z

)

,
� ��·k�

�aÔjÓ �TÛ�Ú
	gÜ���Ù�Ü
	 � 	 � Þ$×dÙ�
aÛ�×�Ù�Ú�	 ����Ú$�aÞ 	+Û�Ú�	��
� ×6Ý�
aÚbÞ

�^JMp x ∈ A′′
s ½zET]dE=\,JUHRE0HWQ,E[HWp|OU\5Z~L»JkpWS0E=]©E=Z}HWVeSTO@HRE=] � G,pREo�],VeXoHWE=]5��Vq\cHWE=\^ZWVxH~b��cb

Ŷ (x) = B̂sĥs(rs(x)) + b̂s,

½�Q^E>pRE B̂s OM\^] b̂s ]dE=\,JUHREzE�Z~HRVqSTO@HRE=](G^OUp|OUS0E>HWE>p|Z�OM\^] ĥs ]dEo�\^JUHWE�ZÂHWQ^EaZ}GBJUH3Z}Q^OMG5E¿L»w^\^X�HRVqJk\�½�VxHRQ�E=Z}HWVeSTO@HWE�]�G^OUp|OUS0EoHRE>p|Z>I± L f VYZzHWQ,E�HRpROM\^Z~L»JkpWSTOUHWVeJM\ÆE=S[G^lqJ@bkE=]¥f�EMI u^Ief � Äk��f � ·k�zJMp � ����f
HRQ,E>\jHRQ,E�XoJkpWpRE=ZWG5Jk\^]dVe\,u[E=Z}HWVeS0OUHWE�]�Ve\cHWE>\5Z}VqH~b�VYZ

Ẑ(x) = f−1(Ŷ (x)).

� \5XoEjHWQ,E�G^pWE�]dVeXoHWE�]�{@OMlqw,E�Z[L»JMp0HRQ,EPZWOUHWw,p|O@HRE=]�G,Vy²�E=leZ�OUpRE
Jk�dHROMVq\^E=]¥fz½zE�X>OM\ G,lew,uM�¹Ve\ HRQ,E=ZWE¢{@OUlew,E=ZTOM\^] OM\^OUleb�»>E�HWQ,E
ZWGBJUH:OMZ VqLhOUlel¥G,V7²dE=leZ ½�E>pRE�XoJMS0G,leEoHRE>lebÆJM�5Z}E=pW{kE=]¥I

� � ÌIÇb® Ð ªdÇ
�hÔ<Õ ��� 	�Ü���Ú 	 �ÅÙ>Û�×��aÞ �
	+Û � ×�Ù>Ü 	 �
g Q,E(��J;²��~�zJ;² � ·c�vOU\5]�HWQ^E�Ve\c{kE>p|Z}E�Qcb�GBE>pR�5JklqVYX�ZWVe\,E�HRpROM\^Z~�
L»JMpRS0OUHWVeJM\ � �c�F�BJUHWQ¤XoJk\cHROUVe\PHRQ,E0lqJkukOMpWVqHWQ,S0VYX�HRpROM\^Z~L»JkpWSTOU�
HWVeJM\ � ÄM�.OMZ3OFZWGBE=XoVYOUldX=OMZWEMI.g Q�w^Z.½�E�X=OU\�w5Z}E�lqJku:leVq�kE>leVqQ^JcJd],Z
HWJ�HRE=Z}HRZzVxL.E>VqHWQ,E=pzJML¥HWQ,E=S#uMVe{ME=ZzO�ZWVquk\,V � X>OM\kHzVqS0G,pRJ@{ME=S[E=\cH
pWE=leOUHWVe{MEFHWJ[HWQ,E�leJMucOUpRVxHRQ,S0VeXFHRpROM\^Z~L»JkpWSTOUHWVeJM\;I

g Q^EvpWE�Z}w^lxH|ZnZ}Q^J@½�\[Ve\Æg3OU�,leE��vOUpRE��^OkZ}E�](Jk\ÆOU\^OMlqbdZWVeZ¿JML
ÄMÅ�Z}GBJUH|ZhOU\^](L»JkphE=OMX|Q[JULBHWQ^E>S L»JMw,phucOUVe\^Z>fM½�Q,VeX|Q0ukVq{kE=Z �=�k�
],O@H|OMZWEoHRZ=IFg Q^E[X|Q,JkVeX>E�JUL�Z}GBJUH|Z:½ OMZFSTOM]dE[Z}w^X|QPHWQ^OUH��BJUHRQ
lqJ@½�f¿S0E=]dVYOU\�OU\^]`Q^VqukQ Ve\kHRE>\^ZWVqH~brleE>{kE>lYZ�½�E>pREÆpRE>G,pRE=ZWE>\cHWE�]
�,wdH�½�VqHWQ`O¢Z}leVqukQcH�J@{kE>pW�¹pRE>G^pWE�Z}E=\kH|O@HRVqJk\jJML�Q^VqukQ©Ve\cHWE>\5Z}VqHWVeE=Z
OMZhJk\,E�JUL¥JMw^paSTOUVe\TJM�d�~E�X�HRVq{kE�½�OkZ¿HWJ�Z}HWw5]db(pRE=X>JM\^Z}HWpRw^XoHWVeJM\
JUL3ZWGBJUHRZ ½�VqHWQ�ZRO@HRw,pROUHWE�]�G,Vy²dE>lYZ>I

sFZ HWQ,E�GBJMleb�\,JMS0VYOUlq�¹Q�b�G5E=pW�BJMleVYX ZWG5JMH#ZWQ^OMG5E�S0Jd]dE>l
HWw,pR\,E=] JMwdH[HWJ¤XoleE=OMpWleb`Z}w^G5E=pWVeJMp[HWJ©HWQ^E�JMHWQ,E=p0ZWGBJUHTZ}Q^OMG5E
S[Jd]dE=leZ0Z}HWw^],VqE�]tQ,E=pWEkfnVxHT½ OMZ(w^ZWE=]�Vq\ HWQ,E�XoJkS0G^OUpRVeZWJM\`JML
HWQ,E�HWQ^pWE=E�HWp|OU\^Z}L»JMpRSTO@HWVeJM\5Z>I

g3OU�^lqE¾� ZWQ,J@½vZ�HWQ^OUH�HRQ,E ��J;²��}�zJ;² HRpROM\^Z~L»JkpWSTOUHWVeJM\G,pWJ@{�VY]dE=Z¥HWQ,E��5E�Z~H � H¿½�Q,E>\�½�Enw^ZWEnHRQ,E�lqJkuvlqVe�ME=lqVeQ,J�Jd]�OMZ.XopRVx�
HWE>pRVeJM\;f¥OU\5]PHRQ^O@H�E>{kE>\PHRQ,ET��J;²c�}�zJ;²jHWp|OU\^Z}L»JMpRSTO@HWVeJM\K½�VxHRQ� ²dE=]t{@OMlqw,E�Z[JUL λ1 OU\^] λ2 G,pRJ@{�Ve],E=Z[OK�BEoHWHWE>p0S0E=],VeOM\ � HHWQ^OM\P]dJ�E=Z�HRQ,E�leJMucOUpRVxHRQ,S0VeX�OU\^]¢Ve\�{ME>p|ZWE�Qcb�GBE>pR�5JklqVYX�HRpROM\^Z~�
L»JMpRS0OUHWVeJM\^Z¢½�VqHWQ�{@OMpWVYOU�,leE λ � Z=I g Q,E`Vq\�{kE>p|Z}E`Q�b�G5E=pW�BJMleVYX
HWp|OU\^Z}L»JMpRSTO@HWVeJM\�uMVe{ME=ZhO�ZWSTOUleldVqS0G,pRJ@{ME=S[E=\cH¿pRE>lYO@HRVq{kEaHRJ�HWQ,ElqJkukOUpRVqHWQ,S0VYXvHRpROM\^Z~L»JkpWSTOUHWVeJM\;I

g Q^E�leJMucOUpRVxHRQ,S0VeX0HRpROM\^Z}L»JMpRS0OUHWVeJM\`½�VqHWQ�{7OMpWVYOU�^lqEÆJ&¼ÂZWEoH
G^OUp|OUS0EoHRE>p λ1 HWw,pR\,E=]jJkwdH HWJT�BE�XoJM\5Z}VY]dE>p|OU�^lqbT�BEoHWHWE>pvHWQ^OM\HWQ,E0leJMukOMpWVqHWQ^S[VYX�HRpROM\^Z}L»JMpRS0OUHWVeJM\©½�VxHRQ � ²dE�] λ1 = 1 I � ¶rE
w^Z}E λ1 = 1 OMZ � ²dE=]`{@OMlqw,E�pROUHWQ,E=p�HWQ5OU\ λ1 = 0 OMZ[Z}JkS[E
G,V7²dE=l¥{7OMlqw^E=Z ½�E>pRE�»=E>pRJ^I¶�

s G,pRVeJMpRV*f¥½�E[X=OU\r\,JUH�L»JkpWSTOUleleb¢HWE=Z}H�HWQ,ET��J;²��~�zJ;²�OU\5]HWQ,E�Ve\c{kE>p|Z}E�Q�b�G5E=pW�BJMleVeX�ZWVq\,E�HRpROM\^Z~L»JkpWSTOUHWVeJM\^Z�OUucOUVe\^Z~H E=OkX|Q
JUHWQ^E>pvOMZ�HRQ,E�Z}HROUHWVYZ~HRVeX=OUl¥S0Jd]dE>lYZvOUpRE�\,JUHv\^E=Z}HWE=];I�³vJ@½�E>{kE>p�f
VxH HWw^pW\,E�]ÆJkwdH HWQ^OUH Ve\jS[JcZ~H JUL�HWQ,E0�=�k�(]^O@HROkZ}E>HRZaHWQ,E�leJMucOUpW�VxHRQ,S0VeX�OU\^]�Vq\�{kE>p|Z}EvQ�b�GBE>pR�5JklqVYX:ZWVq\^E=Z�½zE=pWEFXoleJkZWEMf�½�Q,VelqEFHWQ,E
�zJ;²��}�zJ;²�HWp|OU\^Z}L»JMpRSTO@HRVqJk\�ucO7{MEtO�XoJk\^ZWVe]dE=pROM�,leE`VqS0G,pRJ@{ME>�S[E=\cHvpWE=leOUHWVe{ME�HWJ0HRQ,E�leJMukOMpWVqHWQ^S[VYXFHWp|OU\^Z}L»JMpRSTO@HRVqJk\;Ing Q,E>pREo�
L»JMpREMfB½zE[XoJM\5Xolew^]dE�HRQ^O@H�HWQ^E[��J;²��~�zJ;²�HWp|OU\^Z}L»JMpRSTO@HRVqJk\j½ OMZ
OUlYZ}J�ZWw,GBE>pRVqJkpnHWJ�HWQ,EFVq\�{kE>p|Z}E�Q�b�G5E=pW�BJMleVYX:ZWVq\,EFVq\ÆHWQ,VYZzZ}HWw5]dbMI

¾ g.OM�,lqE0��OM�5JkwdH�Q,E>pREMI ¿
�hÔjÓ ��� 	�Ü���Ú 	 �SÞ�� 	6ÙrÞ �H×!�@Ú � 	"	HÚbÝ
y:ZWVq\,u¢HRQ,E���J;²��}�zJ;²�HWp|OU\^Z}L»JMpRSTO@HWVeJM\©HWQ^EÆL»JMw^p�Z}GBJUH[Z}Q^OMG5E
S[Jd]dE=leZ�OMpWE�XoJkS0G^OUpRE=]�Vq\¢g.OM�,leE�Ä�L»JMp HRQ,E�ZWOMS0E�ZWGBJUHRZ�HRQ^O@H½zE=pWE©w^Z}E�]�Ve\�g.OM�,leE��kI¾sFZ¢½�OkZjOMleZWJ Ve\^]dVYX>OUHWE�]�Ve\��.VeuU�
w,pWE��tHWQ,E©G5Jklqb�\,JkS[VYOUlq� Qcb�GBE>pR�5JklqVYX¢Z}Q5OUGBEPuMVe{ME�ZÆOtXoJk\^ZWVe]��E>p|OU�,leb��BEoHWHWE>p � HaHRQ^OU\ÆHWQ,EvJMHWQ,E=pnHRQ,pWE=E:ZWG5JMHzZ}Q5OUGBEvS0J�],E>lYZ>f
OU\^]�HWQ,E�]dVy¼BE=pWE=\^XoE�Z¿OUpREaQ,E=pWE�S�w^X|Q(leOMpWukE>p.HWQ^OM\�Ve\�HRQ,E�XoJkS(�
G^OUpRVeZWJM\�JUL.HWQ,E�HRpROM\^Z~L»JkpWSTOUHWVeJM\^Z=I

Å



± \cHRE>pRE=Z}HWVe\,uMlebMf.HWQ,EjZ}E�XoJk\^]¤�5E�Z~H � H(VYZ�G^pWJ@{�VY]dE=]¤��b©HWQ,E
ZWVeS[G^lqE�Xob�leVq\5]dpWVYX>OMl¥S0J�],E>l¥½�Q,VelqE�HRQ,E�H~½zJJ¸�OMw^ZWZWVYOU\�S0Jd]dE=leZukVq{kE�HRQ,E[½zJkpRZ}H � H=I(g Q^VeZ�½ OMZ�OUlYZ}J¢Z}w^uMuME�Z~HRE=]���bP�3VeuMw,pRE(�
½�Q^E>pRE�HWQ,Ez¸�OUw^ZRZWVeOM\�S[Jd]dE=leZ�� Ve\�X>JM\cHWp|OMZ}HTHWJ`HRQ,E©X>b�lx�
Ve\^]dpRVYX>OUl;OM\^]THRQ,E�GBJMlebc\^JMS0VeOMlÂQcb�GBE>pR�5JklqVYX�Z}Q5OUGBE�S0Jd]dE=leZ��� HÆE�µcw^OUleleb �^Ok] Jk\�HRQ,EPZWG5JMHÆ�5Jkw,\^],OMpWb OM\^]�O@H0HWQ^EKZ}GBJUH
X>E>\cHWpRE=Z=I

¾ g.OM�,lqE�Ä[OU�BJMw,HvQ,E>pREMI ¿
�IÔ�� �tÚ
� 	��aÞ�Ù>Û 
 ��Ù�Ü
	�� 	 �SÞ$×dÙ�
aÛ�×�Ù�Ú�	 � ×6Ý�
aÚbÞ
�3VeuMw,pRE#Å ZWQ,J@½vZ HRQ,E E=Z}HWVeSTO@HWE�] ZWG5JMH�G^pWJ � lqE�Z�L»JMp�HWQ,E
GBJMleb�\,JMS0VYOUlq�¹Q�b�GBE>pR�5JklqVYXzZWGBJUHnZ}Q5OUGBE�S0Jd]dE=l,½�Q,E>\(HWQ^E�G,V7²dE=leZ
L»JkpnZ}GBJUH|ZaÄ@��Ädf&·cÅMÄFOU\^]Æ�U�c�:OUpRE OMp}HRV � XoVYOUlelqb�X>E>\^ZWJMpRE=][O@Hn]dVqL �
L»E=pWE=\cH¿Ve\cHWE=\^Z}VqHWVeE=Z=I.g Q^E=ZWEzHRQ,pRE>E Z}GBJUH|Z¿½zE=pWE�X|Q,JkZWE>\[OMZ.HWQ,JcZ}E
½�VqHWQ HRQ,EtQ,VeuMQ^E=Z}HPlqE={ME>l�\,JUHPEF²dX>E>E�]dVq\^u�HWQ,E`w,G^G5E=pKleVqS0VqH=I
g Q�w^Z�HWQ,E�HWQ,E�lqE>L HWS0JkZ}H[]dVYOUukpROMSTZ�Z}Q,J@½ L»JMp(E=OkX|QrJML�HWQ,E�Z}E
ZWGBJUHRZ�HWQ^E©E�Z~HRVqSTO@HRE©½�VqHWQ^JMwdH�XoE=\^Z}JkpWVe\,u5f�½�Q,VqleE©HWQ,ErJUHRQ,E>p],VeOMuMp|OUSTZ¿Z}Q,J@½ pRE=XoJk\^Z}HWpRw^X�HRVqJk\�L»JMpa{7OMpWb�Ve\,u�]dE>ukpWE=E=Z¿JMLÂX>E>\d�
ZWJMpRVe\,u^I ± \ HWQ,E�Z}Ej]dVYOUuMp|OUSTZ�HRQ,E¢�zJ;²��}�zJ;²PHWp|OU\5Z~L»JkpWSTO@HRVqJk\
½ OMZ�w^Z}E�]¤½�VxHRQ � ²dE=] λ �¹{@OMlqw,E�Z>f λ1 = 3.35 OM\^] λ2 = .13 Ig Q^EnG^OUp|OUS0E>HWE>p|Z as OU\^] γs f7½zE=pWEnOMleZWJ � ²dE=]�OU\5]�X|Q,JkZWE>\�E>S[�G^VqpRVeX=OUlelqb�HRJFS0VeS0VeXzHWQ^E�pRE=ZWw,lqHRZ¿ZWQ,J@½�\�Ve\(g3OU�,leE��Mf as = 0.65
OM\^] γs = 1.75 I

g Q^EvXoJM\5Xolew^Z}VeJM\(L»pRJMS �3VeuMw,pRE:Å�VYZ¿HWQ^OUHa½�VqHWQÆO�ZWS0OMlql5]dEo�ukpWE=E:JML3XoE=\^ZWJMpRVq\,u[XoJkpWpRE=ZWG5Jk\^]dVe\,u�HRJ�HRQ,E�Z}E�XoJM\5]�XoJklqw^S[\�Vq\
�3VeuMw,pRE(Å(HRQ,E�pRE=X>JM\^Z}HWpRw^X�HRVqJk\�VYZ:ZRO@HRVeZ}L OMXoHWJkpWbkI��^JMpFO0Q^VqukQ,E>p],E>uMpRE>EjJUL�XoE=\^Z}JkpWVe\,urXoJMpRpRE=ZWG5Jk\^]dVe\,uPHRJKHRQ,E¢HWQ,Vep|]�X>JMlew,S0\
Ve\P�3Vqukw,pRE(Å[½zE�uMEoH�Z}JkS[E�J@{kE>p|Z}Q^JcJMH=Ie¶�VxHRQ�Vq\^X>pWE�OMZWVq\^uÆ]dEo�
ukpWE=E(JML�X>E>\^ZWJMpRVq\^ujOM\©VeS0G,pWJ@{kE>S0E>\cH�VeZ�Ve\©L OMX�H�ZWE>E=\©Ve\©HWQ,EL»Jkw,pWHWQKX>JMlew,S0\;fÂ½�Q,VqleE(HWQ,E(pWVeuMQcHWS0JcZ~HFX>JMlew,S0\©X>JMpRpWE�Z}GBJM\^]d�
Ve\,u�HWJ�X>E>\^ZWJMpRVq\^u�OUH¿leE>{kE>ld�,I ´FuMVe{ME=Z¿O�XoleE=OMp¿w,\^]dE=pRZWQ,JUH�I3g Q^VeZ
w^\^]dE>p|ZWQ,JUHhVYZhE>{kE>\[S[JkpWE G,pRJM\^JMw,\^X>E=]�L»JMpaX>E>\^ZWJMpRVq\^u�OUH¿leE>{kE>l�^I Å � ],O@H|O(\^JUH:ZWQ,J@½�\5��I

¾ �3VeuMw,pRE�Å(OM�5JkwdH�Q,E>pREMI ¿
� ÁÃ°	Çd¯e®SÇbÇd°	¬(©
± \PHWQ,VYZ:G5OUGBE>p:½�E(X>JM\^ZWVY]dE>pvS0Jd]dE=leZ:L»JMp�Z}GBJUH�Vq\cHWE=\^ZWVxHRVqE�Z:Jk\
HRQ,E[G,V7²dE=l¿ZRX>OMlqE[OU\^]©]dVy¼BE=pWE=\kH�HWp|OU\5Z~L»JkpWSTO@HRVqJk\^Z�HRJjOMG,G,pRJ;²��VeSTO@HRE�\,JMpRSTOUleVxH~bÆOM\^]�{@OMpWVYOU\^X>E�XoJM\5Z~H|OU\^X>EMI

s:\�E=S[G^VqpRVeX=OUlBJM�^ZWE>pR{@O@HRVqJk\TVeZaHWQ^OUH O�lqJkukOMpWVqHWQ,S0VYX�HRpROM\^Z~�
L»JkpWSTOUHWVeJM\ ½�VqHWQ�\,J J^¼¥ZWEoH�VeZ L»Jkw,\^] HWJ pRE=ZWw,lxH�Ve\ \^JM\d�
Q^JMS0JMukE>\,E=JMw^Zz{@OUpRVeOUHWVeJM\;ª¿leJ@½ �¹p|OU\,ukEvG,Vy²dE>l¥Ve\kHRE>\^ZWVqHWVeE=ZvZWQ,J@½lYOUpRuME=p¤{7OMpWVYO@HRVqJk\ HRQ^OU\ S0Ve]d�¹p|OU\,ukE�Jkp`Q,VeuMQd� pROM\,uME G,Vy²dE>lYZ>I
g Q^E:pRE=ZWw,lxH|ZhL»pRJMS g.OM�,leE��:ZWQ,J@½ HWQ^OUHzVe\^Xolew^ZWVqJk\TJUL;OU\ÆJ&¼ÂZWEoH
λ1 VeS0G,pWJ@{kE=Z�HRQ,ETlqJkukOMpWVqHWQ,S0VYX(HWp|OU\^Z}L»JMpRSTO@HWVeJM\¤OU\5]KHRQ^O@H�OL»w^p}HRQ,E>p3VqS0G,pRJ@{ME=S0E>\cH;VeZ�JM�dH|OUVe\,E=]�½�VxHRQ�HWQ,E���J;²c�}�zJ;²vHRpROM\^Z~�
L»JkpWSTOUHWVeJM\;I�g Q,E[pWE�Z}w^lxH|Z:L»pRJMS g3OU�,leEj�[OMleZWJÆVe\^]dVYX>O@HREMfÂHRQ^O@HO[{@OUlew,E�JML λ2 \,E�OUpv�,Ie��· � V¹I EMIefdHWQ,E(�@HWQ¢pRJ�JUH|�zVYZ�JMG,HWVeS0OMlÂL»JMpHRQ,E���J;²��~�zJ;²0HWp|OU\5Z~L»JkpWSTO@HRVqJk\;I

g Q^E G^pWJkG5JcZ}E�] GBJMleb�\,JMS0VYOUlq�¹Q�b�G5E=pW�BJMleVYX ZWG5JMH Z}Q^OMG5E
S0Jd]dE=l � ¹k�KVeZ©S0JMpRE �^EF²dVq�,leE�HWQ^OM\ �5JMHWQ HWQ,E�Xob�leVq\^],pWVYX>OMl*f

¸�OUw^ZRZ}VYOU\tOM\^]�¸�OMw^ZWZWVYOU\ ]dVy¼ÂE>pRE>\^X>E�S0Jd]dE>lYZ0OU\^]`VYZ(L»JMw,\5]
HWJ0G,pRJ@{cVY]dE���bÆL OUp HRQ,E��BE=Z}H � HvVq\ � g3OU�^lqE�Äk��Ig Q^EapRE=ZWw,lxH|Z�ZWE>E=\�Vq\(�.VeuMw^pWEzÅvVq\5]dVeX=O@HREnHWQ5O@H.½�VqHWQ(OvZ}STOMlql
G5E=pRX>E>\cHROMuME JUL;XoE=\^ZWJMpRVq\,u � lqE�ZWZnHWQ^OM\J·M����fcZWO7b,�3VqHzZ}Q^JMw,lY]0�5E
G5JcZWZWVq�^lqE�HWJ�E�Z~HRVqSTOUHWEvG^OMpROMS0EoHWE=pRZ¿OM\^][G,pWE�]dVYX�HnG,Vy²dE>l,Ve\cHWE>\5Z~�
VxHRVqE�Z¿L»JMphHRQ,EvXoE=\^ZWJMpRE=][G,Vy²�E=leZnVq\TO�ZRO@HWVYZ}L OMX�HRJMpRb�½ O7bMI.s:\TJM�d�
{cVeJMw5ZFX>JM\^ZWE�µcw,E=\^XoE(JULnHRQ,VeZ�VYZ=fÂHWQ^OUHFHRQ,E0G,Q,JUHRJMS0EoHRpWVYX�lYOMZWE>p
ukOUVe\�Vq\�Z}JkS[E©Z}VqHWw^OUHWVeJM\^ZÆS0O7b �BEKVe\^XopRE=OkZ}E�] ZWw^X|Q�HRQ^O@H¢O
Z}JkS[E(G,Vy²�E=leZ�OMpWE[ZWOUHWw,p|O@HRE=]�Ve\rJMp|]dE>pFHWJjVqS0G,pRJ@{ME�HWQ,E0G,Vy²dE>l
Vq\cHWE=\^ZWVxHRVqE�Z0JUL�HWQ,E�leJ@½ Ve\cHWE>\5Z}VqH~b ZWG5JMHRZ0½�VqHWQ,JkwdH�OU\�b ZWE>pRVx�
JMw^Z�leJkZRZ�JUL Vq\,L»JMpRS0OUHWVeJM\©L»JMp�HRQ,EÆZ}GBJUH�½�VqHWQ`Q^VqukQ,E=Z}H�G,V7²dE=leZ
Vq\cHWE=\^ZWVxHRVqE�Z>I

�3VeuMw,pRE�Å0OUlYZWJÆZ}w,ukuME�Z~H|Z�HWQ^OUHvHWQ,E(Z}JkS[E�G^V7²dE>lYZ L»pRJMS HWQ,E
Z}GBJUHaX>E>\cHWpRE \,E>E�][HWJ��BE�JM�^ZWE>pR{ME�]�Ve\0JMp|]dE>p¿HRJ�E=Z}HWVeS0OUHWEvX>E>\d�
Z}JkpWE�]�G^V7²dE>l�{@OUlew,E=Z�½zE=lql¹I ¶�Q,E=\ JM\^lqb�HWQ,E©E=]dukEKOU\5]�HWQ,E�^OMX|��uMpRJMw^\^]�G,Vy²dE>lYZhJULBHWQ,EvZWGBJUHnVYZhJM�^ZWE>pR{ME�] � XoJMpRpRE=ZWG5Jk\^]dVe\,u
HWJ�HRQ,EÆlYOMZ}H[XoJklqw^S[\`½�VqHWQ�OUpWHWV � XoVYOUlaX>E>\^ZWJMpRVe\,uPO@H�leE>{kE>l��,I ´
OU\^]jE>{kE>\¢S0JMpRE�G,pWJk\,JMw^\^XoE�]jOUHvlqE={ME=l��,I¶Ådf,\^JUHFZWQ,J@½�\5�ofdHWQ,E
G5Jklqb�\,JkS[VYOUlq� Qcb�GBE>pR�5JklqVYX Z}GBJUH Z}Q5OUGBEvS0J�],E>lYZnQ^OkZa]dV
	ÆXow,lqHWVeE=Z
Vq\`pRE=X>JM\^Z}HWpRw^X�HRVq\^u¢HWQ,E�\,JM\d� JM�5Z}E=pW{kE=]¤ZWOUHWw,p|O@HRE=]rG,Vy²dE>l�{7OMlx�
w,E=Z=I ± H�ZWQ,JMw,lY]�OMleZWJt�BE©GBJkZRZWVq�,leE©HWJ�X>JMS(�,Vq\^ErZWE>{kE>p|OUl:pRw,\^Z
½�VxHRQ�{@OUpRb�Vq\^u�ukOMVq\5Z>fdXoJkS0G^OUpREvHRQ,E�pWVeuMQcH G^OU\,E=lÂVq\¢�3Vqukw,pWE(�MI�,JMpFZ}GBJUH|Zv½�VqHWQKZRO@HRw,pROUHWE�]�G^V7²dE>lYZ=f^G,Vy²dE>l�{@OMlqw,E�ZvSTO7b��BE�pREo�
XoJM\5Z~HRpWw^XoHWE�]ÆOMZ�Z}Q^J@½�\ÆVq\�HWQ,VYZ�G^OUGBE>p�I¿�zw,H�VqL�HRQ,E�X>E>\^ZWJMpRVe\,u
VeZ HRJ�J[Q5OUp|]�HRQ,E�XoJkpWpRE=ZWGBJM\^]dVe\,u0E=Z}HWVeSTO@HRE�Z}Q,Jkw,lY]��BE�]dJ@½�\d�½zE=VqukQkHRE=]�½�Q,E>\�XoJkS��,Ve\,E�]Æ½�VqHWQ�Z}VeuM\5OUl¥Ve\kHRE>\^ZWVqHWVeE=Z�L»JMp�pRw,\^Z
½�VxHRQ�lqJ@½�E>p�ucOUVe\^Z>I�g�J � \^]¢JMG,HWVeS0OMl�½�E>VeuMQcHRZ�L»w^p}HRQ,E>p�Z~HRw^]db
VeZ \,E�XoE�ZWZROUpRbMI¶rE©X>JM\^X>lqw5]dEP��b�lqVYZ~HRVq\^u Z}JkS0EKOM],],VxHRVqJk\^OUlFVxHRE>STZÆHRQ^O@H
S0O7bT�BE�Z}HWw^]dVeE=]j��b�w5Z}E�JULhO[uMJ�Jd]�ZWGBJUHvZ}Q5OUGBE�S[Jd]dE=l*ª

• g.J � \^]�OMX=Xow,p|O@HREvE=Z}HWVeSTO@HWE�ZaJML;HWQ^E:leJ�X=OUlB�^OMX|��ukpWJkw,\^]leE>{ME=l*Ih¶rE�\,JMHWE�HRQ^O@H:HWQ,E(S[Jd]dE=l � ÅM�vX>JM\cHROMVq\5ZvZ}w5X|QPO
G^OMpROMS[E>HWE=p bs L»Jkp HWQ,E�leJdX>OUl¥�5OMX|��uMpRJMw,\5]ÆO@H:ZWG5JMH s I

• g.J�S0OM�ME�O@µcw^OUleVqH~b�XoJk\kHRpWJkld��b � \^],Vq\,u�ZWGBJUHRZhHWQ^OUHa]dEo�
{�VeOUHWE[Vq\rZ}JkS0E�½ O7b¢OkZ�S0O7b¢�BE[ZWE>E=\KVe\KleEoL H�G^OM\,E>l¿Ve\�3Vqukw,pRE�� � EMI u^IefÂHWQ^E0ZWE=X>JM\^]KZ}GBJUH�HWJ�HWQ^E(pRVqukQcH�JMLnHWQ,E
S0Ve]^]dlqE(XoVepRX>lqE�]jZWGBJUH:OU\5]�Z}E={ME>p|OUl¥ZWG5JMHRZ�Ve\¢HWQ^E�w,G,GBE>p
G^OMp}H�JUL3HWQ^E�X|Q,VqGB��I

• g.J � \^]�VeS0G,pRJ@{ME=]�E�Z~HRVqSTO@HRE=Z�JUL^ZWG5JMH.XoE=\kHRpWE�Z�OM\^]�Z}GBJUH]dVYOUS0EoHRE>p|Z>I ± H�VYZ�OUlYZ}J�G5JcZWZWVe�,lqE(HWQ5O@H�HWQ,E0E�Z~HRVqSTO@HRE(JML
HWQ^EvG^OUp|OUS0E>HWE>p Bs Ve\ � ÅM�aXoJkw,le][w^ZWE=][HRJ�E=Z}HWVeSTO@HRE�HWQ,EHWJMHROMl.Ve\cHWE>\5Z}VqH~b�JMLaO�ZWG5JMH=fÂ�,wdH�½zE(pROUHWQ,E=p�HWQ^Vq\,�¢HRQ^O@HOU\�O7{kE>p|OUuMEF½�VxHRQ,Ve\¢OM\�OMX>X>w,p|O@HWE=lqbÆ],EoHWE=pWS0Ve\,E=]¢X>Vqp|Xowd�
lYOUp�]dVYZW�F½�JMw,lY]�uMVe{MEnOvS[JkpWEapWJk�,w^Z}H;Vq\cHWE=\^ZWVxH~b�E=Z}HWVeSTO@HWEL»JMpvZWGBJUHRZ ½�VqHWQPOMlql¥G^V7²dE>lYZ w,\^X>E>\^ZWJMpRE=];I

� ¯
�K©S¬�� Ð ÌI­��(ÌHÉÊÌI©3ªdÇ
g Q,VeZ�½�JMpR�¢½�OkZ�Z}w,G^G5Jkp}HRE=]©�cb©DFOM\,VeZWQzß:O@HRVqJk\^OUlnivE=ZWE=OUp|X|Q�,JMw^\^],O@HRVqJk\ � �FI �0Iqf¿ÁÂI ��I¶��OU\5]rg Q^E�DFOM\,VYZ}Q¤mhEoHRE>pRVq\5OUpRb��
svuMpRVYXow,lqHWw,p|OUl¥i�E�Z}E�OUp|X|Q¢�zJkw,\^XoVel � �FI �0Ief5ÁÂI �FI¶��I

´
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DFw,pR�,Ve\;fÆ��I�_3IefÅ³FOUp|]dVq\�f��^I�ÁÂIef�OU\5] i�JdX|�MEkfTD�I�NtI(³�I
D(I�N`I � ÄU�M�cÄM�oI s {7OMpWVYOU\5XoEo� Z}HROU�^VqleVy»=Vq\^uÆHWp|OU\5Z~L»JkpWSTO@HRVqJk\
L»JMp�ukE>\,E>�¹EF²dG,pWE�ZWZWVeJM\KS0VYXopRJkOMpWp|O7bj]^O@HRO^I ��¼ ­U¼ ·=ºo­U¸�³0±U®*¼��o¯�f��� Á�w,G,G,l¹I;�kª ÁÂ���kÅ��dÁÂ�k�=�,I

¸�lYOMZW�BE>bMfd�FIkOM\^]K¸�Q^O^»�OUl¹fU_¿I � ÄM�M��·k��I¥�zJMS(�,Vq\5O@HWJkpWVYOUl�VeSTOUuME
OU\5OUleb�ZWVYZ JUL3D�ß:s S[VYXopRJkOMpWp|O7b[L»E=OUHWw,pRE=Z=I���¼ ­U¼ ·=ºo­U¸�³0±U®*¼��o¯�f��� ªe��¹M���dÄM�&·^I

³:w,�BE>p�f$¶�Ief�{MJk\J³vE>bd]dE=�,pRE=X|�Âfks�Iqf,Á�Ã,lqHWSTOM\,\;f>³�Ief�_3Jkw^Z}HW�@O,f
s�IefkOM\^](m:Ve\,uMpRJM\;fkN`I � ÄM�M�kÄk��IdmnOMpWVYOU\^X>E�Z~H|OU�,VelqV�»=OUHWVeJM\[OUGd�
G,leVqE�]jHWJÆS0VYXopRJkOMpWp|O7bT],O@H|OTX>OUleVe�,pROUHWVeJM\¢OU\^]jHRJ0HWQ,E3µkw5OU\d�
HWV � X=O@HWVeJM\0JMLB]dVy¼BE=pWE=\cHWVYOUldE	²dG,pRE=ZRZWVqJk\;I �v¼ ­@¼ ·=ºo­U¸�³0±U®*¼��o¯�f ���
Á�w,G^G,l*I��Mª¶Á>¹&´��dÁÂ���U�^I

��OM\,EMf�NtI�D(Iqf��kOUHW�MJ�Ekf�g�IFs�Ief[Á�HWw,S0GdL~fT�FIFi�Ief(��w;f��5Iqf
g Q,JkS0OkZ>f��5I,D�Ief^OM\^]�NKOM]dJkpWEkfdÁ¥I��^I � ÄU�k�M�k�oI.sFZWZWE=ZRZ}S0E=\kH
JUL�HRQ,E Z}E=\^Z}VqHWVe{�VxH~b#OM\^] ZWG5E�XoV � XoVqH~b JULPJklqVeuMJk\cw5XoleE>JUHRVe],E� ÅM�US0E>p��KS[VYXopRJkOMpWp|O7bdZ>I���� �>µq²>¼���� �>¼ ´7¯��F²�¯�fÆÄU�^ª ��ÅMÅkÄ��
�cÅkÅk�dI

_hO�µkw^EoH}HREMf(Á¥I:N`Ief�� OU�Âf�ÁÂIef�OU\^] �^E>bME=pWE=VeZWE>\�f�i�I � ÄM�M�k�k��I± \cHWpRJM\d� E	²dJk\ÆJMpRukOM\,Vy»�O@HRVqJk\ÆOU\^]�G,Q�b�lqJkuME>\�b0Ve\jO[lYOUpRuMEFZWwd�
GBE>pWL OUS0VqlebMfzHWQ^EjG5OUp|OUleJMuMJkw^Z�X>bcHWJdX|Q,pRJMS0E�_a�cÅU�©uME=\,E=Z0JML
svp|OU�^Ve]dJkG^ZWVeZzHWQ5OUleVeOM\^O,I�� �!� �n²>µ µ �v¼ ­@µ f.��¹,ª ·M���"�>·,�7�dI

_¿O�µcw,EoHWHWEMf;ÁÂIÂN`Ief;N$#UleleE>p�fB��IÂ�nIefÂOM\^]K� OM�Bf¥ÁÂI � ÄM�M��·k��I � \
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_¿OMpROMS0EoHWE=p E=Z}HWVeS0OUHWE
g.pROM\^Z~L»JkpWSTOUHWVeJM\ σs as γs λ1s λ2s leJMuk��Vq�kE>leVqQ^JcJd]�Vq\^X>p=I
�;JkukOMpWVqHWQ,S0VYX � � ²dE=] λ1 � �^I �&· �,I ´&´ �kI ��� 1† �d��I �7�
�;JkukOMpWVqHWQ,S0VYX �^I �,� �,I ´U� �kI ��� �=�^I Å,� �X·,I �kÄ± \�{ÂIhQcb�GBE>pR�5JklqVYX�Z}Ve\,E �^I ¹M� �,I ´&· �kI �cÄ ��I ��· �MI ·kÄ �k�MI �cÄ
��J;²��~�zJ;² � � ²dE=] λ � ZR� �^I �&´ �,I �U� �kI ��´ 3.35† 0.13† ´,I �@���J;²��~�zJ;² �^I ¹M� �,I ´&· �kI ��´ ·,I ·kÅ �,Ie��· �

† mnOUlew,E�Z � ²dE=]¥I
g3OU�^lqE��Mª¿�zJMS0G^OUpRVYZ}Jk\�JUL5HWp|OU\^Z}L»JMpRSTO@HWVeJM\5Z>ª;N�E�]dVYOU\�{@OMlqw,E�Z3L»JMphZWE>leE=X�HRE=](E=Z}HWVeSTO@HWE�]�G^OMpROMS0EoHWE=pRZ�L»pRJMS�HRQ,E�HWQ,pRE>E
HRpROM\^Z}L»JMpRS0OUHWVeJM\^ZhL»JMp�ÄMÅ�ZWG5JMHRZzOU\^]0L»Jkw,p�ukOUVe\^Z=I3g Q^E:leJMu�leVq�kE>leVqQ^JcJd]TVe\^X>pWE�OMZWE�VeZaHWQ,E�S0E=]dVYOU\�Vq\^X>pWE�OMZWE�JUL¥HRQ,EFleJMuleVe�ME>leVeQ,J�J�] � �X·k�aL»JMpvO0ukVq{kE>\�HWp|OU\^Z}L»JMpRSTO@HWVeJM\�pWE=leOUHWVe{MEFHWJ0HRQ,E�lqJku0lqVe�ME=lqVeQ,J�Jd]ÆL»Jkp HWQ,E���J;²��~�zJ;²0HRpROM\^Z~L»JkpWSTOUHWVeJM\;I
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_hOUp|OUS0EoHRE>p E=Z}HWVeSTO@HWE
ÁdG5JMH:Z}Q^OMG5E�S0Jd]dE>l σs as γs λ1s λ2s lqJkuk�;Ve�ME=lqVeQ,J�Jd]ÆVe\^Xop�I
�zb�leVq\5]dpWVYX>OMl ��I ´,� �kI ¹k� �^I �M� �7�U�,I¶Ä@�k�¸�OMw^ZRZ}VYOU\ ÅdI ·U� �kIq�@� � �^I �cÅ ÄU��·,I ��´¸�OMw^ZRZ}VYOU\¢]dVy¼BE=pWE=\^XoE ´,I ·kÄ �kIq�X· �^I �M� Ä^´�·,I ���_¿Jklqb�\,JkS[VYOUlq� Qcb�GBE>pR�5JklqVYX �^I ¹M� �^I ´�· �MI �&´ ·^I ·cÅ �^Iq�X· �

g3OU�^lqE:Ä,ª¿�zJMS0G^OMpWVYZWJM\�JMLÂZWGBJUHaZWQ^OUGBE=Z=ª3NPE=]dVYOU\[{@OUlew,E=Z¿L»JkpaZWE>leE=X�HRE=][E=Z}HWVeSTO@HRE=][G^OUp|OUS0E>HWE>p|Z.L»pWJkS HRQ,E L»JMw,pzZ}GBJUH
ZWQ^OMG5E(S[Jd]dE=leZvL»JMp�ÄMÅTZWG5JMHRZ�OU\^]jL»Jkw,p�ukOUVe\^Z=Ivg Q,E�leJMu�lqVe�ME=lqVeQ,J�Jd]¢Vq\^X>pWE�OMZWE�VYZ�HWQ^E(S0E=],VeOM\�Vq\^X>pWE�OMZWE�JUL¿HRQ,E(leJMuleVe�ME>leVeQ,J�J�] � �X·k�zL»JkpvO(ukVq{kE>\¢Z}GBJUH:ZWQ^OMG5E�S0Jd]dE>l�pWE=leOUHWVe{MEFHWJ0HWQ^E�lqJku[leVe�ME>leVeQ,J�J�]�L»JMp HRQ,E�GBJMlebc\^JMS0VeOMlx� Q�b�G5E=pW�BJMleVeX
ZWGBJUH:ZWQ^OUGBEMI
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