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Abstract

Consider a sequence of i.i.d. random variables, where each variable is refreshed
(i-e., replaced by an independent variable with the same law) independently, ac-
cording to a Poisson clock. At any fixed time ¢, the resulting sequence has the
same law as at time 0, but there can be exceptional random times at which certain
almost sure properties of the time 0 sequence are violated. We prove that there are
no such exceptional times for the law of large numbers and the law of the iterated
logarithm, so these laws are dynamically stable. However, there are times at which
run lengths are exceptionally long, i.e., run tests are dynamically sensitive. We
obtain a multifractal analysis of exceptional times for run lengths and for predic-
tion. In particular, starting from an i.i.d. sequence of unbiased random bits, the
random set of times ¢ where alog,(n) bits among the first n bits can be predicted
from their predecessors, has Hausdorff dimension 1 — « a.s. Finally, we consider
simple random walk in the lattice Z¢, and prove that transience is dynamically
stable for d > 5, and dynamically sensitive for d = 3,4. Moreover, for d = 3,4,
the nonempty random set of exceptional times ¢ where the walk is recurrent has
Hausdorff dimension (4 — d)/2 a.s.
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1 Introduction

Let {X,}n>1 be a sequence of i.i.d. random variables with state space S and common
law v (except in Section 5, S will be always be a subset of the real numbers). The
strong law of large numbers (SLLN), the law of the iterated logarithm (LIL), Polya’s
theorem on recurrence of random walks, and other classical results in probability theory
concern almost-sure (a.s.) properties of such sequences {X,}. Our aim in this paper is
to look at these properties from a dynamical perspective, and understand which of them
are stable (respectively, sensitive) when the underlying sequence undergoes equilibrium
dynamics. For each n € N, let {X,(¢)};>0 be an independent process which at rate
1, replaces its current value by an independent sample from v. More formally, given
an array of i.i.d. variables {Xygj ). j,m € N} with law v, and an independent Poisson

process {1/)7(3 )}jZO of rate 1 for each n, define
X (t) := X9 for pU=1 <t < 90,

where 1#%0) = 0 for every n. Thus for different values of n, the processes {Xy(t)}i>0
are independent. The distribution of X (t) := {X,(t)}nen is p := vN for every t > 0.
Hence, any Borel event A C SN with u(A) = 1, satisfies, for all ¢ > 0,

P(X(t) € A) =1 1)

(here P is the probability measure on the underlying probability space on which the

dynamical process is defined). By Fubini’s Theorem, we immediately obtain
P(X(t) € A for Lebesgue-a.e. t) = 1. (2)

Given an event A for which (1) holds, a natural question is whether (2) can be strength-
ened to
P(X(t)e Aforallt)=1. (3)

In other words,

which almost sure properties of an i.i.d. sequence hold at all times under the

above equilibrium dynamics?

We classify almost sure properties of {X,,} (events A with u(A) = 1) as (dynami-
cally) stable or sensitive according to whether or not (3) holds. Note that A is dynami-
cally stable if and only if its complement S \ A is a polar set for the stationary Markov
process {X(t) : t > 0}. We shall see below that the strong law of large numbers and the
law of the iterated logarithm are dynamically stable, while other properties, involving

run tests, prediction, and transience of random walks, are dynamically sensitive.



This type of problem was considered in [11] in the percolation context, where each
X, represents the status (open or closed, having probabilities p and 1 — p) of an edge
in an infinite graph G = (V, E), and Ag is the event that all open clusters are finite.
Examples are given in [11] of graphs where Ag is stable for all p < p., and others where
it is sensitive at the critical value p = p.

Here we shall consider the analogous problems for events A that are more central
to classical probability theory. We begin with the strong law of large numbers (SLLN).
Define Sy, (t) := > p_1 Xk (2).

Proposition 1.1 (dynamical SLLN) Assume that the law v has a finite mean m.
Then
P(limSn—(t):mforallt)zl. (4)

n—oo N
As noted by T. Kurtz, this proposition follows from [20, Theorem 8.1], but we provide
a direct proof in Section 2. As shown in that section, the convergence in (4) is uniform
in ¢ € [0,1]. This will be used in the proof of the dynamical LIL.

2

Now assume that v has mean 0 and variance ¢ < oo. The classical Hartman-

Wintuner law of the iterated logarithm (LIL) states that
: 5n(0) )
Pl —=1] =1 5
( 171Lri>3£p ov/2nloglogn (5)
(see, e.g., [7, p. 437])

Theorem 1.2 (dynamical LIL) Assume that the variance of v is 0> < oo and that

the mean m is 0. Then

P (lim sup _ S
n—oo 0v/2nloglogn

This is analogous to the fact that quasi-every Brownian path satisfies the LIL (see [9]).

zlforallt) =1.

Theorem 1.2 is proved in Section 2, where we also remark on its relation to a theorem
of Kuelbs [17].

Other natural properties turn out to be sensitive. In Section 3, we consider run
tests. Let v = pd1 + (1 — p)dg. Define

Ry,:=sup{j: Xy=1forn<k<n+j-1},
i.e., R, is the length of the run of 1’s in X starting at bit n.

Theorem 1.3 (Erdds and Révész [8]) Let {an}2, be a sequence with an, > 1 for

all m. Then
0 if 32 p < o0
P(R,, > a, i.0.) =

1 if Y2 p™ =o0.



Next, we state the dynamical counterpart of 1.3, where R,,(t) is defined analogously to
R,.

Theorem 1.4 Let {a,}22, be a sequence with an, > 1 for all n. Then

0 if Y02, app® < 00
P (3t > 0 such that {R,(t) > a, i.0.}) =

1 if 300, app® = o0.

In particular, if the sequence {a,} satisfies Y o> (p® < 0o and > o2 app® = oo,
then the event {R,(t) < a, for all but finitely many n} holds for Lebesgue-a.e. t, but
fails for an exceptional set of times. An example of such a sequence may be obtained
by taking

an = max{1,log, ,(n) +rlog, ;,(log, /,(n))} (6)
for any r € (1,2].

When an almost sure property is dynamically sensitive, the set of exceptional times
where it fails is a.s. a nonempty set of Lebesgue measure 0, so it is natural to ask
what is its Hausdorff dimension, and which deterministic sets it intersects with positive
probability. For run tests with {a,} of the form (6), we answer these questions in
Theorem 1.5 below. In that theorem, we calculate the Hausdorff dimension of the
set of times ¢ for which R, (t) > ay i.0., and determine which fixed sets intersect this
random exceptional set a.s. This yields a multifractal decomposition of [0, 1]. Analogous
results for dynamical percolation on certain trees appear in [11] and [22]. We write
dimy for Hausdorff dimension and dimp for packing dimension; see e.g. Mattila [19] for

definitions.

Theorem 1.5 Denote £,(z) = log(z)/log(1/p). For r € (1,2], consider the random
set of times

W(r)={t€[0,1] : Ry(t) > £p(n) + rly(Ly(n)) i.0.}.
Then dimg (W (r)) = 2 —r and dimp(W (r)) = 1 for all 1 < r < 2, with probability 1.
Furthermore, for any (deterministic) closed set E C [0,1] and any r € (1,2], we have

0 if dimp(E) <r—1

PWnE#0) = { 1 ifdimp(E)>r—1

In Section 4 we address prediction of random bits and algorithmic randomness. For
these questions, we assume that v = §;/2 + dp/2. A function g : {0,1}N — {0,1,+}N
is called a predictor if (g(€)), depends on ¢ only via (&1,...,&,—1) for each n. The idea
is that a predictor is used to predict bits. Specifically, (g(¢)), =7 € {0,1} if based on
(&1,-..,&n—1), g predicts that the nth bit has the value 7, while (g(£)), = * if based on
(&1,--.,&n—1), the function g does not predict the nth bit at all.

4



Definition 1.6 Given an increasing mapping r : N — N, we say that the predictor g
has inverse rate r if for all £ € {0,1}N and all n > 1,

r(n)
D L{g@)upe) 2N
k=1

In words, we require that, regardless of the input sequence, at least n bits are predicted

by time r(n).

Definition 1.7 We say that a predictor is correct on the input & if (¢(&)), € {*,&.},

for all n, i.e., if all predictions made are correct.

The next two theorems determine almost exactly the maximal prediction rate attainable

at an exceptional random time ¢.

Theorem 1.8 For any € > 0, there exists a predictor g with inverse rate |_2(”+1)(1+5)J
such that P(3t > 0 such that g is correct on the input X (¢)) > 0.

Theorem 1.9 Let g be a predictor with inverse rate r(n) that satisfies r(n) = O(2").
Then P (3t > 0 such that g is correct on the input X(¢)) = 0.

In Section 4 we prove these theorems and establish a multifractal version, which, loosely
speaking, states that the set of times ¢, where an inverse rate of 2"/ is attainable by a
correct predictor, has Hausdorff dimension 1 — a (provided that 0 < o < 1).

In Section 5 we study sensitivity of recurrence and transience of random walks. Note
that if v = §;1/2 + 0_1/2, the random variables {S,,(t) }nen, for fixed ¢, form a simple
symmetric random walk on Z. Stability of the LIL immediately yields the same for
recurrence. Indeed, S, (t) only makes steps of size 1 (as n grows) and stability of the
LIL implies that for all ¢, the process {S,(¢)}52, takes both positive and negative values

i.o. Hence,
Corollary 1.10 Ifv =61/2+6_1/2, then
P(Vt: S,(t)=01i0.)=1. (7
We will prove in Section 5 the following generalization of Corollary 1.10.
Theorem 1.11 Let v be concentrated on Z, having finite support and mean 0. Then

P(Vt: Sp(t) =0i0.)=1.



Next, if {X,},>1 is a sequence of i.i.d. random vectors in Z¢ with common law v, it
induces a dynamic process {X,(t)}n>1, and we define S, (t) = ¢ Xp(t). We will
see in Section 5 that the property of being transient for simple random walk on Z¢ is
stable for d > 5 but sensitive for d = 3,4. This is analogous to the fact that quasi-every
Brownian motion path in R? is transient for d > 5, but not for d = 3,4 (see [9], [16]).

Let e, ...,eq denote the unit vectors in the d coordinate directions in Z¢.

Theorem 1.12 Fiz d > 1 and let v(+e;) = 1/2d for each j € {1,...,d}. Then if
d <4, we have
P3t: Sp(t)=01i0.)=1 (8)

while for d > 5, we have
P(3t: Sp(t) =01i0.)=0.

This result is trivial for d = 1,2. In Section 5, we will prove Theorem 1.12, and, more
generally, characterize exactly those symmetric random walks on abelian groups for
which transience is stable.

The next result describes the Hausdorff dimension of the set of times at which simple
random walk is recurrent. This result will also be generalized to certain symmetric

random walks on abelian groups.

Theorem 1.13 The Hausdorff dimension of the set of times at which simple random

walk is recurrent is 0 in 4 dimensions and 1/2 in 8 dimensions.

Remark 1.14 Focusing on the first n bits, our dynamics produces a random number
N(n) of distinct finite sequences {X;(2)}7_; as t ranges over [0,1]. It is easy to see that
(with probability 1) Cin < N(n) < Cyn for all large n, where C; and C5 are positive
constants. For some purposes (e.g., Theorem 1.4 on runs, Theorem 1.8 on prediction
and Theorem 1.12 on transience), these sequences behave like n independently chosen
random strings of n bits. However, the high correlations between these N(n) strings
are manifested in Theorems 1.2 and 1.11. These theorems should be contrasted with

the fact that among n'/2te

random strings of +1’s of length n, there is (with high
probability) a string with all partial sums positive. Moreover, the stable recurrence
exhibited in Theorem 1.11 indicates that the N(n) strings obtained in our dynamical
model by time 1 are more clustered than trajectories of a tree-indexed random walk: In
[4, Theorem 1.1] it is shown that for a spherically symmetric tree with approximately
nl/2te vertices at level n for large n, the corresponding tree-indexed simple random
walk on Z has, with positive probability, a ray with a trajectory that remains positive

forever.



2 Two classical limit theorems

We begin this section with a strengthened version of Proposition 1.1.

Proposition 2.1 (uniform dynamical SLLN) Assume that m is finite. Then a.s.,
for every € > 0 there exists an N = N(e) < oo such that
‘Sn(t) _

m‘ < e foralltel0,1] and all n > N.
n
Proof: It clearly suffices to show that for every ¢ > 0, there is a.s. an N with the

desired property. Fix € > 0, and choose § > 0 so that
Im|(1 — e %) + 26 + E(|X1(0)])d < e.

Let Nk be the number of updates of the variable Xj during [0,6] and denote by
{X }e>1 the successive values at these updates. Let Yy = X(0)I{n,—o} and My =

max; <e<, | X)) [I{n,>1}- Then
E(Y;) = E(X,(0))e

and
E(My) <E (2 |X,£”\I{Nk2a> = E(|X4(0))E(Ni) = E(|X1(0)])5.
/=1
Since | X (t) — Yi| < My, for all t € [0, 6], we get

n

1
sup —Z|Xk Yk| < - ZMk
tE[O,J] n k=1

Hence

sup
t€[0,0]

n 1 n
Z +—2Mk.
k=1 "=

By the usual SLLN, we may choose N in such a way that |1 3"}, ¥}, — E[Y1]| < 6 and
%2221 My < 6 +E(]X1(0)])¢ for all n > N. We then have that for n > N,

ZXk

Cover [0,1] by finitely many intervals of length §, and obtain that there is an N such
that for n > N,

m| < |m— EY1|+‘ ZYk—

sup m| < |m|(L—e %) + 35+ +E(X1(0))) <.

te[0,4]

sup |13 Xe(®)

te[0,1] |7 =

—m| < E&.

O
To prove the dynamical LIL, we first establish the following lemma, which contains

the key step of the proof. Suppose that the assumptions in Theorem 1.2 are in force,

and let b, := ov/2nloglogn.



Lemma 2.2 Let e € (0,1). Then

g2

0. — =0.
20

1> N |Sp(t) — Sn(0)] > eby

N—o

lim P lEIt €

Proof: Let
2
AN,L = {Ht € lO, ;—O] ,n € [N,L] : |Sn(t) —Sn(0)| > 8bn} .

It suffices to show that limy_, sup; P(An,z) = 0.

We introduce the following sequence of events.

2 n
o € ) 2 2
By = {Hte lO,% ,nZN.kngk(t)Z%J n},
ox = lamsn.ls, (2 — 8,(0)| > Zb
N = = - Pn 20 n 3 n(

Dy

{EInZN:

Sn <%) > (1+§> bn} .

We first claim that these three events have probabilities which go to 0 as N goes to oc.

For By, this follows from Proposition 2.1 applied to the random variables {X?} which
have mean o2. For Cl, we observe that the distribution of Xj(2/20) — X (0) is

52 52
(1—e v+ +e 204

where /(A) := v(—A) for Borel sets A, and * denotes convolution. This distribution
clearly has mean 0 and variance (1—e¢"/20)2¢2 which is at most €202/10. The fact that
limpy_; 0 P(Cn)=0 now follows from the usual LIL applied to the sequence { X} (%/20)—
X, (0)}k>1. Finally, limy 00 P(Dn) = 0 also follows immediately from the usual LIL.

Since
P(An,.) <P(Bn) +P(Cn) + P(Dn) + P(An,. N (Bn)“N(Cn) N (Dn)°),

we need to show that limy 0 supz>y P(An,z N (By) N (Cn)° N (Dy)¢) = 0.
Let F; denote the o-algebra generated by the process up until time ¢. We first

observe the elementary identities
E[Xk(t +0)|F] = Xp(t)e™ + B(Xx(0))(1 — e™°) = Xx(t)e™

and
E[XZ(t + 8)|F)) = X2(t)e™® + o2(1 — e70).

Hence

Var[ X (¢t + 0)|F;] = X2 (t)(e™® — e ) + 6%(1 — e7%) < §[X2(t) + 7],



from which it follows that

Var[S,(t + 0)|F] < 0 ZXk t) 4+ no?| .

k=1

On the event Ay 1, define ¢, by

2
te = inf{t e [o, ;—0] : [Sp(t) — Sp(0)] > eby, for some 1 € [N, L]}

and n. by
ny := inf{n € [N, L] : [Sp(ts) — Sn(0)| > eby}.

On (An,1)¢, take ¢, to be £2/20 and n, to be L. Let
%
— {ZX,%(t*) > 202n*}
k=1

and note this is a subevent of By.

Observe that on the event Ay 7,

|Sn. (+) — Sn. (0)| > €bn,. (9)

Let Y := S, (¢2/20) — e (€?/20-t:) G, (1,). Then, by the strong Markov property,

ZXk )+ o n*]

and observe that on the event (B} )¢, the latter is at most 3c202n../20.
We will now show that Y is large on the event Ay 7, N (Cn)¢N (Dn)¢. We first note

E[Y|F;,] =0 and Var[Y|F,]

that on this event, we have that

5. () -5 0) < Zb (10)
Tox 20 Tox — 3 Tox
and )
€ €
— <14+ = 11
Sn. (20) <(1+5)n ()
By (11), we have
B 2 2 2
* . < .
and with (10), we get
et5, ()~ s, 0) < b
Tox 20 T — 2 T
Together with (9), we obtain the fact that
2 e €
e20 t*Sn* (%) —Sn*(t*) > Ebn*

9



which implies
Y] >

We then have that

P(An,. N(Bn)“N(Cn)“ N (Dn)°)

IN

P ({Iv]> St 0 (Bh))

&

By Chebyshev’s inequality, the latter is at most 48n,02/20(b,,)? which goes to 0 as N

goes to oo uniformly in L. O

Proof of Theorem 1.2: Let
&2
B¢ dte [0, — ' 30 : Sp(t) > (1+ ¢)by, io.

and

" 20
It suffices to show that for any ¢ > 0, P(B¢) and P(A?) are 0. Now, for all N,

2
Af {Ht € [ £ ] Sn(t) < (1 —€)by, for all sufficiently large n} .

2
B° C {Hte lo ;O] 15 (£) — Sn(0)] > %bn for somenZN}

U{Sn(O) > <1+%) b, for some nZN}.

Lemma 2.2 implies that the probability of the first event goes to 0 with N and the usual
LIL implies that the probability of the second event goes to 0 with .
Next, let

2
{Ht € [o ;)1 Sp(t) < (1 — €)by for all n > N}

and note that A* = Uy A%,. We next have that

2
Y C {Elt € [ ;O] |Sn(t) — Sn(0)] > %bn for some n > N}

U{Sn(o) (1——>b for alln>N}

Lemma 2.2 implies that the probability of the first event goes to 0 with N and the
usual LIL implies that the probability of the second event is 0. Since the events A%, are

increasing with N, we obtain P(A4%) = 0. O

Lemma 2.2 also yields a dynamical version of Strassen’s invariance principle (see [7, p.
348]), in the same way that it led to the dynamical LIL. This will be needed in our
proof of Theorem 1.11.

10



Corollary 2.3 (Dynamical Strassen invariance) Assume that m =0 and 02 < co.
Let f : [0,1] — R be such that f(0) = 0 and [, |f'(z)]?dz < 1. Let Z,(t)(-) be the
function from [0,1] to R which takes the value S;j(t)/b, at x = j/n for j =0,...,n and
is defined for other z € [0,1] by linear interpolation. Then, with probability 1, for all t,
there exists nj(t) — oo such that Z, ) (t)(-) approaches f uniformly.

J

Remark 2.4 Asnoted by the editor, Theorem 1.2 and Corollary 2.3 can also be derived
from the general LIL of Kuelbs [17, Theorem 4.2] for D|0, 1] valued random variables.
To invoke that theorem, one must check that condition (1.15) there is satisfied in the
setting of Theorem 1.2. In fact, Lemma 2.2 above implies that condition (1.15)(ii) in
[17] holds in that setting. Thus it appears some version of this key lemma is needed

with either approach.

3 Run tests

In this section, we prove Theorems 1.4 and 1.5. For the proof of Theorem 1.4, it is
convenient to define an auxiliary random variable 7, which is exponentially distributed
with mean 1, and independent of {X,,(¢)}nen,i>0- The idea is that considering the
process up until the random time 7 allows the exact calculation in Lemma 3.1 below.

For a fixed sequence a = {a,}52; and n € N, define the random variable

.
Ug = /0 1{Rn(t)2an}dt-
In words, U? is the amount of time, up to time 7, that R, (t) > a.

Lemma 3.1 For any a = {a,}°2,, and any n € N, we have E[U?] = p® and
E[U;|Ug > 0]

1— an+1

= et D=p)" Hence

_ E[U;] _ p*(an +1)(1 —p)
PU>0 = geigeso = 1-pmtt

Proof: This is a relatively easy computation left to the reader, or see [11, Lem. 5.2]. O

Proof of Theorem 1.4: Lemma, 3.1 gives

<oo if T agpt < oo

z_:l P(US > 0) = 2_:1 pan(injpiﬁ_ 2 (12)

=o00 if Y 02 app®™ = o0.
Hence, if >°02 | app® < 00, we get

P(3t € [0,7] : {R,(t) > ap i.0.}) <P(U; >01i0.)=0

11



by Borel-Cantelli, and it follows easily that P(3t > 0: {R,(t) > a, i.0.}) = 0.

Now assume that > o° ; a,p® = co. Define the event
Cn={3t€[0,1] : R,(t) > an},
and note that
PU:>0) = P(Itel0,7]:Ru(t) > an)

o0

< Y e *P@Etekk+1]: Ru(t) > ay)

k=0
N P(C
= Y e *P(C,) = 1_( "_)1
k=0 €
so that by (12) we have

o0 o
Y P(C)>2(1—e ) D PUZ>0) =oc0. (13)
n=1 n=1

Now consider the event
A ={Xp_1(t) =0 for all t € [0,1]}.
Note that P(A;,) = (1 —p)e™® and that A, and C,, are independent for each n. Hence

ZP(.An NC,) = oo.

Next, it is clear that the events {A, NC,}, are negatively correlated since for m # n,
A, NC, and A, NC,, are either disjoint or independent. It follows from the Kochen—
Stone Theorem (see [7, p. 55]) that P(A, NC, i.0.) =1 and so

P(3 infinitely many n € N such that {3¢ € [0,1] with R, (¢) > an}) =1. (14)
Clearly, (14) implies that for any rationals ¢, ¢" with ¢ < ¢/,
P(3 infinitely many n € N such that {3t € (q,¢') with R, (t) > a,}) = 1. (15)

A time ¢ € [0,1] for which {R,,(t) > a, i.0.} can now be found (with probability 1) by

an easy application of the Baire Category Theorem: Let
Vi = UnZk{t € (0, 1) : Rn(t) > an}o

where A° denotes the interior of A. It follows from the above that each V}, is dense and
open a.s. Hence, by the Baire Category Theorem, we have that Ng>1V} is a.s. dense,

completing the proof. O
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Our next task will be to prove Theorem 1.5. To this end, we need some notation, and
a series of lemmas (Lemmas 3.2, 3.3 and 3.4 below). Let p € (0,1) be fixed. Theorem
1.5 will follow by sandwiching W (r) between two discrete limsup random fractals in the
sense of [14, Section 3] and [6, Section 3], that the reader needs to be familiar with in
order to follow the proof. Throughout the rest of this section, we will often write z for
|z] when an integer is clearly intended.

We will now introduce a collection of so-called limsup random fractals {A(r)}1<r<2
and {A(r)}1<r<2. Let Dy be the collection of binary subintervals of [0,1] of the form
[a/2F, (a + 1)/2*] with a an integer. Let I = [p~ ™ V(m—1)",p ™m " —m —1].
For I € Dy, let Zg)(I ) be the indicator function of

{3m e [2F, 254 and n e J) : R,(t) > m Vt € I}, (16)

and let Z, Z\ )( I) be the indicator function of

{Im e [2F, 25" ] and n < p™™m ™" : R,(t) > m for some t € I}. (17)
Next, let
A(r) := limksup U{IeDk:g,(f)(I):l}Io
and
A — 1 0
A(r) == hmksup U{IeD Z(T)(I):l}I

where I° denotes the interior of I.
The following three lemmas will do all the work necessary to apply the limsup

random fractal theory developed in [14] and in [6].

Lemma 3.2 Letp € (0,1), r € (1,2]. Let

2k+1

.
W= 2 2 Lpawsmveb gy

m=2* e 1)

and
ok+1 p~MmmT
Z Z I{Rn(t)>m for some tefo, 11}
m=2k mn=1

Then there ea:ists a constant C; = Cy(r,p) such that for any k, the ratio between any of
(00, %1, Z7 ([0, &), BW, "1, BUM] and 2607 is at most C,.

Notation: we write ¢ < 1) (or equivalently, 1 > ¢), if $ < C1 for some constant C' > 0,
which may depend on p and r. We will write {ay} =< {bt} if sup,{max(ay/bg, bx/ax)} <

Q.
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Proof of Lemma 3.2: For any k, every set of at most 2511 locations has the property
that during a time interval of length 1/2*, with probability at least e=2 none of the
variables at these locations will flip . From this, it is easy to see that E ( ([O, 2,c]))
(Z ) ([0, 2k])) (W(r ) and E(U(r)) all change by at most a multiplicative constant
if all the events in question are modified by replacing “R,(t) > m Vt € I” or “R,,(t) >
m for some t € I” by “R,(0) > m” in (16) and (17). For the rest of this proof, we will

work with these modified events, which we denote by Z,(:), Z), 7 W,g " and Ukr).
First, note that

— 2k+1 p=mpm T ok+1

It is also easy to see from the above that E[U,gr)] > 2k(1-7) " Since
70 (o, L 70 ([, L
220 (o)) <= 2 ([0 5])

7] <o o0

and

we need only show that E [Z (T)([O 2%])] - E [U,ET)]. The reader can easily check that

—

E [W,gr)] ~E [UIET)] and so we need to show that E [Z(T ([0, 2,c])] ~E [W,gr)].

We first show that )
E KW,C(’"))

Since E [Wkr)] < 1 for large k (because we have already seen it is =< 2F(1=7))  all we

<& [w)]. (18)

need to do to prove (18), is to show that Var [ngr)

<E [W,ﬁ’")].
Note now that if my, me € [2%,25F!] with m; # my and ny € Jy,, and ny € Jyy,,
then {R,, > m1} and {R,,, > ma} are independent. Hence

2k+1

Var [Wé”]Z > 2 Covllin, 3m) IR, @m))

m=2k nl;nQEJ'r(r:)

Note that

CovII{R,, (0)2m} I{Roy(@)>m}] < PP ™ "
since the covariance is 0 if [n1 — ng| > m and is at most E[I{Rnl(O)Zm}I{an(O)Zm}]
otherwise. It follows that for any m € [2¥,2%*1] and any n; € JT(,:),

m

Z Cov|I(r,, )>m}> IR, ©)>m}] X P
n2€J7(,:)

14



and from this, it follows that Var [W,ST)] < E [W,S’)]. From (18) and the Cauchy—

Schwarz inequality, we obtain

o (@ (04]) -2 (47 -0

E

— 12
E[W’“T)] ()
=L e[,
(w)

a

Lemma 3.3 Let I = [&, %] and J = [2%, b;'—kl] where b = a+1+j with 0 < j < 2%, Let
ngr) (I),Wk(r)(J) be defined as W,gr) in Lemma 3.2 but with [0,1/2*] replaced by I and
J respectively. Then for any p € (0,1) and r € (1,2], there exist constants Ca = Ca(r,p)

C3 = Cs(r,p) such that
(I, J) := Cov[W" (1), Wi (J)] < Cre™ “TRIW," ()]

Proof: For mi,mq € [2’“, 2k+1] with m; # mg and n; € Jp,, and ng € J,,, the events
{Ry, (t) > mVt € I} and {R,,(t) > moVt € J} are independent. Hence

2k+1

U (I, J)= > Y  Cov[lig, ty>mvier}s [{Ra, t)>mvter]- (19)

m=2k mszJr(r:)

Next,

Covl[lir,, (y>mvierys I{Ry, (t)>mvics}]

1 b
< P (Rm <%) > m, Ry, <2_k> > m>

= PPl (peTa 4 p2(1 — ¢ 73F))momml
ni—na

1

= ~F 21— "
= \pe +p (1 —e 2F) A

% _
ep2 +(1—e 2F)

Now, p < 1 implies that

_J
e 2k

F(l—e3F)>1

inf
0<j<2k D

Summing over no, and comparing to a geometric series, we deduce that

2k+1

L) S S pre 4 p(l—e )M, (20)

m:2"’ n1 EJr(r:)

Next, it is an elementary calculus exercise to check that for p € (0,1), there exists
C3 > 0 such that
e T4 p(l—e®) <e 5T forz €0,1].

15



Hence

ok+1 Caim ok+1
» _
U (L) = Y D ple 2k < e Y N p
M= e (D) M= e (D)

< e STEW (D)

Here, the last inequality uses the observation at the beginning of the proof of Lemma

—

3.2, that the probabilities of W,gr) and Wk(T) are of the same order of magnitude. O

Lemma 3.4 There exists a constant L such that if

f(k) := max |J € Dy B2 (D2 ()] > 1BZ) (D]B(2]] ()],

then
log, f(k)

lim sup ————= = 0.
k—o00 k

Proof: Let L := (C1Cy + 1)C? where C; and Cs come from Lemmas 3.2 and 3.3. If
Bz 1)z ()] > LEZ{" (D)]E[2"(J)], then by Lemma 3.2

BW, (W ()] > LOTEW (DIEW ()]
which implies that
Coviw (W (J)] > (LCT? — VEW, (DIEW, ().
Lemma 3.3 now implies that
Coe O > (LOy 2 — DEW ()] = (LOy 2 — 1)y 12k

where j/2F is the distance between I and J. By definition of L, we get e~ ¢37 > 2k(1-r)
or j < (r —1)klog(2)/Cs. This implies the conclusion of the lemma. O

Proof of Theorem 1.5: Note that Lemma 3.2 implies that

o los®Z M) L los(BZ (D))

k—o00 k k—o0 k

(21)

This, together with [14, Theorem 3.1], implies that if £ is any closed set in [0, 1] with
dimp(E) < r — 1, then P(A(r) N E # 0) = 0. Also, [14, Corollary 3.3] implies that

dimg (A(r)) < 2 —r. We next show that if £ is any closed set in [0, 1] with packing

dimension dimp(E) > r — 1, then
P(A(r)NE #0) =1. (22)

To this end, we will apply [6, Theorem 3.1]. Condition I in that theorem holds with
v =r—1, by (21). Condition IT holds since it is easy to check that the random variables

16



{Zg)(l )} are quasi-localized as defined in that paper; in fact the F;’s as defined there
are trivial o-algebras. Condition III follows from Lemma 3.4 above. Hence, [6, Theorem
3.1] implies (22). Furthermore, [6, Corollary 3.2] implies that dimg(A(r)) =2 —r a.s.,
and by the remark following that same corollary, we have dimp(A(r)) =1 a.s.

Finally, an easy computation shows that
W(’l”) - mr’<rZ(T,) and Uprsy A(TI) - W(T)
The results proved for A(r) and A(r) now immediately imply the statements about
W (r) in the theorem. O
4 Prediction and von Mises—Church randomness

We begin this section with a proof of Theorem 1.8. The proof is based on parity tests.
Define

n

By (1) = ( 3 Xi (t)) mod 2.
k=m

The crucial lemma is as follows.

Lemma 4.1 let {my}r>1 be a sequence of positive integers which is lacunary in the

sense that infy myi1/my > 1. Let ag =0 and aj4+1 = a; + miyy1 for i > 0. Then
P(3t €[0,1] : {Ba,_;+1,a,)(t) =0 for alln € N}) >0

if and only if

Proof: Let 7 be an independent exponential time and as usual, it suffices to show that
P(Ft €[0,7] : {B(a,_1+41,a,)(t) =0 for all n € N}) > 0

if and only if

For n > 1, let Uy (t) := {B(ak,l—kl,ak)(t) =0Vk e {1,...,n}} and Z, := [§ 1y, )y dt.
It is easy to see that E[Z,] = (1/2)". We will now compute E[Z,, | Z, > 0]. It is easy
to check that for ¢ > s,

P (Un(t)|Un(s))

Il
—s
S
N | =
+
mI
3
[\&] a
-
|
&»
N~
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Using the strong Markov property for the stopping time inf{t > 0 : U, (t) occurs} and

the memoryless property of the exponential distribution, we obtain

/ TP (U0 (0)e

1 e‘mkt ‘
— “tdt
n

/ H 1—|—e m’“t) ~tdt
/

E[Z,| Z, > 0]

l\'J|._. l\.'J|H O

e Les ™)t et gy
sc{1, wn}
_ 1
N n Z }1+Ekesmk

SC{1,...,n
1

IA
2|
2\

where mg := max{m,; : i € S} with the usual convention myg := 0. The last equality
is seen by separating out the case S = () and grouping the other sets S according
to their maximal element. Note, importantly, that by the lacunary assumption, the
inequality can be reversed up to a uniform multiplicative constant. Since P(Z, > 0) =
E[Z,)/E[Z, | Z, > 0], it follows that

0 if Y, 2 =
liminfP(Z, > 0) = if 221 iy = 00
n—eo L>0 1f2€12 < 00.

Note that the events {Z, > 0} are decreasing, so that if Y 72, % = oo, then

P(3t €[0,7] : {B(a,_,+41,a,)(t) = 0 for all n € N}) < P(N,{Z, > 0}) = 0.

ot

Conversely, if 3732, = < oo, then P(N,{Z, > 0}) > 0. From here, a compactness

argument together with [11, Lemma 3.2] allows us to conclude that
P(Ft € [0,7]: {Ba,_1+1,a,)(t) =0 for all n € N}) >0

completing the proof. O

Proof of Theorem 1.8: Let my := |_2k(1+5)J, ap =0 and a;y1 = a; + mjy1 fori > 0
as in Lemma 4.1. Define g : {0,1}N — {,0,1}N by setting

(9(€))n = (Ek ai—1+1 fk) mod2 if n = a; for some i € N, and
g frd 71—
" * otherwise.
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A simple computation shows that this g has inverse rate 2("t1){1+¢) By Lemma 4.1,
P33t € [0,1] : {Ba,_;+41,4,)(t) = 0 for alln € N}) > 0. However, one may simply
observe that if B(g, ,+1,4,)(t) = 0 for all n € N, then it follows immediately from the
definition of g that g is correct on the input X (¢). This completes the proof. O

Before giving the proof of Theorem 1.9, we prove a slightly weaker version, which has
a more elementary proof in the sense that it does not appeal to a general result from

Markov process theory.

Theorem 4.2 Let g be a predictor with inverse rate r(n) such that r(n) = o(2"). Then
P (3t > 0 such that g is correct on the input X (¢)) = 0.

Proof: Let g be a fixed predictor with the given rate assumption. Let A, be the event
that for some ¢ € [0, 1], the first n bits of X (¢) which are predicted by g are predicted
correctly. Let V,, be the number of different sequences of the first r(n) bits that arise
during the time interval [0, 1]. Clearly, V,, < 1+Y,, where Y;, has a Poisson distribution
with mean r(n). Note that given a single sequence of r(n) random unbiased bits, the
first n bits which are predicted by g are predicted correctly with probability 27™. It
follows that

S n o L47(n)
P(An) < Y P(Va=k) k2" < — 0
k=1
which goes to 0 as n — oo. O

Proof of Theorem 1.9: Let C be such that r(n) < C2" for all n. Fix n > 1,
i € {1,...,n}, and a predictor g with the given rate assumption. Let A% be the event
that for some ¢ € [(i — 1)/n,i/n], the first n bits of X (¢) which are predicted by g are
predicted correctly. Next, let T, := 371" ; 1¢ Ai}- A similar computation to the proof of
Theorem 4.2 shows that E[T,] < r(n)(1/2)" + n(1/2)" and hence liminf, E[T,] < C.
Letting 7" denote the cardinality of the set

{t € [0,1] such that g is correct on the input X (¢)},

we easily have that 7' < liminf,, ,. 7, and so E[T] < C by Fatou’s lemma. Hence
T < oo a.s. From that, it follows using general Markov process theory (see [22, Lemma
2.3]) that T'= 0 a.s., as desired. O

Let H? denote B—dimensional Hausdorff measure and recall that dimg (S) denotes the
Hausdorff dimension of the set S. We say that a closed set A has positive G-capacity if

there exists a probability measure p on A such that
/ / [t — s|Pdp(t)dp(s) < .
AJA
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Recall Frostman’s Theorem (see [13]) which says that for any closed set A C R",
dimp (A) = sup{f : A has positive -capacity}. Our next result is a multi-fractal result

for prediction.
Theorem 4.3 Given a predictor g, let
Ty :={t € [0,1] : g predicts X (t) correctly}.

Given a € (0,1), let g, be the predictor which is defined as in Lemma 4.1 with my =
ok/aIf A is a closed set which has positive a-capacity, then P(T,, NA#0)>0. If
H*(A) =0, then P(Ty N A # 0) = 0 for any predictor g which has inverse rate on/e

Furthermore dimpg(Tg,) =1 — o

Remark 4.4 By Frostman’s Theorem, we have that the above is stronger than the
statements that dimg(A) > « implies P(Ty, N A # 0) > 0, and that dimy(4) < a
implies P(T,, N A # 0) = 0.

Remark 4.5 Theorem 4.3 above comes close to, but does not succeed in, obtaining a
sufficient and necessary condition for which sets A satisfy P(T,, N A # 0) > 0. The
gap here is the usual gap between zero Hausdorff measure and positive capacity when

studying the hitting probabilities of random sets.

Proof of Theorem 4.3: If A has positive a-capacity, choose a probability measure p
on A such that [, [, [t — s|~*dp(t)dp(s) < co. For n > 1, let Uy(t) be as in Lemma
4.1 and Z,, := fol 1y, (1)ydp(t). Then E[Z,] = (1/2)" and the same computation as in
Lemma 4.1 yields

1 1
E[Zi]:%n(” 2 //e“zk“’"’“'t‘S'dpu)dp(s)).
0£SC{1,m} 70 70

Replacing >"pcsmy by mg := max{m; : i € S} and proceeding as in Lemma 4.1, the

latter is at most

i Lt . k—le—mk|t—s| s
w L (1+,;2 )dpof)dp( ).

We claim that for any ¢ > 0 and any n,

n
Do aklemmit < e (23)
k=1

where C := [;°u* e %du. Once established, (23) immediately implies that
1 _
BIZ2) < o [1 + C/A/A\t 4 a] dp(t)dp(s) -

20



By the Cauchy-Schwarz inequality, we have that P(Z, > 0) > E[Z,]2/E[Z2], which is
larger than some constant C’ > 0 for all n. Then P (T}, N A # 0) > 0 follows exactly as
in Lemma 4.1 and Theorem 1.8.

To prove (23), it is elementary to check that for any k£ > 1

Ol

2
/ i xa_le_mdw > 2k—16—mkt
27 a

and hence that

n

0
Z 2k—1e—mkt < / a;"‘_le_mdx
k=1 0

which by a change of variables is (f;° u® le~"du) t~*, and (23) is established.

We now assume that H*(A) = 0 and g is any predictor which has inverse rate
on/@ Tet § > 0 be arbitrary. Choose intervals {I;}icy such that A C U;csI; and
Yies 11i|* < 6. We claim that

P (3t € I; such that g is correct on the input X (¢)) < 4|;|*. (24)
Once this claim is established, it follows that

P (3t € A such that g is correct on the input X (¢)) < 42 |I;|* < 44.
1€J

As § > 0 is arbitrary, we may then conclude that
P(3t € A such that g is correct on the input X (¢)) =0.

It only remains to prove (24). Consider the first 1/|I;| bits. (1/|I;] need of course
not be an integer but we leave this easy correction to the reader.) The number of
different sequences within the first 1/|1;| bits that we see during the time interval I; has
distribution which is é; * Poisson(1), where % denotes convolution. The number of bits
predicted with the first 1/|;| bits is at least —alogy |I;| — 1 and the probability that
go predicts this many of the first bits correctly in a random sequence is at most 2|;|®.
Hence, as in the proof of Theorem 4.2, (24) follows.

Finally, as mentioned in the above remark, the first part of the theorem says that
P(T,, N A # 0) > 0 if dimpy(A) > o and P(T,, N A # 0) = 0 if dimy(4) < a. It
follows from a standard codimension argument originally due to the works of Taylor
and Hawkes (see [14, Lemma 3.4] and [21, Proposition 2.1]) that dimgy (Ty,) =1 —a as
desired. O

Next, we discuss notions of “algorithmic randomness”, i.e., criteria for an individual
sequence & € {0,1}N to be a “typical” sample from the measure m := [[;(61/2 + 60/2).
(See Kolmogorov and Uspenskii [15] and Li and Vitdnyi [18].)
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Today, the most widely used notion of algorithmic randomness is Martin-Laof ran-
dommness, which can be described informally as follows. Let {A,}qer be the collection
of Borel sets in {0, 1} that

(i) have m-measure 0, and
(ii) are computable in the sense of the Church—Turing thesis (see [15] or [18] for details).

Let A = Uyer Aa- Since there are only countably many sets satisfying (ii), we infer
that m(A) = 0. A sequence ¢ € {0,1}Y is said to be Martin-Léf random if &€ & A.

The existence of any sensitive computable a.s. property of Bernoulli sequences im-
plies that Martin-Lof randomness is a sensitive. Such properties can easily be extracted
from, e.g., Theorem 1.4 or 1.8. (Alternatively, sensitivity of Martin-Lof randomness
follows immediately from Corollary 4.6 below.)

We shall show that even the less restrictive (and older) notion of von Mises—Church
randomness is sensitive. This notion of randomness is defined as follows. First, a
function g : {0, 1}N — {s,d}Y is a selector if (g(£)),, depends on £ only via (&1, ..., &n_1)
for each n. The idea is that a selector is used to choose which bits we will use in forming
a subsequence. Specifically, (g(¢)), = s if based on ({1, ...,&,—1), the selector g selects
to use the n:th bit, while (g(£)), = d if based on ({1, ...,&,—1), the selector g does not
use the n:th bit (“s” for select and “d” for decline). A sequence ¢ € {0,1}Y is said to
be von Mises—Church random if for all computable selectors g : {0, 1}N — {s,d}N such

that > poy 1{(9(5))]9:3} = 00, we have

lim 2= M@= _

oo D k=1 1{(g()=s}
In other words, ¢ is von Mises—Church random if the limiting fraction of 1’s is 1/2 along
all infinite subsequences obtained algorithmically without peeking at {&,,&n+1,--.}
when deciding whether &, should be included in the subsequence. Since there are only

countably many algorithms,
m(& : € is von Mises—Church random) = 1.

Corollary 4.6 von Mises—Church randomness is dynamically sensitive, i.e.
P(3t > 0: X(t) is not von Mises—Church random) = 1. (25)

Proof: As in the proof of Theorem 1.8, let € > 0 be arbitrary, let my, := |2k(148) ],
ao =0 and a;1 = a; +m;y for i > 0. Define g : {0,1}N — {s,d}N by setting

s if n = a; for some i € N, and ( Z;;Fﬁl {k) mod2 =1

(9(&))n = {

d otherwise.
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Define the event
A = {3 infinitely many 7 € N such that {X,,(¢) =1 for all £ € [0,1]}},
and note that P(A) = 1 by the second Borel-Cantelli lemma. Also define the event
B={3te[0,1]: {Bg, ,.4.(t) =0forall n € N}}.
By Lemma 4.1, we have that P(B) > 0, so that
P(ANB)>0.

On the event B, we have, for the times ¢t such that {B,, ,+1,4,(t) = 0 for all n € N},
that X,,(¢) = 1 for all n such that (g(X(¢))), = s. On the event AN B, for such ¢, we
furthermore have that (g(X (¢))), = s for infinitely many n. However, then

lim 2k=1 L{(g(x ()i =5} Xk (?)
n—00 Zz:l 1{(9(X(t)))k=s}

=1 (26)
so that von Mises—Church randomness fails at time ¢. Hence,
P (3t € [0, 1] such that X (¢) is not von Mises—-Church random) > 0

and (25) follows by Kolmogorov’s 0-1-law. O

5 Recurrence and transience of random walks

In this section, we prove Theorems 1.11, 1.12 and 1.13. First, we will let P, denote the
probabilities when the (nondynamical) random walk {S,} begins at location z, while P
as before denotes the probability measure on the underlying probability space on which
the dynamical process is defined. We need the following lemma, which is proved in [23,
p.- 382].

Lemma 5.1 Let {S,} be an irreducible 1-dimensional integer-valued random walk with
steps which have mean 0 and have support in {—S,...,S}. Then there exists a constant
C' such that

Py(Sp #0 fork=1,2,...,n) < C'n~1/?

forallz € {—S,...,S} andn > 1.

We continue with three more lemmas needed to prove Theorem 1.11. As in Section 3,
we run our process up until a random time 7 which has an exponential distribution with

mean 1. Theorem 1.11 will follow if we can show that for all u € N,
P(Vt € [0,7] : Sp(t) = 0 for some n > u) = 1. (27)
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We now fix such a u.

For n > 20, let I = [n/20,n/10], I3 = [2n/10,3n/10], I§ = [4n/10,5n/10], I} =
[6n/10,7n/10], and IY = [8n/20,9n/10] (where if these fractions are not integers, we
use the greatest integer function instead). Assume that n is sufficiently large so that
[n/20] > u. Let E, be the event that

{{Sk}r>0 takes both strictly positive and negative

values in each of IT, I3, I3, I} and I%'}

and F,, be the event that
{{Sk}r>0 does not return to 0 in [u,n]}.
Lemma 5.2 For all n such that |n/20] > u, we have that
P(E, N F,) < C°n~%?
where C :=+/10C" and C' comes from Lemma 5.1.
Proof: For ¢ =1,2,3,4 and 5, let f be the smallest element in I}* and let
cf :=1inf{l € I"\{f]'} : S¢—1S¢ < 0},

where we take ¢’ to be oo if S;_1.S; > 0 for all £ € I'\{f'}.
For i =1,2,3,4 and 5, let AT := {c}! < 00,5, #0 for k € {c] +1,...,c} +n/10}}.
Then
P(E, N F,) < P(N3_, A}).

By the strong Markov property and Lemma 5.1, for all 5 € {1,2,3,4,5},

P(4;

i—1

n —-1/2
N A47) <cnY
j=1
and the statement of the lemma follows. O
Lemma 5.3 For all n such that |n/20] > u

P(3tel0,7]: X(t) € E,NEF,) < C°e?n3/?

where C comes from Lemma 5.2.

Proof: Let Z, := [{ 1{x()cE,nr,}dt. Fubini’s Theorem and Lemma 5.2 imply that
E[Z,] < C5n~%/2. We also have

E[Z,]) = P(Z, > 0)E[Z,| Z, > 0].
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If we can show that
1
E[Zn| Zn > O] Z % ’ (28)

then we will obtain, as desired,
P(Z, > 0) < C%e*n /2,

To show equation (28), let o := inf{t > 0 : X(¢) € E, N F, occurs}. Note that
on the event {Z, > 0}, necessarily o € [0, 7]. By the strong Markov property and the
memoryless property of 7, the probability that for all k = 1,2,...,n, the variable X(¢)
is not refreshed during [0,0 + 1/n] and 7 > 0 + 1/n is exactly e "+ and on this event,
Zp > 1/n. Hence

P[Z, > 1/n|Z, > 0] > e 2,

which immediately gives equation (28). O

Lemma 5.4
P(\Vt: X(t) € E, i0.) =1

Proof: Denote the five intervals (1/20,1/10),(2/10,3/10),(4/10,5/10),(6/10,7/10)
and (8/10,9/10) by I,...,Is. For each such i, choose a;,b; € I; with a; # b;. Choose
ten numbers f(a1),..., f(as) and f(b1),..., f(bs) such that f(a;)f(b;) < O for each 4
and such that the polygonal function f with f(0) = 0 and the above values at a1, ..., a5
and by,...,bs, satisfies fol |f'(z)|?dz < 1. The lemma now follows from Corollary 2.3.

O
Proof of Theorem 1.11: Lemma 5.3 and the Borel-Cantelli lemma imply that if
B, :={3te[0,7]: X(¢t) € E,NF,}, then
P(B, i.0.) =0.
This together with Lemma 5.4 and the fact that F,, .1 C F,, yields
P(Vt € [0,7] : X(t) € F,, for only finitely many n) = 1,
which implies (27), and the theorem follows. O

We now turn to our generalization of Theorem 1.12. Let G be a discrete abelian group
with identity element 0 and let v be a probability measure on G which is symmetric
in the sense that v(g) = v(—g) for all g € G. Define the process {X,(t)}:>0 as at the
end of the introduction and again let S, (t) := > 3_; Xk (t), noting that for fixed ¢, this
is simply a usual random walk on G with step size distribution given by v which we
will denote by {S,}. Our general result (which clearly includes Theorem 1.12) is the
following. Let py, := P(S, = 0).
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Theorem 5.5 Consider a symmetric random walk {S,,} on an abelian group with iden-

tity 0 as above. Then

o
0 if Z np, < 00
P(3t: Sn(t) =0 for infinitely many values of n ) = 20 (29)
1 if Z np, = 00.
n=0

Again, the proof will use a series of lemmas. Since both sides of (29) trivially hold if
{Sn} is itself a recurrent random walk, we can assume that the random walk {S,} is
transient. The arguments simplify slightly if, as usual, we run our process up until a
random time 7 which has an exponential distribution with mean 1. Therefore, we now

let Zn = fOT l{Sn(t)ZO}dt'

Lemma 5.6 For any k > 1 and any z € G, Py(Sx = 0) < max{px_1,pr}, where p_;
is taken to be 0.

Proof: For even k, the fact that P,(S; = 0) < py is standard (see pg. 139 in [2]). For
k=2m+1,

P:c(SQm—i—l = O) = Z Pw(SQm = w)Pw(Sl = 0) < pom Z PO(SI = w) = P2m-

weG weG
O
Lemma 5.7 For k,m >0,
[ D k+1
/ P(S;(0) = 0, Spim(t) = 0)etdt < 21— > pitm—1. (30)
0 k+1 =0

Proof: By conditioning on the number of the variables {X7,...,X;} which update
their value by time ¢ (which has a binomial distribution with parameters k and 1 —e™?),
the left hand side of (30) equals

/ > <k> (1—e (e 73" Py(Sk_j = 2)Pp(S; = 0)Py(Sj4m = 0)e"dt
0 j=o J z€G
which equals
k © (L . .
2 Z Py(Sk—j = 2)Py(Sj = 0) Pe(Sj4m = 0) / ( ) (1—ety (eit)kﬂeitdt-
j=0zeqG 0 J

The integral can be easily checked by induction to be 1/(k + 1) for any j € {0,...,k}.
Alternatively, this can be seen by noting that this integral is the probability that Uy is
the (j+1)st smallest of Uy, Us, ..., Uks1 where Uy, Us, ..., Uk, are k independent mean
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1 exponential random variables. Next, by applying Lemma 5.6 to the term P, (S m =
0), one bounds

Z Po(Sk—j = 2)Po(8j = 0)Po(Sjtm = 0)
z€G

by (Pj+m—1+ Pj+m)pk- Putting this together, the lemma follows. O

Lemma 5.8

(a) P(Z, >0) < enp, for all n > 1.

(b) P(Zy,>0)> 2EUPn or giln > 1.

= 2Zj:0pj =
In particular, if {S,} is transient, then there exists a constant C such that np,/C <
P(Z, > 0) < Cnp, for alln > 1.
Proof: Clearly for n > 1,
E[Z,]

P(Z, >0) = FZ1Z 50 (31)

Next, trivially, E[Z,] = p, by Fubini’s Theorem. We next show that for n > 1,
1
E[Zn| Zn > O] > %7 (32)

from which (a) will follow. To show this, let o := inf{t > 0 : S,,(¢t) = 0}. Note that
conditioned on the event {Z, > 0}, o € [0, 7). By the strong Markov property and the

memoryless property of 7, we have
P [7‘ > o0+ 1/n, Xi(t) does not change its value during
te€fo,0+1/n] foranykE{l,...,n}‘Zn>O] = (—) - (33)
If the event in (33) occurs, then Z, > 1/n. Hence
P[Z, > 1/n| Z, > 0] > 1/é?,

which immediately yields (32).
We go on to prove (b). By (31) and the fact that E[Z,] = py, it suffices to show
that

2 n
E[Z,| Z, > 0] < H—H;)pj.

By stopping the first time ¢ at which the process is such that S, (t) = 0, we get (again
using the strong Markov property and the memoryless property of 7) that

E[Z,| Zn > 0] = /OOO P(S,(£) = 0] S, (0) = 0)e"dt
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and hence, by Lemma 5.7, is at most 237 _op;/(n + 1), as desired. O

Proof of Theorem 5.5 in the case where the sum in (29) converges: Assume
that > o2 onp, < co. This assumption together with Lemma 5.8 (a) then implies that

2o P(Z, > 0) < oo and hence by Borel-Cantelli, there are no times ¢ € [0, 7] such
that Sy, (t) = 0 for infinitely many values of n. It easily follows that

P(3t: S,(t) = 0 for infinitely many values of n ) = 0,

as desired. O

The other case Y ,2,np, = oo is more difficult. Let Z, be as above and let W,, :=
Y r—okZk. Note that Y72 o np, = oo is equivalent to lim,_,. E[W,] = co. A key step

is to establish the following lemma.
Lemma 5.9 There ezists a constant C such that E[W?2] < CE[W,]? for all n.

Proof: Since the process {S,(t)} is reversible,

E(ZyZkim] = E /0 /0 15, (s)=0} 1{Sy . (t)=0} At ds

~ 9 /0 OO/S T PISK(5) = 0, S () = 0]e~ dt ds. (34)

Replacing ¢ by t + s and noting that P[Sk(s) = 0, Sktm(s +t) = 0] is independent of
s, it follows that the above is equal to 2 [§° P(Sk(0) = 0, Sg1m(t) = 0)e~*dt which, by
Lemma 5.7, is at most 4py Efi’é Pj+m—1/(k + 1).

It follows that

n n

EW:1 <23 Y k(k +m)E[Zy Zy i)
k=0m=0
non Dk k+1
<83 3k +m) T > pigmot. (35)
k=0m=0 j=0
On the other hand, we have that
n n
EW,]* =" > kmpipm. (36)
k=0m=0

One then checks by inspection that there exists a constant C, independent of n, such
that for r, s > 1, the coefficient of p,ps in (35) is at most C' times the coefficient of p,p;
in (36), the coefficient of pops for s = 0,1,2 in (35) is at most C, and in addition that
for s > 3, the coefficient of pyps in (35) is at most C times the coefficient of pop;_o in

(35). From these facts, the statement of the lemma then easily follows. 0
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Proof of Theorem 5.5 in the case where the sum in (29) diverges: A one-sided
Chebyshev inequality (see [11, Lemma 5.4]) implies that for all n,

E[Wn]) S 1
2 )T 1+4C

P (W, >

where C' comes from Lemma 5.9. By Fatou’s lemma, it follows, using the fact that

limy 00 E[Wy] = 00, that

. 1
P[nlbngoW = 00| > WA
Hence
> 1
= > .
P (EOI{ZPO} °°> =1+4C
If N
A= {z 1z,>01 = 00} ;
k=0
and

oo
B:= {,; 1{f01 I{Sk(t):O}dt>0} - OO} ’

then the argument right above (13) shows that P(A) < P(B)/(1 —e™!). Tt follows
that P(B) > 0 and hence by the Hewitt—Savage 0-1 law (see [7, p.174]) applied to the
sequence {X,(t) : t € [0,1]}nen, we have P(B) = 1.

We now show how P(B) = 1 implies the existence of times ¢ for which S, (¢) = 0 for
infinitely many values of n. Let

Vi = J{t€(0,1): S,(t) = 0}°
n>k

where A° again denotes the interior of A. It follows from the above that each Vj is dense
and open a.s. Hence, by the Baire Category Theorem, N;>1V} is a.s. dense, completing

the proof. O

In the remainder of this section, we will compute the Hausdorff dimension of the set of
return times for certain random walks on abelian groups (Theorem 5.10). This result

immediately implies Theorem 1.13.

Theorem 5.10 Let {S,} be a symmetric random walk on an abelian group with identity
0. Assume that P(S, = 0) < 1/n*! for even n. If B € (0,1], then

dimp({t: Sp(t) =0i0.})=1—-4.

Remark 5.11 It was proved in [12] that for any symmetric finitely supported random
walk on a group, the return probabilities either decay faster than any power, or satisfy

a power law as above.
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Proof of Theorem 5.10: Let R := {t € [0,1] : S,,(t) = 0 i.0. }. We first show that
dimpg(R) < 1— . To do this, let @« > 1 — 8 and we will show that H*(R) = 0. For
n=12,...andi=1,2,...,n, let I?' := [(i — 1)/n,i/n]. Next, letting

Uj* := {Sn(t) = 0 for some t € I'},

2

we have that P(U") < 2p,, since the number of sequences of {Xj(t)}1<x<n that we see
during a time interval of length 1/n has distribution ¢; * Poisson(1) which has mean 2.
It follows that

E

[ee]
Z I{Uin}nia S 2 Z nlfapn < o0
7,8 n=0

since @ > 1—4. Hence as. 32, ; I;ynyn~® < oco. This easily implies that that H*(R) = 0,
as desired.

We next show that dimgy(R) > 1 — . By the codimension argument mentioned
earlier (see [21]), it suffices to show that if A C [0,1] is closed with dimg(A) > 3, then

P(RNA#0)>0.

Given such a set A, by Frostman’s theorem, there exists a probability measure p on A
such that

/A /A [t — s|Pdp(t)dp(s) < .

Let
1 2k+1

Zy, = / > Iis,m=0ydp(t).

n=2k41
It is immediate that E[Z;] < 1/2%8. We now estimate E[Z?]. Proposition 5.12 below
with L = 2* easily implies that

BIZ2) < g5 [ [ 6= s/ Pdpl00do(s).

for some C' < oo. It follows by Cauchy—Schwarz that

P(Zk>0)z%20*>o.

By Fatou’s lemma,
P (ZI{Zk>0} = OO) Z c*.
k
From here, one proceeds as in Theorem 5.5 to complete the proof. O

Proposition 5.12 There exists a constant C such that for any L and t € [0, 1],

&(L, 1) := % i P[5, (0) = 0, Spym(t) = 0] < C(L%t) 5. (37)
n=L+1m=0
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Before proving this we isolate the following easy lemma.

Lemma 5.13 For any § € (0,1], there exists a constant C1, such that for any L > 1
and any 0 € (0,1], if Y has binomial distribution with parameters L and 0, then

B[y A1) < Ci(10)7,

Proof: Break the expectation over the set A = {Y < L§/2} and its complement. By
Chebyshev’s inequality,

4Var(Y) 4 4
P(4) < E[Y]? = ElY] L6

Hence, the expectation of Y9 A1 over A is at most 4/(L6) < 4(LO)~7. On A¢, we have
Y8 < 28(10)~# pointwise. O

Proof of Proposition 5.12: Throughout this proof, C; will denote arbitrary positive
constants. Note that p; < Coj—B=1 for all j. Let

6:=1—e"! sothat §>t(1—e ') fortel0,1]. (38)

The number of variables among X;(-),...,X,(-) that are updated during the time in-

terval [0,¢] is a Binomial variable Y,, 9 with parameters n and 6. Thus from (37),

°oL. L n
O(L,t) = %1 ZO_E%P(YVL,G = j)pnpj-l-m (39)
n= m=0 j=
2L L n ' CQ
< D YD P(Yap= ])[W A 1] . (40)

n=L+1 m=0;=0

Since Y}, g stochastically dominates Yz, g for n > L, and (5 + m)*ﬁ*1 is decreasing in j,

we have that for any m € [0, L],

n L
CQ CQ
P(Y,y= ANl < P(Yre = Al
jgo ( n,0 J)I:(]+m)ﬁ+1 ] Jgo ( L6 J)[( +m)ﬁ+1 ]
Hence . .
C12 . CQ
®(L,t) < SNP(Yro=14) ). Al
LB+1 = =0 [(] + m)ﬂ‘Fl ]
Now ZL:o I:(j+g)ﬂ+1 A 1] < C3(j7") A 1, whence
&(L Ci 5 - p 205
(L) < L4 S P(Yio = j)(i 7 A1) < C5(L20) 7,
§=0
by Lemma 5.13. The inequality in (38) completes the proof. O
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6 Concluding remarks and open problems

1. The dynamical sensitivity and stability discussed here parallel, to some extent, the
notions of noise sensitivity and stability studied in [3]. For instance, dynamical stability
of the law of large numbers corresponds to noise stability of the majority function in [3],
while dynamical sensitivity of run tests in Section 3, corresponds to the noise sensitivity
of the Boolean function determining whether the length of the longest run in a finite
binary sequence exceeds its median. It remains a challenge to establish more formal

connections between dynamical sensitivity and noise sensitivity.

2. In this paper, we considered equilibrium dynamics with 1-dimensional time. It is
possible to extend the dynamics to multi-dimensional time, for instance along the lines

suggested in [5] and in [10].

3. We conjecture that recurrence of simple random walk in Z? is sensitive. One mo-
tivation for this conjecture is the result of Adelman, Burdzy and Pemantle [1] who
showed that projecting spatial Brownian motion to certain (random) planes can yield

a transient process.

4. Is there a precise relationship between almost sure properties of sequences which
are dynamically stable for simple random walk, and properties of paths which hold

quasi-everywhere in Wiener space? (cf. [16] and Theorem 1.12 here).
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