A FORMULA FOR HIDDEN REGULAR VARIATION BEHAVIOR FOR
SYMMETRIC STABLE DISTRIBUTIONS

MALIN P. FORSSTROM AND JEFFREY E. STEIF

ABSTRACT. We develop a formula for the power-law decay of various sets for symmetric stable
random vectors in terms of how many vectors from the support of the corresponding spectral mea-
sure are needed to enter the set. One sees different decay rates in “different directions”, illustrating
the phenomenon of hidden regular variation. We give several examples and obtain quite varied
behavior, including sets which do not have exact power-law decay.

1. MAIN RESULT AND REMARKS

Many distributions have tails that exhibit regular variation (see [2| and [9]) which means that
they behave like a power-law times a slowly varying function. Examples are one-dimensional stable
distributions where the slowly varying function is just constant. For stable random vectors, one
also has this but in addition, one can have more interesting behavior, so-called hidden regular
variation (see [4], [10], [11]), meaning that one has different power-law decay in different directions.
Ideally, one would like to capture the correct decay rate in each such direction. Our main result,
Theorem 1.1, describes such behavior for symmetric stable distributions. Needed definitions and
background will be given in Section 2.

Let @ € (0,2) and X be an n-dimensional symmetric a-stable random vector with spectral
measure A (see (4)). Then A is a bounded measure on the unit sphere S*~! in R™. Let E < R" be
a Borel set with 0 ¢ E, where E and E° denote the closure and interior of E respectively. With d
being the Euclidean distance, define the J-neighborhood of E by

Es 4 = {xeR": d(x, F) < d}.

For any integer £ > 1 and any E as above, letting C, be a constant defined in Section 2 and
AF = A x .-+ x A (k times), define

ck [© s k k L
L(E,k,«) :=k—?‘j0 Jo AF {Xl,...,xkeS”_lz ZsixieE} ~Hasi_( +a)dsl-. (1)
: i=1 i=1

Theorem 1.1. For any o, X, E and k as above,
L(E°, k, @) < lim inf h**P(X € hE)
—00
2
< limsup h**P(X € hE) < lim L(E; 1, k, a). @)

h—0c0
Remark 1.2.
(i) Clearly L(E° k,a) < L(E,k:,a) <
convergence theorem, L(E, k, o) =
for some § > 0.

lims_,o L(Es,+,k,c). Also, by the Lebesgue dominated
lims_,o L(Es 4+, k, ) provided that L(E;s 4, k,a) is finite
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(ii) Since 0 ¢ E, for small § > 0 and s; > 0 we have that s;S"! n Es , = . This implies in
particular that the integrand in the definition of L(Es,1,6) is equal to zero for small § and
s1, removing the singularity at s; = 0, and hence lims_,o L(Es 4, 1, o) is always finite.

(iii) We let supp(A) be the (topological) support of A and, for k€ {1,2,...,n}, let

k
Sa(k) = {x eR": x = Z s;x; for some sq,...,s; € R and
i=1 X1,..., X € supp(A)}.

Then lims_,g L(E5 +, k, ) = 0 whenever E.  n Sy (k) = & for sufficiently small € > 0. On the
other hand, if E°nSy (k) = 0, then L(E°, k,«) > 0. Finally, assume that E € E°, E°n Sy (k) =
0 and there is € > 0 such that whenever Zle $;x; € E° for some x1,...,X; € supp A, then
|s1],...,|sx] > e. This implies that if § € (0,¢), then L(Es,k,a) < o0, and hence by (i),
L(E,k,a) = lims_o L(Es 4+, k, «). Furthermore, if in addition we assume that the boundary
of E has zero Lebesgue measure, then L(E° k,a) = L(E,k,«) and hence by Theorem 1.1,
limy, oo **P(X € hE) = L(E,k,a) € (0,00). This illustrates what would typically hold in
most generic or "nice” situations.

Remark 1.3. Taking E to be the set {x € R™: minz; > 1} and k = 1, one obtains Theorem 4.4.1
in [12] in the symmetric case (see equation (4.4.2) in [12]).

Remark 1.4. If we for x € R™ let x|z := (2% + ... + 22)"/? and define
E := Cone(A) := {x e R": |x[2 > 1 and x/|x|2 € A}

for some A € S*~! with A(0A) = 0, and then apply Theorem 1.1 to both E and to the complement
of the unit ball with k& = 1, we recover Corollary 6.20 in [1] in the symmetric case, stating that
P(X € Cone(A), |X|2 > h) A(A)

i P(|X]2 > h) T A(SY ()

Remark 1.5. Our motivation for looking at Theorem 1.1 and its consequences (see Section 4) was
to understand which threshold stable vectors can be obtained as divide and color processes in the
sense of [13]. These applications, as well as a study of which threshold Gaussian vectors can be
obtained as divide and color processes, is carried out in [6].

Remark 1.6. One might guess that Theorem 1.1 would generalize to so-called regularly varying
random vectors (see e.g. Proposition 2.2.20 on p. 57 in [9]). This is however not the case. To
see this, let € (0,2) and let X1 be an a-stable random vector in R? whose spectral measure A;
has mass 1/4 at +(1,0) and +(0,1). Further, let o/ € («,2a) n (0,2) and let X2 be an o/-stable
random vector in R? with uniform spectral measure independent of X;. Then X; and X; + X»
are both regularly varying with the same index and same limiting measure. However, if we let
E := Cone(w/8,37/8), then using Theorem 1.1 one easily obtains P(X; € hE) = h~2% while, letting
E’ = Cone((7/8) + .001, (37/8) — .001), we have for h large

2P(X1 + Xo € hE) = P(Xo € hE') = b~ » h™ 2.

(As usual, = denotes two quantities whose ratio is bounded away from zero and infinity.)

2. BACKGROUND

2.1. Stable random vectors. In this section we now give some relevant definitions. These will be
very brief as we assume the reader is familiar with the basics of stable vectors. For a more thorough
introduction to stable random vectors, we refer the reader to [12].
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Definition 2.1. A random vector X := (X;)1<i<n in R™ has a symmetric stable distribution if X
is symmetric (invariant under x — —x) and if for all & > 1, there exists a; > 0 so that if X!, ...,
X% are k i.i.d. copies of X, then

M X2 ax.

1<i<k

It is well known that for any symmetric stable vector X there exists a € (0,2], called the stability
index, so that for all k > 1, a, = k*/®. The stability index a = 2 corresponds to Gaussian random
vectors. If n = 1, then besides «, there is only one parameter, the scale parameter o, and in this
case the characteristic function ¢x(6) is given by

ox(0) =e 10" peR.

(When o = 2, o corresponds to the standard deviation divided by V2, an irrelevant scaling.)
When o = 1, we denote this distribution by S,. For stable vectors, the picture is somewhat more
complicated. A random vector X in R™ has a symmetric stable distribution with stability exponent
a if and only if its characteristic function ¢x () has the form

ox(0) = eXP(—J

Lo dA(x)), feR" (4)

for some finite measure A on the unit sphere S»~! which is invariant under x — —x. A is called
the spectral measure of X. If (4) holds for some o and A, we write X ~ S, (A). For a € (0, 2) fixed,
different A’s yield different distributions. This is not true for a = 2.

When Sy, S, ..., Sy, are i.i.d. random variables with distribution Sy, S = (S1,...,Sn), and A
is an n x m matrix, then the vector X := (Xy,...,X,,) defined by

X = AS

is a symmetric a-stable random vector. To describe the spectral measure of X, consider the columns
of A as elements of R", denoted by y1,...,¥m. Then A is obtained by placing, for each i € [m] :=
{1,2,...,m}, a mass of weight |y;|$/2 at +¥,/|¥ill2. See p. 69 in [12].
Finally, we need the following facts. If X ~ S, then
Coh™@
2
where there is an exact formula for C,; see e.g. page 17 in [12]. The exact formula for this constant

will not be relevant to us and so we will express quantities in terms of C. Moreover, if we let f
denote the probability density function of X, then

C, ah—(1+a)
F) ~ S0

see [5]. Also, f(x) is decreasing in x for x > 0; see Theorem 2.7.4 on page 128 in [15].

P(X > h) as h — o (5)

as h — o0; (6)

2.2. Related work. When the spectral measure A of X is finitely supported, some asymptotic
behavior of the corresponding probability density function f(z) in different directions is obtained
in [8]. However, since the convergence in this case is not known to be uniform, this result cannot
be used to get a version of Theorem 1.1 for finitely supported A. We also mention that results
in [14] can be used to find the correct normalizing function above for many sets, but that these
results cannot be used to find an expression for the limit as given by Theorem 1.1, as only upper
and lower bounds are given. In both [8] and [14], the proofs are analytical, while our proofs are
more probabilistic.
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3. PROOF OF THEOREM 1.1

The proof of Theorem 1.1 is somewhat simpler in the case when the spectral measure is finitely
supported in addition to being symmetric. We therefore first give a proof in this simpler setting,
which is also sufficient for the examples covered in Section 4.

Proof of Theorem 1.1 for symmetric and finitely supported spectral measures. Suppose that A is sym-
metric and has support in +y1,..., 4y, € S*" L. Fori=1,2,...m, let y; == (2A(y;))"*y; and let
S1,892,...,5n ~ Sq be i.i.d. Then we have (see Section 2) that

X = (Xl,XQ,...,Xn) 2y151+...+§’m5m.

The rest of the proof will be divided into two steps. In the first step, we give a proof under the
additional assumption that, for some positive integer k,

m
V(s1,.-.,8m) € R™: Zsiyi e E=|{ie[m]:s; =0} = k. (7)
i=1
In the second step, we show that this additional assumption can be removed.
Step 1. Assume that (7) holds. Given this assumption, we make the following observations.

(O1): The assumption on E in (7) implies that there is €9 > 0 such that if s1, 59, ..., s, are
such that Y, s;y; € E, then there is a set J < [m], with |J| > k, such that |s;| > ¢¢ for
allt e J.

(02): It follows from the previous observation and (5) that

P(X € hE) = O(h™"*). (8)

(03): For any ¢’ > 0,
P[\{i e [m]: |Si| > £'h| > k] = o(h~").
For each § > 0, recall
Esy ={xeR": d(x,E) < 6}
and define
Es_ = {x€ E:d(z,0E) > §}.
Using the observations above, it follows that for any ¢’ € (0, &)
P(XehE)= ) P[X € hE and Vi € [m]\J: || < 5’h] +o(h k).
JC[ml: |7|=k
Fix § > 0 arbitrarily and set &’ = g9 A (6/((m — k) SUPje[m] lyil2)). Note that for each set .J, the

event in question implies that |S;| < 6h/((m — k) SUPje[m] |yi]2)) for all i € [m]\J, which in turn
implies that | 35;c1,,,p\ s Sifiill2 < 6h. Hence the previous equation can be bounded from below by

3 P[Z Siyi € hEs,_, and Vi e [m]\J: |Si| < e’h] + o(hke)
JS[m]: |J|=k ieJ
> ) P[Z Siy: € hE(;,,] +o(hke.
J<[m]: |J|=k e

Let f denote the common probability density function of Sy, Sa, ..., Sp. By (O1), we have that

for a fixed set J of size k,
P[Z Si: € hE(;,,] - f . I(Z si: € hE57,> [17Gsi)dsi.

1€J [81 1555 | >0 €S i€J
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Using first (6) and then (O1), it follows that

P[Z&-yi e hE(;,_] ~ §_§f e 1(2 5§ € hE(;,_) [as7 ) ds,

ieJ [81 15585 |>0h ieJ ieJ
Cck . -1
= 2—2‘ I(Z S;yi € hE(;’,) Hasi (1+a) ds;.
RE ieJ 1€

Making the change of variables (2A(y;))"/®s;/h — s;, we obtain

k
% ' [H 2A(}’i)h_a] JRIC I(Z Siyi € E57_> Hozs;(Ha) ds; =

e =ni ieJ
C’gh_ka [ n A(yi)} j I(Z 8;yi € E(;’_) H Ozs;(Ha) ds;.
=ni RF i€ ieJ

Summing over all J < [m] with |J| = k, we get

Chnte ) ”HA(yi)] JRkI<Z siyieE&_) [ Tas; O+ dsi]

Je[m]: |J|=k Lt ies ieJ ieJ
_ Ckh—kaf Aly; [< v, cE 7) '_(1+a)di _
o o H (vi) Z siyi € Eg, H as; s
JS[m]: |J|=kL " ieJ ieJ ieJX
Now note that

(i) each pair of points, +y;, i = 1,2,...,m, is counted only once in the last equation and
ii) each set J of size k can be ordered exactly in k! ways.
ii h set J of size k be ordered tly in k!

Using this, and symmetry, it follows that the previous equation is equal to

Ckhfka . . k k (1+a)
70(2kk! JRkA {Xl,...,xkESn_ : ZSiXiEE(S,—} Hasi dsi:

i=1 i=1

Ckh—koz k k 1
O‘kl ka AP {xl, coxpeSth: Z 5;X; € E(;,} Hasi_( ) ds;
’ + i=1

i=1

and hence, by taking h to infinity and then ¢ to zero,
lim inf h*“P(X € hE)
h—00
k

. C k -1 d i —(14a)
Ztyi%k—?fﬂgli/\ ({Xl,...,xkeSn : ZSiXiEEé,— gasi ¢ dsi.

i=1
Using the monotone convergence theorem, this implies in particular that

limn inf h*P(X € hE) = L(E°, k, a)
—00

and hence the lower bound in Theorem 1.1 holds. The proof of the upper bound is completely
analogous and slightly easier, and is hence omitted here.

Step 2. It now remains only to show that the assumption on E given in (7) can be removed. So we
now assume that

m
3(s1y.+y8m) € R™: ZsiyieE and |{i € [m]: s; = 0}| < k.
=1
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Then it is easy to see that the integral in the definition of L(Es 4, k, ) is infinite for every 6 > 0
and hence the upper bound holds without the assumption on E.

We now show that the lower bound holds also without the assumption on E. To this end, assume
first that there is t := (¢1,...,t,) € R™ such that

(1) Z:il 751‘5’@' € EO, and

(ii) |[{t e [m]: t; =0} =L < k.
Assume further that £ is the smallest integer for which such a point t exists. Then, for all sufficiently
small 6 > 0 we have that > ", t;¥; € E5_, and

V(t1,.. . tm) ER™: Y 9 € By = |{i € [m]: t; = 0}| > L.
1=1
Since by the first part of the proof, we have that
lim inf h**P(X € hE) > lim inf h*P(X € hEs_) = L(Es_,{,a) > 0
—00 —00

it follows that
limn inf h**P(X € hE) = o
—00

and hence the lower bound is still valid in this case. If no such point t exists, then we have that

m
V(t1, ... tm) €R™: Y ti§i€ B° = [{i e [m]: t; = 0}| > k.
i=1
Using Step 1, this implies in particular that for all 6 > 0, we have that

lim inf h*P(X € hE) > lim inf hW*P(X € hF;_) = L(Es5_, k, ).
—00 —00

Since L(Es__,k,a) is monotone in d, the desired conclusion follows by applying the monotone
convergence theorem. This concludes the proof.
O

Remark 3.1. We observe that we have shown that if there is a matrix A = (y1,¥2,...,¥m) such

that X 2 A(S1,...,5m), where S1,S5,...,S, ~ S, are i.i.d. (or equivalently that the spectral
measure is finitely supported), then, for any set £ < R",

1o (@ 5 (e
HL f Ak<{x1,...,xkeS"1: ZSiXieE}>HO‘Si “ds;
= 2"“ Z J f <Z $;yi € E> Has (1+a) ds;.

1: |J|=k ieJ

Remark 3.2. With only small adjustments of the proof above, the assumption that X is symmetric
can be dropped. To do this, one replaces the matrix representation used above with the corre-
sponding representation for when X is not symmetric (i.e. define A by A(-,7) = (A(y;))"/*y; and
S; is a so-called totally skewed a-stable random variable with scale one, and then adjust the proof
accordingly. This is not as easy to do however when A is not finitely supported.

Remark 3.3. By Theorem 1(ii) in [3], any multivariate stable distribution X ~ S,(A) can be
approximated by a multivariate stable distribution X, ~ S, (A¢) which is such that

(i) A: is finitely supported, and
(ii) sup |P(Xe€eFE)—P(X.€E)|l<e

E: ECR™,
E is a Borel set
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Here A is chosen by partitioning the unit sphere into a finite number of sets of small diameter, and
then concentrating all the mass of A in each such set at an arbitrarily chosen point in the set.

This result, together with the proof for the finitely supported case, is however not sufficient to
be able to make the same conclusion for any spectral measure. To see this, let £ and A be as in
Example 4.4, and let a € (0,1) so that Example 4.4 gives that limj,_,., h**P(X € hE) € (0, 0).
Then there are A, as above which are arbitrarily close to A but for which the corresponding limit
is infinite by Theorem 1.1.

To be able to give the proof of Theorem 1.1 in the general setting, we will first need the following
lemma. The special case k = 2 was stated in [12] (see Equation 1.4.8 on p. 27), but no proof is
given there. A sketch of the proof of this particular case was provided in private correspondence
with one of the authors.

Lemma 3.4. Let (W;)i>1 be a sequence of i.i.d. random variables with 0 < W; < 1, (g;)i>1 be a
sequence of i.i.d. random variables with ; ~ unif({—1,1}) and (T';);>1 be the arrival times of a
Poisson process with rate one where we assume that these three sequences are independent of each
other. Next let o€ (0,2), k = 2 be an integer and € € (0, min({a, (k — 1)(2 — a)})). Then

0 (k—1)a+e
E[ i ] < Q0.
i=k

Sear;ew,

Proof of Lemma 3.4. To simplify notation, write 8 := (k — 1)ac + &. We then need to show that

oS |

Z Eiri_l/aWi

To this end, note first that for any fixed m > k we have that

A ey RO
<E[((m k+1)0 ‘1/“)} (m — k + 1P E[r;77).

Since k > 3/a, we have that E[F;B/a] < o0, and hence

m B
E < 9)
i=k
for any fixed m = k.

Z 5iFi_ l/aWi
Now recall that for any real-valued random variables X and Y with E[|X|?] < o0 and E [|Y]?] <
o0 we have that E[|X + Y|?] < c. Using (9), the conclusion of the lemma will thus follow if we can

prove that
0 B
E < 0
i=m

Z eiFi_l/aWi

for some m > k. To this end, fix m > 8/a - k/(k —1). Then

© B © ) 2(k—1)78/(2(k—1))
E =FE [( 2 ail“i_ /aWi> }

S ar; Vew;
0 —1)\ B/(2(k—1))
- E[E(m [((Z arsew) ) o (W), <Fi>)”-
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Since 8/(2(k—1)) = ((k — 1)a+¢)/(2(k — 1)) < 1 by the assumption on €, we can apply Jensen’s
inequality to bound this expression from above by

& - B/(2(k=1))
E[E(E")[(Z Eiri—l/aWi)%k 1) | o (W), (Fi))] ]
/(2(k=1))
e I e

D] 5eeesy ip_1"
m<i] <. <ig_q

Now we can again use the fact that 3/(2(k—1)) < 1 and the so-called ¢,-inequality (see e.g. Theorem
2.2 in [7]) to move this exponent into the summands to bound the previous expression from above
by

((2(k — 1))/ CE=1) IE[ Z Fi—jﬁ/(a(k—l))Wg/(k—l)]

DY genens i1
m<i]<...<ig_q

[ k-1
= ((2(k — 1))!)5/(20{71)) Z E H Fi—jﬂ/(a(k—l))wg/(k_l)]

il#_ AAAAA ’.k—_lz 7]':1
M) <. Stp ]
[ k—1
< (@K -1))eE 3 E Hfz’?ﬂ/m(k_l))]'
D] 5eeeys Q1 | j=1

m<iy<...<ip_q

In particular, this implies that it now only remains to show that

k-1
Z E[ H F;ﬁ/(a(k_l))] < 0. (10)
j=1

T seess if—1"
m<iy<...<ip_q

To do this, first fix y € Ry. If i € Z,, then E[T; 7] < o if and only if ¢ > ~. Moreover, for such ¢

()
have that E [Fi—v] ~ 177 and hence E [F;W] < €477 for some constant Cy > 1 and all i > .

Now assume that 1 < i; < ... < i;_1 is a sequence of integers. Then for j =2,3,...,k—1 we
have that i, =2 Ty, and i, 2T, =Ty, . The random variables I';; — I';,_, are independent and

equal in dlstrlbutlon to I';,—i;_, if i; = ;1 noting that 'y = 0. Using this, it follows that for any
fixed integer M > 0 we have that

and v we easily have that E [F;V] = iy By Stirling’s formula, it follows that for a fixed v we

k—1 [ k-1
_ ey S i—ij_1<M -
R L R T [
e =2
Gj=tj—1=M
k—1 e
< I[“FJ[F;7 Iy, = 1) + F;( s I(Ty, < 1)] : H E[Fi_jzij—l]
tj JJ>21>M
(k1) k—1
< E[Fil’y + Fil 7] ’ H }E[Fijzijfl].
j=2:
ijfjijleM
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If iy > (k — 1)y and M > ~, then, using the above, this is bounded from above by
k—1
(Cy + Cloryy) -1 7 -CE2 T G5 =457

j=2:
ij—ij1 =>M

In particular, if we let v = 8/(a(k — 1)) = (a(k — 1) + ¢)/(a(k — 1)) > 1 and M = m, then for
i1 = m we have that
i1r=2m>pla-k/(k—1)=ky>(k—1)y
and therefore, since k > 2, M = m > ~. Hence it follows that (10) is bounded from above by

. .—fB/(a(k—1)) . . —B/(a(k—
(Cﬁ/(a(k—l)) + Cﬁ/a) Cﬁ/(i(kil)) Z i H (45 —ij-1)- B/(a(k—1))
7:17_ ..... ikf'lj j€{2,37.--7k_1}:
ij—ij_1=m

This implies in particular that it only remains to show that

Z Z;ﬁ/(a(kfl)) H (Zj _ ijfl)_ﬁ/(a(k_l)) < 0.

A1y ig—1° j€{2,3,....,k—1}:
m<iy <. <ip ij—ij_1=m
To see this, we first change the order of summation as follows. First, we will sum over all possible
choices of i;. Then we sum over the number G of terms in the product, which will range between
0 and k£ — 2. Finally, we sum also over the possible choices of ¢; := i; — 7;_1 in the product, which
will range from m to infinity. To sum over all possible sequences m < iy < ... < i,p_1, we find an
upper bound on the number of ways to choose the differences i; — i;_1 which are smaller than m
and also, on the number of ways to choose which of the differences are larger than or equal to m.
The former of these quantities is clearly bounded from above by m*~2, and the latter is equal to

(k52) < 2F=2_ Putting these observations together, we get

Z H (i — ijfl)—ﬁ/(a(k—l))

[ R Q1" je{2,3‘ ,,,,, k—1}:

m<i)<...<ip_q Zj—2j71>m

O Bak-) w o 6/(a(k-1))

<@2m)F? Y g > 114

i1=m G=0 f1,..Lg=m j=1

k—2 o0 G

_ (Qm)k 2 Z —B/(a(k—1)) <Z Eﬁ/(a(kl)))

i1=m G=0 \ {=m

k—1 0 G
_ (2m)k_2 ( Z g—ﬁ/(a(k—l))>

G=1 \{=m

Since B/(a(k — 1)) = (a(k —1) +¢)/(a(k — 1)) > 1, the desired conclusion now follows.
U

We now state the following lemma which will be used in the proof of Theorem 1.1. For a proof
of this lemma we refer the reader to [12].

Lemma 3.5 (Theorem 3.10.1 in [12]). Let A be a symmetric spectral measure on S*~*. Furthermore,
let Cy be defined by P(Y = h) ~ Coh™/2 for' Y ~ S, let (I';)i=1 be the arrival times of a rate one
Poisson process and let (W;)i=1 be i.i.d., each with distribution A := A/A(S"™) (the normalized
spectral measure), independent of the Poisson process. Then

0
cleas e N ew,
i=1
9



converges almost surely to a random vector with distribution S (A).

We now give a proof of Theorem 1.1 using Lemmas 3.4 and 3.5.

Proof of Theorem 1.1. Let Cy, (I';) and (W;) be as in Lemma 3.5. Define

o0
X = (X1, Xo,..., Xp) = CYOA(S™ 1) Y 17 VoW,
i=1

Then Lemma 3.5 implies that X has distribution S,(A). For j € [n] and ¢ > 1, let W;(j) denote
the jth component of W;. By Markov’s inequality, for any j = 1,2,...,n and all h>0ande >0
we have that

P[(CQA(S”_l))I/a‘ i Ty VW) > h]

i=k+1

E {(CQA(S"_1)>(M+€ Ja ‘Zz T 1/aW ()

= hlate

ka+€]

By picking ¢ sufficiently small and applying Lemma 3.4 using k + 1 (noting that by symmetry, W;(j)
has the same distribution as €;|W;(j)| with the two factors independent), it follows that

[(C A(Sm) ) ‘ 2 rew ‘>h] o(hFe)

=k+1

and hence

P[(C’QA(S"_l))l/a H i r;Yew, )

i=k+1

> h] < o(h™H).

This implies in particular that for any ¢’ > 0

l(eaae) | 5 rewl,

Now for any 6 > 0, let E5_ := {x € E: d(z,0F) > §}. Setting 6 := y/ne’, we then have

> 5’h} <o(hF).

P((X1,Xa2,...,X5) € hE)

_ P[(Xl,Xg,...,Xn) € hE, (C A(S™Y) ) H ;o w, < s/h] +o(h™")
- PkCaA(SM))l/a (rews WW’“) & hlls,— (11)
(C’ A S” 1 ) H Z I‘_l/a W; < E/h] —l—o(h*ko‘)
i=k+1

_p (C’QA(S”_I))U C(rrVewn s W) e hE(;’_] +o(h ke,

10




Similarly, we have that
P((X1,Xs,...,X,) € hE)

_P[(Xl,Xg,...,Xn)ehE, <C’ A(S™ 1) H Z ;e w,

i=k+1

< a’h} + o(h™F)

P (CaA(S”_l))l/a (r Vow, +. +r,;”°‘wk) € hEs.,

(12)

()| $ rowl,

i=k+1

< 5’h] + o(hke)
1
P[(CQA(S”1)> / (oW T W) hE(H] + o(h k),

To be able to simplify these expressions, first recall that if (I'y,I's,...,['x41) are the first k& + 1
arrivals of a mean one Poisson process and Uy, Us, ..., U, ~ unif(0, 1) are independent,

{T1/Ths1s- -, D/Thga | Thogr } 4 {U1,...,Uk}.

Using this and now letting Uy, Us, ..., Uy be i.i.d. uniforms defined on the same probability space
as everything else but independent of them, we see that for Es. = Ejs , or E5. = Es5_, we have that

k
P[(CQA(S”_l)) e N ew; e hEg,]

=1

_ p[(CaA(Snl))l/ kj/fZU YW, € hE;, ]

=1

_JOOO zte _xJ J Ak<{ (wi)y - x—l/aZ <%§M)>Wwiehﬂ;,}> ﬁduidm.

i=1

If, for each fixed x, we make the change of variables

n— 1/a
si=a M <7CO‘A(S 1)> / )

heu;

then this simplifies to

LOO e];f (c A(S™ )R~ a g 0°° LOO k<{ N isiwieE&})
)

n— 1 1/a k
-I[minsZ ( O‘A(S ] Has_(Ha) ds; dz

=1
k

Cah 2 (%" ¢ i o g | TTas o
TR L Jo A {(wi)z‘=13 ;SiwiEEa,-} fCQA(Snl)e dx Hasi dsi.

h® min; s
i

11



Note that the integral above is increasing in h. Combining the previous equation with (11) and (12)
and applying the monotone convergence theorem, it follows that for any 6 > 0,

Ck; 0 o0 k k 1
k_"x f . J Ak {(wl)f—l : Z S;w; € E57_} H OZS;( +a) dSi (13)
- JO 0 i=1

i=1
< liminf A**P((X1, Xo, ..., X,) € hE)
h—o0

< limsup K**P((X1, Xa, ..., Xp) € hE)

h—00

Ok 0 0 k k .
< k—? f .. J AF {(wi)f_lz Z s;w; € E57+} Hasi_( +a) ds;.
" Jo 0 = Hh

Noting that the integrand in (13) is monotone in § and converges pointwise to the integrand in
L(E° k,a), the desired conclusion follows by letting § — 0 and applying the monotone convergence
theorem. g

4. EXAMPLES

We will now apply Theorem 1.1 to a few examples.

Example 4.1. Let a € (0,2) and let X; and Xs be i.i.d. with X7 ~ S, and let X = (X1, X3).
The corresponding spectral measure A has four point masses each of weight 271 at (1,0), (0,1),
(—1,0) and (0,—1). With this example, we will consider three different sets E which will be our
three different cases.

Case (i). Let E = {x € R?: 1, x5 > 1}. Then it is easy to see that L(E°, 2, ) = lims_o L(Es, ., 2, @)
and furthermore this common value is

0 Q0 1 1
02/2 : 2J j (2_1)2 . I(sl, S9 > 1) . asf( +a)o¢5;( +a) dsy dsg = CC% 272,
0 JO
Applying Theorem 1.1 with £ = 2, we obtain
lim A**P(X1, X2 > h) =C2 272
h—0o0

which is of course consistent with what independence yields.

X2

FIGURE 1. The figure above shows the set 2E (gray area) considered in Case (i) of
Example 4.1 together with the four points (in red) at which A is supported.

12



Case (ii). Let A < St A (g,0)? for some € > 0 and define
Ca = {xeR?: |x|2>1and x/|x|2 € A}
be the cone above A. Then we have the following.

Proposition 4.2. Let X, A and Cy be as above, and assume that in addition to the above, the
boundary of A has zero (one-dimensional) measure. Then

Jlim n**P(X € hCy) = —f (cos Osin )~ dp

Proof. We begin with the following computation which is valid for any set A contained in S!n (e, 00)2.

J J X17X2€S 251X1+32X250A Has (1+a)d

i=1
w 2
= C’C%J J 272. I((sl, S9) € C’A) . Has;(Ha) ds;
0 Jo i=1
2
= % a28;(1+a)8;(1+a) dsi dss (14)
81 Sz)ECA

O‘J f 2(r cos )~ 1) (rsin )"0+ 1 dr df

= —a a(cos fsin ) 1) gg.
8 Ja

For any set U, letting U be the interior of U, one easily checks that
(CA)O = CAo and CA (e C_'A (@ CA U Sl

keeping in mind that the interiors and closures are with respect to different spaces, in one case R?
and in one case S'. Therefore the above computation shows that

2
L(C%,2,a) = % a(cos 0sin ) =) qg
Ao

and

2
L(Cy4,2,0) = % f_ a(cos B sin0)~(1F) gp
A

where for the latter equation, we also used the fact that the S' piece adds nothing to the relevant
integral.

Now, using the fact the boundary of A has measure zero, we conclude that L((C4)% 2,«a) =
L(Cy4,2, ). Since ¢ is fixed, it is easy to see that L((Ca)s +,2, ) is finite for sufficiently small &
allowing us to conclude that L((C4)°,2,a) = lims—o L((C4)s+,2, ). Theorem 1.1 with & = 2 now
yields the result. O

Remark 4.3. This improves on (3) in this case since it yields the correct decay rate and demonstrates
the hidden regular variation behavior. The former result would only give limj_,o, h*P(X € Cy) = 0.
Not surprisingly, when A is as large as possible with ¢ fixed, the integral tends to infinity as € goes
to 0; this is because we are getting closer to the support of the spectral measure.

13



X2

FIGURE 2. The figure above shows the set 2C4 (gray) considered in Case (ii) of
Example 4.1, together with the four points (in red) at which A has support.

Case (iii). This example, while fairly simple, has three different values arising in (2) when k = 1
and, in particular, Theorem 1.1 yields nonmatching upper and lower bounds. We let

E={xeR*® z; > 1,29 <0}.

It is easy to check that for any a € (0, 2), we have that L(E°, 1,a) = 0, L(E,1,a) = lims_,0 L(Es 4, 1,a) =
Cy/2 while using the independence of the components, it is immediate that the middle terms in (2)
when k =1 are C, /4.

X2

Py ) X1

F1GURE 3. The figure above shows the set 2E (gray) considered in Case (iii) of
Example 4.1 together with the four points (in red) at which A has support.

Our next example illustrates a number of interesting phenomena which we summarize in Propo-
sition 4.5 after giving the example. This provides an example where (i) the decay rate has three
possible behaviors depending on «, (ii) L(E° k, o) # lims_,o L(Es 4, k, ) and (iii) where the tail
behavior can drastically change due to a modification in the set F in an arbitrarily small neighbor-
hood of one point, namely (1,1). It is also a “baby version” of the example following it which will
be crucially used in [6].

Example 4.4. Let a € (0,2) and S; and Sy be i.i.d. with distribution S, and let
X = (1,1)S; — (0,1)Ss.

Then X is a symmetric a-stable random vector and the spectral measure A of X has mass 2%/2/2
at +(1,1)/4/2 and mass 1/2 at +(0,1). Let

FE = {XERQ:JEl >1,;1:2<1}.
14



X2

FIGURE 4. The figure above shows the set 2E (gray) considered in Example 4.4
together with the four points (in red) at which A has support.

We mention that it is straightforward to show that for all o, lims_o L(Es 4,1, ) = 0.
Proposition 4.5. Let A, X and E be as above.

(i) e Fora<1,
C2al'(20)T(1 — )

lim h**P(X € hE) = 15
i WEP(X € hE) AT(1 + a) (15)
o Fora=1,
h? c?
li P(X € hE) = —L. 1
pm gn X e hE) == (16)
o Fora>1,
2
lim At p(x e np) = CaoElo] (17)
h—o0 4

(ii) For all o € (0,2), lims_,0 L(Ej 4,2, ) = 0. Moreover, L(E°,2,a) = L(E,2,a) is equal to «
if a € [1,2) and is equal to % if a e (0,1).
(1ii) Let Be := By ((1,1),¢) be the ball around (1,1) of radius € in the Lo metric. For any e > 0

and a € (0,1),
g (o, e) == L(E° U B, 1,0) = %in%L((E U B.)s 4,1, ) € (0,00)

implying by Theorem 1.1 that
lim h*P(X € h(E U B.)) = g" (a, ¢)

h—0
and
g (04,6) = L((E\BE)07 2a Oé) = %E%L((E\BE)&-H 27 a) € (07 OO)

implying by Theorem 1.1 that
lim h**P(X € h(E\B.)) = g~ (a, €).

h—o0
(iv) For all a € (0,2), g% («,€) is increasing in € with lim._,o g™ (a,e) = 0 while g~ (o, €) is de-

creasing in & with lim._,g g~ (o, ) = © for a € [1,2) and % for ae (0,1).

Proof. We only prove (i) and (ii). (iii) and (iv) are fairly straightforward and left to the reader. We
start with the proof of (ii).
15



It is easy to see that L(E°,2,a) = L(E,2,a) and that their common value is

Ci . 2‘”/2/2 1/2- f J oz25; Ha)s;(Ha) dso dsq
(s1/v/2)—

2
_ %J J —(1+a) 2(1+a) dsy dt;
t1— 1

C> o _
_ _afl -t )[752a]:<1>71 dt,

2 oo
— ﬁf aty T (4 — 1) dny
1

1
== f az? (1 - 2) % da.
0

This integral is easily verified to be infinite if and only if a > 1 and strictly positive for all a €
(0,1). Recognizing the integrand as the probability density function (up to a constant) of a Beta
distribution with parameters 2a and 1 — «, we see that the last expression is equal to

C2al'(20)T(1 — )
4AT(1 + «)
The fact that lims_,g L(E5+,2, «) is oo is seen by noting that for any fixed § > 0, the term

A2 (Xl,XQ e S: s1x1 + s9xg € E57+)

is uniformly bounded away from 0 for arbitrarily small s and hence the integral diverges. This
finishes the proof of (ii).
We now move to (i). Since X = (1,1)S; — (0,1)S2, we have

{XehE}={h <81 <h+ Sy}

and so for any «, we have
P(X e hE) = J f&)P(h < S1 < h+t)dt.

We now proceed with the a € (0,1) case. It is not hard to show that for every ¢ > 0,
L((E\B:)’,2,a) = %in% L((E\B:)s,+,2,a) € (0,00)

and hence by Theorem 1.1
Jim h**P(X € h(E\B.)) = L((E\B.)°,2, a).
—00
Letting ¢ — 0, we can apply the monotone convergence theorem to both sides (using the fact that
E is open) and conclude (15) as desired.
Now instead let & = 1. It is not hard to show that for every ¢ > 0, by breaking up the following
integral into [0, h] and [h,o0) and using the fact that f is decreasing, we have

h2
1OghP(Xe hE) loth f)P(h < S1 <h+t)dt

logh ff Yt dt + P(S; > h)].

Noting that (5) implies the second term goes to 0 as h — o0 and the fact that that (6) easily implies
that
SO t)tdt

h—>OO log h
16
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as well as applying (6) directly, we get

h2 2
P(X € hE) < %.

For the lower bound, we fix £ > 0, integrate only over [0,ch]| and use f is decreasing to obtain

)
P log h

2 2 eh
o PO € hE) = Do f(@ +e)h)f Fo)tdt.

Using (6) and (18), the limit of the last term is, as h — o0, equal to C?/4(1 + ¢)2. Hence for every
€ > 0, we have

K2 C?
P(XehFE)> —L1 _
(X ehE) > 1a7

lim inf
e

and we can then let € — 0 to complete the proof.
Finally, we now do the case o € (1,2). Using the fact that f is decreasing and using (6), we have

P(X e hE) = jf P(h<Si<h+t)d Jf t)tdt (19)
_ CatE[ISi]], 110
4

establishing the upper bound in (17). For the lower bound, fixing ¢ > 0, we have

P(X e hE) = J f@)P(h<Si<h+t)d f f&)P(h < Sy <h+t)dt

(20)
CooE[|S
> f(h(1+ s))f Fytd ~ (1 + )0+ w (1+a)
0
It follows that
aE
liminf AU P(X € hE) > (1+2) () Cafﬂsﬂ]‘
—0
One can now let ¢ — 0, obtaining the lower bound in (17), completing the proof. ]

Remark 4.6. If X is as in our first example where we have independent components, one can
construct a set, namely

—{xeR% z;> 1,20 >a(x—1)}
for a € (0,1), which exhibits similar behavior to that in the above proposition. However, the
above example, when generalized to three variables, is what we need in another context and so we
proceeded in this way.

Remark 4.7. With the previous result in mind, one might wonder if any threshold for events of the
type {X € hE} will occur at « = 1. To show that this is not the case, fix a € (0,2) and o > 0, and
define

E, = {xeR*: 1<z <1+a3}.
Further, let S1,S2 ~ S, be i.i.d and consider the decay rate of P(X € hE,) as h — 0. Then, using
a very similar argument to the argument in the proof of Proposition 4.5, one can show that we get
a phase transition in the behavior of the decay rate of P(X € hE,) at a = o, and in fact

h=(eto)  ifa>o
P(X € hEJ) =< h %logh fa=o0
h—2e ifa<o.
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X1 e X1

(a) 0 =0.5 (b) o0 =18

FiGURE 5. The figures above shows the set 2F, in Remark 4.7, for two different
values of o, together with the four points (in red) at which the spectral measure A
from the same remark has support.

In our next, and final, example we study one of the simplest three-dimensional permutation
invariant multivariate stable distributions, and show that it exhibits the same behavior as our
previous example. Here we only study the case a € (0,1) in detail, but the cases @« = 1 and a > 1
can be done similarly as in the the proof of Proposition 4.5.

Example 4.8. Let a € (0,2) and let Sy, S1, S2 and S3 be i.i.d. with Sy ~ S,. Furthermore, let
a € (0,1) and define X3, X5 and X3 by

X;=aSy+ (1 —a™"*s;,  i=1,23.

Clearly (X1, X2, X3) is a three-dimensional symmetric a-stable random vector whose marginals are
S,. The corresponding spectral measure A has mass a®3%2/2 at +(1,1,1)/4/3 and mass (1 —a®)/2
at +(1,0,0), £(0,1,0) and £(0,0,1). Consider the set

E={xeR xy, zo>1,x3<1}.

The proof of the following proposition follows the proof of Proposition 4.5 exactly, and therefore
we only give a sketch of the proof here.

Proposition 4.9. Let A, X and E be as above. Then for all a € (0,1), we have that

lim h?*P(X € hE) = %2‘ ((1 g% 4 g¥(1 — qo) . LT = O‘)> < . (21)

h—0o0 P(l + a)

Moreover, for all a € (0,2), lims_o L(Es +,2,a) = w0, and L(E°,2,a) = L(E,2,«) is equal to o if
a € [1,2) and is equal to the right hand side of (21) if o € (0,1).

Proof sketch. 1t is easy to see that L(E°,2,a) = L(E,2,a) and that their common value is

A o [C [ 2. —(1+e) ~(1+a)
(e1)A(e2) - C% a’s, Sy dsi dsy
1 N

©0] Q0
+ A((1,1,1)/V/3)A(—e3) - C2 J J a2sa(1+a)s§(l+a) dss3 dsg
V3 J(so/v/3)-1
2 1
= G <(1 —a®)? +a%(1 — aa)f
4 0
18
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The rest of the proof follows the lines of the proof of Proposition 4.5 exactly, and is hence omitted
here.

FIGURE 6. The figure above shows the set 2E (gray) considered in Example 4.8
together with the eight points (in red) at which A has support.
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