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Abstract

Motivated by Alain-Sol Sznitman’s interlacement process, we consider the set of
{0, 1}-valued processes which can be constructed in an analogous way, namely as
a union of sets coming from a Poisson process on a collection of sets. Our main
focus is to determine which processes are representable in this way. Some of our
results are as follows. (1) All positively associated Markov chains and a large class
of renewal processes are so representable. (2) Whether an average of two product
measures, with close densities, on n variables, is representable is related to the zeroes
of the polylogarithm functions. (3) Using (2), we show that a number of tree indexed
Markov chains as well as the Ising model on Z%, d > 2, for certain parameters are
not so representable. (4) The collection of permutation invariant processes which are
representable corresponds exactly to the set of infinitely divisible random variables on
[0,00] via a certain transformation. (5) The supercritical (low temperature) Curie-
Weiss model is not representable for large n.
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1 Introduction

Let S be a finite or countably infinite set and let v be a o-finite measure on P(S)\{0}
where P(S) is the power set of S. This generates a {0, 1}-valued process X" = { X} }ics
defined as follows.

We first consider the Poisson process Y on P(S)\{0} with intensity measure v (see [9] for
the definition). Note that P(S)\{(} can be viewed as an open subset of {0,1}* and hence
has a nice topology and Borel structure. Y*(w) is then a collection {B;};cr of nonempty
subsets (perhaps with repetitions) of S. Note that |I| < co a.s. if ¥(P(S)\{0}) < oo and
that |I| = oo a.s. if v(P(S)\{0}) = oo.

Finally, we define { X }ics by
X!j =

(2

1 ifi € UjerB;
0 otherwise.

To see that X} is a random variable, one observes that X} = 1 if and only if
Yy'ns; #* @,
where
S ={T eP(S):ieT}

and the above is an event by definition of a Poisson process since S; is a open set in
P(S)\{0}. Loosely speaking, X" is obtained by taking the union of the sets arising in the
Poisson process, and identifying this with the corresponding {0, 1}-sequence.

Definition 1.1. We let R denote the set of all processes (X;)ies which are equal (in
distribution) to XV for some v.

Understanding which X are in R seems to be an interesting question and will be the main
focus of this paper. We will for the most part deal with three different situations:

1. S is a finite set,



2. S is Z4 for some d > 1 and v (and hence also X") is translation invariant under the
natural Z%action on P(S)\{(} and

3. S is infinite and v (and hence also X") is invariant under all finite permutations of
P(S)\{0}.

We give an alternative but equivalent description of this model in the case when |S| < oo
which has a more combinatorial flavor. Let S be a finite set and for each nonempty subset
T of S, let p(T) € [0,1]. Now, for each ) # T C S, we independently “choose” T' with
probability p(T') € [0,1] and we let X be the union of the “chosen” T”s which we identify
with a {0, 1}-valued process {X;}ics. The correspondence between this formulation and
the earlier one is that p(7') is simply the probability that a Poisson random variable with
parameter v({1'}) is nonzero.

We introduce the following natural notation. For A C S, we let
Si=JS (={S:AnS#0})
€A

and
Si=[)8 (={S:ACS}.
€A

We observe that for any A C .S, we have that
P(X¥(A) =0) = eV,

We now discuss a number of examples. In these examples and throughout the rest of the
paper, for p € [0, 1], we will let II, denote a product measure with 1’s having density p.

VvV = Z aé{z}

€8

Ezample 1.2. Let a > 0, and let

Then X ~ I1;_ -a.
Ezxample 1.3. Let a > 0, and let v = adg. Then X* has distribution

(1 —e )61+ e %o,

where 1 (0) is the configuration consisting of all 1’s (0’s). If S = Z?, then this yields a
(trivial) non-ergodic process.
Ezample 1.4. Let S = Z, and let
v="> i}
1€Z
Then X" is the image of an i.i.d. sequence under a block map. More precisely, if (Y;);ez ~

IT,_.-1, then XV 4 (maX(YhYHl))ieZ-



Ezample 1.5. Let S =7, and let

v = Z ané{i,i—l—n}

1€Z,n>0

for some (an)n>0. It is easy to see (similar to Example [1.3)) that X" is a Bernoulli shift,
i.e. a factor of an i.i.d. sequence. However, we don’t know if it is a finitary factor of an
i.i.d. sequence. The Borel-Cantelli Lemma immediately gives that X” =1 a.s. if and only

if Y02 ay, = c0.

Ezample 1.6. The well studied random interlacement process in Z¢ for d > 3, introduced
by Alain-Sol Sznitman, falls into this context; see [6] for the definition and some of what
is known. For those familiar with this, we actually need to massage it slightly so that it
falls into our context. In the random interlacement process, we have a Poisson process
over random walk realizations modulo time shifts which are transient in both forward and
backward time. If we now map such a trajectory (modulo time shifts) to its range and
then take their union, we then obtain a process in R since the push-forward of a Poisson
process is a Poisson process. The v in [0, Theorem 5.2] would provide us with our v (after
pushing forward). The random interlacement process has an intensity parameter which
just corresponds to scaling the measure v. It was in fact this model which provided the
motivation for our paper.

Ezample 1.7. The union of the discrete loops that arise in a random walk loop soup
corresponds to a process in R. The random walk loop soup is a well studied object in
relation to the Brownian loop soup and the discrete Gaussian free field. It was introduced
in [10] and is defined in the following way: the rooted loop measure W assigns to each
(nearest neighbor) random walk loop in Z? of length 2n the measure (1/2n)472" and the
measure v is given by AufW where A € (0,00) is an intensity parameter.

While we are limiting ourselves to countable sets, in continuous space, similar constructions
(e.g., Boolean models, Poisson cylinder models) play a crucial role in stochastic geometry.
We also want to mention that the idea of enriching a graph by attaching a Poissonian
number of independent finite subgraphs comes up naturally in the analysis of random
graphs, see for instance [2] and [3].

The paper is organized as follows. Our main focus is to determine, for a given {0, 1}-valued
process, if it belongs to R. On the way to answering this question, we give some properties
of processes in R. It is easy to show that processes in R are positively associated. It turns
out that they also have the so-called downward FKG property (but not necessarily the
FKG property), see Theorem Also, if X is a collection of i.i.d. {0, 1}-valued random
variables, then X € R. Taking S = Z, it is natural to ask if Markov chains or renewal
processes are in R. We show in Section [3| that indeed all positively associated Markov
chains are in R, and describe the corresponding measure v, see Theorem On the
way to this result, we give a necessary and sufficient condition for a renewal process to
be in R, see Theorem In Section 4, we consider processes X on {0, 1} which are
invariant under finite permutations, and we ask if they are in R. In this section, we first
prove a version of de Finetti’s Theorem for possibly infinite measures (which turned out
to be known) that is of independent interest, see Theorem We then show that the
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X € R are in one-to-one correspondence with infinitely divisible distributions on [0, c0),
see Theorem Interesting such examples include the {0, 1}-sequences coming from
classical urn models, see Examples and In Section we investigate the finite
permutation invariant case. Taking a sequence X,, € {0,1}", n > 1, such that each X, is
permutation invariant, we show that in order to have X,, € R for all n > 1, it is necessary
that the arithmetic means of the X,,’s concentrate, see Theorem As an immediate
consequence, we obtain that for temperatures less than the critical one, the Curie-Weiss
model is not in R for large n, see Theorem We then study finite averages of m
product measures, and we give sufficent conditions for X € R for m > 2 and for X ¢ R
for m = 2, see Theorem [5.6] for the latter case. The proof is quite technical, given that the
statement is only about an average of two product measures, but Section [0 relies crucially
on this result. In Section [6] we consider tree-indexed Markov chains on infinite trees and
we give conditions on the parameters such that the process is not in R. With a similar
argument, we show that the Ising model on Z? for d > 2 is not in R for a certain range
of parameters. In Section we consider stationary processes X” on {0, 1}. We give
a necessary and sufficient condition on v such that X” is ergodic, see Theorem [7.3] and
a sufficent condition on v such that X” is a Bernoulli shift, see Theorem We end in
Section [§] with some open questions.

2 Background definitions, and some first properties and ex-
amples

We begin by recalling some basic definitions.

Definition 2.1. A probability measure p on {0,1}° is said to be positively associated if
for all increasing sets A and B,

n(AN B) > p(A)u(B).

Definition 2.2. A probability measure i on {0,1}° is said to satisfy the FKG property if
for all I C S and all {a;}icr with each a; € {0,1}, the conditional measure

(- | Xi=a; foriel)

on {0,1}°\ is positively associated.

Definition 2.3. A probability measure pn on {0,1}° is said to satisfy the downwards FKG
property if in the definition of the FKG property, we only require the positive association
of the conditional measure when each a; = 0.

Clearly the FKG property implies the downward FKG property which in turn implies posi-
tive association. Note that while positive association and the FKG property are unaffected
by reversing 0’s and 1’s, this is not the case with the downward FKG property.

The following result demonstrates the very different roles played by the 0’s and 1’s for our
X",



Theorem 2.4. For every S and v, X¥ has the downward FKG property. However, it does
not necessarily satisfy the FKG property.

Proof. We begin the proof by showing that X" has positive association for all v’s. In the
case of finite S, it is immediate that X is given by increasing functions of i.i.d. random
variables and hence by Harris’ Theorem has positive association. An easy approximation
argument gives the result for general sets S.

We now prove the downward FKG property. When one conditions on the event that X"
is zero on some subset A C S, one is conditioning on the event that no element in SY

occurred in Y. The conditional distribution of Y* then becomes YV|($/U4)C and hence the
conditional distribution of X" is still of our form and hence is positively associated by the
first part of this proof.

Finally, we give an example of an X" which does not have the FKG property. Let
S =1{1,2,3} and v give weight log2 to each of {1,2} and {2,3}. Then Y" is one of
the following collection of sets each having probability 1/4.

(a) 0,

(b) {{1,2}},

(c) {{2,3}}, and
(d) {{1.2},{2,3}}.

If we condition on xo = 1, then we know Y is one of the last three each then with
conditional probability 1/3. Now, it is immediate that conditioned on zo = 1, we have
x1 = 1 with probability 2/3, x3 = 1 with probability 2/3 and x; = x3 = 1 with probability
1/3, which is less than 4/9. Hence Y is not FKG. O

Remark 2.5. The example in the proof of Theorem|[2.4) also gives an example of an X € R
such that X | Xo =1 is not in R.

Remark 2.6. The upper invariant measure for the contact process exhibits similar behav-
ior to the above example. It is not FKG (see [11]) but it is downwards FKG (see [1)]).

Proposition 2.7. Assume v is a translation invariant measure on P(Z) ~ {0} that gives
positive weight to an infinite subset S which is not periodic. Then XY =1 a.s.

Proof. Since S is not periodic, all of its translates are distinct and have the same v-
weight. We show X¥(0) = 1 almost surely. Since S is infinite, there are an infinite number
of translates of S containing 0 and so at least one of these will occur almost surely. O

The next proposition says that the overlap property of the sets that v charges describes
pairwise correlations in a simple way.

Proposition 2.8. Assume that X = (Xs)ses = XV. Then, for any k, ¢ € S, we have

P(X,=0,X,=0)=P(X; =0)P(X, = ())eV(SWSZ)‘



More generally, if A and B are disjoint subsets of S, we have

P(({Xx =0} ([ {Xr=0}) = P([ ) {X5 = 0} P([ ) {X¢ = 0})e"UreaS"Uren 50),

keA leB keA teB

Proof. We prove only the first statement. The second statement is proved in the same
way. By definition,

P(X,=0,X,=0) = e V(SEUSY) — o= [V(Sk)+v(Se)—v(SkNSy)]
= P(X}, = 0)P(X; = 0)e”(SkNSe),
]

Corollary 2.9. For any S and v, if XV is pairwise independent, then it is an independent
process.

Proof. By inclusion-exclusion, it suffices to show that for any finite A C S, one has

= [ P(xy =

acA

The assumption of pairwise independence together with Proposition [2.8] implies that for
a,be A a#b,v(S,NS) =0. This yields v(S3) = > ,c4 ¥(Sa) and hence

P(X}4=0)=e ") = e Zeca¥®) = T] P(X
acA

The proof of the following useful lemma will be left to the reader.

Lemma 2.10. For any S, v and V', one has that
x4 max{X", X"'},

where the latter two processes are assumed to be independent.

Lemma 2.11. Given {0, 1}-valued random variables X = (Xy)pe[n), if there is a nonneg-
ative measure v on P([n])\{0} such that

P(X(K)=0) =¢S5 K Cnl,
then X* £ X.

Proof. If v is nonnegative, X" exists. Since X and X" agree on events of the form Xx = 0,
they must agree on all events, and hence the desired conclusion follows. O



Lemma 2.12. Let X = (X1, Xo,...,X,) be {0,1}-valued random variables such that
P(X(I)=0) >0 for all I C [n]. Then there is a unique signed measure v on P([n]) ~ {0}
that satisfies

v(S7) = —log P(X(I)=0), IC[n] (2.1)

and is giwven by (2.3)). (Note that by Lemma if such a nonnegative measure v exists,
then X = X".)
Proof. If a signed measure v exists then, since n is finite, we have
v(SP) = > )
JC[n]: JNI#£D

and hence ({2.1)) is equivalent to the system of linear equations given by

> w()=-logP(X(I)=0), ICIn]. (2.2)

JCln]: JNI#Q

The desired conclusion will thus follow if we can show that this system of linear equa-
tions always has a unique (possibly signed) solution (v/(J)) scn),s0- To this end, we first

rewriteas
oov)= D> v - D> ()

JC[n|\I: JC[n]: JC[n]: JNI#£D
J#0D J#D

= —log P(X([n]) =0) — (— log P(X(I) = O)), IC[n].
Equivalently, this becomes

S u(J) = —log P(X([n]) = 0) + <logP(X([n] D)= o)), 1¢[nl.
JCI:
J£0

By the Mobius inversion theorem, we see that this equation is equivalent to

v(K) =" (~1)KI-H (- log P(X ([n]) = 0) + log P(X([n] ~ I) = 0))
ICK

(2.3)
= > (1)K Mog P(X (0]~ 1)=0),  0#K C[n].
ICK
This concludes the proof. O

Lemma 2.13. Assume that X = XV and that (X;);c[n L (Xo(i))im) for some o € S,,.
Then v =voao.

Proof. From Lemma we know that if X = X" exists, then v is unique. If X = X¥
then X = X, = X¥°?, and hence we must have v = v o o. O



The proof of the following lemma is left to the reader, the third part of whose proof uses
a simple compactness argument.

Lemma 2.14. Consider a process X = {Xs}ses.

(a) If X = XV and B C S, then there is vp such that X|p = X"B. Moreover, for any
non-empty measurable subset A C P(B), we have vg(A) =v({A" € P(S): ANB e
A}).

(b)) If X = XY and B C S, then there is a measure vgy on P(B) ~ {0} such that
X|{X(B%) =0} = X¥Bo. Moreover, vpy = v|p(p).-

(¢c) If there exist Sy C Sy C,... such that S =, S; and Xg, = X" for some vy, then
X = XV for some v. (The projection of v on to each Sy, will simply be vy,.)

We first point out that when n = 2, provided we have positive association, X is always
of this form. In particular, one can check that X = X" where for ) # J C {1,2} we set
v(J) = —log(1 — p(J)) where

p({1,2}) = 1 - P(X1 = 0)P(Xs = 0)/P(X1 = X5 = 0)

2
p({1}) =1 - (P(X1 = X3 =0))/P(X2 =
)/ P(

0
p({2}) =1—(P(X1 = Xy =0))/P(X; =0

Sticking with n = 2 in the nonpositively associated case, it is interesting to see which sets
the representing signed measure v gives negative weight to.

Ezample 2.15. Let X be (1,0) or (0, 1) each with probability (1 —¢)/2 and equal to (0,0)
or (1,1) each with probability €/2, where € < 1/2. Then

P(X(1)=0)=P(X(2)=0)=1/2 and P(X({1,2})=0)=¢/2.
Consequently,
V(S US;) = —loge/2 =log2 —loge = 2v({1}) + v({1,2})

and
v(S) = —log1/2 =log2 =v({1}) + v({1,2})
and hence
v({1}) = —loge >0 and v({1,2}) =log2+loge < 0.

When we now move to n = 3, it is already the case that positive association does not
imply that X is of our form as the following example shows.

Ezample 2.16. Choose o € Ss uniformly at random, and define X = (X1, X3, X3) by
X; =1(c(j) = j). Then

P(X=1)=1/6

P(X =(1,1,0)) = P(X = (1,0,1)) = P(X = (0,1,1)) =
P(X =(1,0,0)) = P(X =(0,1,0)) = P(X = (0,0,1)) =1/6
P(X =0)=1/3.



The random vector X defined above is known to be positively associated. On the other
hand, one easily verifies that it is not of our form.

Remarks 2.17.

(i) Jeff Kahn ([8]) proved the much stronger and much more difficult fact that the above
random vector cannot be expressed as increasing functions of i.i.d. random variables.

(ii) We will see another example later on of a positively associated process which is not
in R for n = 3; it will in fact be an average of two product measures.

We provide a further interesting example for n = 3 which is positively associated but not
in R.

Ezample 2.18. Let X,Y be i.i.d. 0 or 1 each with probability 1/2. Consider (X,Y, XY).

This is positively associated since the vector is given by increasing functions of i.i.d. random

variables. Next, if XY = 0, then either X or Y is equal to zero. Consequently,
PX=Y=1|XY=0)=0

and hence (X,Y, XY) is not downward FKG. By Theorem we conclude that this is

not in R.

The unique signed measure v which satisfies X = X" is given by

v({1}) =v({2}) =log2

({3}) =v({1,3}) = v({2,3}) =0
v({1,2}) =log3/4<0

v({1,2,3}) =log4/3.

v

The next result tells us that with some additional symmetries, positive association implies
that we are Poisson generated when n = 3.

Theorem 2.19. Consider a probability measure p on {0,1}> which is invariant under
permutations and interchanging 0 and 1. Then the following are equivalent.

(a) 1 has positive association.

(b) w is an increasing function of i.i.d. random variables.
(c) w satisfies the FKG property.

(d) wis in R.

Proof. The set of measures p as above is just a one parameter family since p; = P(X =
1) < 1/2 determines the measure given all of the symmetries. Since implies [(b)]

implies @ and @ implies @ implies @ in general, we need only show that @ implies
and implies @

It is elementary to check that p is positively associated if and only if p; > 1/8. Under this
assumption, it is easy to verify that the FKG property holds (one way to see this is that
the model is then the ferromagnetic Curie-Weiss model).
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To see that implies one simply checks that the following v measure works. Letting
p2 = P(X(1) = X(2) = 1, X(3) = 0), one verifies that pp = (1 — 2p;)/6 which is then
at most 1/8. v gives each of the three singletons weight log(2t22)  each of the three

p1
3
Q(MPW) and the unique three element set weight log(s(plp%ﬂ).

One can check that the first and third terms are always non-negative while the second
term is non-negative if and only if p; > 1/8. O

doubletons weight log(

This model has a similar flavor to the so-called divide and color model (see [16]) but they
are certainly different. In the latter model, one takes a random partition of S (with any
distribution) and then assigns all the elements in each partition element either 1 or 0 with
probability p and 1 — p. This is done independently for different clusters. We now give
some examples illustrating the difference between these concepts.

Ezample 2.20 (Example 2.17 in [I6]). Consider the divide and color process X corre-
sponding to the two partitions, (12,3,4) and (1, 2,34) being chosen with equal probability.
Letting A = {X; = X9 =1} and B = {X3 = X4 = 1}, one checks that these are increas-
ing but negatively correlated events and hence this does not have positive association.
Consequently, X ¢ R by Theorem [2.4

Ezample 2.21. X, X9, X3, X4 be iid. with P(X; = 0) = 1/2. For n € {1,2,3}, let
Y, = max(X,, X,+1). We first leave it to the reader to check that (Y7, Y2, Y3) is Poisson
generated by using

v({1,2}) = v({2,3}) = v({1}) = v({3}) =log2.

However, we now argue that (Y7,Ys,Y3) is not a divide and color process. To see this,
note that P(Y; = 1) = 3/4 and hence any divide and color model would need to be
made with p = 3/4. Assume (Y7,Y2,Y3) is a divide and color model. Since Y; and Y3
are independent, they cannot be in the same partition element. Hence the only possible
partitions are (1,2,3),(12,3),(1,23). By symmetry, these are given masses p, (1 — p)/2,
and (1 — p)/2 for some p. This implies that

P(Y1 =Y, =Y3=0) = p(1/4)> + (1 - p)(1/4)*.

Since, by definition, we have P(Y; = Y3 = Y3 = 0) = 1/16, it follows that p = 0. Next,
note that
1/8=P(Y1 =Y, =0)=1/2(1/4) +1/2(1/4)?> = 1/8 +1/32,

a contradiction.
The following lemma states that the set R is closed in the set of all random vectors.

Lemma 2.22. Let S be countable and let X, € {0,1}° be a sequence of random vectors
that converges in distribution to a random vector X € {0, 1}5. If X, € R for every n, then
X eR.

Proof. Assume first that |S| < co. For n > 1, since X,, € R, there is a measure v, on
P(S) ~ {0} such that X,, = X"». Allowing now our measures to take the value oo, we can

11



extract a convergent subsequence (v,) of (v,) converging to some v which is allowed to
take the value co. Now X,, = X"’ converges to both X and to X" and hence X € R.
Applying Lemma, we obtain the desired conclusion for any S. O

It turns out that domination from below by product measures for translation invariant
processes on Z® which belong to R has a simple characterization.

Proposition 2.23. Let v be a translation invariant measure on P(Z%) ~ {0}. Then XV >
IL, if and only if
v(83) = —|Allog(1 - p)

for all bozes A of the form {—n, ..., n}<.

Proof. This follows immediately from Theorem and [12, Theorem 4.1] using the fact
that for any box 4, P(X"(A)=0) = e~ V(87 O

3 Markov and renewal processes

In this section, we begin by proving the following result, which shows that all positively
associated Markov chains on {0,1}% are in R.

To simplify notation in what follows, given a stationary process X, we define
a=P(Xo=0,X;,=0), k>0,

Note that if cg = P(Xg = 0) > 0, then by positive association, we have ¢ > cg > 0 for
all £ > 0.

Theorem 3.1. Let X be a non-trivial stationary positively associated Markov chain on
{0,1}%2. Then X € R and v is given by

log AKIZAKIEL  if K gs a finite interval, and
V(K) = ficl (3.1)

0 otherwise.

Remark 3.2. We note that if X is a non-constant positively associated {0,1}-valued
Markov chain, then its transition matriz can be written as

p_ (poo p01> _ <1 —p(l—r) p(1- 7")) 7 (3.2)

P10 P11 pr 1—pr

for some p,r € (0,1). Here p is the probability that the Markov chain rerandomizes (other-
wise it stays fizved) and r is the probability it moves to zero when it rerandomizes. Hence,
as eastly checked,

cr=r(1—pk+ r*(1-(1 —p)k), k> 0. (3.3)

The proof of Theorem [3.1] will use the following lemma involving renewal processes, which
we now define.

12



Definition 3.3. Let X be non-trivial a {0,1}-valued process on Z. We say that X is
a renewal process (with respect to 0) if there is a sequence (by)n>1 of non-negative real
numbers such that Y oo | b, <1 and any (a;)jez € {0,1}2

P(min{j > 1: Xj1; =0} =n | X =0, (Xp—i)i2; = (ah—i)52;) = bn, for all k,n € Z.

We will in addition always assume that Y .- | by, =1 and that the process is stationary.

Lemma 3.4. Assume that X = XY € R for some translation invariant measure v. Then
X is a renewal process if and only if v is supported on finite intervals of 7.

Proof. We show ”only if” direction; the ”if” direction is left to the reader.

Assume that X = X" is a renewal process. Then, by Theorem X is positively
associated, and hence
P(X,+1=0|X,=0)>0 VYneZ (3.4)

Let n € Z. Then, by definition, we have
e VSn+18n) — (X0 = 0] X, = 0) > 0.
Since X is a renewal process, we also have
P(Xp1=0]Xp=0)=P(Xp11=0| X, =0, X,_1 =0, ...) = e VSt Uj<n i)
Combining the two above equations, we obtain

V(Snt1 N Sn) = v(Snt1 N U S;j) < o0.

Jj<n
In particular, this implies that for any j < n, we have
V(Sn—H N Sﬁ N SJ) =0.

This implies that v is supported on intervals. Assume now for contradiction that v has
support on infinite intervals. Then, without loss of generality, we can assume that

v({Iko0)NZ: k€Z}) > 0.

Since X = X", with strictly positive probability there is k € Z such that X; = 1 for all
j > k, and hence X cannot be recurrent. This concludes the proof. ]

Proof of Theorem[3.1. Assume first that that X = X” € R. Since X is stationary, v is
translation invariant, and by Lemma [3.4] v is supported on finite intervals. Letting & > 1,
it follows that

cr=P(Xo=X,=0) = ¢V Stom) = V(S0 o V(SK) M (Sto ) = m(S0) o =¥(S0) (S0 )

= 3 S = 3 [ el-0D).

>k
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From this it follows that

i _ Bl 9O DG - GEE)
2 BT, oy eGPV IR, P D

Consequently, v is given by ({3.1]).

Using (3.3)), it is easy to check that X being positively associated implies that the following
inequality holds.
Ck—1Ckt1 > ci Yk > 1. (3.5)

Let v be given by (3.1). Since v is translation invariant and supported only on finite
intervals, it follows from Lemma that X" is a renewal process. Next, note that for any
k > 0, we have, for all m > k + 1,

Z (j— k) logch;j_1 =logcy — (m+1—k)logcy, + (m — k)logemta
j=k+1 ¢ (3.6)
=logcy — log ¢y, + (m — k) log ican
Cm,

Using (3.3)), one can verify that

Cm+1

lim ¢, =c2 and lim mlog =0. (3.7)

m—o0 m—o0 Cm

Letting m — oo in (3.6)), we obtain
P(X(I]/ — XIZ — 0) — 0362j>k(j*k)y([j]) — cgelogck—bgcg = ¢k,

where the first equality follows as in the first display of the proof. Since X* and X are
both renewal processes, this shows that X" = X. ]

We now state and prove a more general version of Theorem which is valid for all
renewal processes.

Theorem 3.5. Let X be a renewal process with P(Xo = 0) > 0. Then X € R if and only
if

Cho1Che1 > b Yk > 1. (3.8)

Moreover, in this case, X = XY, where v is the translation invariant measure given
by (B-1).

The proof of Theorem already proves Theorem if we can show that (3.7)) also holds
in this more general setting. This is the purpose of the following lemma.

Lemma 3.6. Assume X is a renewal process with co > 0 such that (3.8) holds. Then
(a) (ck)k>0 is decreasing,

(b) limy_,o0 ¢, = C(Z), and

14



(¢) limg o0 klog(cr1/ck) = 0.

Proof.

(a)

Since (3.8 holds and ¢y > 0, we have ¢, € (0,1) for all £ > 0.

For any k£ > 1, we have

Ck+1Ck—1 >1 e Ck—1 > Ck

5 > .
C. Ck Ck+1

Consequently, the sequence (C’Z—;l)kzl is decreasing and converges to a limit a €
[0,c0/c1] as k — oco. We will now show that a > 1. To this end, assume for contra-
diction that a < 1. Then there is j > 1 such that c¢;/cx+1 < (1 +a)/2 < 1 for all
k > j, and hence ¢ > ¢;(2/(1 + a))k_] for all £ > j. Since ¢; > 0, this implies that
limg_ o ¢ = 00, contradicting that ¢ < 1 for all £ > 0. Hence we must have a > 1.
Since (cx—1/ck)k>1 is decreasing, it follows that c;_1/cy > a =1 for all £ > 1, and
hence (c)x>0 is decreasing. This completes the proof of @

Since, by @, (ck)k>0 is decreasing, let co denote its limit. Let
ar == P(min{j > 0: X; =0} = k), k> 0.

Then, for any k > 1, we have (due to stationarity)

e

co=P(Xp=0)=Y_aj(ckj/co)-
j=0

Since Z;’;O aj =1, co >0, and ¢ \, o, WE obtain

To this end, note that for any m > 1, we have

m
S = E l<:logck;§]CJrl =logco + mlogepmyr — (m+ 1) logen,
c
k=1 k

[(B]

= log ¢y — log ¢, + log(cmy1/em)™ < logeo — logem + 0

Nlogey — log 0(2) = —log cp.
Since each term in the sum S, is non-negative, Sy, is increasing in m. Since (S, )m>1
is increasing and bounded from above by — log ¢, its limit lim,,_,~ S, exists and is
bounded from above by — log cg. Since, by @ the limit of (¢ )m>0 also exists, and

Sm — (log co — log ¢m) = log(cm+1/cm)™,

it follows that limy, oo (Cmt1/cm)™ exists. Next, note that since cg > ¢1 > -+ > 3

and >, 1/m = oo, we must have liminf,,, o m(¢n — ¢my1) = 0. Since

liminf m(c,, — ¢py1) = 0= liminf m(1 — ¢ppy1/cm) =0

= liminf(1 — (1 — ¢py1/cm))™ = 1 & liminf(cpyr/em)™ =1
m—o0 m—r0o0
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and lim,, o0 (C41/cm)™ exists, it follows that

li

im (Cm+1/cm)m = lim inf(Cm+1/Cm)m =1.
m—00 m—00

This establishes and thus completes the proof.
O

Proof of Theorem[3.5. Replacing (3.7) with Lemma the proof of Theorem gives
the desired conclusion. O

Lemma tells us that for positively associated Markov chains, the corresponding v is
supported on finite intervals. Interestingly, a similar result holds for Markov random fields.

Proposition 3.7. Let X = X" be a {0,1}-valued process on a connected graph that
satisfies the Markov property and is such that for all finite sets A,

P(X(A)=0]X(0A4) =0) > 0.

Let D be the set of all disconnected subsets of S, at least one of whose components is finite.
Then v(D) = 0.

Proof. By assumption, we have for any finite set A
P(X(A) =0 X(04) = 0) = e S2S4) > 0.
Since X satisfies the Markov property, we also have
P(X(A)=0] X(0A4) =0) = P(X(A) = 0| X(A°) = 0) = ¢ “(S>54) > 0,
Combining the two above equations, we obtain
v(S83 N S54) = v(S3\S%e) <

which easily yields
v((SZNSHe) N S54) =0.

This concludes the proof. ]
Remark 3.8. With Theorem[3.1] in mind, it is natural to ask whether

1. all positively associated tree-indexed Markov chains are in R, and if

2. the Ising model on Z2, d > 2, is in R.
We answer both these questions negatively in Theorem[6.1] and Theorem [6.3,
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4 Infinite permutation invariant processes

In this section, we consider (possibly infinite) measures v on {0, 1} which are invariant
under finite permutations and the associated processes X* which are permutation invariant
probability measures on {O,l}N. Also, in this section, we let II, denote the product
measure on {0, 1} with density p and we recall de Finetti’s Theorem which states that
each {0,1}-valued process X indexed by N which is invariant under finite permutations
is an average of product measures; i.e. there is a (unique) probability measure p on [0, 1]
such that the distribution of X is .
/0 1L, dp(p).

Ezample 4.1. If X ~ 11, i.e. if g = Jp, then X = X" for the (infinite) measure v defined
by

We will identify X with pu.

V(A) = —log(1—p) if A={j} for some j € N
0 else.
Example 4.2. For all p € [0,1], if X ~ all, + (1 — )11y, ie. if p = adp + (1 — a)dy, then
X = XV for the (infinite) measure v defined by

—log(l —p) if A= {j} for some j € N
v(A) =< —loga it A=N,

0 else.

Ezample 4.3. Let v = I1,,. Then

d o= e !
v 2 .
X=y T -y
=0

which is a convex combination of product measures whose densities have an accumulation
point at one.

4.1 A de Finetti theorem for infinite measures

To begin here, we need to first understand the permutation invariant (possibly infinite)
measures v on {0,1}. If we stick to probability measures, then this is the classical de
Finetti’s Theorem above. While this immediately extends to any finite measure, we need
to encompass infinite measures as well here. We found the following infinite version of de
Finetti’s Theorem which is relevant for our specific context. After having done this, we
learned that this was already done (in a slightly different and even more general setup) by
Harry Crane; see [5, Theorem 2.7]. Despite the result therefore not being new, we include
our proof below since it is quite short and written using the same language as the rest of
the paper.
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Theorem 4.4 (A version of de Finetti’s theorem for possibly infinite measures). Let v be
a permutation invariant measure on P(N) ~\ {0}. Assume that v(S;) < oo. Then there is
a unique measure o on (0,1] and ¢ > 0 such that

1
v= 02(57; + / I1, do(x) (4.1)

ieN 0
and

1
/ xdo(x) < oo.

0

Note that the assumption that v(S;1) < oo is needed to not have X¥(A) = 1 almost surely.

Proof. Let U := {{1},{2},...}, and for j > 1, let v; = V’Sﬁ]\(uusﬁ ) Note that by
J J—

assumption, for each j > 1, v; is a finite measure. Then we can write
o0
v=c E 0; + E vj.
ieN j=1
In particular, we have written v as a sum of measures with disjoint supports.

Define
TA={1}U(A+1), ACN

and

() = 1/1(7'0 ) = 1/(7'0 )
Then 74 is permutation invariant and finite, and hence, by de Finetti’s theorem, there is
a unique finite measure m on [0, 1] such that

i < /Hz dm(x).

Note that
[m| = ||71]] = v({A: minA =1, |A] > 1}) < oc.

For j > 1, let
A;j :=supp(v;) = {ACN: |A] > 1, min A = j}.

For § C A;, we have

I/j(S) = V(S) = I/(O’ljS) = V1(O’1j8) =1 (7’71(0'1]‘8))

_ / IL, (7~ (01;S)) dm(x) = / 1,(S) 2z~ " dm(x).

Letting do(x) = 2~ dm(x), the desired conclusion immediately follows. O
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4.2 Characterization in terms of infinite divisibility

We recall that a random variable Z on [0, c0) is infinitely divisible if its Laplace transform

satisfies -
Elet7] = e elo (e =1)do(s) 4> (4.2)

where v > 0, 6((e, 00]) is finite for all € > 0, and fol sdo(s) < oo. Here ¢ is called the Levy
measure of Z. The notion of an infinitely divisible distribution on [0, c0) easily extends to
the case where the probability that Z = oo is strictly positive. This corresponds to the
law pL(Z") + (1 — p)dso, where Z' is infinitely divisible.

Our main theorem completely identifies permutation invariant random vectors in R with
infinitely divisible distributions on [0, cc].

Theorem 4.5.

(a) Assume that X € R satisfies X = XV where v is as in (4.1)). Further, let u be such
that X ~ fol IT, dp(p). Let : x — —log(l—x) map [0,1] to [0,00], and let Z = ¢(Q)
where () ~ p. Then

(i) Z is infinitely divisible,
(ii) 6 = oo ;! and
fiii) v = v({1}),
where & and v are as in (4.2)).

(b) Let Z be an infinitely divisible distribution on [0,00]. Let ¢~ = ¢: x + 1 —e~* map
[0,00] to [0,1], and let u = L(P(Z)). Let X ~ fol I, dp(p). Then

(i) X € R,
(ii) o =6Go¢™ !, and
fiii) v({1}) =,
where & and v are as in (4.2) and X = XV, where v is as in (4.1]).

Lemma 4.6. Let X ~ fol I, du(p). Assume that X € R and let v = ¢, N0y +
fol I, do(x) be such that X = XV. Further, let Q ~ 1, yo = 1 — e " and (Y});51 be

a Poisson point process with intensity o. Then

QL1-(1—-y) -1

i>1
Proof. Assume without loss of generality that Y7 > Y5 > ... Then, one observes that
XY 1Y)z ~ (1 yo) [T,5, (1-V;) -

Since we also have X” ~ fol IT, du(p), it follows, since the set of permutation invariant
measures is a simplex, that

1= (1—y) [[O-Y)) ~p.

Jj=1
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This concludes the proof. O

Proof of Theorem[{.5 Let yo and (Y;);>1 be as in Lemma Then, by this lemma, we
have

QL1-(1-y) ] -y,

j=1

and hence

Z = —log(1 - Q) ~ —log(1 —yo) — Y log(1 - Yj).
i>1

This implies that for t > 0 we have
E[e_tz} — E[e—t(—log(l—yo)—zjzl 10g(1—Yj))] — E[et log(1—y0)+t3 ;54 10g(1—Yj)]
= etlos(l—v0) E et Eyx1 los(1-Yi)] = ot1os(1=90) o Jy (! 951 =) —1) do (y) (4.3)

— t1og(1=y0) o fy (1=y)'=1) do(y) _ ,tlog(1=yo),[5° (e =" ~1) d(oop~1)(s)

)

where we use Campbell’s formula in the third to last equality. This concludes the proof
of [a)

To see that holds, let v be defined by

1
V= 2’7(5{]} —I—/ I, d(6 o gb_l)(.l‘)

JEN 0

Let X’ := XV. Then, by construction, X’ € R. We will now show that X 2 X', To see
this, let 1’ be the de Finetti measure of X', Q' ~ p/, and Z' := —log(1 — Q’). Let Q ~ p
and Z = —log(1l — Q). Since the set of permutation invariant measures is a simplex, it

suffices to show that u = u/, or equivalently, that Z Ly Using (4.3) with Z replaced by
Z', we obtain E[e~*?] = E[e~*7] for all t > 0. Hence Z £ 7'. This concludes the proof

of [(b)] O
The following result is a direct consequence of Theorem

Corollary 4.7. Let m >2,0<p; < -+ < pm <1 and ai,...,an € (0,1) be such that
Yoty =1, Let X = (Xj)jen ~ Y ivy 051l Then X € R if and only if m = 2 and
Pm = 1.

Proof. We have X ~ fol I1, dp(p), where p has finite support. Since the only finitely
supported infinitely divisible random variables with no support at oo are constant, the
desired conclusion follows from Theorem O

20



4.3 Examples

Ezample 4.8. Let o be the Lebesgue measure on [0, 1]. Further, let v = fo I, do(x), and
let p be such that X ~ [II,du(p). Then, by Theorem (4.5 - (a)l for @ ~ p we have that
—log(1 — @) is infinitely divisible with v = 0 and

do(z) =e *do(z) =e "dx.
On the other hand, assume that u is of the form
1 [
p el (1) [ L1 d
0
for some ”nice” probability density function f. Let (Y;);>1 be a Poisson point process with

intensity o, let Uy, Us, - - - ~ unif(0, 1) be i.i.d., and let @ ~ u. Then, using Lemma for
t > 0, we have

P<ty=P(1-JJa-v)<t)=P(1-t <[] -Y2)

i>1 i>1
) o1 k 00 o1 k
=Y pPa—t<[la-wn)=> —rO-t<]]v)
k=0 i=1 k=0 =1
00 6_1 e 6_1 1 t( logu)k_l
k=1 i=1 k=

Taking derivatives of both sides, we obtain

. J1 (2 —log(1 — t))

d o1 s log l—t )kl
o) =gte Z )! B —log(1 —t)

dt

)

where J7 is the Bessel function of the first kind with order 1.

Ezample 4.9. Let p be the uniform measure on [0, 1] and let X ~ fol II, du(p). Let Q ~
and let Z := —log(1 — @). Then

P(Z<t)=P(-log(1-Q)<t)=P(Q<1—-eH=1-¢",

and hence Z has density f(t) = e*. Since the exponential distribution is infinitely divis-
ible, it follows from Theorem {4.5(b)| that X € R. Note that it is well known and easily
checked that the exponential distribution with parameter 1 corresponds to v = 0 and

do(t) = e t/tdt in (4.2). Again using Theorem [4.5(b), we further obtain in (4.1)),

— log(1—z 1 1
do(z) = e~ (71080=2)) /(_1og(1 — 2)) - o du = sl 1) dzx (4.4)

and

v({1}) =0.
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Ezample 4.10. Let u be a Beta-distribution with parameters o, § € (0,00) (i.e. let u have
density 7 1(1 — )" 'B(a, 8)7') and let Q ~ p. Then —log(1 — Q) is infinitely divisible
(see e.g. [I7, Example VI.12.21]) with v = 0 and Levy measure

e‘ﬁt(l — et

010 = e

dt.

Hence, by Theorem X ~ fol I1,, dp(p) is in R. Moreover, we get

—2)P 11— (1 —z)®
do(z) = do(—log(l —x)) - 1i$ =& )xloggl(l(lfc) o

and y({l}) = 0. We recover Example by letting o = 8 = 1.

5 Finite permutation invariant processes

5.1 The Curie Weiss model and a finite permutation invariant result

In this section, we state and prove a theorem in the finite permutation invariant setting,
which we then use to show that the supercritical Curie Weiss model is not in R for large n.

Theorem 5.1. For each n > 1, let X,, € {0,1}" be permutation invariant. Let X, =
(Xn(1) + ... Xn(n))/n. Assume that there is c € (0,1), such that

lim P(X, >¢)=0 (5.1)

n—o0

and that X, € R for each n > 1. Then

lim Var(X,) = 0. (5.2)

n—o0

Proof. Let 6 € (0,1), and let S? be the set of all subsets of [n] with at least dn elements.
Let v, > 0 be such that X = X" (such a v, exists since X,, € R).

We will first show that lim,, e v,(S°) = 0. To this end, let ¢ € (0,1) be such that
holds and choose k such that (1 — 5)k < % We now condition on the event & ,, that the
Poisson random variable corresponding to the number of sets chosen from S° for the nth
system is at least k. Note that

oo e*”n(sd)yn SO

>k

One easily sees that for each i € [n],

1+e¢

P(Xn(i) =11 &) 21— (1= 6)" > —
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Applying Markov’s inequality conditioned on &, ,,, we get

P(Xp>c|&n)=1- P(Z(l — Xa(i) > (1—c)n | 5,6,”)

i=1
E>T (1 —X,00)) | Ekn -
(I1-¢c)n (1-c)n
From this, it follows that
_ P
P(X,>c)> (52’“")

Using (|5.1]), we obtain
lim P(&.,) =0.

n—oo
which implies that lim, Un(Sé) = 0. In particular, lim,, s yn(S[g]) = 0.

Now note that
E[X,] = E[X,(1)] =1—e ") <1

and that

E[X2] = n*ZE[ ZX } - (nE[Xn(1)2] +n(n — 1)E[Xn(1)Xn(2)]>

:n”(nE[Xn( )] +n(n — DE[X,(1)X, ( )
=n2 (nE[Xn( +n(n—1) ( Sta ) + 67”"(8[31)(1 — e(”"(sl)”"(s[gl)))Q))
n—oo o 0) o 0(] o (m(S)-0N2) _ ¢ 12
0+((1 e )+e(1—e ! ))—nh_{rgoE[Xn]
From this the desired conclusion immediately follows. O

Theorem 5.2. Let 15, be the Curie- Weiss model on [n] with parameter J = 3/n, so that
pin(0) = Zye’ =%, o e {—1,1}".

Let X,, € {0,1}" be the corresponding {0, 1}-valued random vector where we have identified
—1 with 0. If B > B. and n is sufficiently large, then the Curie-Weiss model is not in R.

Proof. 1t is well known that X,, concentrates at 1/2 & cg as n — oo, where
1. cg=0if 8 < B..
2. 0<cg <3 if B> B
Applying Theorem the desired conclusion immediately follows. O
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5.2 Finite averages of product measures

In Corollary [£.7], we considered finite averages of product measures, and showed that these
were not in R except in very few special cases. In this setting, given X ¢ R, there is an
N > 3 such that X([n]) € R for n < N and X([n]) ¢ R for n > N. The reason for the
73" is that any average of product measures X is positively associated and hence by the
discussion after Lemma X ([2]) is always in R.

Our averages of product measures have precisely 2m — 1 parameters. The next theorem
says that we can reduce it to 2m — 2 parameters. This might not seem like a giant
improvement, but when m = 2, we then have only two parameters. This is the case which
we will analyze in most detail and we can then visualize the phase diagram reasonably
well since it is just two-dimensional. In this theorem, we use the following notation.
Given x = (x1,x9,...,2Zyy) such that 1 = 21 > 29 > -++ > x,, > 0, ¢ € (0,1], and
a=(a,...,am) € (0,1)™ such that >, a; = 1, we let

m
7xia
Xq ~ E O‘iﬂlfqa:i-
i=1

Using this particular form for the product measures is advantageous since, as stated in
the following theorem, being representable turns out to be independent of ¢.

Theorem 5.3. Let n > 2. Let x = (z1,22,...,%m) be such that 1 = z1 > xg > -+ >
Tm > 0, ¢ € (0,1], and a@ = (a1,...,0y,) € (0,1)™ be such that 3", a; = 1. Then
X9%%([n]) € R if and only if X9 *%([n]) € R for all ¢ € (0,1].

The proof of Theorem [5.3] will use the following lemma.

Lemma 5.4. Letn > 2. Letx = (x1,x2,...,%y) be such thatl = x1 > x9 > -+ > x, > 0,
g€ (0,1, and a = (a1, ..., ) € (0,1)™ be such that Y ;" | o; = 1. Let v,, be the unique
signed measure corresponding to X1*%([n]). Then, for { € [n],

L

() = S (1) (f) log’Y gz 53)

§=0
m n—1
—log q + log 7223:@?;9:;” if { =1

Yico(D) T () log Sy e if €€ {2,3,...n},

Moreover, v,({1}) > —logq and v,(]2]) > 0.

(5.4)

Proof. For j € [n], we have
P(X([n]\[5]) =0) = Zaz‘(qfci)nfj-

Using ([2.3]), we obtain (5.3). From this, noting that Zﬁzo(—l)eﬁ' (f) (n —j)logqg = 0 if
¢ > 2, we obtain (5.4). From this, using the Cauchy-Schwarz inequality for the second
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inequality, we obtain

O]

Proof of Theorem[5.3 Assume that X9*%([n]) € R. Then there is a measure v on P([n])~
{0} such that X?*%([n]) = X". Let v/ be the unique signed measure corresponding to
X9*® Let A C [n] satisfy |A| > 1. By Lemma we then have that v(A) = v/(A), and
hence, since v is a non-negative measure it follows that v/(A) > 0. Finally, we note that,
again by Lemma we have /({1}) > —log ¢ > 0. Hence v/ is a non-negative measure,
implying that X¢*%([n]) € R. This concludes the proof. O

The following proposition begins to give information about the phase diagram for when
X([n]) € R by explaining what happens when «; is sufficiently close to zero or one and
when z is sufficiently close to zero (see Figure [1]). (Recall that by Theorem for any
n, X([n]) being in R is independent of q.)

Proposition 5.5. Let x = (z1,22,...,%y) be such that 1 =x1 > x9 > -+ >y, >0, g €
(0,1], and & = (1, ..., am) € (0,1)™ be such that Y ;" oy = 1. Let X ~ > " oulli_gq,
and n > 3.

(a) If m > 2, then X ([n]) € R if x2 is sufficiently close to 0.
(b) If m > 2, then X([n]) € R if a1 is sufficiently close to 1.
(c) If m = 2, then X([n]) ¢ R if xv2 > 0 and oy is sufficiently close to 0. (This is not

true in general for m > 3.)

Proof. Assume first that xo = 0. In this case, one verifies that

—logq ifk=1
yn([k']) =<{—logay ifk=n
0 otherwise,

and hence X ([n]) € R. In the rest of the proof, we therefore assume that x5 > 0.

We first show that @ holds. To this end, assume that zo is small enough so that
al_l Yoo aix; < 1. Then, using (5.4), a Taylor expansion, and the assumption that
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St o =1, we obtain that, for any k € {2,3,...,n},

min(k,n—1) m
vn ([k]) = Z (—1)F=J <k> log (a1 + Zaix?_])
=0 J i=2
min(k,n—1) ' 0 V41 m )
= 3 () (lomen + X e ')
§=0 =1 i=2

o' S P+ Oy R itk e {2,3,...,n— 1}
—log oy + O(x2) if k =n.

Finally, we note that by Lemma vn({1}) > —log q. From this @ immediately follows.

We now show that @ holds. To this end, assume that «; is close enough to 1 to ensure
that afl Yoty aix; < 1. Then, for k € {2,3,...,n}, as above, it follows that for a3 — 1,

min(k,n—1) 00 041 m
v, = ki (R og o (1) —1 AT
(=% () (omes v > oY)
=y a1 = )"+ O((1 - an)?).

The last equality, when k = n, uses the observation that log a;+a; ' (1—a;) = O((1—a1)?).
Since v, ({1}) > —log ¢ by Lemma it follows that X ([n]) € R when « is close to 1.
This concludes the proof of @

We now show that holds. To this end, assume that m = 2, and that «; is close enough
to 0 to ensure that a3 < (1 — ay)zh. Then, for k € {2,3,...,n}, by (5.4) and a Taylor
expansion, it follows that for c; — 0,

k

() = Yo (5 tog(anr + e
k . 2, (—1)tH! ,
- jz%(_l)kl <§) <log oy 7))+ Z; (o /(s j))z>
k
— Z(—l)k_j <k> (log(agxg_j) + al/(agxg_j)) + O(a%).
j=0 J

Noting that

it follows that

a1
vu(IK) = (1 0y (1= ) + Olad)
This concludes the proof of O
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The case where m = 2 and z9 is taken to be close to 1 (corresponding to two product
measures having similar densities) is the most intriguing and undergoes a phase transition
in a7 where the critical value corresponds to the largest negative zero of the so-called
polylogarithm function as we will see in the following theorem. In addition, this result
will later be used to show that certain positively associated tree-indexed Markov chains,
as well as the Ising model with certain parameters, are not in R.

X2

mo_v/_\
05
a;
0.0
0.0 05 10
(a)n=3,k=
Xo X2
1.0 10
0.5 05
a, aq
0.0 0.0
0.0 05 10 0.0 05 10
b)yn=4,k=3 (c)n=4,k=4
X2 X2 X2
10 1.0 4= 1.0
05 05 0.5
a t ay ay
0.0 0.0 0.0
0.0 05 10 0.0 05 10 0.0 05 10
(d)n=5k=3 (e)n=5 k=4 f)n=5k=5

Figure 1: In the figures above, we draw the regions where v,([k]) < 0 as a
function of (our only parameters) zo (on the y-axis) and «; (on the z-axis) for
m = 2, n = 3,45 and k € {3,...,n}. The curves along the z-axis are the
polylogarithm functions which appear in Theorem

In this result, we will use Lis to denote the polylogarithm function with index s € R,
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defined for z € C with |z| < 1 by

o0

Lis(2) = 7 ;7

k=1
and extended to all z € C (except for poles) by analytic continuation. When s is a negative
integer the function Lis(z) is a rational function.
The following properties of the polylogarithm functions are standard and easy to show.

1. For all z € R and j € Z, we have Li}(z) = Li; 1(z)/x.

(n) (n)

2. For all n > 2, Lij_, has exactly n distinct non-positive roots v}/ =0 >ry " > --- >
r,(ln) = —oo which satisfy the interlacement property
0= TYLH) = Tg n) (nH) > ré RIS rﬁb”H) > 7“7(1 n) — rf:fll) = —00.

3. For all n > 2, Lij_(2) < 0 for all z € (r{",0).

4. For all n > 3, Lij_p(x) > 0 for all z € (rén),rén)). Hence, for any n > 4, since

rén_l) € (Tén),rén)), we have Lil,n(rén_l)) > 0.

5. limy, a0 rén) = 0.
One verifies that ré ) — -1, 7’2 =+/3—2, and 7"2 =26 — 5.

In the next theorem, we describe what happens when m = 2 and x5 is close to 1.

Theorem 5.6. Let x = (x1,22) be such that 1 = z1 > x9 > 0, ¢ € (0,1], and o =
(a1,a2) € (0,1)? be such that ay + az = 1. Let X ~ arlli_gp, + aolli_gq, and n > 3.
(Recall that by Theorem for any n, X ([n]) being in R is independent of q.)

(a) Let k € {3,...,n}.
o If Lil_k(—al_l(l - oq)) < 0, then yn([k]) > 0 for xo sufficiently close to 1.
o IfLij_j(—a7 ' (1 —an)) > 0, then v, ([k]) < 0 for zo sufficiently close to 1.

(If Liy _(—a1 (1 — a1)) = 0, then the sign of vy([k]) depends on which zero of Lij_y
one is considering.)

(b) a1 >1/(1— r2 ) if and only if X ([n]) € R for xa sufficiently close to 1 (see Fz'gure.
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Proof. We first show that @ holds. In this case, by (5.3))
k Ik A
(k) = 317 (4 ) oo+ (1 - an)a )
k ke .
=51 () tow(1 + 71— anyag )

k
= (—1)F*! ;)(—1)7' <’;) Lij (—a Y1 — ay)zh 7).

One verifies that for any ¢ € {0,1,...,k + 1}, we have

k 0 ifl <k
S (1) (’;) (n—3) =Lk 0=
=0 (n—k/2)(k+ 1)l if 0=Fk+1.

Combining these observations and Property [1] of the polylogarithm functions, we obtain

df

7Vn([k])|z =1

d:vg 2
0 ifl <k
K=D)L Liy g (—a7 ' (1 — a1)) if £ = F,

(DI {(271 — k) Lig(—ar (1= 1)) — kLiy_g(—a7 (1= an))| if€=k+1.

(We will not need the case ¢ = k + 1 for @, but we will need it for @ and hence include
it here.) Using a Taylor expansion of v, ([k]) around x2 = 1, it follows that v, ([k]) < 0 for

r9 near 1 if
dk

0>—+:
dx’z“

va((kD)],,_y (~D)F = k! Lis g (a7 (1 - o).

Hence, if
Lij_x(—a;'(1 — 1)) >0,

then v, ([k]) < 0 for z2 near 1. Analogously, if
Lij_j(—a7' (1 — 1)) <0,
then vy, ([k]) > 0 for z3 near 1. This completes the proof of [(a)]

We now show that holds. Note that oy < 1/(1— rén)) st l-m) < rgn) =",
Ifo; >1/(1— ré")), then Lij_g(—a1(l —a1)) <0 for all k € {2,3,...,n}, and so, by |(a)
we have v, ([k]) > 0 for x5 close to 1 for all k € {1,2,...,n}. Hence X([n]) € R for z,
close to 1. Conversely, if a; < 1/(1 —7";")), then there is at least one k € {3,4,...,n} such
that —a; (1 —a;) € (rék),rék)), and hence Li;_p(—ai(1 — 1)) > 0. For this k, by M,
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we have v, ([k]) < 0 for zo close to 1, and hence X ([n]) ¢ R for x5 close to 1. Finally,
if g =1/(1 — rén)), then by the above, we have that v, ([k]) > 0 for x5 close to 1 for
all k € {1,2,...,n — 1}. Noting that for this ay, we have Lij_,(—a; (1 — a1)) = 0 and
Li_n(—al_l(l — 1)) > 0, and so we obtain vy, ([n]) > 0 for x5 close to 1 by using a Taylor
expansion of v, ([n]) around zo = 1 of degree n + 1 and Property |4] of the polylogarithm
functions. Hence X ([n]) € R for x2 close to 1 . Finally, if o =1/(1 — rgn)), then by the
above, we have that vy, ([k]) > 0 for 23 close to 1 for all k € {1,2,...,n—1}. Noting that for
this a1, we have Li;_,(—a; (1 —a1)) =0 and Li_,, (—a;l(l —a1)) > 0, and so we obtain
vn([n]) > 0 for x close to 1 by using a Taylor expansion of v, ([n]) around xzo = 1 of degree
n + 1 and Property [4] of the polylogarithm functions. Hence X ([n]) € R for x2 close to 1.

Finally, if oy = 1/(1 — rén)), then by the above, we have that v, ([k]) > 0 for z2 close to 1
for all k € {1,2,...,n—1}. Noting that for this «;, we have Lil_n(—afl(l —ap)) =0 and
Li_,(—a;' (1 —a1)) > 0, and so we obtain v,([n]) > 0 for 5 close to 1 by using a Taylor
expansion of v, ([n]) around zo = 1 of degree n + 1 and Property {4] of the polylogarithm
functions. Hence X ([n]) € R for z2 close to 1. This concludes the proof of O

N o o B~ W0ODN

Figure 2: In the above figure, we draw Lil_k(—afl(l —aq)) for k=2,3,4,5,6,7
and a1 € (0,1). Using Theorem one verifies that when n = 3,4,5,6,7 we get
the following thresholds in a; for getting X ([n]) € R when x, is close to one: 3,

% + 2—\1/5, % + %, % + % 7“[:)35(;%5, % + %\/ @ (approximately equal to 0.5,
0.788675, 0.908248, 0.958684, 0.98085 respectively).
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6 Tree-indexed Markov chains and the Ising model

In this section, we apply results from the previous section to obtain results for tree-indexed
Markov chains and the Ising model on Z%, d > 2.

Theorem 6.1. Let d > 3 and let T be a tree where some vertex o has at least d infinite
disjoint paths emanating from it. Let XP" be the positively associated tree-indexed Markov
chain on T where p and r as in Remark belong to (0,1). If r < 1/(1 — réd)), where

réd) is as in the paragraph before Theorem then XP" ¢ R.
Note that since réd) approaches 0 as d — oo, we have that for any p,r € (0,1), there is
some d such that XP" ¢ R.

Proof. For k> 1, let Ly = {Egk), Egk), e ,E&k)} be a set of vertices in 7 such that for each
J € ld],
(i) dist(ﬁgk), o) =k, and

(ii) the paths between o and ng), J € [d], are disjoint.
Note that conditioned on X2, the random variables X Z’,;, e, X Z’,:) are independent and
1 d

identically distributed. Moreover, if we let
(k) ._ P prf =1 Xpur =0
by = (4(’“)_ | Xo" =0)
1
k
P = P(XTE = 1] XB7 =1),
1

then
X|Lk ~ P(Xo = O)Hpék) + P(Xo = 1)Hp§k)‘

Note that p(()k) < pgk) and that

Using Theorem [5.6(b)} it follows that for r < %'réd) and for any sufficiently large k,

X|r, ¢ R, and hence, by Lemma [2.14(a)l X ¢ R. O

Remark 6.2. Interestingly, we can show that if the tree T consists of one vertex with
three infinite rays emanating from the vertex, then, for r close enough to 1, one has that
for all p € (0,1), the Markov chain indexed by T belongs to R. In light of Theorem |6.1
this tree therefore exhibits a phase transition in r, which we do not believe holds for the
binary tree. This will be elaborated on and extended in future work. In fact, one can
check that for the tree T with four vertices and three leaves, the set of (p,r) for which the
tree-inderved Markov chain on T is not in R is a non-trivial subset of (0,1)2.
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Theorem 6.3. Let X be the Ising model on Z, d > 2, (identifying —1 with 0), and
coupling constant J > 0. Then, if

62dJ - 1
02d] + o—2d] =

1-— r§2d)
where rém) is as in the paragraph before Theorem we have that X ¢ R.
Proof. Let 0= (0,0,...,0) and for k > 1, let
Ly = {(£k,0,...,0),(0,%k,0,...,0),...,(0,0,...,0,£k)}.
Next, let C) consist of o and the 2d direct paths from o to the points in L; and finally,

let X®*) be the restriction of X conditioned to be zero on the set Z*\Cy, to Cy. Then,

conditioned on X(gk) the random variables {Xék)}ge 1, are independent and identically

distributed. Moreover, if we, for £ € Ly, let

P = pPxP =11 x# =0)= P(X,=1| X, =0, X(Z2\C}) = 0)
P =pPxP =11 xP =1)=P(X,=1| X, =1, X(Z2\C}) = 0)
then
XWp, ~ PXI = 0)IL oo + P(X = DIL .
0 1

Note that since J > 0, for every k > 1, p(()k) #* pgk), and moreover

2dJ

Finally, observe that P(Xék) =0) < m. Using Theorem [5.6(b)} it follows that for
any sufficiently large k, X*)|;, ¢ R, and hence, by Lemma [2.1 (a) and X¢R O

Remark 6.4. For d = 2, if we look at the critical value J, = 1/21log(1 + /2) = 0.440687,

4Jc . .
C€+e,4‘,c > 3+6‘/§ =7 1(4) and hence the above theorem is only applicable
—r§

one has that —

within a subset of the subcritical regime (although we have no suspicions whatsoever that

the conclusion fails somewhere). For higher dimensions, it is known that J.(d) =< é as

d — oo and since TéZd) goes to 0 as d — oo, we can conclude that for all sufficiently
high dimensions, the above theorem rules out being in R throughout the subcritical regime
and partly into the supercritical regime. The above result can with small modifications be

extended to the Ising model with an external field.
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7 The stationary case

In this section, we consider the stationary case.

After having obtained the results in this section, we learned from Nachi Avraham-Re’em
and Michael Bjorklund that most of the results in this section follow from known results in
the theory of so-called Poisson suspensions, an area within ergodic theory and primarily
within infinite measure ergodic theory. See for example [I3], [14]. Since this section is
only four pages, we decided to leave it as is, providing fairly direct proofs of the results
stated, in the spirit of the rest of the paper, rather than introducing the notion of a
Poisson suspension and refer to the relevant theorems in the literature. For example, while
Theorem would follow from the known and easy result that ”Poisson suspensions of
dissipative systems are Bernoulli”, the proof here gives an easy factor map from an i.i.d.
process to our system.

We begin by giving both sufficient and necessary conditions on v for X" to be ergodic.
For simplicity, we stick to one-dimensional processes.

We start with the simplest necessary condition as a warm-up.

Proposition 7.1. Assume that v is finite and not the zero measure. Then XV is not
ergodic.

Proof. Letting v be v renormalized and Y = (Y;) be the {0, 1}-stationary process with
law given by 7 (recall that we identify {0, 1}-sequences with subsets of Z in the natural
way). Then the distribution of X can be expressed as

max{Y1 Y2 .. YN},

where Y, Y2, ... are independent copies of Y, N is a Poisson random variable with mean
|lv|| independent of Y!, Y2, ... and max is taken pointwise. As a consequence, the distri-
bution of X” can be expressed as an average of the distributions of max{Y!, Y2, ..., Y*}
for k > 1, where each of the latter is a stationary process. Clearly XY = 0 with positive
probability and since, v is not the zero measure, P(Y = 0) < 1 which easily implies that
P(X" =0) < 1. Hence XV is not ergodic. O

Remark 7.2. If we let py, be the law of max{Y', Y2 ..., Y*} for k > 1 and g the Dirac
measure on the sequence consisting only of 0’s, the distribution of X" is given by
=llvll

— |lv||"e
> PRl
k=0 ’

If Y is ergodic, then the above will often, but not always, yield the ergodic decomposition
of X¥. Reasons why it does not in general are

(1) if Y =1 a.s., then (and only then) py = pg for all k > 1, and
(2) it is possible that uy is not ergodic and must be further decomposed but this cannot

happen if Y is weak-mizing.
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The next theorem strengthens Proposition and provides two equivalent conditions for
ergodicity. Before stating the theorem, we define

Z = {ne{o 1} lim L 0’7’“ :o}.

In other words, Z consists of the configurations with zero density. It is immediate that Z
is a translation invariant set.

Theorem 7.3. Assume that P(X" = 1) < 1, or equivalently, that v(Sp) < oco. Then the
following are equivalent.

(i) v cannot be expressed as vy + vo where v and vy are translation invariant and vo is
a nonzero finite measure

(i) v(Z°) =0
(ii) XV is ergodic.

Proof. (iii) implies (i).

Assume that v = 11 + 19 Where v1 and o are translation invariant and r9 is a nonzero
finite measure. By Lemma [2 if we let X1 and X2 be independent, then X" and
max{ X", X*?} have the same dlstnbutlon. Since v is a finite measure, X*?> = 0 with
positive probability, and hence the density of X" is the same as the density of X** with
positive probability. Since 15 is nonzero, X*? has a positive density with positive prob-
ability and since X** and X*2 are independent and P(X"* = 1) < 1, the density of X"
is strictly larger than the density of X** with positive probability. Together this implies
that X" cannot be ergodic.

(i) implies (ii).

It suffices to show that for any § > 0,

1/({77 € {0,1}Z: limsup =A=0"2 L= 077k (5}) =0.

n—0o0

To do this, we will show that v(As) = 0 where

As = {n € {0,1}": hmlank 0 I >6}, 6>0

and then apply [I5, Theorem 2] to conclude the previous statement. Using Fatou’s Lemma,
we get

dv(As) < /hmlnf D= oﬁk dv|as; < hmlnf/ Lo Onk dv|a; = v|a,(So) < 00.

Hence v(Aj) < oo, and so, by assumption, we can conclude that v(As) = 0 as follows. Since
Ajs is translation invariant, we can write v = v|4; + (v — v|4,) where the two summands
are translation invariant. Using the assumption (i), the desired conclusion follows.
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(ii) implies (iii).
We first show that

n—1

lim lZP(Xg:X;; = 0) = P(Xx§ =0)>. (7.1)
0

n—oo n

By the first statement in Proposition this is equivalent to showing that

|
—

n

lim P(Xy =0)°-

n—0o0

(e"(SNSk) — 1) = 0.

S
i

0

Since P(X” =1) < 1, we have

sup v(Sp NSk) < v(Sy) < o0
k

and hence there exists ¢ > 0 so that for all n € N we have

n—1 — n—1

1 y c 1

ﬁ E (6 (Soﬁsk — E E SO N Sk = C/ ]_SOE E ]_Sde (72)
k=0 =0 k=0

By our key assumption, the random sum % ZZ;(l) 1s, approaches 0 v-a.e. Since v(Sp) < 00
we can now apply the Bounded Convergence Theorem to conclude that the right hand
side of ([7.2)) approaches 0 as n — oo. This shows that (7.1)) holds.

From here, there are two ways to complete the proof. One quick way to do this is that
one can observe that Lemma implies that X" is max-infinitely divisible (see [7] for
the definition) and then apply Theorem 1.2 from this latter reference. However, one can
proceed directly as follows. Let S; and S5 be two finite subsets of Z. Let A be the event
that X¥(S1) =0 and B be the event that X”(S2) = 0. One can show, analogously to the
first step, that

n—1

lim % Y P(ANT*B) = P(A)P(B) (7.3)
k=0

where T7% is a k - step left shift. One does this by applying the full statement of Propo-
sition and then easily modifying the argument above. Using inclusion-exclusion, one
can conclude ([7.3)) for any cylinder sets A and B. This yields the ergodicity. O

Remark 7.4. It is easy to see that for positively associated processes, ergodicity implies
weak-mizing. Alternatively, this is stated in [7, Theorem 1.2] for mazx-infinitely divisible
processes. In addition, by [7, Theorem 1.1], to prove mizing, it suffices to prove decaying
pairwise correlations which amounts to showing that lim,,_ V(S?O’n}) =0.

We next give a sufficient condition on v which yields much stronger ergodic behavior.

Theorem 7.5. Assume that v is such that v-a.s. each S € P(Z) has a smallest element.
Then XV is a Bernoulli Shift; i.e. it is a factor of i.i.d.’s.
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Proof. Let T be the set of subsets whose smallest element is k. Then v is concentrated
on |J 7T and by translation invariance, the sets T are disjoint and all have the same
v-measure.

Case 1: v(Tx) = oo for some (and hence all) k.

In this case, it easy to see that X” =1 a.s., and hence we are done.

Case 2: v(Tx) = 0 for some (and hence all) k.

In this case v is the zero measure and X” = 0 a.s. and hence we are done.
Case 3: v(Tx) € (0,00) for some (and hence all) k.

We will represent X" as a translation invariant function of random variables {U,,},cz,
each uniform on the unit interval [0, 1] as follows. For each k, we can use Uy to generate
a Poisson point process Py on 7Ty, with intensity measure v7;. Then, letting X,, = 1 if and
only if n € Up<, Py, we have that X has the same distribution as X” and we are done. [

Remarks 7.6.

1. If there is a uniform bound on the radius of the subsets where v is supported, then
the above of course holds and the map is a block map.

2. If there is a uniform bound only on the sizes of the subsets where v is supported (a
weaker assumption), then the above of course holds but this is not necessarily a block
map. In fact, if there is not a uniform bound on the radius of the subsets where v is
supported, then the above map is not finitary.

3. Much of the above extends to 7.

Theorem 7.7. Assume for Z¢ that v is supported on sets S for which there exists
(k1,...,kq) so that ij > k; for each j for all (i1,...,iq) € S. Then X" is a Bernoulli
Shift; i.e. it is a factor of i.i.d.s. In particular, if v is supported on finite sets, then XV is
a Bernoulli Shift.

Remark 7.8. The assumption loosely says that v is concentrated on sets which are con-
tained inside of a “north-east” quadrant.

Proof of Theorem[7.7]. We only outline the proof since it requires only minor modifications
of the previous proof. We also only do this for d = 2. Let T, x, be the set of subsets
Z4 where i1 > ki and iy > ko for all (i1,i2) € S and (k1, k2) is maximal with respect to
the lexographic order with this property. We only deal with the non-trivial case where
V(Tky ky) € (0,00). We will represent X as a translation invariant function of random
variables {Uy, k,}, uniform on the interval [0,1]. For each (ki,k2), we can use {Uj, ,}
to generate a Poisson point process on 7Ty, k,. Then one proceeds as in the 1-dimensional
case. U

In view of the results in this section, it becomes clear that, from an ergodic theoretic point
of view, the most interesting case is when v is supported on infinite zero density sets. This
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is analogous to what happened when one studied divide and color models in [16].
The following provides us with such an example.

Example 7.9. Let X be the random interlacements process on Z3. Then, by construction,
X = XV, where v is the corresponding measure with support on the set of all simple
random walks trajectories, transient in both directions, in Z3, and with the property that
the mass assigned to the set of all simple random walks that intersects a given finite set
is finite and non-zero. Let v/ be v restricted to the z-axis. Since a random walk on Z? is
recurrent, v/ is supported on infinite 0 density sets. Letting X’ be the restriction of X to
the z-axis, we of course have X’ = X*'. By Theorem X' is ergodic. In fact, in [4],
the full interlacement process X was shown to be a Bernoulli shift which implies that X’
is also a Bernoulli shift.

8 Questions

1. Is the subcritical (high temperature) Curie-Weiss model in R for large n?
2. Is the Ising model in Z¢ for J > 0 always not in R?

3. Is there any nontrivial tree-indexed Markov chain on an infinite regular tree (other
than Z) that is in R?

4. Take i.i.d. bond percolation on Z%, d > 1, p > p.. Take X (v) = 1 if v belongs to the
infinite component and 0 otherwise. Is X € R? Note, it is known (see [1]) that the
law of X is downward FKG. If X = X" for some v, it is easy to see that v must
then be supported on sets which have no finite components.

5. Is the upper invariant measure for the contact process in R? It is known to be
downwards FKG.

6. Given v, can the behavior of X“ depend in an essential way on ¢? This is clearly
a fairly vague question; one example where one sees this kind of phenomenon is in
the percolation properties of the interlacement process.

7. We have seen that if v = Eiez n>1 0n0iitn With ) a, < oo, then X" is a factor of
ii.d.’s. Is X¥ in fact a finitary factor of i.i.d.’s?

8. Related to Proposition what can one say concerning the class of product mea-
sures which dominate X* for a translation invariant measure v on P(Z%) ~ {0} ?
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