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Fractional order linear viscoelasticity

-

stress tensor: o;;, displacement vector: u;

strain tensor: ¢;; =

3 (5 * )

0ij = Sij + 0kk0ij, € = €;j + sexrd;; shear and bulk modes
constitutive equations (Bagley and Torvik 1983):

Sij (t) + TfélDfélSij (t) — ZGOOGZ']' (t) + ZGTlalD?leij (t)
Ukk(t) + TQOQD?QUkk(t) = 3Koo€kk(t) —+ SKTSQD?QGkk(t)

relaxation time: 7; > 0, differentiation order: o; € (0,1)

DRSO = DO = D [ t=9s6s)ds
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.

Fractional order linear viscoelasticity

solve for ¢ by means of Laplace transformation:

S”LJ()_QG(ew ¢ G /fl s)eij(s)d )

Tn(t) = BK(ekk(t) B _KKOO /0 Folt — 8)epn(s) ds)

where

d £ i - tn .
fi(t) = _EE ( (;) ), E.(t) = nz::O T T an) Mittag-Leffler func.

simplifying assumptions: a=oa1=as, T=T1=7, f=f1=/fo

y= = B 0, B =70, w=0. AzK—éGJ
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Fractional order linear viscoelasticity

o N

o (t) = (Mij (t) + )\ekk(t)éij> _ /0 t B(t — s) (zueij(s) + )\ekk(s)&j) ds

ve (0,1), a€(0,1), 7>0

0= g~ (8)) -2 ) (- (2wt o

T T T

B0 20, 8l = [ A0 dt =1(Eal0) - Ealo) =7 <1

)R =0 = (@300 = [ [ se—seldsolr)d =0

viscoelastic model: time domain, few parameters
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Stress response to unit strain — parameter fit

o N

Uniaxial data at small strains for the rubber material: GR-S gum vulcanizates.
: t
Data from Tobolsky. Classical: a =1, 3(t) = i exp ( — —).
T

T
18 ; : ;
— Fractional order, «=0.62
16} — - Classical, «=1
T TS x  Experimental data
14+

[EEY
N
T

ool [GN/M?]
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Equations of motion

o N

equations of motion:

pls — oijj = fi,  INQ
u; = 0, onT

(also: traction boundary condition o-n=g¢g onI'y)

constitutive equations:

( . 1 ({9%& 8uj
€ig(u) = 2 (8xj i 8%)

Tij (t) —_— (2/,661']' (U(t)) + Aekk (u(t))(sw)

B / B(t — 5) (2mes; (u(s)) + Aewr(u(5))d; ) ds

G
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Abstract formulation

o N

V= [m@] ol = el = ([ veidn) (o) = [ fde

a(u,v) = / (211655 (w)e (v) + Aexs(w)es(v)) da

weak formulation:

strong formulation:

\—pij(t) + Au(t) — /o Bt —s)Au(s)ds = f(t), (Au)i = —(2ues;(u)+ Aékk(U)CSij),jJ
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Stability and regularity

F_

—1—/5 yds, &(0) =1, 111205(75):1—% Et)>1—~v>0
w(t,s) =

—u(t —s), s €[0,t], “the history”
_ /t Bt — s)(Au(s)tAu(t)) ds
= /ﬂt—s ) dsAul(t /ﬂt—s ) (Au(t) — Au(s)) ds

1—/5 ds Ault /5 ) (Au(t) — Au(t — s)) ds

+ /0 B(s)Aw(t, s) ds

- AED.0) + Salult) ) + / Bsholults o) 9)ds = (f(0)) WEV
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Theorem 1: stability and regularity

o N

lolls = 14720 = / (v, Alv), 1€R

pli(t), 1) + E(Dau(t), ) + / B(s)a(w(t, s (F(t)0) VeV
take 1 = Alu(t)

pl(T)Z + ET) u(T)|2 + / B u(t)]12., dt
\/

/ B(s)|w(T, s)||71 d5+/ / )] Ds|lw(t, s)||7; ds dt

7

>O

T
2 2 [
= pl|lvoll7 + ||u +2/ f,A"u)dt
looll7 + lluollis : ( )
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Theorem 1: stability and regularity

o .

T
1. 1 1 _1
AT+ (1= ) H (D)1 < ool + ol + 7% [ it
0

[e R

Assume elliptic regularity:  ||v||g2 < C||Av|| = C||v||l2 Vv € D(A)

T
[T |1+ fa(D)rr2 < C|lfoollm + [fuoll = + p~3 / |11 ]

(T2 < €| Au(T) - / BT Au) i + 5 @,

< Co?tagXT Ju(®)[[a + [[F(T)]]2
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Functional analytic framework

fFabiano and Ito (1990) T

t) + Au(t / B(t — s)Au(s)ds = f(t)

t) + Aul(t /ﬁt—sAu / B(t — s)Au(s

known pre-history
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Functional analytic framework

|7Fabiano and Ito (1990) T

0 + Ault / B(t — s)Au(s) ds = f(t)

u(t)+(1—/ / B(s)A(u(t) — u(t — 5)) ds = f(t)
it / B(s)A(u(t) — ult — s)) ds = f(t)
v=1u, v +/Oooﬁ Aw(t, s f(t)
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Functional analytic framework

|7Fabiano and Ito (1990) T

d=v, o)+ (1 — ) Au(t) + /OOO B(s)Aw(t, s)ds = f(1), 1 =v—w

Ut)=| v(t) | € H(Q) x La(Q) x Wy 5((0,00); H'()) = X

U(t) + AU (t) = F(t)
A is dissipative on X: (AV,V) >0, V € D(A)

Lumer-Phillips theorem, strongly continuous semigroup

existence and unigueness
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Spatial discretization

f ViiCcV T

(up(t) € Vi, up(0) =wuon, un(0) =vop

standard finite element space:

<
o(iin (1), ) /m—s a(un(s), ) ds = (F(1),) ¥ € Vi

o |
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Theorem 2: stability

o N

{Ah:Vh%Vh

a(vp, wp) = (Apvp,wp) Yop,wp € Vy

[onllag = 145 20n]l = \/(wn, ALvn), vy € Viy L€ R

hitl < C{Hvo,h |h1 + JJuon

[an (T ne + [lun(T)]

T
st + / |Pofllns de
0

[e R

weuseonly [ =0, —1
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January 2006 — p.14/25



Theorem 3: A priori error estimates

e N

J&(0)]| < € (llono = voll + lluno = Ruuoll )
T
+ O (Juollgs + 16D + [ il ),
0
Je(T) 112 < € (llono = voll + luno = uoll )
T
+Ch(lvolln + s + T)le + [ il ),
0
le(D) < C(llono = voll + o — uoll)

T
+C12 (folls + ol + (Dl + [ il ).

Proof. same as for the wave equation.
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Time discretization — discontinuous Galerkin method

-

Ozt0<t]_<"'<tn—1<tn<"'<tN:T

In — (tn—lytn), kn =tn —tn-1

W:{w:w(t):wnfortéln, Wy € Vi, nzl,...,N}

N\

(U1, U2 €W, U;g=muon, Uyg=wvon, andforn=1,... N,

| (G@.vi®) - @) Va@) ) de+ (o1, Vi) =0

In

/ (p(UQ (t), Va(t)) + a(Ui(t), Va(t))

In

_ /0 B(t — s)a(Ui(s), Va(t))ds — (f(2), VQ(t))) dt + p([Ua]n_1,Va'n_1) =0

\ vVi,Vo e W

Uilr, =Uin € Vi, Vilr, =xi € V&, i=1,2, implicit Euler
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Temporal discretization — discontinuous Galerkin

o N

ky ' (Ut — Utjp—1) — Uz = 0
by (Uzpn — Uzin—1) + AUt — @n(ApUL) — P fn = 0

where

3

qn AhUl / /ﬁt—s AhUl()det

1

Wnj = 7 / / B(t —s)dsdt, t; Nt= min(t;,t)
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January 2006 — p.17/25




Temporal discretization — discontinuous Galerkin

o n N

k! (UQ,n — U2,n—1) + ApUi,p, — Z kijwn; AnUr j — Phfn =0

j=1

n—1

k‘;l (UQ,n - U2,n—1) + (1 - knwnn>AhU1,n — Z kjwnjAhUl,j + thn

71=1

<1 ifk, small

kn
0+ )F(1+a)( )

o |
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f
Aul(t)

Time discretization — stability

t
—/ﬁt—sAus )ds

_ /m_stAu
1—/ﬁ ds Ault

discrete time, variable steps:

/m_s ) (Ault

/ﬂ ) (Au(t) — Au(t — s)) ds

Ul(t—s) QW

Aus)) ds

aaaaaaaaaaaa



f
Aul(t)

Time discretization — stability

—/tﬁt—sAusds
_ /ﬁt—sdsAu /ﬁt—s ) (Ault
1—/5 dsAu /ﬁt—s

— (1) Ault) + /O B(t — 5)Aw(t, s) ds

p(i(t), ) + E(D)alu(t), ) + / B(t — s)a(u(t, s), v) ds =

— u(s

Aus)) ds

)) ds

(f(t),%)

VpeV
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Time discretization — stability

-

the crucial term:

/ /m—s ca(t)) ds dt

{w(t, s) = u(t) —u(s), a(t) = Dyw(l, s)}

//ﬁt—s $). Dyw(t, s)) ds dt

- / / B(t — ) Dyllw(t, 5)||2 ds dt
1 T T
- / | Bt~ 9Ddwit. o) deds
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Time discretization — stability

-

the crucial term:
T t
/ / B(t — s)a(w(t,s),u(t)) dsdt
0 0
1 T T
25/0 / B(t — s)Dy||w(t, s)||7 dt ds
1 [r 1 [T
5 | BT =T )ids =5 [ BO)wis o)

1 (T (T
—5/ / ﬂ’(t—s)”w(t,s)ﬁdtds >0 ?7?
0 S

. N
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Time discretization — stability

-

the crucial term:
T t—e
/ / B(t — s)a(w(t,s),u(t)) ds dt
0 0
T pT
= %/O /8+€B(t— s)Dyllw(t, s)||{ dt ds
1 T 1 T
=5 [ 8@ -9l sitas- 5 [ sk ds

1 T T
3 [ [ se-lutoliads >0 ase—ot 7
0 s+e

- N
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Time discretization — stability

-

the crucial term:
T t—e
/ / Bt — $)a(w(t, s), a(t)) ds dt
0 0
1 T T
— 5/0 / B(t — s)Dy||w(t, S)H% dt ds
s+e
1t ) 1t )
=3/ B(T — s)||w(T, s)||7 ds — 5 /. B(e)|lw(s+e, s)||7 ds
1 T T
_ 5/ / Bt —s)|w(t.s)|2dtds >0 ase— 0t 27
0 s+e
This works with € = 0 In the time-discrete case.
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Time discretization

o N

We can now prove stability and error estimates in a similar way as in the
semidiscrete case.

U2,

[nt + [|U1,n]

T
vt < C[lvonllng + luonlniss + [ 1Puflnade]
0

0<t, <tny=1T, [e R
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Numerical experiment

15 T T OX 10

—— dynamic |
- - guasi-static

x2[M]

0.5¢

0 05 1
x1[m]

u(z,0)=0m, a(z,0)=0m/s, f(x,t)=0N/m>
u(x,t) =0matxz; =0m, g(z,t) =(0,—-1)O(t)Paatz; =1.5m,
v=05 Ey,=10MPa, a=0.5, v=0.3, p=40kg/m®,

The left figure shows the spatial discretization. The right figure shows the
computed vertical displacement at the point (1.5,1.5) m.
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Earlier work

-

® smooth kernel:  Lin, Thomée, and Wahlbin (a priori error estimates)T
® (quasi-static motion pi = O:

Shaw and Whiteman (a posteriori, adaptivity)

Adolfsson, Enelund, Larsson (a posteriori, adaptivity, sparse history)
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Ongoing work

-

a posteriori error estimates
adaptivity

sparse history

other time-stepping methods

two kernels: (3, (shear), 35 (bulk)

© o o0 @
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