POINTWISE A POSTERIORI ERROR ESTIMATES FOR THE
STOKES EQUATIONS IN POLYHEDRAL DOMAINS
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Abstract. We derive pointwise a posteriori residual-based error estimates for finite element
solutions to the Stokes equations in polyhedral domains. The estimates relies on the regularity of
the of Stokes equations and provide an upper bound for the pointwise error in the velocity field
on polyhedral domains. Whereas the estimates provide upper bounds for the pointwise error in the
gradient of the velocity field and the pressure only for a restricted class of polyhedral domains, convex
polyhedral domains in R?, and polyhedral domains with angles at edges < 37/4 in R3. In the cause
of this study we also derive L9 a posteriori error estimates, generalizing well known L2 estimates.
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1. Introduction. Let @ C R™ n = 2,3, be a polyhedral domain and consider
the Dirichlet Stokes problem in dimensionless form

—Au+Vp=f inQ,

V-u=g inf, (1.1)

u=0 ondfd,
where u = (u1,...,u,) is the unknown velocity field, p is the unknown pressure, f =
(f1,--., fn) is an external body force and g is a function prescribing the compressibility

of the flow, for incompressible flows g = 0.

The purpose of this paper is to establish residual-based pointwise a posteriori error
estimates for conforming finite element approximations (up, pr) to the Stokes problem
(1.1). Only requiring that the finite element mesh is regular, allowing adaptively
refined meshes, we obtain a number of error estimates.

1. For polyhedral domains we derive pointwise error estimates for the velocity
field

||uh - u||L°°(Q) S gl(uhuphafagaﬂﬂT)'

2. For convex polyhedral domains in R2, and for polyhedral domains in R3 with
angles at edges < 37/4 we derive pointwise error estimates for the gradient
of the velocity field

IV (un —u)|lLe) < E2(un, pn, f, 9,2 7T)

3. For polyhedral domains as specified in Item 2 above we derive pointwise error
estimates for the pressure

lon — Pl ) < E3(un,pn, f,9,92, 7).
4. For polyhedral domains and for ¢ € [2n/(n + 1),2n/(n — 1)] we also derive
the following L?-estimate

IV (un —u)|lac) + Ipn = PllLae) < Ea(un, pn, f, 9,2, T).
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2 S. LARSSON AND E. D. SVENSSON

The right hand sides £;,2.34 in the estimates above are functions derived from
the residuals, depending on the finite element solution, the data, the domain and the
triangulation.

The first estimate in Item 1 relies on the fact that, for sufficiently regular data,
the velocity field is Holder continuous in polyhedral domains. Similarly, the pointwise
estimates for the gradient of the velocity field, Item 2, and the pressure, Item 3,
require continuity. This is generally not obtained in polyhedral domains without
imposing extra constraints, convexity for polyhedral domains in R? and a minimum
inner angle condition, < 37/4 at edges, for polyhedral domains in R? [14]. We note
that estimating the gradient of the velocity field is somewhat more involved since Vuy,
is discontinuous at the (n — 1)-faces of the triangulation.

The fourth estimate in Item 4 relies on LY-regularity estimates stated in [3] for
Lipschitz domains and also in [14] for polyhedral domains. It is a straightforward
generalization of the L?-based estimates in [23].

The techniques used to prove the pointwise error estimate is inspired by [16],
where an a posteriori residual-based pointwise error estimate was derived for Poisson’s
equation in two dimensions, later this analysis was also done in three dimensions for
conforming and non-conforming finite elements [4]. The techniques provided in [16]
has also been applied to: the obstacle problem [8, 17], contact problems [18], and
monotone semi-linear equations [15]. Moreover we note the related and independent
work [6]. We remark that the gradient of the solution was not considered in these
[16, 4].

The pointwise a priori error analysis for the Stokes problem was worked out in
two dimensions for convex domains and quasiuniform triangulations [5], and in three
dimensions for polyhedral domains with the similar type of constraints as mentioned
above and for quasiuniform triangulations [11].

1.1. Assumptions and notation. We only consider functions defined on bounded
domains w C  C R", n = 2,3, with measure denoted by |w|, and where  is associ-
ated with the Stokes problem (1.1) and the dual problem (1.4).

Let {e;}? ; denote the canonical unit vectors, e; = (1,0) and ez = (0,1) for n = 2
and e; = (1,0,0), e2 = (0,1,0) and ez = (0,0,1) for n = 3.

We denote the i:th partial derivative by

0

ii= ’ =1
6:51- ‘

gee ey

and the gradient by

V= (D17 .- '7Dn)a
and the matrix of second order derivatives

V2 = (DiDj)Zj:y

We use standard notation for spaces of smooth functions, for example, C™(w),

Cs°(w) and C™7 (W), and for Lebesgue and Sobolev spaces, L(w) = W4 (w), W*4(w)
and Wéc’q(w), see for example [1]. For u € L(w) or u € W*9(w) we use the following
notation for the norm

[ullza) = lullgw — and flullwaorw) = lullgro,

and likewise for the corresponding seminorms |u|g k.-
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When ¢ = 2 L%(w) = L?(w) becomes a Hilbert space and we denote the scalar
product by

(u,v)y, := / uv dx.

For u € W) %(w) or for u € WhH4(w) with S, u dz = 0 for some non empty
wp C w, the norm is equivalent to the seminorm, ||ul|1,q.u ~ |u|1,q0, see for example
[22, Lemma 1.1.1-2, pp. 43-44]. We will use this equivalence without further notice
throughout this work.

We denote the dual exponent to ¢ by ¢’ = ¢/(¢—1) and the dual space to Wé’q(w)
by W54 (w) with the dual norm

llull ~k,q'w = sup M, o)) , (1.2)
PECS (W) H<P||k,q,w

where (-, -) denotes the duality pairing.
Generally, for a vector space V we denote its dual space by V' with dual norm

Jullv- = sup L2
eev llelv

for example, W (w) := W—F7 (w).

When w = 2 we sometimes write L7 instead of L(f2) and |||, instead of ||-||4,0
and likewise for Sobolev spaces and their norms and the L? scalar product.

We use the quotient space W*4/R with the norm

ollwo/m = g o + el

For vector fields

Q3 z—ulx) = (ui(x),...,uy(z)) € R"

we set
Vu = (Diuj)?)j:l,
V2u = (DiDjur)}j 1
and for u = (u1,...,u,) € WH(Q)" we use the Sobolev (Lebesgue) norm

n 1/q
[ullk,q = <Z|Iui||z,q> )
=1

and the corresponding seminorms, the maximum norms
[ulloo = miaXHui”om

IVtlloo = max]| Dy oo,
;

and the scalar product
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We also use the product spaces W4 := W;4(Q)" x LI(Q)/R with the norm

[(w, p)lwra = llullrg + 1Pl e/,
and W29 := (W24(Q)" x WH4(Q)) N W* where s = nq/(n — q), see Theorem 1.3,
with the norm

[(w, p)llw2.a = llullzq + [IPIwre/m-

Finally, throughout this work we use C' or C;, ¢ = 1,2,..., to denote various
constants, not necessarily with the same value from time to time.

2. Weak formulation. We follow the standard notation, ¢f. [12, 23], and
define the bilinear form

E((u,p), (¢7 )‘)) = CL(’LL, ¢) + b((ﬁ,p) - b(u? A)v

for test functions (¢, A) and where

Ouy; 8(;51 B |
) /Q Z | 05 8:6] and  b(¢,p) := _/Q(V ¢)pdz.

For data f € W~1% and g € L? such that [,g dz = 0 and for 2n/(n + 1) <
q < 2n/(n — 1) there is a unique weak solution to (1.1), see Theorem 1.1 for a more
precise statement. The weak formulation of (1.1) now reads. Find (u,p) € W?(Q)
such that

L((u,p), (3, N) = (f,0) + (9, N) V(e X) € WHT (), (1.3)

where (-, -) denotes the appropriate duality pairing.
The dual problem to (1.1) is

~AG—-Vp=f inQ,
—-V-a4=¢§ inQ, (1.4)
2=0 onJ9,

where f € W17 and § € LY such that Jog dz =0 and for 2n/(n+1) < ¢ <
2n/(n —1). The corresponding weak formulation is. Find (@,p) € W () such that

L((¢, M), (@,5) = (6, f) + (N, §) V(e A) € WH(Q). (1.5)

1.3. Existence and regularity in non-smooth domains. For any domain
Q C R, n =23, and data f € W 12(Q)" and g € L?*(Q2) such that [, g dz =0, it
is well known that there exists a unique weak solution (u,p) € Wy >(Q)" x L*(Q)/R
o (1.1), see for example [22, Chaper 3] and references therein. For sufficiently regular
domains and data there are several extensions such that (u,p) € Wy %(Q)" x L4(2)/R,
see Remark 1.1 below. In Theorem 1.1 we quote one example of such an extension
where the Stokes problem is formulated on Lipschitz domains. This is a slight modifi-
cation of [3, Theorem 2.9] where it was provided with ¢ = 0. However the case g # 0
is readily included.
THEOREM 1.1. Let Q2 C R"™, n = 2,3, be a bounded Lipschitz domain. There exist
e >0 such that if (3+¢)/(2+¢) < qg<3+¢c and f € W= H4(Q)" and g € LI(Q) with
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Jo g dx =0, then there exist a unique weak solution (u,p) € Wyt ()™ x LY(Q)/R to
(1.1). Moreover, the solution satisfies the inequality

lullg + IPllze/m < C(I1f -1 + llglla), (1.6)

for some C = C(n,q,Q).

Proof. For g = 0 this is [3, Theorem 2.9]. For g # 0 we use the method of
subtracting the divergence, see for example [22, Theorem 1.4.1, p. 114], to handle the
non-homogenous compressibility constraint.

For  and g as stated there exists v € Wy'?(2)" such that

Vev=g and |vllie < Clgllg, (1.7)

see, for example, [22, Lemma 2.1.1, p. 68]. Taking w = u — v we see that (1.1) is
equivalent to

—Aw+ Vp=f+ Av, V-w=0, in Q,

and w|gpg = 0. Now [3, Theorem 2.9] implies that there exist a unique pair (w,p) €
Wyt()™ x L9(2)/R satisfying the above equations and the inequality

[wll1,q + [IPlla/m < ClIf + Av-1,4,

for some C = C(n,q, Q).
Thus, (u,p) € Wy 9(Q)"™ x LI(Q) /R is a unique solution to (1.1) and the estimate
above implies that

lullg + lPllze/r < C(I1fll-1.q + 0lhg + [Av]-1,4)-

The inequality (1.6) now follows from the estimate in (1.7) and the fact that ||Av||_1 4 <
ollq- O

Remark 1.1. (1) For n = 2 the results of the theorem actually holds with (4 +
e)/(34¢) < qg<4+e. This is provided in the same way as for n = 3 [21]. (2) For
polyhedral domains a similar theorem was established in [14], in particular, for convex
polyhedral domains the result holds with 1 < q < oo. (8) For C*-domains there is a
stmilar theorem again with 1 < q < oo, see for example [9].

As a consequence of Theorem 1.1 and Remark 1.1 we obtain the following inf-sup
like estimate.

COROLLARY 1.2. For q and Q as in Theorem 1.1 we have

lwp)lwe <€ sup LR G)]

Y(u,p) € WH(Q), (1.8)
@newnd (@ N)[lwre

where C = C(n,q,Q).
Proof. Let (¢, A;) be the solutions to the following problems

—Ap1 =V =f, V-p1=0, inQ  ¢ilon =0,
—Agy —VAy =0, V-¢po=§—go, in€ ¢2loa =0,

where f € W14 (Q)" and § € L7 (Q) with the mean §o = |Q|~" [, da.
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With Theorem 1.1 applied to the above problems and with (1.5) we get

- (CRORERY)]
N R [ VI[N
£ 0), G120 1£(Cw:p), (62, 32))
>5( (@A 102 X2 ) )

2C<|< >|+|(Ziagj§0)|)
[ 7

Since W14 and LY are reflexive for 1 < ¢ < co we get

[{u, f)]
sup —— = [Jull1,q,
few-vra @ |[fll-1q

and since (p,§ — go) = (p — po, §), where pg = [Q|~" [, p dz, we have

g—g 1
SU.p |(pag gO)' > = inf sup |(p+C g)l

||p||Lq R
sertie 15— dolly — 2R, 00y Ndle /

where we also used the estimate [|§ — goll¢' < 2||g||q

Now since (1.9) is valid for any f e w14 (Q)" and for any § € L7 (Q) we may
take the supremum with respect to f and g, which together with the last two estimates
above completes the proof. O

The next theorem concerns the W24(2)" x W14(Q)-regularity of the solution
o (1.1) in polyhedral domains. The theorem is due to [14], for a review see [13],
although it is formulated somewhat differently here.

THEOREM 1.3. Let Q C R™, n = 2,3, be a polyhedral domain and let 1 < g < 4/3.
Suppose f € LYQ)"™ and g € WH4(Q) such that ng dr = 0. Then there exist a
unique weak solution (u,p) € Wy *(Q)" x L*(Q)/R to (1.1) for s = ng/(n — q) such
that (u,p) € W24(Q)" x Wh4(Q). Moreover, the solution satisfies the inequality

[ull2g + lpllwram < C(1fllg + lglq), (1.10)

for some C = C(n,q,Q).

Proof. By virtue of Theorem 1.1 and Remark 1.1 we obtain the existence, since by
Sobolev’s imbedding theorem we have L9 C W% and W4 C L* for s = nq/(n—q),
1 < ¢ <4/3 and we readily check that 2<s <4 forn=2and 3+¢)/(2+¢) <s<
3+c¢eforn=3and any € > 0.

The regularity (u, p) € W24(Q)" x W4(Q) follows from [14, Theorem 5.3] which
is also true provided (u,p) € Wy *(Q)" x L*(Q)/R. [19]. The estimate (1.10) is then as
consequence of the open mapping theorem, see for example [7, Corollary 5.11, p. 162].
O

Remark 1.2. (1) For n = 2 and if the mazimum inner angle in the polyhedral
domain is less than m — & for some § > 0, then the result can be extended to hold
with 1 < ¢ < 24 ¢ for somee > 0 [19] and cf. [14, §5.5]. (2) For n = 3 and if
the maximum inner angle at the edges in the polyhedral domain is less than 3m/4 —§
for some 6 > 0, then the result can be extended to hold with 1 < ¢ < 3 + ¢ for some
e >0 [19] and cf. [14, §5.5]. (8) For C'-domains there is a similar theorem with
1 < g < o0, see for example [9]. In cases (1) and (2) the existence is also true since
for convexr domains Theorem 1.1 is modified as in Remark 1.1.



SIAM MACRO EXAMPLES 7

We now state a corollary where we assume that we have the higher regularity in
Remark 1.2.

COROLLARY 1.4. Suppose that the solution (i, p) to (1.4) with data as in Theorem
1.3 belongs to W4 (Q)" x W4 (Q) for some ¢' > n. Then the solution (u,p) to (1.1)
satisfies

llullg + ||p||W1wQ’(Q)’/R < C(”f”flq + ||g||W1wQ’(Q)’)a (1.11)

for some C = C(n,¢,Q) and where 1/q+1/¢ =1 and WH7 (Q)' /R is the dual space
to Wh4' (Q)/R.

Proof. We use the same technique as in the proof of Corollary 1.2. With (1.3) we
estimate

|(f, ) . 1{g, \)]
sece@n 19llz  sewra /m IMlwio/r

1£((u,p), (6, V)]
z TN/ L 1 -
= oo 1@ Myae

1fll=2,q + lgllwra @) =

Let (¢;, A;) be the solutions to the following problems

“Ap1 =V =Ff, V-¢r=0, inQ  ¢i)ag =0,
—A¢ps — VA2 =0, V:-¢a=g§—3go, inf d2loa =0,

where f € LY (Q)" and § € W9 (Q) with the mean gy = |Q| Jq 9 dz. We assumed
that (¢;, \i) € W27 (Q)" x W' (Q) and thus we estimate

sap  EwD), (9, V)]
@newza (@ N)[lyze
1 1L((wp), (1, M) | [£((u,p), ($2,A2))]
22( TG A e 1102, A2y ) (12)
ZC<|(U~,J;)|+|<P7€7—§0>|>7
1Fle ik

for some C = C(n, ¢, Q).
Since L9 and W4 () are reflexive for 1 < ¢ < co we get

wp L F)
feLd ()~ Hf||q'

= [lullg,

and since (p,§ — go) = (p — po, ), where pg = [Q|~! [, p dx, we have

sup ————— > inf sup ——" = ||p||W1,q/(Q),/R.

GEWL (Q) 1911,¢ CER zew 1. () 191114

Now since (1.12) is valid for any f e LY (Q)" and any § € W7 (Q) we may take

the supremum with respect to f and g, which together with the last two estimates
above completes the proof. O
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1.4. Finite element formulation. Let {7 },~¢ denote a family of regular tri-
angulations of ) and let hr denote the diameter of an n-simplex 7" € 7 and set
Pin = minTETh hr.

We only consider conforming finite element spaces, X, C Wy 9(Q)" for the
velocity and, My/R C L%(Q)/R for the pressure and define the product space
Wy, = Xj x My/R. From (1.3) we obtain the finite element formulation. Find
(up,pr) € Wy, such that

L((un;pn); (Dn: An)) = (f, dn) + (9, M) V(dn, An) € Wh. (1.13)
As usual we also require that W), satisfies the inf-sup condition [12], that is,

|L((un,pn), (Pn, An))l
Uh, Dh 12 <C  sup ,
It Jw Graewn  1(@ns An)llwre

(1.14)

for all (up, pn) € Wh, which implies that (1.13) is well posed.

We particularly have in mind the family of Taylor-Hood finite elements, see fore
example [12], which satisfy the above requirements.

We recall a few standard results from interpolation theory, see for example [20].
Let St denote the union of all simplices adjacent to 1" and let Zx, and I, denote
interpolation operators Zx, : W, %(Q)" — Xj, and Iy, : W™ H9(Q)/R — M, /R.
For integers £ = 0,1, m =1,..., and (¢, \) € W™4(Sp)" x Wm=L4(Sr) /R, we have

IV4(¢ = Zx, 9o < CRT ™ [Plim.q.51 (1.15)
and
IA = Zag, All Lo(ry/m < CRE YA wm-1a(80) /R (1.16)

On the boundary, 9T, we use the trace inequality [9, Theorem 3.3, p. 43] and scale
it appropriately, i.e., for w € W14(T) we obtain the estimate

—1 1—1
[wllgor < C(hp wllgr + by whgr),
and hence
16— Tx, dllgor < ChE ™ Slm.q.57- (1.17)

We also use inverse estimates, see for example [2, Theorem 4.5.3, p. 111]. For any
T € T, let V be a finite dimensional subspace of W*4(T)NW™(T'), where 1 < ¢ < o0
and 1 < s < oo and 0 < m < k. Then there exist a constant C' such that for allv € V

—k _
ol < CRE ™ ol (1.18)
2. Error analysis . We consider the error in the finite element solution to (1.13),
ey =up—u and e,:=py—p,

and note that (e,,e,) € Wh4, since the finite elements are conforming.
Define the residual in the momentum equation (me) by

Rume := f + Auy — Vp, € WH(Q)", (2.1)
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and the residual in the compressibility constraint (cc) by
Rec :=g—V -up € LYQ), (2.2)

where we note that [, Rec dz = 0.
In weak form the residual becomes

R((un,pn), (6, A)) := (£ 8) + (9, A) = L((un, pn), (6, 1)), (2.3)

for all (¢, \) € Wha',
From (1.3) we obtain the identity

L((eurep), (6, 0) = R((un,pn), (9, 1)) V(¢ A) € WH (2.4)
and from (1.13) and it follows
R((unspn); (Pn, An)) =0 V(dn, An) € Wh, (2.5)

which is the classical Galerkin orthogonality.
Inspired by [8, Lemma 3.1] we now provide the following lemma.
LEMMA 2.1. For q € [1,00], and m = 1,2, there is a constant C such that

|R((Uhaph)a (d)a /\))| < Onm,q(|¢|m,q’ + |>‘|Wm*11q’/R)’
for all (¢, \) € W4 where

1/q
(Srerithgr)  forac(ioo),

MaxXTeT Mm,oco,T for g = oo,

hm,q =

with

m—l/q/ ||

m 1 —
Nlm,q, T = hT ||RmC||q,T + ghT [avuh]nq,aT\OQ + hT 1”RCCHQ,T-

Here [0,up] denotes the jump across OT in the normal derivative, O,up, = v - Vup,
where v denotes the outward normal to 0T .
Proof. By (2.5) and by integration by parts

R((uhvph)v (¢7 )‘)) = R((uhaph)a (¢ - IXh,¢7 A— ZMh)\))
= > ((f + Aup — Vpn, ¢ — Ix, ¢)r

TeT
+ %([ajuh]a ¢ —Ix, d)aron
+(g—V-upA —IM;L/\)T)-
Since [,(9 — V - up) dz = 0, we have
(g—V - up, A\ —ZIp, N1 = clglg(g =V up, A=Ia, A+ )1

and hence by Holder’s inequality,
[R((un,pn), (6, 2))]

< (IlF + Aup = Voullgrllé — Tx, Sllgr
TelT (2.6)
3 [0 un]llg.omo0llé — Zx, dllq.0m 00

+llg = V- unllzaer) IX = Tnn, Ml Lo (1)) -
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Thus, with the interpolation estimates (1.15)—(1.17) in (2.6) we get

[R((un;pn); (¢, 2))]

<Cy (h?(l\f + Aup — Vpnllg,5r
TeT

1 1/q’
+ 5hT/q [ [Onun]llg.om\60) |Plm.g 5z
+hE g -V up| oy [Alyyrm—1.0 (ST)/R)'

Finally, we conclude the proof by using Holder’s inequality for sums and the notation
in (2.1) and (2.2). O

Let (@, p) be the solution to the dual problem (1.5). By choosing (¢, \) = (4, p)
in (2.4) we get

L((ew ep), (@, ) = R((un, pn), (@, p)),

and by choosing (¢, A) = (ey, €p) in (1.5) we obtain

L((eus ep), (4,0)) = (eu, f) + (€p, 9)-

Thus

(eus [) + (ep, 9) = R((un, pn), (@, p))- (2.8)

In order to proceed in the error analysis we need to choose the data in the dual
problem in a certain way. Let 0 = d,, ,/2 € C§°(£2) be a regularization of the Dirac
distribution at z¢ € €2, that is, let

supp(d) C B(zo; p/2), dde =1, 0<o6<Cp ™, (2.9)
R’n

where B(zo; p/2) denotes the ball with center in xy and radius p/2 chosen such that

p < h (2.10)

where o > 0 will be specified in the proofs of Lemmas 2.2-2.4 below. For ¢ € [1, o0]
it follows that
|0]5.q < CpA-t/a—k, (2.11)

In the remainder of this section we state and prove three lemmas providing esti-
mates of the following kind

”euHOO S |(eui7510,p/2)|7
Hveu”OO S |(eu7Di5mo,p/2ej>|7

leplloo S (s dzo,p/2)15

where e,,; denotes the i:th component of e, and where e; is the j:th unit vector. We
stress that xy may be different in the three estimates. With these estimates we will
be able to make a connection to the estimate in Lemma 2.1, which in turn is crucial
for the final pointwise error analysis.
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In order to obtain these estimates we will have to assume that e, and e, are
continuous. This will be the case for e, provided the data is sufficient regular due to
Theorem 1.1, whereas for e, we also have to impose further constraints on the domain
Q, see Remark 1.2. We note that Ve, is not continuous since Vuy, is discontinuous.
However, with the same assumptions as for e, we derive an estimate that includes
jump terms of the same type as in the right hand side of the estimate in Lemma 2.1.

LEMMA 2.2. Let Q C R™, n = 2,3, be a polyhedral domain and let xo € 0 and
i be such that ||ey||co = |eu, (z0)|. Then for data to (1.1) as in Theorem 1.1 and for
some q > n there is a constant C' such that

lewlloo < [(€u,,d)| + Cn2,00,

where 6 = 04, ,/2 is the reqularized Dirac distribution (2.9) and 12,00 as Lemma 2.1.
We note that the lemma is meaningful since due to Theorem 1.1 and Remark 1.1
there is ¢ > n such that e, € W, 4(Q)".
Proof. By Sobolev’s imbedding theorem, see [1, p. 98], W, 4(Q)" ¢ C%V(Q)" for
some « such that 0 < v <1 —n/q. Consequently, by the mean value theorem there
is 71 € B(wo, p/2) N Q such that (ey,,5) = ey, (r1) and thus

leulloo < [(ew;, )] + lew, (z0) — €w, (z1)]-
We estimate the last term in the right hand side above. By Sobolev’s inequality

lew; (20) = €u, (z1)| < Cp7|leu,

C07(B(zo,p/2)NY) < Cp|leullr,q-

By Theorem 1.1
”eu”Lq < C(HRmCHqu + ”RCCHq)'

By Holder’s inequality [l¢[|11 < [Q]Y9]|¢|l1,4 in (1.2) and with Lemma 2.1 with
m =1,

1 Rumell -1, < 219 Rinel| -1,00 < Ct,o0 < Chygi2,00,

and trivially || Recllq < Ch;uanZoo-
Thus, with (2.10) we obtain

|€u: (20) = €u, (21)] < Ca,o0,

where we choose o so that vo = 1. O

LEMMA 2.3. Let Q C R™, n = 2,3, be a polyhedral domain such that the solution
to (1.1) with data as in Theorem 1.3 is continuous in the sense that (u,p) € W29,
for ¢ >mn. Let xog € Q, i and j be such that |[Vey|loo = |Diey; (x0)|. Then there are
constants C 2 such that

IVeullso < [(eu, Dide;)| + Crhihe (I1fllq + 19]1.q)
+ O Tj{lg,}fﬂ [0uun] |l so,0m\ 005

where § = 64, ,/2 8 the regularized Dirac distribution (2.9), 3 may be chosen arbi-
trarily large, and [0,uyp) is the jump as described in Lemma 2.1.

We note that the lemma is meaningful since with additional constraints on the
domain € as in Remark 1.2 there is ¢ > n such that v € W29(Q)" so that u €
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Wheo(Q)"™. Note also that Vuy, is discontinuous across 9T for T € T which need to
be taken into account proving Lemma 2.3. However, Vuy, is continuous in the interior
of each T € 7.

Proof. The idea of the proof is the same as for Lemma 2.2. Let

Br =\ {T € T : T 0 B(xo, p/2) # 0},

where we for simplicity assume that By is convex and note that card(Br) < C due
to the regularity in the triangulation.
By the mean value theorem there are xp € B(xo, p/2) NT for T € B such that

(Diey;,0) = Z (Dieu;,0)B(wo,p/2)nT = Z Dieuj(UCT)/ ddz,

TeBT TeBT B(xo,p/2)NT

where fB(I07p/2)ﬂT ddx < 1 and thus

IVeulloe < (e Dide)| + 3 [Diew; (x0) — Diew, (wr)], (2.12)
TeBT

since by integration by parts (Djeq;,d) = —(eu, Dide;).

We estimate the terms in sum above. For T' € B consider the line from xzg to zr
and for Ty € By suppose this line intersect m+1 n-simplices T; and m boundaries 91}
at points xy for £ = 1,...,m. Note that m is bounded from above since card(B7) < C.
Let x, and :102|r be the limits at z, going from xy and xp respectively. Set xa' =z

and T, 1 = xr. We estimate

|Diew, (z0) = Diew,(xr)| <Y | Diew, (x)) — Diew, (x,,,)|
£=0

. (2.13)
+ Y IDiew, (z;) — Diew, (z)].
(=1

For each term in the first sum above we may now proceed as in the proof of Lemma
2.2. By Sobolev’s and the triangle inequalities we get

|Di€u]‘ (I;) - Dieu]‘ (x;+1)| Scp’YHDieuj HCD”Y(B(IU’p/z)ﬂTE)
<Cp"leull2,q,1,
<Cp" (Iull2,q + llunll2,q.1)-

By Theorem 1.3 we have

lull2.q < C(1fllq + 19l1.0),

and by the inverse estimate (1.18) and the inf-sup condition (1.14)

—14n(1/q—1/2 —1+n(1/q—1/2
unllz.qr, < Chy, YYD w102, < Chpt " TV2 (1 21g + lglly),

— min

since q¢ > n.
Thus, with (2.10) and for Ty € By we obtain the uniform estimate

|Djeu (@f) = Djew(x7)] < Chigun (I1£1lq + 1911.4) (2.14)
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where = ~v0 — 14 n(1/q — 1/2) may be chosen arbitrarily large by taking o large.
As for the terms in the second sum in (2.13) and for T, € By we use the following
uniform estimate

IDieu,(@7) = Diew,(w)] < maxl [0uun] o m 00 (2.15)

Finally, (2.13) — (2.15) in (2.12) concludes the proof. O

LEMMA 2.4. Let Q C R™, n = 2,3, be a polyhedral domain such that the solution
to (1.1) with data as in Theorem 1.3 is continuous in the sense that (u,p) € W29,
for some q¢ > n. Let e, be such that [e, dz = 0 and let zo € Q be such that
lleplloe = lep(z0)|. Then there is a constant C such that

||€p||oo < |(€p76)| + Chrﬁnin(”f”q + |9|1,q)=

where 6 = 04, ,/2 15 the regularized Dirac distribution (2.9) and 3 may be chosen

arbitrarily large.
We note that the lemma is meaningful since with additional constraints on the
domain (2 as in Remark 1.2 there is ¢ > n such that e, € W14(Q) so that e, € L>().
Proof. The idea of the proof is the same as for Lemma 2.2. By assumption
e, € WH4(Q) for ¢ > n and hence it follows by Sobolev’s imbedding theorem that e,
is continuous. Consequently, by the mean value theorem there is 71 € B(wg, p/2) N Q
such that (ep, d) = ep(z1) and thus

leplloe < [(ep, 8)| + lep(x0) — ep(z1)l.

We estimate the last term above. By Sobolev’s inequality

lep(wo) — ep(21)] < CPW%||coyw(3(zo,p/2)mﬁ) < Cp”llepll1,q-

By the triangle inequality

lepllng < [lpllg +lIPall1q:

and Theorem 1.3

IPll1.g < C(I1Fllg + lgl.q).

and by the inverse estimate and the inf-sup condition (1.14)

—14+n(1/g—1/2 —14+n(1/g—1/2
pall1g < Chtd ™M pylla < Chp " M2 (£ + Nlglly)-

min min

Thus with (2.10) we obtain

lep(z0) = ep(w1)] < Chin (I1la + l911.),
where 8 = vo —14+n(1/q—1/2) may be chosen arbitrarily large by taking o large. O

3. A priori estimates of the dual solution. We consider the dual problem
(1.4) for specific choices of data so that we may estimate the scaling of the constants
in (1.6) and (1.10) as ¢ | 1. For (1.6) we will consider (f,§) = (Dide;,0) or (f,3) =
(0,6—]€~1) and for (1.10) we will consider (f,§) = (Je;, 0), where § is the regularized
Dirac distribution (2.11). We proceed as in [16, Theorem 3.1] and [4, Lemma 2.2]. The
analysis relies on the explicit knowledge of how the constant in Sobolev’s inequality
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scales as ¢ | 1, which can be estimated by using the the best constant in the Sobolev
inequality, where the dependence on the dimension n and the exponent g appear
explicitly. We quote Sobolev’s inequality from [10, Theorem 7.10, p. 155]. Let w be
a bounded domain in R™, n = 2,3. Then there is a constant C' such that for any
vE Wol’s(w)d, d=1,...,n,and for 1 <s<mn

||v||ns/(n—s),w < C|’U|1,S,w7 (31)
where C' = C(n, s) scales like
1-1/s
-1
C <~ (ns > , (3.2)
n—s

and where v =(n,s) < oo as s | n.
In the analysis below we will find it useful to have (3.1) and (3.2) formulated
somewhat differently. By rearranging the exponents in (3.1) and estimating the

constant (3.2) accordingly we conclude that, for any v € W()l’"r/("JrT)(w)d and for
n/(n—1) <r < oo,

HUHr,w < CTl_l/n|’U|1,nr/(n+r),w- (33)

The following lemma is a consequence of (3.3).
LEMMA 3.1. Let w C R™, n = 2,3, be a bounded domain. Then there is a
constant C such that, if v € LY(w)¢, d=1,...,n,

IV* ol g < Cla = 1) 0]l g, (3-4)

forg=nq/(n—q) and 1 < g <n.
Proof. By integration by parts and with Holder’s inequality in the definition of
the dual norm (1.2) we estimate

,vk—l
IV 0 g = sup WY

e ellkgw
PECH (w) q (35)

k7 !
< ||U||q)w sup |<P| 1,9 ,w .
veczwn 1ellkg,w

Since 1 < ¢ < n implies n/(n — 1) < ¢’ < 0o, we may use Sobolev’s inequality (3.3)
to estimate,

le-1.070 < CT ™MLk g w5 (3.6)

because nq’/(n + ¢q') = ¢’. Thus, inserting (3.6) in (3.5) concludes the proof. O
As in [16, 4] we introduce a dyadic partition of Q. Let d; = 27p for j € N and
d_1 = 0. Define the partition of €2,

Aj={zeQ:dj_1 <l|z—xo| <d;}, (3.7)
and the supersets to A;,
Bj={z€Q:27'd;_, <|r— x| < 2d;}. (3.8)
From this definition we get the simple estimate

|Bj| < Cd} = C2™p". (3.9)
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Moreover, let n; € C§°(B;) be a mollifier such that, n; = 1 in a neighborhood of
A;j and such that for s € [1, 00},

jls,B;, < Cdl* 7, (3.10)

Generalizing the last estimate in [16, Proof of Theorem 3.1] we get. For a > 1
and as ¢ | 1 we have,

= 1 C
E ' —ja(l1-1/q) _
j:02 T 1 _9-a(l-1/q) = g—1 (3.11)

Finally, we recall the following two generalizations of Holder’s inequality. Let 1 < g <
00, ¢ <r < oo and q < s < oo such that
1 1
=4z
q T S
and let v € L"(w) and v € L*(w). Then uv € LY(w) and
[uv]lgew < [lullrwllv]lsew- (3.12)

In the second generalization we estimate the duality pairing. For a vector space V' let
u €V and v € V. Then

[{w, 0) < [lullv-[[v]lv- (3.13)
In particular, when u € W~54(w) and v € W(f’q/ (w) we get
[(w, V) < Nlull kg0 llV]lk,q 0 (3.14)

3.1. Whi-estimates as ¢ | 1. In the following theorem we assume that we have
the higher regularity in Remark 1.2.

THEOREM 3.2. Let Q@ C R"™, n = 2,3, be a polyhedral domain such that the
solution to (1.4) with data as in Theorem 1.3 is continuous in the sense that (i, p) €
W24 for some ¢ > n. Then for 1 < q < 2 there is a constant C such that the solution
(1, p) to (1.4) with (f,§) = (Dide;,0) or (f,§) = (0,6 — Q1) satisfies the inequality

[ll1,q + 1Bl Lo/ < Clg — 1)~/ mp=n(=1/),

Proof. Let A;, B; and 1; be as in (3.7)—(3.10). Choose a fixed value § = n/(n—1).
Let p = p+ c for a fixed ¢ € R. By Hélder’s inequality

|

oo
1+ 1Bl om <D (llg.a, + 12lq.4,)
j=0

oo
<> (llnyal
j=0

oo
< 1BV A([Injiilg,8, + 0Pl
j=0

1,0,8; + [1;Pll0,5;) (3.15)

quj)'
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Notice that n;u and n;p satisfy (1.4) in © with right hand side f=1Ff =AMma) +
V(n;p) and § = §; = V - (n;4), where f; and g; vanish outside B;. Hence, for each
term in (3.15) we can apply Theorem 1.1,
Injtllyg.5; + Iniplla.s; = Injullaa + Inpllac
< C(lAMm;a) + V(ip)l 14,8, + IV - (n;3)ll7.5,)
< C(llnj(At + Vp) + 2V, - Vi + Anji + Vbl -1,4.5,
+ 1V - a+n;V -allgs,)
< C(Ini fl-v.a.8; +lIndllas; + Vn;pll 1,45,
+ V0 - allgs, + 12Vn; - Vi + Anyill-1,4,5,),

where C' = C(n, ¢,Q).
We estimate the right hand side of (3.16) in a few steps. By integration by parts

- ~ ~ (vnuﬂ/v@)B
12Vn; - Vi + Anjil| 168, < |V, - Vil -148 + sup —————
pec (B |lellLa.s

(3.16)

Since (Vn;p, @) < ||pllwin(s,) IV - ¢l1n,B;, notice that the dual exponent to ¢
is ¢ =n,

_ _ IV - @lin,B;
IVnpll-1.4.8, < IPlwin,y sup —————"
peC§e (B;)™ ||(p||1,n7Bj
and since (Vn; - Vi, ) = — (4, V- (Vn;¢)),
_ _ IV - @lin,B,
IVn; - Vil 148, < lallgs, suwp ———2
peCse (B;)™ ||(p||1,n7Bj

Now by Holder’s inequality
IVn; - @lin,B; < jl100,;¢l1n.B; +11V?050ln.5;,
and moreover by (3.12) with s such that 1/n = 1/s+ 1/¢, (3.3), and Holder’s in-
equality
V205005, <Injl2,s5,I¢lle.B,

<C(¢) Y™ 0512,5,8, 1011 ng' ) n+ar). B, (3.17)

<CIB; "9 (q = 1) " yla,s 5 |#11,m,
Finally, by Holder’s inequality

Vn;,a-V
IV allgs, +  sup Ve

< 2n11,00, ||l ,B; -
pece By ellLa,B; S e

Thus, with the above estimates in (3.16) we obtain
Imjill,q,8; + InpllLas,)m < Crlingfll-1.48, + Crln;dlla,s;
+ Crir(Injl1,00,8, + |Bj|171/q(q - 1)71+1/n|77j|2157Bj)
x (lallg.s, + 12lwncs,y)
=L+ 11; +111;.

With (3.18) we now estimate (3.15) in three steps. Recall (3.9) that will repeatedly
be used in the estimates below.

(3.18)
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I. For data f = D;dey; and by integration by parts we obtain by the same argu-
ment as in (3.17) and with the same exponents

|n;¢l1.n.8B;
In;Didecl|-1,4., < Clldllgs,  sup ==
vecee (B @llin,B;
< C16llg,; (Injlloo,m; + 1B;1'9q = 1) 74 |16, ).
Since supp(d) N Bj = 0 for j > 1 and with (2.11) and for p sufficiently small

D 1By My < Cpr D (g — 1) o]
=0 (3.19)

< Cpfn(lfl/q) (q _ 1)71+1/n7

where we used n/q—n/¢+n(l—1/q) +n/s—1=—-n(1/q—1/9).

II. For data g = § — |Q|~! and since supp(d) N B; = 0 for j > 1 and with (3.1)
and (2.11)

> IB; ML < Cpr/ |5y < Cp 9, (3.20)
3=0
where we used n/q—n/g—1=—n(1—-1/q).
ITI. By Holder’s inequality and since ¢ < 2
—1/8 n/q—m/q n(l—1 — n
|Bj|1/q 1/qIIIj S Od] & /q(|77j|1,oo,Bj + dj( /9) (q - 1) 141/ |77j|2,s,Bj)
x (lallq,s; + IBllwn(s,))
—n(1-1 — n ~ _
< Od; "D (14 (g = )7 (Jallgs, + [Pl s,y)
—n(1-1 — n{i~ _
< 0d;" 7 (g = )T (lallg s, + 1Bl sy,

where we used n/¢q—n/G§—1=-n(l—-1/q) and n/g—n/G+n—n/q+n/s—2 =
—n(l1—1/q).

Adding all the terms and by Hoélder’s inequality in the sum with exponent g,
with conjugate exponent ¢’ = n, estimating the geometric sum as in (3.11) and by
Corollary 1.4

> e 1/n
—1/q — n —n?(1-1
> o IBjMeTarI < C(g— 1) (Zdj ( /q>>
7=0

=0
(%) ~ 1/6
X <Z(||ﬁ|zi,Bj + ||I7||W1m(3j)/)q> (3.21)
=0
< Cp UMD (g - D~ (llallg + IBllwrn )y /r)
< Cp VD (g = 1) (| Fll=2. + GIwrnay),

since p = p + ¢ for arbitrary ¢ € R we may take the infimum over all c.
For f = D;de; and since ||D;dej||-24 < C|Didej|—2nq/(n—q wWe obtain by
Lemma 3.1,

1Dide;ll -2 < Cla— 1)~ 8llg < Cpm-HmM (g — 1)~ 11, (3.22)
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For g = § — |Q]7! we note that (6 — |Q|7%,¢) = (6,9 — po) where ¢y =
Q| [, ¢ dx. Using Sobolev’s inequality as in the proof of Lemma 3.1

16 = Q1 lwrn(ay < Cp "M (g — 1) (3.23)

Collecting the results in (3.19)—(3.23) concludes the proof. O
COROLLARY 3.3. Let Q C R™ n = 2,3, be a polyhedral domain such that
the solution to (1.4) with data as in Theorem 1.3 is continuous in the sense that

(a,p) € W24 for some q > n. Then there is a constant C' such that the solution,
(@, p) to (1.4) with (f,g) = (D;de;,0) or (f,g) = (0,0 —|Q| ™) satisfies the inequality,

[]l1,1 + [I5] 21 jm < Cllog pf* /™.

Proof. By Holder’s inequality,

lalla + 18]l m < 12V (g + 15l Le/m)-
Thus, with Theorem 3.2, taking ¢ — 1 = 1/|log p|, we finish the proof. O

3.2. W% estimates as ¢ | 1. THEOREM 3.4. Let Q C R, n = 2,3, be a
polyhedral domain. Then for q € (1,4/3] there is a constant C' such that the solution
(,p) to (1.4) with (f,g) = (de;,0) satisfies the inequality

||ﬂ/||2,q + ||]5||W1vq/R < C(q _ 1)7anp72(n+1)(171/¢I)

where ag =2, ag = 4/3.

Proof. We proceed as in the proof of Theorem 1.1. Let A;, B; and n; be as in
(3.7)-(3.10). Let p = p+ c for a fixed ¢ € R. Choose a fixed value gg € (1,4/3]. Then
for 1 < g < go by Hélder’s inequality

oo
lill2.q + IBllwra/m <Y (lll2ig.a; + 1Pl1.g.4,)
=0

<Y (IInjall2,g,5; + Im3Pll1.4,8;) (3.24)

=0

< IB M ([Insl 2,00,8; + [M5P]1,00,8,) -
=0
We note that n;@ and 7;7 satisfy (1.4) in Q with f = f; = A(n;a) + V(n;5) and
g =g; = V- (nju), where f; and g; vanish outside B; for each j. Hence, for each
term in (3.24) we can apply Theorem 1.3,
Injtll2.q0.8; + 1750l11.00.8; = [M5ll2.00,2 + [75P]|1.00.0
< O(HA(nJﬁ) + V(njﬁ)”qo,Bj =+ |V : (Wjﬂ)h,qo,Bj)
< C(llnj(At + Vp) + 2V, - Vi + Anjii + Vn;pllg, 5,
+ Vi -+ 0,V - dl1g,,5,) (3.25)
< Crllnsdeillgo., 5, + CrrlV2nyillg,, 5,
+Crr(IVn; - Viillgy, 5, + 1ViBllg0.5,)
=1, +1I; + 111},
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where C' = C(n, qo,2) and with —Ad — Vp = de; and V - & = 0, and where we also
used |V - l1,q0,8; < [V?05illg0,5, + IVn; - Vill|g,5,-

With (3.25) we now estimate (3.24) in three steps. Recall (3.9) that will repeatedly
be used in the estimates below.

I. Since supp(d) N Bj = 0 for j > 1 and with (2.11)

Z|Bj|1/q—l/q01j < Cpn/q—n/qo||5||q0 < Cp—"(l—l/Q)_ (3.26)
=0

II. By Holder’s inequality with exponent ¢ = ¢/(q¢—2/n) and s such that 1/¢go =
1/s+ 1/ and with (3.10)

|Bj|1/q71/qoljj < Cd?/q_n/q0|77j|2,s,Bj ||’&’||q,Bj < Cd;(n+2)(l—1/‘1) ||1~L||q,Bj7

where we used n/q—n/q+n/s—2=—(n+2)(1—1/q).
Adding all the terms and by Holder’s inequality in the sum with exponent §, with
conjugate exponent ¢ = ng/2, and estimating the geometric sum as in (3.11)

o0

Z |Bj|1/ZI*1/¢IoIIj

)
oo 2/nq %S 1/q (3 27)
—(n+2)(1-1/q)nq/2 ~11d '
< C(Zdj( +2)(1-1/q)nq/ ) <Z|u”gﬁj>
=0

=0
< Cp~ D010 (¢ — 1)=2/74) 1.

With (3.3), Holder’s inequality (ng/(n + ¢) < ng/(n — ¢)), Theorem 1.1, Lemma 3.1
and (2.11)

lillg <CG ™ illyng/msq)
chl_l/n||5||—1,nq/(n—q)
<Cq VM1 — )T Y6
<Cp VD (g —2/n) (1 — g) 7,

(3.28)

where we remark that
2n/(n+1) <ng/(n—q) < 2n/(n—1),
for n =2,3 and 1 < ¢ < 4/3 and thus we may use Theorem 1.1.
Collecting the estimates in (3.27) and (3.28) we obtain
> Byt L; < Cp At D (g — 9 p) I (g — 1)1 (3.29)
j=0

II1. By Holder’s inequality with exponent § = n/(n — 1) and s such that 1/¢p =
1/s4+1/q

|B;|Va~ Yo 111 < OdY T s g, (g5, + 15]2.5,)
—n(1—1 ~ _
< Cd;"" M (|l vg,m, + 16lla.5,),
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where we used n/q —n/q+n/s—1=—-n(l—-1/q).
Adding all the terms and by Holder’s inequality in the sum with exponent §, with
conjugate exponent ¢ = n, and estimating the geometric sum as in (3.11)

Z|Bj|1/q—1/%][]j
=0

N n2(1-1/q) e _ ~ i Y (3.30)
<c( 4 > (lallvg.s, + 18l acs,))
=0

Jj=0

< Cp "V (g — 1)~V (|l

vq+ 1Bl za/R),

since p = p + ¢ for arbitrary ¢ € R we may take the infimum of all c.
With Theorem 1.1, Hélder’s inequality (¢ < ng/(n — ¢)), Lemma 3.1 and (2.11)

1. T IPllLam <Cd]l-1,4
<C(1—q) ™6l (3.31)
<Cp T (1 — g7t

a|

where Theorem 1.1 is applicable in analogy to the remark at (3.28).
Collecting the estimates in (3.30) and (3.31) we obtain

S IB;[MaTt eI < Cpmr ) (g — 1) (3.32)
§=0

Finally adding (3.26), (3.29) and (3.32) concludes the proof. O

COROLLARY 3.5. Let QQ C R™, n = 2,3, be a polyhedral domain. Then there is a

constant C such that the solution, (G, p) to (1.4) with f = de; and § = 0 satisfies the
inequality,

2,1 + Bllwr/r < Cllog p|*,

with oy, as in Theorem 3.4.
Proof. See the proof of Corollary 3.3. O

4. Main results. We now make a precise statement of the main results and
begin with the pointwise error estimate of the velocity field.

THEOREM 4.1. Let Q C R", n = 2,3, be a polyhedral domain. Suppose the data
to (1.1) is as in Theorem 1.1 for some g > n. Then the error e, in the finite element
solution to (1.13) satisfies

||euHoo < O| log hmin|a"772,oo7

where ag = 2, az = 4/3 and with N2, as in Lemma 2.1 and where § can be chosen
arbitrarily large.

Proof. Let xp € Q and i be such that |ley||r~ = |ey, (zo)| and let (@, p) be the
solution to (1.4) with data f = de; and § = 0. With Lemma 2.2, the identity (2.8),
Lemma 2.1 with ¢ = oo, and Corollary 3.5, we obtain

HeuHoo S (euv 561) + 01772,00
S |R((uh7ph)7 (aaﬁ))l + 01772,00

< Onzoo (lafl21 + (1Bl /1) + Cin2,00
< Cllog p|*"12,00-
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Choosing p = h7;, for o sufficiently large such that 3 becomes large as in Lemma 2.2
concludes the proof. O
For the gradient of the velocity field and the pressure we only obtain pointwise
error estimates on a restricted class of polyhedral domains, namely convex domains
when n = 2 and under an inner angle condition when n = 3, see Remark 1.2.
THEOREM 4.2. Let Q C R™, n = 2,3, be a polyhedral domain such that the
solution to (1.1) with data as in Theorem 1.8 is continuous in the sense that (u,p) €
W24 for some ¢ > n. Then the error Ve, in the finite element solution to (1.13)
satisfies
[Veulloo < Cllog humin[*™/" 11 00 + Cahn.
with N1 oo as in Lemma 2.1 and where 3 can be chosen arbitrarily large.
Proof. Let xo € 2, 7 and j be such that ||Vey|loo = [Dsew, (20)| and let (@, p) be
the solution to (1.4) with data f = Djde; and g = 0. With Lemma 2.3, the identity
(2.8), Lemma 2.1 with ¢ = oo, and Corollary 3.3, we obtain

IVeulloo < (ews Didej) + Culiin (1 fllq + 1911.4) + C2 max|[[0,unloc,0m\00
< [R((un,pn), (@, 5))| + Crhigy, + Co max|[Bun] | oo,0m\00
< O oo ([ll1,1 + 171l /) + Crli + Co max|[Byun] |l 00

< O|log pl* /™1 00 + Cibiy,
Note that the jump term [0, up] from Lemma 2.3 is incorporated into the error esti-
mator 71, in Lemma 2.1.

Choosing p = h?;, for o sufficiently large such that 3 becomes large as in Lemma
2.3 concludes the proof. O

THEOREM 4.3. Let Q@ C R™, n = 2,3, be a polyhedral domain such that the
solution to (1.1) with data as in Theorem 1.8 is continuous in the sense that (u,p) €
W24 for some ¢ > n. Then the error e, in the finite element solution to (1.13)
satisfies

leplloo < Cl10g min* ™" 01,00 + Cihls,
with N1 oo as in Lemma 2.1 and where 3 can be chosen arbitrarily large.

Proof. Let xo € § be such that |e,(x0)| = |lep|lr~ and let (&, ) be the solution
to (1.4) with data f = 0 and § = § — |Q|~!. With Lemma 2.4, the identity (2.8) and
choosing e, such that fQ ep dz = 0, Lemma 2.1 with ¢ = oo, and Corollary 3.3, we
obtain

lepllso < (ep,8) + Crhiniy (L£llg + lg]1.q)
< [R((un, pn), (i, 5))] + Crhiy,
< Ot ([l + 1521 /) + Crhidi,
< Clog p|* V"1 oo + C1RE

min*
Choosing p = h7;, for o sufficiently large, such that 5 becomes large as in Lemma
2.4 concludes the proof. O

Finally we obtain L?-estimates of the velocity gradient and the pressure.
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THEOREM 4.4. Let Q@ C R™, n = 2,3, be a polyhedral domain. Suppose the data
to (1.1) is as in Theorem 1.1 for some 2n/(n+ 1) < q¢ < 2n/(n —1). Then the error
(ew,€p) in the finite element solution to (1.13) satisfies

leull1.q + llepllLa/r < Cg,

where 11,4 5 as in lemma 2.1.
Proof. With Corollary 1.2, the identity (2.4), and Lemma 2.1 we get

IL((eu; ep), (9, M)

l(€ws ep)lwa < C sup

(o, N)eW?’ (¢, /\)”wq’
=C sup [R((un, un), (6, 1)
@news 1@ N)llye
¢ s "+ A a
<Cn,q sup 19114 1Al /R
wnews 1@ Ml
< Cnl,q-
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