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Outline

-

|7Parabo|ic stochastic partial differential equation with additive noise
( du — Audt = dW, xeD, t>0
{ u=0, x e 0D, t>0
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Abstract framework

f du + Audt = dW, t>0 —‘

{ u(0) = ug

H = Ly(D), ||l], (+,-), D ¢ R4, bounded domain
A= —A, D(A) = H2(D) N H} (D)

u(t), H-valued random process on probability space (€2, 7, P)

© o o @

W (t), H-valued Wiener process

® F(t) = e, analytic semigroup generated by — A
Mild solution:

u(t) = E(t)ug + /OtE(t —s5)dW(s), t>0
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Wiener process

B . o
o W)

— 2%1/251(75)617 W(t,z,w) ZV “Bi(t,w)ei()
I=1

9o Qel = vie;, v >0, {61} ON basis

® covariance operator () : H — H, self-adjoint, positive definite,
bounded, linear operator, cov(W (t)) = tQ

® [ (t), independent identically distributed, real-valued, Brownian
motions

Two extreme cases:

< Tr(Q) < oo: W (t) is an H-valued Wiener process

B Snt 2 =SB = 3 = 1@

® (Q=1I1:W(t)is not H-valued, since Tr(Il) = oo, “white noise”
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Stochastic integral

o N

u(t) = E(t)ug + /OtE(t —s5)dW(s), t>0

t
® We can define the stochastic integral/ B(s) dW (s)
0

if B(s)Q'/? is a Hilbert-Schmidt operator on H
® [sometry property

ol / )W (s)|| = E / IB($)QY? |25 ds
Hilbert-Schmidt operator B, ||Bl|gs < o
|Bl|%¢ = , {1} arbitrary orthonormal basis in H

Da Prato and Zabczyk, Stochastic Equations in Infinite Dimensions
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Regularity

olg = |A"20]|, HP = D(A"?), BeR
V12 sy = E(0l3) = | [ 14720 dwaP(e), BeR

Theorem 1. If ||AB=1/2Q2||zg < oo for some 3 > 0, then
) g8y < C (w0l i) + 1A 7/2Q12] )
Remark: W (t) € Lo(Q2, H-U=P)) C Ly(Q, H~1)

Two cases:

® If |QY?]|% ¢ = Tr(Q) < oo, then 3 =1

® fQ=1I1d=1, A=—2; then|[AB-D/2|| 45 < oo for B < 1/2

e

[ACTD2| g = 30, 07T = 30 T < oo iffd =1, 5 < 1/2 J
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The finite element method

-

triangulations {7; }o<n<1, mesh size h

finite element spaces {Sy}o<n<1

S, C H}(D) = H'

S;, continuous piecewise linear functions

Ay Sy — Sy, discrete Laplacian, (A, x) = (Vy, V), Vx € Sy
Py, : Ly — Sy, orthogonal projection, (P f, x) = (f, x),Vx € Sh

{uh(t) c Sh, uh(O) = Phuo

© oo 0

duy, + Apup dt = Pr,dW

More rigorously, with Ej,(t) = e~ t4n,

( uh(t) e Sy, uh(O) = Prug

) '

L uh(t) = Eh(t)Phuo -+ / Eh(t — S)Ph dW(S) J
\ 0
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Error estimates for the deterministic problem

f ug +Au=0, t>0 uh,t—FAhuh:O, t >0 —‘
{ ( ) — {uh(O) E— th
u(t) = E(t)v up(t) = En(t) Phv

Denote Fj(t)v = En(t)Prv — E(t)v, t > 0. We have, for 0 < 3 < 2,
® |[Fy(t)v] < Cholvlg, t >0 ] = [|A7 0|
¢ 1/2
. (/ [Ea(s)ol?ds) < ChJolso, £ >0
® |Fp(t)v|_1 <ChPHoulg, t >0

e /th ol ds) < Ch ol e, b =1+ 1n(t/R2), £ > 0

V. Thomée, Galerkin Finite Element Methods for Parabolic Problems
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Strong convergence in Ly norm

o N

Theorem 2. If ||AP=1/2QY2||zg < oo for some 3 € [0, 2], then
Joun(®) = | sty < CB (Iluolly g sy + IAP~D/2Q1 s

Recall:  [lun(t) — u(®) |7 .0 = Ellun(t) —u®)]*)

Two cases:
® If |QY?|% ¢ = Tr(Q) < oo, then the convergence rate is O(h).

® fQ=1I d=1, A= —2, thenthe rate is almost O(h'/2).

_835‘2’

No resultfor Q =1, d > 2.
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Strong convergence in -1 norm

o N

Theorem 3. If [|[AP=D/2QY2|| ;s < oo for some 3 € [0, 2], then
Jun(®) = ul®) 1y -1y < OB (ol 1y e oy + EallAPD2Q12 15

Two cases:

® If |QY2|% ¢ = Tr(Q) < oo, then the convergence rate is O(h?).

® fQ=1I d=1, A= —-2, thenthe rate is almost O(h3/2).

_8332’
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Strong convergence: proof

o N

u(t) = E(t)ug + /O Bt — ) dW(s)

un(t) = En(t) Pauo + /O Eu(t— 5) PadW(s)

Fi(t) = Ey(t) P, — E(t)

un(t) — ult) = Fy(t)uo + /O E(t— $) W (s) = ex(t) + ea(t)

| Ey (t)uol] < ChPlug|s  (deterministic error estimate)

— ||€1(t)HL2(Q,H) < ChﬁHUOHLQ(Q,Hﬁ)
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Strong convergence: proof

P . N

EH/o Bs) dW(S)H :E/O |B(5)Q'/?||7;5 ds (isometry)

< t
1/2
(/ HFh(s)’UH2dS> < ChP|v|s—1, with v = Q'/2¢; (deterministic)
0
—
leaOE s = B [ Eue =) aw )| = [1F (- 9@ 50 ds

=3 [ 1R - 9@l ds < €3 11Q 0
=1 =1

= Oy APDI2Q1 202 = CR2P| APD2Q1 2
=1

< oo, We may choose (7 = 1, otherwise ( < 1.

If Tr(Q)
| -
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Time discretization

f du + Audt = dW, t>0 —‘

{ u(0) = ug

The implicit Euler method: k = At, t, = nk, AW" =W (t,) — W(t,_ 1)

Ur eS8, U°= Pyug
Ut — U+ kA, U™ = PLAW™,

U" = ExpU" ' + Exn PLAW™,  Epp = (I 4 kAR) ™

U" = Ep}, Prug + Z EQ}:j—i_lPhAWj
=1

w(t) = E(t)uo + | Bty — 5)dW(s)
B ) N
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Error estimates for deterministic parabolic problem

fDenote F, = E}, P, — E(ty) T

We have the following estimates for 0 < § < 2:

® ||F] < C(RP2 + 17) vl

" 1/2
® (KX IF]?) T < OO 4 )l
j=1
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Strong convergence

-

Theorem 4. If ||AP=D/2QY2||zg < oo for some 3 € [0, 2], then, with
e =U" — u(ty),

le™ |z, < CO2 4+ 17) (luoll sy + 149 7D/2Q12 115

J. Printems (2001) (only time-discretization)
Y. Yan, BIT (2004), SIAM J. Numer. Anal (2005)
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Approximating the noise

f’ No resultfor Q =1, d > 2. T

® Increments AW/ are not directly computable: infinite series with
unknown eigenfunctions e;.
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Approximating the noise: white noise in 1-D

fQ:I, d=1, D=(0,1) T
ou PW
SPDE; 5 + Au = ey

Piecewise constant approximation:

02 j+1 Tid1 02 1 tjt1 Tid1
dx dt = d
9r0t A:UAt / / arot T AzAt /tj L W

1 41 Tid1
i = dWENO,l
i = e / /| (0,1

92w O2W 1T MM e
8:10(975 (SE, t) ~ &Eat (SE, t) AxAt Z Z 777,3 ACE’At X[w’me—Fl] (:E) X[tj,tj+1] (t)
1=0 7=0
O 52W

| ot T T zor B
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Approximating the noise: white noise in 1-D

o _ N

9a . 0PW
PDE:  — +Ai= 5

Finite element or finite difference approximation U

. 1/
(E‘Uw — ’LL(ZIZ};, tj)|p) g S C(At1/4 + AZC1/2)

Gyongy (1999)

Allen, Novosel, and Zhang (1998)

Davie and Gaines (2000) (also lower bounds)
Walsh (2005)

Proof technique:

1 t 1 aZW
u(e, ) = / G, y, )uo(y) dy + / / Glay,t — )0 (y,5) dyds
0 0 0 8%315
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Approximating the noise: general noise in rectangle

o N

|AP=D2Q12) s < 00, D =(0,1)
Explicit eigenfunctions:

Ae; = \e;

Qer = e

know: \; ~ [?/¢,  assume: v, ~ [~

[ACDRQUR g = SNy YUV < o
=1 [=1

fa>1—(8—-1)d/2
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Approximating the noise: general noise in rectangle

-

[AP=D2Q12|| 1g < 00, D =(0,1)%, explicit eigenfunctions

1. Spectral Galerkin approximation in x, difference method in ¢

N N

W) = B0y, un(a,t) = @;(t)e;(x)
j=1 j=1

Shardlow (1999)

Lord and Rougemont (2003)
Muller-Gronbach and Ritter (2004), (2005) (lower bounds)
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Approximating the noise: general noise in rectangle

-

[AP=D2Q12|| 1g < 00, D =(0,1)%, explicit eigenfunctions

2. Finite element approximation in x, difference method in ¢

J

W(t) =" Bs(0)e;

g=1

duj + Apui dt = P, dW’

1/2
(Blluf(®) = un®)]?) < ChACDRQI2) 4
if J > N, = dim(S5)

Du and Zhang (2002) (d = 1)
Yan (2004)
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Approx. noise: general noise in general domain

-

Wavelet multiresolution may provide a solution.

Initial attempt: d =1, Haar basis
6= o0 = X0, P(2)=0(22) = d2r —1), Pju(x) =222 — k)

{o.0, wj,k}ij:_(f’jfo is an ON basis in Ly((0,1)).

oo 29-1
W(t):’yé,/ozﬁoo (t)do,0(x +ZZ’Y%€2@k ()b k()
717=0 k=0
J 27-1
1/2 1/2
WJ(t):’Yo,/OBOO (t)@o,0(w +ZZ’YJ§C@I< (1) k()
7=0 k=0
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Wavelet multiresolution

o N

27 —1

W(t) = ’Yé/OQBOO (t)po,0( +Z > 1225% (t) k()
7=0 k=0

Framework of Yan is directly applicable. For example:

co 27 —1

ZZvj,k<oo:>Tr(Q)<oo:

j=0 k=0
J 2\ /2 1/2
(Bl @) - u®l?) < Ch(lluoll o, + Tr(@Q)?)

For general domains D with d > 1 we may have to give up orthogonality.
For example: biorthogonal wavelets.

LHint: Le Maitre, et al. J
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