Inlamningsuppgifter

Differential Calculus
5/9 2002
due 10/9 2002

starred exercises are meant for the curious

1 Let g(z) be a function on the unit circle (|z| = 1) satisfying
i) (0,1) =¢(1,0) =0

i) g(—z) = —g(z)

a) Give an example of such a function

Define a function f(z) on the whole plane as follows

T

f(@) =lzlg(5) =#0

f(0,0)=0

]

b) Show that f is continous at (0, 0) iff g is bounded

c) Show that f is continous everywhere iff g is continous.

d) Show that f has directional derivatives for every direction, regardless of g.
(Thus in particular even if f is not even continous!)

e) Show that f is not differerentiable at (0,0) unless g is identically equal to
zero!

2 Find the derivatives of the following functions

a) f(z,y,2) = z¥

b) f(z,y,2) = zY

¢) f(z,y) = (sin(zy), sin(zsin(y)), 2*)
d) f(z,y) = [, g(t)dt

3 Find the partial derivatives of f in terms of the derivatives of g and h of the
following

a) f(z,y) = g(z+ h(y))
b) f(z,y) = g(z)h(y)

4 Define f: R2 — R by

2 2

o) = ) Ty (@y) #(0,0)
f(z,y) {0 o 00

Compute % and g—; at the co-ordinate axis and use that to compare the two mixed

. *f *f
partials D20y and Byoz




5 A function f : R® — R is said to be homogenous of degree m if f(tz) =
t™ f(x). Show that a differentiable homogenous funtion of degree m satisfies the
Euler identity

6 Let F(r,y) = (z + y,zy) Compute its derivative at each point (z,y) and
express it as a map DF : R?2 — R* then compute D2F

7 Let A, B be n x n matrices. Show that the map (A, B) — AB is a differen-
tiable map from R to R™ and compute its matrix!

8 Let A, B be skew-symmetric 3 x 3 matrices, (ie. AT = —A) show that
(A, B) —» AB — BA maps pairs of skew-symmetric matrics to skewsymmetric ma-
trices and can be considered as a map from R3 x R? — R3 and is differentiable.
Compute the derivative!

9 * If you are familiar with the quaternions H 2 R?* note that the left multi-
plications  — az form a 4-dimensional subspace L = H of Homg(H, H) (this is
simply the space of all 4 x 4 matrices). Say that a differentiable map f: H — H is
left-quaternionic iff Df € L.

a) Show that the sum of two left-quaternionic maps is left- quaternionic.

b) What about the product?



