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1. Introduction

We define and study a family of distribution for p = 1, 2, ... binary random variables, denoted by A, ..., Ag, L. Each
variable has equally probable levels, so that the variables are symmetric. There are Q response variables Aq, ..., Aq, to a
single common explanatory variable L, named the signal and having the levels strong or weak. The possible responses are to
succeed or to miss. We use as a convention that success for A, is coded 1 and that a strong signal of L is also coded 1. For the
low level, we use either —1 or 0. Of special interest are situations in which the signal cannot be directly observed, it is instead

hidden or latent, but the aim is to understand and estimate the joint structure including L. In that case, we have t = 1, ..., 22
level combinations.
WeletK; = a;+- - -+aq denote the number of ones in any given sequence of response-level combinations, (ay, . .., ag),

and define a normalizing constant, cg = 2(1 + @)? for 1 < a < oo, to write with {0, 1} coding, also known as baseline
coding, for the joint p-dimensional distribution

Ke —
o forl =1,
n(ala“-an’l)CQ: {a(Q—Kt) forl = 0. (1)
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Fig. 1. Star graph with equal dependences of five leaves on one common root (left) and a graph of evenly-spaced concentric rings (right).
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For the {—1, 1} coding of the levels, known also as effect coding, the symmetry of each of the binary variables implies
zero mean and unit variance. For L, we write

pr(L=1)=pr(L=—1)=%, E(L)=0, E(I*» =1.

For any such binary variable pair (A, L), the correlation coefficient p, which is
p = cov(A, L) = E(AL),
rangesin0 < p < 1and
a=>0+p)/A=p), p=@=D/(@+1). (2)

The correlation p is also the regression coefficient in a projection of A on L. Furthermore, independence of A from L, denoted
by AuL, relates to @ and p via

AllL < (¢ =1) < (p =0).

This last case would give a degenerate model in Eq. (1), hence it is excluded for some purposes. Table 1 shows how two
types of sequences of ratios for p generate all possible even and odd positive integers for & and hence proper counts in Eq. (1).

Table 1
An integer valued « for symmetric binary variables in concentric-ring models.
o 1 3 5 7 9 11 13 15
P 0 1/2 2/3 3/4 4/5 5/6 6/7 7/8
o 2 4 6 8 10 12 14 16
P 1/3 3/5 5/7 7/9 9/11 11/13 13/15 15/17

As will be shown, a model with density given by Eq. (1) has several attractive features that were not previously identified
even though it is a special case of a number of models that have been intensively studied. For instance, it is a distribu-
tion generated over a labeled tree [4], hence a lattice-conditional-independence model [15] and a directed-acyclic-graph
model [20,14] or a Markov field for binary variables [6], an Ising model of ferromagnetism, a binary quadratic exponential
distribution [2,5] and a triangular system of symmetric binary variables [22].

With Lin Eq. (1) unobserved, the resulting model may be regarded as a simplest case for constructing phylogenetic trees;
see [24,1] and the previous extensive literature in this area. Or, it can be viewed as a special latent-class model [12,13], the
one with the closest analogy to a Gaussian factor analysis model having a single factor.

A star graph is a directed-acyclic graph with one inner node, L, from which Q arrows start and point to the uncoupled,
outer nodes, 1, ..., Q. For p = 6, the left of Fig. 1 shows such a star graph, having equal regression coefficients p when
regressing eachA;onlL,forg=1,...,Q.

For Gaussian and for binary distributions generated over star graphs as those in Fig. 1, the correlation matrices of the p
variables are of identical form; see [21]. For p = 5, such correlation matrices are in Table 2, with ‘-’ indicating a symmetric
entry.

Table 2
Correlation matrix for p = 5; left: to Eq. (1), right: to a binary latent class model.

P 1 p1p2 P13 p1Ps P1

1 0 0 1 P203 P21 P2
1 p2 p . 1 p3ps P3|

1 »p . 1 P4

1 1

Another feature of the joint probabilities in (1) is that the conditional odds-ratios for each pair Aq, L given the remaining
Q — 1 variables are equal to o>. When one interprets these as equal distances, concentric rings such as those on the right of
Fig. 1 may result. The number of rings increases with an increase of Q as illustrated with Table 6 in Section 3. This explains
the chosen name of this family of distributions. First, we generate the distributions over star graphs.
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2. Generating a concentric-ring model over a star graph

To shorten descriptions and notation, we call both, the outer nodes of the star graph and the corresponding binary vari-
ables Ay, ..., Ag, leaves and identify them sometimes by their indices 1, ..., Q. Similarly we call both the inner node of
the star graph, and variable L, the root. Often the root is unobserved, that is latent or hidden, and one main task is then to
estimate the joint p-dimensional distribution from observations on only the Q leaves.

The first main feature of a joint distribution of concentric rings is mutual conditional independence of the leaves given
the root, written as

(1u2n...0Q)|L. (3)

Any density generated over a star graph, irrespective of the types of variables, is defined by Q conditional densities, fg,

and a marginal density, f;, of the root. In the condensed node notation, with node set N = {1, ..., Q, L} of size p, the joint
density fy factorizes as

fn=hfu . Soufi (4)

For binary variables, fy denotes the joint probability distribution, so that Eq. (4) becomes 7 (ay, ..., ag, ) = w(ay|l) - - -

7 (aq |7 (I) where  (aq|l) = 7 (aq, 1) /7 (1) are obtained from the bivariate probabilities of each leave, A4, and the root, L. In
Table 3, we show probabilities for any binary pair (A, L) and for each variable of the pair being symmetric.

Table 3
A2 x 2 table of a general binary pair (A, L) and in the special case of symmetric binary variables.
_t Lt
A Weak Strong Sum A Weak Strong Sum
Miss T mw TTms Tm Miss 1+p)  1(-p) 3
Succeed Trsw Trss 1—7m Succeed % (1—-p) % (1+p) %
Sum Tw TTs 1 Sum 1 1 1

Several standard measures of dependence, that are in common use, are defined in Table 4 by using Table 3 and Eq. (2),
both for a general binary pair (A, L) and for it being symmetric.

Table 4

Measures in a general 2 x 2 table and in the special case of symmetric binary variables.
Definition Interpretation in general and for two symmetric binary variables
Tss/TTms 0dds of succeeding versus missing given a strong signal: o
Tsw/Tmw 0dds of succeeding versus missing given a weak signal: 1/
(TTssTTmw)/ (TmsTTsw) Odds-ratio for success or cross-product ratio: o?
Tsjs = Tss/Trs Chance to succeed given a strong signal of L: 1+ p)/2
Tsiw = Tsw/TTw Chance to succeed given a weak signal of L: (1—-p)/2
Tsis — Msjw Chance difference in succeeding: P
Tsis/ Tsjw Relative chance for success: o

For both A, L symmetric, the parameter p > 0 relates also directly to the probabilities via
p = (Tss + Tmw) — (Tsw + Tms), (5)

and the odds of succeeding versus missing given a strong signal of L coincides with the relative chance for success. Indepen-
dence of any binary pair (A, L) requires in general, that the odds-ratio equals one, the relative chance equals one and the
chance difference equals zero.

For the relation of & to conditional independence given L, we only look at pair (A, A;) at both levels of L in Table 5, since
the mutual independence in Eq. (3) implies independence of each pair of leaves from the remaining Q — 2 leaves given L, in
particular (1,2)1(3, ..., Q)|L.

The conditional independence 112|L is directly reflected in the equal-one odds-ratios within the subtables for each level
of L. The same holds for the relative chances, while the chance difference and the correlation coefficient in each subtable
for (A1, Ay) are zero for 112|L. Table 5 shows in addition the joint symmetry of the distribution since the probability for any
given level combination of the variables remains unchanged after switching all the levels.

Joint symmetry also holds in general, as can be derived directly from (1). It follows that the marginal distribution of each
(Agq, L) is symmetric and does not depend on q. For {—1, 1} coding, we have then from this symmetry and Eq. (4), for the
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Table 5
Probabilities with 112|L multiplied by c; = 2(1 + «)? for pair (A;, A) given L.
Weak L Strong L
Aq A, miss A, succeed A, miss A, succeed Sum
Miss o? o 1 o 1+ a)?
Succeed o 1 o o? 1+ a)?
Sum a(l+a) 1+ @) 14 ) a(l1+a) 21+ @)?
Odds-ratio 1 1
generated joint distribution in (1) and withg=1,...,Q
m(ar, ... a0, ) =27 [] A+ pag). (6)
q

3. Kronecker product representations of joint probabilities

We now introduce for p > 3 a vector representation. For this, we write for instance 7117 = pr(A; = 1,A; = 1,L = 1).
Then, by using again N = {1, ..., Q, L} and the {0, 1} coding and letting the levels of the first variable change fastest, the
column vector of probabilities, 73 v, is in transposed form

T
3N = (7000, 7100, 7010, 110, 001> 7101, 7011, TT111)
2 2
=@ a,a 11,00 0a%)/c,

where ¢, = 2(1 + «)? and we take in this notation always the last variable to coincide with L.

For an integer-valued o, we illustrate next how the concentric rings are generated and increase with the number of vari-
ables. One way to generate the probabilities after an increase from p to p + 1 nodes, is to start with the probabilities at the
strong signal of L for the given p, multiplied by cq = 2(1 + «), to obtain first a vector of powers of o such as in Table 6.

Table 6
Integer parametrization of the upper half of the probability vector for p = 1 up to p = 5 variables; with the
sum of the integers equal to 2(1 + «)?, the number of leaves equal to Q = p — 1.

Moving from p to p 4+ 1 using powers of «

p

1 af

2 % !

3 o ' ol P

4 o o' o' o o « o o

5 a o ol @ o' o @ & al @ o & o o o ot

This vector is appended next by the same vector modified just by increasing the power of each « by one. The joint prob-
abilities for a strong signal of L for p + 1 nodes result after dividing by the new normalizing constant cq;1) = 2(1 + )2
and repeating the probabilities in reverse order for the lower half of the table.

For large p, the row vector JtITL v has a computationally attractive representation in terms of Kronecker products. Let v =
(1,@), w = (, 1) and ¢g = 2(1 + )?, then n;qN may be obtained from

W® - Qw,v® - ®v)/cq. (7)

p—1 p—1

From the given form of the joint distribution, it can be checked directly that for any p > 2 and any selected pair (A, L),
the conditional cross-product ratios equal r, the conditional relative chances for success equal « and the conditional chance
differences in succeeding equal p, that is in all subtables formed by the level combinations of the remaining leaves.

Collapsibility results for the three measures show that these three measures remain unchanged after marginalizing over
some or all of the remaining leaves if these are conditionally independent of A; given L; see [19,23]. The common strength
of dependence of each A, on L gives an increase of the number of concentric rings as p increases.

To compute moments and other features of the distribution in a fast way, we show in the next section that Kronecker
products based on special 2 x 2 matrices are particularly helpful, since for instance the inverses of such products are the
Kronecker products of the inverses.
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4. Moments, interactions and sums of level combinations of the leaves

The {0, 1} coding of binary variables is well suited to understand the change from raw and from central moments, in
general, to those of the concentric-ring model. With

By=8Q -®B, £=<(]) })
N e’

the column vector of raw moments is, in general binary-star-graph models,
my, N = £p Ty N- (8)

For the concentric-ring distribution and p = 3, the raw moments in {0, 1} coding reduce barely, with e.g. 711+ = pr(A; =
1, A2 = 1) = Zl 111 and 44+ = 11+ + T104, aS follows,

T
m;y = (1, 144, T4, T4, Tyt1, 415 T 11, T111)

(111, 5
— 72727 721]/7)/7 3
where 8 = (1+a?)/cy, y =a(l1+a)/cy, § =a?/cy, ¢ =2(1+ ).

Another Kronecker product leads to central moments of {0, 1}-coded binary variables; see [18]. For instance with ¢ =
1,...,Qand Ty =T1Q - ® T ® T, where

7= (—pr(Alq =0) pr(Aqlz 1)) Ti= (—pr(L1 ~0) pr(le 1)) ’
the vector of central moments is

Bpn =T pNTpN- 9)
For concentric-ring distribution and p = 3, the central moments reduce with y = p/4 to

IL;N = (1,0,0, w12, 0, te13, (23, 123)

= (1,0,0,4y%,0,v,y,0).

By the mixed-product property of Kronecker products, simple relations result, such as for instance

By =T1B'® @ToB8 '®@T B 'myy.

By contrast, the {—1, 1} coding of binary variables is well suited to express the change from general log-linear interactions
to those that are much simpler in the concentric-ring model. With

€,—80---08 &=(1 '),
N 1 -1

the vector of log-linear interactions for the probabilities, at the combinations of levels one, is

MWn=8"'® - -®& ! log(myn). (10)
—_—
p
For the concentric-ring distribution and p = 4, the log-linear interactions reduce as follows:
XAT;,N = (A=, A1, A2, A1z, Az, Aqs, Ags, A123, Ag, Ava, Apa, Ai2a, Aza, Ai34, Ap3a, Ai23s)
= (B,0,0,0,0,0,0,0,0,y,y,0,y,0,0,0),
with y = Jlog(a), B = 3y — log(cs).

In general, only the 2-factor terms that include L and the overall normalizing constant A_ are nonzero. In the log-linear
parametrization, conditional independence of any pair implies that all higher-order interaction terms involving this pair are
vanishing as well; see e.g. [9]. Thus, the independences of Eq. (3) lead to all other log-linear interaction terms being zero.

For binary variables, the linear interactions may in general be defined with the same Kronecker product matrix as used
for the log-linear interactions in Eq. (10)

‘Ep,N :&’pnp,N. (11)
These linear interactions reduce for the concentric-ring distribution and p = 4 as follows:

SZ,N = (1a %‘1! 527 512’ 53, §137 523» %—123» §4a “;‘_147 5247 5124’ 534, §1347 52347 %—1234)
= (1,0,0, 0>, 0, p*, p>,0,0,p, 0,0, p, 0,0, p°).
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From Egs. (9), and (11) and from B’Tq‘l being of diagonal form, the linear-interaction terms in &, y are just rescaled
versions of the central moments u,, y. They are the standardized central moments, that result after transforming the {0, 1}
coded binary variables A, say, with mean % and variance %, into their standardized form with {—1, 1}-coding, that is into
A; =2A— 1.

This central moment representation is more complex than the log-linear formulation because of the non-vanishing
4-factor interaction term p>. For Q > 3, each odd-order interaction is zero, an even-order k-factor interaction involving
the root as the last variable, is p*~" and it is p¥, otherwise. As we shall see, this advantage of the log-linear interactions
disappears in the marginal distribution of the leaves which has no independences.

For later use, we introduce the sum S, and the average S, of the Q standardized variables A;. Under the concentric ring

model, each pair has the same correlation p?, see Table 2, so that

Q
2

Also directly from the right of Table 3, one sees that E(A;|L =0) = —pand E(AZ|L = 1) = p so that

var(5)=Q+2< ),02, Qvar(S) =1+ (Q — 1) p2. (12)

ES|L=1) — ES|L=0) = 2p. (13)

5. Marginal distributions of the leaves

By the joint symmetry, marginalizing over the common root returns a symmetric distribution by construction. This is
illustrated in Table 7 for Q = 3 leaves.

Table 7
Marginalizing over L for Q = 3 by adding «’s for corresponding level combinations of the leaves; in the table
each probability is multiplied by c3 = 2(1 + «)>.

23 levels: 000 100 010 110 001 101 011 111
Atlevel | = 0: of o' o' a? o o? o? o’
Atlevel | = 1: o’ o? a? al o? a! o' a®
Margin over L : 140> a+a®> a+a®> a+4ao®> a40? a+a? ata®? 1443

In general, after marginalizing over L, the distribution of the remaining Q leaves is given, with K; denoting again the
number of ones in any sequence of levels, (ay, ..., ag), by

1
m(@, ..., a0) = — (o 4 o @H0) (14)
Q

One also obtains the linear interaction vector for the joint distribution of the leaves, §, y,; as the lower half of §, y, where
in this notation, we do not distinguish between an element L and the singleton {L}.

Equivalently, with&, = Tand £ C {1,...,Q} suchthatq € fifand onlyifa; = 1isin (ay, ..., ag), as used before in
the example to Eq. (11), the other elements of §p7N\L may be written as

_)p for even K;,
b1 = {0 otherwise. (15)

Also Ap n\p = 851 log{(&’Q)*“g'p’N\L} has zero values in the same positions as Ep,N\L' Thus, all odd-order log-linear interac-

tions vanish and all odd-order (standardized) central moments vanish. The even-factor terms are functions of p? which is
the induced marginal correlation for any pair of leaves and, at the same time, the induced difference in chances for success.

6. The conditional distribution of the root given the leaves

From Egs. (1) and (14), the conditional distribution, 7 (I|as, . . ., ag), of the root, L, given the leaves, Ay, .. ., Aq, satisfies
in terms of «, the number of ones, K;, in the leaf-level sequence (ay, ..., aq)
Ke —
o forl =1
e llay, ... = ’ 16
Co w(ay, , ag) w(llay, ,aq) {a(Q—Kt) forl = 0. (16)

Functions of the odds-ratio are known to be the only measures of dependence in 2 x 2 tables that are variation indepen-
dent of the margins; see [8]. By using the concentric-ring model, we illustrate now how the relative chance and the chance
difference may give strongly distorted impressions of equal conditional dependences.
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When the roles of explanatory variable L and responses in the given generating process are exchanged, the odds-ratios
stay constant, equal chance differences appear to be of sharply reduced strengths and equal relative risks appear to be
strongly unequal.

To see this, we compare the dependences of A, on L given A; using the odds-ratio, odr(A;, L|A1), the chance differences
to succeed, chd(A;, L|A;), and the relative chances to succeed, rch(A;, L|A1), with the corresponding dependences of L on A,
given A;. After exchanging the ordering in Table 5 to (A,, L, A;) and taking as an example ¢ = 9:

Odr(Az, L |A1 = (11) = Ol2 = 81, Chd(Az, LlA] = (11) =p = 080, I'Ch(Az, L|A] = a1) = 9,
while from Table 8 with L as the first variable and A, as the second, one obtains

Table 8
Probabilities multiplied by 2(1 4+ a)? for (A;, A,, L) in Table 5 reordered as (L, Ay, A).
Aq miss A succeed

Level [ of L A, miss A, succeed A, miss A, succeed
0 := weak a? a o 1
1 := strong 1 o o a?
Sum 1+a?) 200 200 1+a?)
Odds-ratio for | = 1, a; = 1; odr(L, A3|A;) o? o?
Relative chance for | = 1; rch(L, A;|A;) 14 a?)/2 20%/(1+a?)
Chance difference for [ = 1; chd(L, A;|A;) 1-1/(1+a? a?/(1+a?) — 1

odr(L, Ay |A; = 1) =81, chd(L, A; |A; = 1) = 0.49, rch(L, Ay |A; = 1) =41,
odr(L, Ay |A; = 0) =81, chd(L, A; |A; = 0) = 0.49, rch(L, Ay |A; = 0) = 1.98.

We notice next that in a logit regression of L on the leaves, A, the regression parameters are functions of the conditional
odds-ratios for (L, Ag) since they may be obtained from twice the log-linear parameters A, y in Eq. (10) that do not involve
L. This follows from the definition of the joint probabilities in (1) and the logit representation

logit {m(llai, ..., aq)} =logm(a;,...,aq, 1) —logm(ay, ..., aq,0).

Thus, the odds-ratio and this logistic regression coefficient are unaffected by switching the roles of A, and L, while the
strength of dependence measured with the chance difference is reduced in the example from 0.80 by almost 40% to 0.49
and the dependences measured with equal relative chances of 9 for A, on L, are modified into 41 and about 2, thus clearly
into strongly different strengths of dependence at the two levels of A;. As Q increases, the relative chance for a strong signal,
comparing succeeding to missing in Aq, increases even to (1 + «?)/2 at Q — 1 misses of the remaining variables.

Such changes illustrate potential problems for machine learning and causal conclusions, for interpretations of some case-
control studies and for some uses of the propensity score.

7. Maximume-likelihood estimates

One of the most attractive properties of the maximume-likelihood estimate of a set of parameters in a given model is that
the maximume-likelihood estimate of any other set of parameters, related to the original ones by a one-to-one (1-1) trans-
formation, is given by the same 1-1 transformation for the estimates; see [10]. Thus here, given the maximum-likelihood
estimate p of p, all other measures of dependence are defined by the relevant 1-1 transformations. Given &, the maximum-
likelihood estimates of the log-linear interactions are also given. Furthermore, other estimated interactions of interest, as
well as the joint probabilities, result via the 1-1 transformations of Section 4.

Given the observed frequencies, for a pair (A, L) of symmetric binary variables that sum to n in vector ng ~ = (oo, N1,
no1, N11), one obtains with Egs. (6) and (5) ’

p = {(ngo + n11) — (no1 + n1o)}/n := csday, (17)

where ‘csd’ abbreviates ‘cross-sum difference’, a term introduced by G.M. Marchetti in a recent unpublished work. For sym-
metric variables Ay, A;, L observed and satisfying 112 | Land E(A; L) = E(A; I) = p, given the vector of counts n;N, we get
the average of the two cross-sum differences as the unique maximume-likelihood estimate

R 1
p= E(CSdlL + csdyr)

of the common correlation. Similarly, for observations n(a, ..., aq,l) on Ay, ..., Ag, L of a concentric-ring model, the
closed-form maximum-likelihood estimate of p equals the average of the ¢ = 1, ..., Q cross-sum differences in counts
for each leaf-root pair (Aq, L):

1
p=—=> csdg. (18)
Q q
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When L is hidden, it can be shown for Q = 2, that the maximum-likelihood estimate of p? equals the observed cross-
sum difference, and for Q = 3, that it equals the average of the three observed cross-sum differences. For Q > 3, there is
in general no closed-form solution of the likelihood equation to estimate 02, but a method-of-moment estimator /2 of p?
is obtained from Eq. (12) as

PP=0Qd-1/Q-1) (19)

where 7 is any sample estimate of var(S), and v and S are as defined for Eq. (12).

An EM algorithm [7] for p in the concentric ring model can be defined with closed-form solutions both for the E (expecta-
tion) and for the M (maximization) steps. In an E-step, the 2P joint estimated counts fi(ay, . . ., dqg, I) are from the observed
22 marginal counts of the leaves, n(ay, . . ., aq), and the conditional distribution of the root given the leaves:

na,...,aq,l) =n(ay,...,a9)w(la, ..., aq)

using a current estimate of & and Eq. (16). In an M-step, the estimated correlation coefficient results with the new 2P joint
counts fi(ay, ..., ag, l) via Eq. (13).

Also, the two steps can be combined into a single updating equation for the correlation coefficient. For this, we denote
by p(m) the value of the correlation coefficient at iteration step m and start with an initial estimate from Eq. (19), p(0) =

(PHV2 Let n; = n(ay, ..., ag)ands; = aj +--- + aa be the marginal counts and the associated sum in {—1, 1} coding,
respectively. Then, the updated estimate p(m + 1) is, witht = 1, ..., 22, such that
1
pm+1) = -5 > T(myny, (20)
t

where we use the relation between « and p in Eq. (2) to lead to

T (m) = se{a(m)™ — 1}/{a(m)* + 1}. (21)

Notice that, from a table of counts for all p variables and Eq. (13), an estimate of p is
1
— se{n(aq,...,a0,1) —n(as, ..., ap,0)}.
no Z ¢ {n(aq o, D —n(ay 2, 0)}

Then, from Eqs. (14) and (16), at a given iteration of the EM algorithm, we can write

okt — QKo ot — 1

n(ay,...,a0,1) —n(ay,...,aq,0) = ¢

okt 4 @Ko T s g "
so that Egs. (20) and (21) follow.

To see that T;(m) in Eq. (20) is for p(0) > 0 always nonnegative, note that if s; > 0in Eq. (21) then also (a(m)* — 1)/
((m)®* + 1) > 0 because «(m) > 1. Similarly, if s; < 0 then (¢(m)** — 1)/(e(m)* + 1) < 0.

The algorithm converges to a stationary point of the likelihood and the standard error of the estimate can be found using
one of the methods discussed in [ 17, Section. 4.4, p. 74]. In extensive simulations under the model with Q = 4, the number of
iterations required for convergence, for p in the range of most interest, in 0.5 < p < 0.8, was with a tolerance of ¢ = 10~
at most 4 and with a tolerance of € = 10~7 at most 20. The absolute difference between 5 and p was less than 0.1 and less
than 0.05, in samples of size 300 and 1000 respectively.

8. Discussion

A family of jointly symmetric distributions in equally probable binary variables has been defined, where for each given
number of variables, a distribution is characterized by a single parameter. The family is shown to have several attractive
features that were not previously identified even though it is a special case of a number of models that have been intensively
studied, such as Ising models of ferromagnetism, latent class structures and models for constructing phylogenetic trees.

In particular, such a distribution is a graphical Markov model, generated over a star graph with p — 1 leaves and one
common root. A positive dependence of each leaf on the root equals a positive Pearson’s correlation coefficient, p. When p
increases with p kept fixed, the model leads to an increasing number of evenly-spaced concentric rings.

An integer parametrization shows which sample size is needed so that the smallest count is expected to equal one. This
information helps to plan for observed positive distributions, that is for a sufficient condition that the intersection property
(see e.g. [14]) holds for a given set of observations on symmetric binary variables.

A closed-form maximume-likelihood estimate p of p is obtained when the root is observed in addition to the leaves.
Otherwise, a closed form method-of-moment estimate p of p is derived. This estimate is a good starting value for the EM
algorithm which reduces to a single updating equation to obtain p. Simulations suggest that p and p agree often up to the
second decimal place, that the likelihood function for p has a unique maximum and that it is quite flat only for p < 1/3
that is for the rather small dependences among each leave pair of only p? < 1/9. With p estimated just from observations
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on the leaves, the joint probabilities or interactions including the root are available in terms of Kronecker products of small
matrices even for many variables.

The models are also used to illustrate how conditional relative chances and chance differences can change strongly, when
the roles of a regressor variable and the response are exchanged, while odds-ratios and logit regression coefficients capture
the unchanged equal dependences given the remaining leaves. This problem occurs more generally but is convincingly
demonstrated using this special binary family of distributions.

For two binary variables, in general, Pearson’s correlation coefficient, p, is a multiple of the cross-product difference of
the probabilities; see for instance Eq. 10 in [21]. Only for symmetric binary variables, p > 0 reduces to the cross-sum dif-
ference in Eq. (5) and becomes a 1-1 function of the odds-ratio. The cross-sum difference of counts in Eq. (17), arises also as
the nonparametric measure of dependence, studied by Blomqvist [3] for continuous random variables: in the special case
of symmetry in the observed 2 x 2 table that may result after median-dichotomizing the bivariate observations. Extensions
of this measure and relations to copulas have been investigated by Schmid and Schmidt [16] and Genest, Carabarin-Aguirre
and Harvey [11].

The one-parameter model considered here may be generalized in several ways. One possibility is to abandon the assump-
tion of symmetry. For binary variables, this leads to the model studied for example in [1]. However even for this minimally
extended model, it is much more complex to provide detailed insight into maximum-likelihood inference. In future work, we
intend to study symmetric variables with more than two levels, concentric rings of binary variables with unequal spacings
and maximization of the empirical likelihood functions.
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