CHERN FORMS OF HERMITIAN METRICS WITH ANALYTIC
SINGULARITIES ON VECTOR BUNDLES
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ABSTRACT. We define Chern and Segre forms, or rather currents, associated with a Griffiths
positive singular hermitian metric h with analytic singularities on a holomorphic vector bundle
E. The currents are constructed as pushforwards of generalized Monge-Ampere products on the
projectivization of F. The Chern and Segre currents represent the Chern and Segre classes of
E, respectively, and coincide with the Chern and Segre forms of F and h where h is smooth.
Moreover, our currents coincide with the Chern and Segre forms constructed by the first three
authors and Ruppenthal in the cases when these are defined.

1. INTRODUCTION

Singular metrics on line bundles were introduced by Demailly in [Ded], and have since de-
veloped to be an influential analytic tool in complex algebraic geometry. In [BP| Berndtsson
and Paun introduced singular metrics on vector-bundles in order to prove results about pseudo-
effectivity of relative canonical bundles. These have been further studied in a series of papers
including, e.g., [H{HPS|R]. In order to develop a theory for singular metrics on vector bundles it
seems crucial to have Chern forms. In the line bundle case the (first) Chern form is a well-defined
current, whereas any attempt to construct Chern forms of singular metrics on higher rank bun-
dles seems to involve multiplication of currents. In [LRRS]| the first three authors together with
Ruppenthal defined Chern forms for positive singular metrics on vector bundles under a certain
natural condition on the dimension of the degeneracy locus. In this paper we define Chern forms
without this assumption but for metrics with so-called analytic singularities. To do this we de-
velop a new formalism for generalized (mixed) Monge-Ampere operators for plurisubharmonic
functions with analytic singularities extending the construction in [AW].

Let E be a holomorphic vector bundle of rank r over a complex manifold X of dimension n
and let h be a smooth hermitian metric on E. Let 7 : P(E) — X be the projective bundle of
lines in £*. Then h* induces a metric on the tautological line bundle Op(g)(—1) C 7*E*; let
e~ % be the dual metric on Op(g)(1). If h is Griffiths positive, then e™¥ is a positive metric, i.e.,
the local weights ¢ are plurisubharmonic (psh), and the first Chern form of e~ % is given as dd‘yp,
where d° = (1/47i)(0 — 0). Note that this is a well-defined global positive (1, 1)-form. Following
the ideas in, e.g., [F] one can define the associated kth Segre form as

(1.1) sk(E,h) = (=1)Fm(ddep)* T,

cf. M} Section 7.1]. Since 7 is a submersion this is a smooth form of bidegree (k,k). It was
proved in |[M| Proposition 6], see also [Di, Proposition 1.1] and |G, Proposition 3.1], that
coincides with the classical definition of Segre forms, which means that the total Segre form
s(E,h) = 1+ s1(E,h) + s2(E,h) + --- is the multiplicative inverse of the total Chern form
c(E,h) =1+ ci(E,h)+ c2(E,h) + ---. Identifying components of the same bidegree, this can
be expressed as

(1.2) se(E,h) + sp_1(E,h) Acy(E,h) + -+ cp(E,h) =0, k=1,2,... .
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In particular, holds on cohomology level, i.e., the total Segre class s(E) = 14s1(E)+s2(E)+

- is the multiplicative inverse of the total Chern class ¢(E) = 1+ ¢1(E) + c2(E) + - - -; here
c,(E) and si(E) are the kth Chern and Segre classes of E, defined as the de Rham cohomology
classes of ¢ (F,h) and si(F, h), respectively.

The aim of this paper is to construct Chern and Segre forms, or rather currents, associated
with singular metrics. Therefore let h be a Griffiths positive singular metric on F in the sense of
Berndtsson-Paun, [BP], see Section then the induced singular metric e~# on Op ) is positive,
cf. Proposition Our strategy is to mimic the construction of Segre forms and use them
to construct Chern and Segre currents. However, in general one cannot take products of currents
and in particular (dd®p)* is not always well-defined.

Recall that a psh function u has analytic singularities if it is locally of the form

(1.3) u=clog|F|? +v,

where ¢ > 0, F is a tuple of holomorphic functions f;, |F|* = Y |f;|?, and v is bounded. We
say that h has analytic singularities if the weights ¢ are psh with analytic singularities; for a
direct definition in terms of h, see Proposition In [H] Hosono constructed a class of examples
of singular hermitian metrics on vector bundles, that in fact have analytic singularities, see
Example

Given a psh function u with analytic singularities, in [AW| Andersson and the last author
defined generalized Monge-Ampére products (dd“u)™ recursively as

(1.4) (dd“u)” := dd°(ul x\ 7 (dd“u)* 1),

where Z is the unbounded locus of u, i.e., locally defined as {F = 0} where u is given by ;
for u of the form u = log|F|? the currents were defined in [A]. The current (dd®u)™ is
positive and closed and of bidegree (m,m). For m < codim Z, it coincides with Bedford-Taylor-
Demailly’s classically defined (dd“u)™, cf. Section[2.1] If a is a closed smooth (1, 1)-form, inspired
by [ABW, Theorem 1.2], cf. Remark we let

m—1
(1.5) [ddu)™ := (dd°u)™ + ) o™ 1 (ddu)"
=
for m > 1 and [dd°u]® = 1; see (3.11)) for a recursive description. Note that if m < codim Z,
then 17(dd°u)’ = 0 for £ < m and thus [dd°u]™ = (ddu)™.
Now assume that h has analytic singularities and let 6 be the first Chern form of a smooth
metric e~¥ on Opr)(1); e.g., e~¥ can be chosen as the metric on OP(E)(l) induced by a smooth

metric on E. Since the difference of two local weights ¢ is of the form log|f|?, where f is a
nonvanishing holomorphic function, [dd“plj" is a globally defined current on P(F), see Section

Inspired by (1.1]) we define
(1.6) sp(E, h,0) = (fl)kw*[ddcgp]’g+r71.
If the ¢ are smooth, then clearly si(F,h,0) coincides with sx(E, h) defined by (|1.1)).

To construct Chern currents we need to define products of this kind of currents. Let E1,..., E;
be disjoint copies of E and let 7 : Y — X be the fiber product Y = P(E}) xx --- xx P(E}). Let
@; and 60; denote the pullbacks to Y of the metric and the form on P(E;) corresponding to ¢
and 0, respectively. By extending ideas in [AW] and [ASWY]| we give meaning to products

[dd®pill A+ A [ddccpl]gzl
on Y, see Sections [3land [dl Next for k; > 1 we define
(1.7) Ske (B 1, 0) A v v A spy (B, b, 0) = (= 1), ([ddpd i T A AlddCpn]g T,

see Section here and throughout k := ki + --- + k¢. If h, and thus ¢, is smooth, then (1.7)
just coincides with the product sy, (E,h) A--- A sg, (E, h) of smooth Segre forms, cf. Section
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The currents ([1.7]) are in general not commutative in the factors sk].(E, h,0), see Example
Now we can recursively define Chern currents cx(F, h, ) using the identities ([1.2)), i.e.,

c1(E h,0) = —si1(E,h,0),
co(E,h,0) = s1(E, h,0)?—sy(E,h,0),
(1.8) (B h,0) = > () sk, (B 1, 0) A=+ Asg, (B, h,6).
k1+-+ki=k

Theorem 1.1. Let h be a Griffiths positive hermitian metric with analytic singularities on the
holomorphic vector bundle E — X over a complex manifold X of dimension n and let 6 be the
first Chern form of a smooth metric on Opgy(1). Then fork =1,2,... cx(E, h,0) and sx(E, h,0)
defined by and , respectively, are closed normal (k, k)-currents; more precisely they are
locally differences of closed positive currents. Moreover

(1) cx(E, h,0) and si(E, h,0) represent the kth Chern and Segre classes ci(E) and si(E) of
E, respectively, as de Rham cohomology classes of currents,

(2) cx(E, h,0) and si(E, h,0) coincide with the Chern and Segre forms ci(E, h) and s(E, h),
respectively, where h is smooth,

(3) the Lelong numbers of cp(E, h,0) and si(E, h,0) at each © € X are independent of 6.

Note that Lelong numbers of ¢;(E, h,0) and si(E, h, ) are well-defined since the currents are
locally differences of closed positive currents, cf. Section [6.4]

Assume that the unbounded locus of log det h* is contained in a variety V' of pure codimension
p. Then for k < p, cx(E,h,0) and si(E,h,0) are independent of 0, see Section 8| In general,
however, c;(FE,h,0) and si(E, h,0) do depend on 6, cf. Examples and

In [LRRS| the first three authors together with Ruppenthal showed that if h is a singular
hermitian metric (not necessarily with analytic singularities) such that the unbounded locus of
log det h* is contained in a variety V of pure codimension p, then for k1 +- - -+ k; < p one can give
meaning to currents sg,(E,h) A -+ A sg, (E, h) as limits of s, (E, he,) A -+ A sg, (E, he,), where
h.; are smooth metrics approximating h, see Section Analogously to one can then define
Chern currents cx(E, h) for k < p. We should remark that this construction cannot be extended
to general k, see Example

Theorem 1.2. Let h be a Griffiths positive hermitian metric with analytic singularities on the
holomorphic vector bundle E — X over a complex manifold X and let 6 be the first Chern form
of a smooth metric on Op(g(1). Assume that the unbounded locus of logdet h* is contained in
a variety V C X. Then for ki + -+ + kt < codimV,

(1.9) Skt(E,h, O)N--- A Skl(E,h, 0) = Skt(E,h) VANEERIVAN Skl(E,h).
In particular cp(E, h,0) = cx(E,h) for k < codimV.

The paper is organized as follows. In Section [2] we give some background on currents and
classical Monge-Ampere products. In Section [3] we introduce mixed Monge-Ampere products of
psh functions with analytic singularities generalizing . Next in Sections [4| and 5| we study
metrics with analytic singularities on line bundles and vector bundles, respectively. The proofs
of Theorems [I.1] and [I.2] occupy Sections [6] and [7] respectively. Finally, in Section [§ we conclude
with some examples and remarks.

2. PRELIMINARIES

Let us first recall some results on (closed positive) currents. If 7 : X5 Xisa proper map, u
is a current on X, and « is a smooth form on X, then we have the projection formula

(2.1) a A Tp = T (T A ).
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Moreover, if p is a proper submersion, y is a current on X, and « is a smooth form on X, then

(2.2) pr A = pi(a A p*p).

The Poincaré-Lelong formula asserts that if f is a holomorphic function defining a divisor D,

then
dd*log |f|* = D],
where [D] is the current of integration along the divisor of f.

Given a subset A C X, let 14 denote the characteristic function of A. If Z C X is a subvariety
and T is a closed positive current on X, then the Skoda-El Mir theorem asserts that 1x\ 77" is
again positive and closed. It follows that if U C X is any constructible SG1E| i.e., a set in the
Boolean algebra generated by Zariski open sets in X, then also 17 is positive and closed. Note
that if Uy and Uy are two constructible sets in X, then

(2.3) 1v,n0, T = 1y, 1y, T.

Also, note that if y. is any sequence of bounded functions such that y. — 1y pointwise, then by
dominated convergence, 1yT = lim, x.1". It follows that if 7 is as above, then

(2.4) 1ym T = 7 (1-15T).

Moreover, if Z C X is a subvariety (locally) defined by a holomorphic tuple F, then 1x\ ;T

equals the limit of |F|?*T as A — 0.

Finally recall that a closed positive (or normal) current of bidegree (k,k) on X that has
support on a subvariety of X of codimension > k vanishes. We refer to this as the dimension
principle. In particular, if W, Z C X are subvarieties such that W is of pure codimension p and
codim (Z N W) > p, then

(2.5) 12[W] = 0.

2.1. Classical Bedford-Taylor-Demailly Monge-Ampeére products. Let uy,...,u,, be lo-
cally bounded psh functions on a complex manifold X and let T be a closed positive current on
X. The classical Bedford-Taylor theory asserts that one can define a closed positive current

ddUm A -+ ANddur AT
recursively as
(2.6) ddup N -+ ANddur AT = ddc(ukddcuk_l Ao Addfur A T),
for k = 1,...,m. This current satisfies the following version of the Chern-Levine-Nirenberg

inequalities, see [De3, Chapter III, Propositions 3.11 and 4.6].

Proposition 2.1. Given compacts L CC K there is a constant Ck 1, such that for all closed
positive currents T and psh functions v,u1, ..., Uy, where uy, ..., uy, are locally bounded,

[vdd um A -+ - Adduy AT < Cr ol funll Lo ) - - um| | oo () || T & -

Here ||S||k is the mass semi-norm of the order zero current S with respect to the compact set
K, see [De3, Chapter IIL.3].

Recall that the unbounded locus L(u) of a psh function u is the set of points € X such that
u is unbounded in every neighborhood of z. Note that if u has analytic singularities, then L(u)
is an analytic set, locally defined by F' = 0 where u is given by . Demailly [Del] extended
the definition to the case when the intersection of the unbounded loci of the u; is small in
a certain sense. The following is a simple corollary of [De3, Chapter III, Theorem 4.5].

Proposition 2.2. Let uy,...,us, be psh functions on a compler manifold X such that the un-
bounded locus L(uj) is contained in analytic set Z; C X for each j. Moreover, let T be a closed
positive current of bidegree (p,p) with support contained in an analytic set W C X. Assume that

codim (Z;, N---NZ;, "W)>{l+p

ISimple examples of constructible sets are V \ W or (X \ V) U W for analytic sets V and W in X.
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for all choices of 1 < iy < -+ < iy < m. Then upmddUpm—1 A--- ANddu; AT and ddum A -+ A
dd®ui AT are well-defined and have locally finite mass. The latter is a closed positive current.

These products satisfy the following continuity properties, see, e.g., |De3, Chapter III, Propo-
sition 4.9)].

Proposition 2.3. Let u; and T be as in Proposition . If ug-b) are sequences of psh functions
decreasing to u;, then
wddeu’ A Addeul) AT = umddoum—1 A+ Addéuy AT
ddeul) A+ Addeul? AT = ddeup, A -+ A ddous AT.
We have the following generalization of .

Lemma 2.4. Assume that W C X is a subvariety of pure codimension p, and assume that
Z C X is a subvariety, such that codim x(Z N'W) > p. Moreover, assume that by, ..., by are
locally bounded psh functions. Then

(2.7) 1,ddbg A -+ A ddby A [W] = 0.

Remark 2.5. Assume that W C X is a subvariety and U C X is a constructible set. Then it
follows from Lemma 2.4 that

(2.8) 1ydd®be A --- AN ddby A W] = ddbg A -+ A ddby A 1y [W].

To prove ([2.8) we may assume that U is a subset of W and that W is irreducible. We then need
to prove that

1ydd®be A -+ AN ddby A [W] = ddDg A -+ A ddby A [W]
if U is dense in W and 1pdd®by A - - - A dd°by A [W] = 0 otherwise.

_ To see this, note on the one hand, that if U is not dense in W, then, since W is irreducible,
U is a subvariety of W of positive codimension. Thus

Lddhe A--- Addby A W] = 1p1gddbg A -~ Addby A W] =0

in view of (2.3) and Lemmaﬂ On the other hand, if U is dense in W, i.e., U = W, since U \ U
is a subvariety of W of positive codimension, then again using Lemma note that

Luddby A -+ Addby A [W] = Lyydd°by A -+ A dd°by A [W]—
L L dd®be A -~ Add°by A [W] = ddbe A -~ A ddby A[WV].

O

Proof of Lemma[2.]} We may assume that X is connected. Let us first assume that W = X so
that [W] =1 and Z C X is a subvariety of positive codimension. Then the lemma follows by a
small modification of the proof of Corollary 3.3 in [AW]: It is enough to consider the case when Z
is smooth. The general case then follows by stratification. Since it is a local statement, we may
choose coordinates z so that Z = {z; = -+ = z; = 0}, where ¢ = codim Z. In view of it is
enough to prove that 1y, _gyddbyA- - -Add°by = 0. Notice that in a set |z1] <7, |(z2,...,2,)] <77,
we have that 1y, _gy(ddby A -+ A dd®by) is the limit of

—(|z1|P = 1)(ddCbg A - - - A ddCby)

as A — 0T, cf. the beginning of this section. Since |z1]|** — 1 is psh, (2.7)) follows from Proposi-
tion since the total mass of |z1|?* — 1 tends to 0 when A — 0.

Next, let us assume that W is smooth. We claim that then

(2.9) ddby A -+ Add°by A W] = iy (ddi*by A - - - A dd°i*by),
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where i is the inclusion i : W — X . Taking this for granted, since dim(ZNW) > p it follows that
i~1Z is a proper subvariety of W and thus 1;-1,dd%*b; A - - - A dd°i*b; vanishes by the argument
above, and thus in view of (2.4)),

17dde A -+ Addby A [W] = iy (L-12dd“bg A -+ - A ddi*by) =0

It is clear that holds if the b; are smooth. For general locally bounded psh b; let by)
be sequences of smooth psh functions decreasing to b;. Then follows from the smooth case
and Proposition

For the general case, let 7 : X — X be an embedded resolution of W in X. In particular,
W=7 "Wieg is a smooth manifold of pure codimension p in X and 7 is a biholomorphism
outside a hypersurface HC X such m(H OW) has codimension > p in X. It follows that outside

m(H N W) [W] = [W], and by the dimension principle this holds everywhere on X.

If b; are smooth, then in view of (2.1
(2.10) ddby A -+ - A ddby A W] = 7, (ddm*bg A - - - A ddem*by A [W]).

For general b; (2.10)) follows by approximating by sequences of smooth psh functions converging
to b; using Proposmon 2.3

Next let Z = 7~ 12. _Then Z nw C X isa subvariety of codimension > p. Indeed, for each
connected component W of W Zn W is a subvariety of W Assume that Z N W W for
some j. Then

ZOW D> w(ZNW) D n(W,);

however 7T(W) has codimension P which contradicts that Z N W has codimension > p. Thus
Zn W is a proper subvariety of W for each j. Thus, as proved above,

].decﬂ*bg A ANddém* by A [W] =0
and, in view of (2.4), we conclude that
17ddby A -+ Addby A [W} = TF*(].‘Z“ddcﬂ'*bg A Addém* by A [W]) =0.

O

3. GENERALIZED MIXED MONGE-AMPERE PRODUCTS
Assume that uq,...,u, are psh functions with analytic singularities on a complex manifold
X with unbounded loci Z1,..., Z,,, respectively. Moreover assume that Uy,...,U, C X are

constructible sets contained in X \ Z1,...,X \ Z,, respectively. Inspired by [AW], Section 4] we
consider currents

(3.1) ddum 1y, A --- Adduily,
defined recursively as
(3.2) ddcuklUk VANKIERIVAN ddcul].U1 = ddc(ukldedcuk_llUk71 VANCEIWAN ddcullyl)

for k = 1,...,m. In particular, if u; = v and U; = X \ Z; for all j, then (3.2)) coincides with
(1.4). For aesthetic reasons, and to emphasize that U; is associated with u;, we choose to write
(3.1 rather than

ddum A 1y, ddUp,—1 - - - ddug A 1y,ddui 1y, .

We say that a current of the form 1ydd“u,,1y,, A--- A dd°uily,, where U is a constructible set,
is a (closed positive) current with analytic singularities. We also include currents with no
factor dd“u;1y;; in other words 1y is also a current with analytic singularities. For w; of the
form log | Fj|? currents like were defined in [ASWY], Section 5]. Note that ddu,,1y,, A---A
ddu11y, vanishes unless U; is dense in (at least one connected component of) X
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Proposition below asserts that this definition makes sense and that the currents dd“u; 1y, A
-+ A ddu1 1y, are positive and closed. Moreover, Proposition asserts that

(33) ddcumlx\zm VANRIVAN ddCU11X\Zl

coincides with dd®un, A --- A dd°uy, when this current is well-defined, cf. Proposition It is
therefore tempting to think of as a generalized mixed Monge-Ampere product, and just
denote it by ddum, A --- A dd°uy. The following example shows, however, that this “product”
lacks some properties one would naturally ask for of a product. In particular, it is not additive
in any factor except the right-most one nor commutative.

Example 3.1. Let u; = log|z1|?> and ug = log|z122|? in X = C2. Then u; and up are psh
with analytic singularities with unbounded loci Z; = {21 = 0} and Z» = {z; = 0} U {22 = 0},
respectively. In view of the Poincaré-Lelong formula it follows that
dch21X\22 A ddcul].X\Z1 = dd° (U21X\Z2 [21 = 0]) =0
but
ddcullX\Zl A ddCU,QlX\22 = ddc(ullX\Zl([zl = O] + [2’2 = O])) = [21 = 0] A [22 = 0] = [O],

so that dduslx\ z, A dd°u1lx\ 7z, is not commutative in the factors dd“u; 1x\z,-

Moreover, let uz = log |22]?. Then ug is psh with analytic singularities with unbounded locus
Z5 = {2z = 0}. Note that ug = u; + uz. Now

ddCU1lx\Zl VAN ddcul lX\Zl + ddCU3lx\ZS AN ddcul 1X\Z1 ==
0 + [22 = 0] VAN [Zl = 0] = [0] 75 ddCU21x\Z2 VAN ddcullx\zl.
g

Proposition 3.2. Let u; and U; be as above. Assume that dd®uyly, A---Add°ui1y, is inductively
defined via (3.2). Let u](:j_l be a sequence of smooth psh functions in X decreasing to ugy1. Then

Uk+1 lUkHddc’LLklUk A Addug 1y, = li{n U](;J)rllUkHddcuklUk A Adduy 1y,

()

has locally finite mass and does not depend on the choice of sequence uy’ . Moreover dduy11u, A

<o ANdd®uily,, defined by (3.2), is positive and closed.

Remark 3.3. Note that Proposition asserts that if T is a current with analytic singularities,
u is a psh function with analytic singularities with unbounded locus Z, and U is a constructible
set contained in X \ Z, then

ddu AN 1yT = dd°(ulyT)

is a well-defined current with analytic singularities. (]
The proof is a generalization of the proof of Proposition 4.1 in |[AW].

Proof. Since the statement is local we may assume that u; = log |F \Q—i-vj. Moreover without loss
of generality we may assume that X is connected and that U; is dense in X, and thus 17, =1
as a distribution. Indeed, otherwise dd“uyly, A --- A dduily, = 0.

Let 7: X — X be a smooth modification such that locally on )~(, T F; = fjf]’-, where f; is
a holomorphic function and fj’ is a nonvanishing tuple of holomorphic functions, for each j. It
follows that m*u; = log|fj|* + bj, where b; := log ]fj']2 + m*v; is psh and locally bounded, cf. the
proof of Proposition 4.1 in |[AW]|. Note that for two different local representations, the f; differ
by a nonvanishing holomorphic factor, and thus the b; differ by a pluriharmonic term. Therefore

the local divisors { f; = 0} define a global divisor D; on X, such that 7~1Z; = | D;| and moreover
the currents ddb; define a global positive current on X. By the Poincaré-Lelong formula

ddcﬂ'*u]' = [DJ] + ddcbj.



8 RICHARD LARKANG & HOSSEIN RAUFI & MARTIN SERA & ELIZABETH WULCAN

Let ugL) be a sequence of smooth psh functions decreasing to u;. Since 7 is a modification
ddu\") = . (dden*ul?) = 7, (ddmu) = m. ([D1] + ddby )
and it follows that
dduy = 7T*([D1] + ddcbl)

Let us now assume that we have proved that u; 1y, dd“ur—11y, , A---Add°ui 1y, is well-defined
with the desired properties and that ddu;1y, A --- A dd°uily, is the pushforward of

(3.4) > ddbr A [V7],
I={i1,...,is }C{1,....k}

where dd°b; = dd°b;, A --- N\ dd°b;, and V; are analytic cyclesﬂ of pure codimension k — s on
X. Since the b; are determined up to addition by a pluriharmonic term, each dd°br A [V7] is a

globally defined current on X, cf. Section
We will prove that:

(i) ukr1ly,,, dduply, A -+ A dduily, = lim, u](;lllykﬂddcukl(]k A - ANdduily, has locally
finite mass and is independent of u](:j_l,

(ii) the current

ddupi1ly,,, A+ ANdduyly, == ddc(ukHlUkHddcuklUk A A ddcullyl),
18 the pushforward of a current of the form .
As soon as (i) and (ii) are verified, the proposition follows by induction.

Note that UJ := m~1Uj is a constructible set in X. Let us consider one summand ddcb[ A [VI]
in . Let VI be the union of the 1rredu01ble components VJ of Vi such that Uk+1 N VI is
dense in VJ Then in view of Remark |2

1ﬁk+1ddcb1 VAN [V[] = dd®by N [VI/]

We claim that |Dy.1|N|V]| has positive codimension in |V/|. To see this let Vj be an irreducible
component of [V/|. Then either V{ C |Dj 1| or |Dqal N V7 has positive codimension in V7.
However VI cannot be contained in |Dj1| since Ugy1 N V] C (X \|Dgs1]) N VI is dense in VI ;
this proves the claim.

Since codim (|V/| N |Dg41]) > codim |V/], by Proposition T ug+1ddbr A [V]] has locally
finite mass and by Proposition

w*u,i?rlddcbl A [V]] = mugsrddedy A [V]]

if u,(;}rl is any sequence of psh functions decreasing to ugy1. If u,(;ll are smooth, using (2.1]), that

7 k1 = Upy1, and ([2:4), we get

ul) 1oy, ddougly, A Addou Ly, = m(m*al) Y ddoby A [V]]).
I

Proposition [2.3] then yields

(3.5) Uk+1 1Uk+1ddcuk1Uk VANRIERWAN ddcullUl = T« (w*uk+1 Z dd®br N [V}l])
I

Clearly the right hand side has locally finite mass, and thus (i) is verified.

We now consider (ii). Since the local representation 7*F; = f; f- is determined up to multi-
plication by a pluriharmonic factor, it follows, e.g., from Pr0p051t10n 2.3 that

(3.6)  dd°m*upiq Addr A V] = dd°log | fre1|? A ddby A [V]] + ddbysr A ddbr A V7],

2formal linear combinations of irreducible analytic sets
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cf. the proof of Proposition 4.1 in [AW]. The second term is clearly of the desired form. Since
Dy41 and V] intersect properly, [Dy41] A [V/] is the current of integration of a cycle V' of pure
codimension k — s + 1, cf. [De3| Chapter III, Proposition 4.12]. Thus

(3.7) dd®1og | fus1]? A ddbr A [V]] = [Dgy1] A ddby A [V]] = ddbr A [V].

This proves (ii). O
Proposition 3.4. Let uy,...,un be psh functions with analytic singularities with corresponding
unbounded loci Z1, ..., Zy,. Assume that

(3.8) codim (Z;, N---NZ;,) > ¢,

for each choice of 1 < iy < -+ <ip<m. Then
(39) ddcumlx\zm VANEERIVA ddc’u,l 1X\Z1 = ddcum VANEIVA ddCUh
where the right hand side is defined in the sense of Bedford-Taylor-Demailly.

Proof. The statement is local, so it is enough to assume that X is a fixed relatively compact

coordinate neighborhood of any given point. We let u? := max(u,,, —N), which is psh and

decreases pointwise to u,, when N — co. Since u,, has analytic singularities, v\, = —N in some

neighborhood of Z,,,. We let uTNn’€ be obtained from u/) through convolution with an approximate
N —

identity, so that u%’e is smooth, psh and decreases pointwise to u% when ¢ — 0. Since u,, = —

in a neighborhood of Z,,, it follows that uN® = —N in some smaller neighborhood of Z,,, when ¢

is small enough. We can thus find a sequence quB of smooth psh functions decreasing pointwise

to u,, such that each u,(f) is constant in some neighborhood of Z,,.

We then get that
ddup 1\ 7, A (ddUp—1 A -+ Adduy) = limdd“ulY) A 1x\ g, (ddUpm—1 A -+ A dduy) =
lim dd“u") A ddUp—_1 A -+ A dd®uy = ddUp A ddUm—1 A -+ A ddCuy,

where the first equality follows from the definition of the first current, the second equality follows

since uffm) is smooth and constant in a neighborhood of Z,,, and the last equality follows from

Proposition because of (3.8). The proposition then follows by induction over m. O

Recall that a function ¢ is quasiplurisubharmonic (gpsh) if it is of the form ¢ = u + a, where
u is psh and a is smooth. We say that the qpsh function g has analytic singularities if u has
analytic singularities. The unbounded locus of q is defined as the unbounded locus of u.

Lemma 3.5. Let T be a current with analytic singularities, let q be a qpsh function with analytic
singularities with unbounded locus Z, and let U C X \ Z be a constructible set. Then,

qQlyT = ulyT + alyT
1s independent of the decomposition ¢ = u + a, where u is psh and a is smooth.

Proof. Let ¢ = w1 + a1 = uz + az be two decompositions of ¢ such that u; are psh and a;

are smooth. The statement is local. Therefore we may approximate ¢ by convoluting with a

.. (1) o (v)

sequence of regularizing kernels p\*) so that for j =1, 2, u;
(+)

psh functions decreasing to u;, and a G=ag* o is a sequence of smooth functions converging

to aj, and for each ¢, ugL) + agb) = ug) + ag). Thus in light of Proposition we get

= uj ok p) is a sequence of smooth

nlyT + alyT = hfn (ugb)lUT + agb)lUT) = h{n (uéL)lUT + CL;L)]_UT) = wolyT + ao1yT.

O
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Let u be a psh function with analytic singularities with unbounded locus Z, let a be a closed
smooth (1,1)-form, and let 7" be a current (locally) of the form

(3.10) T:Z@‘/\Ti,

where the sum is finite, 3; are closed smooth forms, and 7; are currents with analytic singularities.
We define the operator T' — [dd°u], AT by

[ddujo AT :=ddu N 1x\zT + aAN1zT = dd(ulx\zT) + a A 17T.

By Remarkthis is a well-defined current of the form (3.10). Using that 1y z(a*Alz(ddu)*) =
0 for k,¢ > 0, we get that

(3.11) [dd°u]™ = [ddu] A [ddu]™ ™,

where [ddu] is defined by ((1.5]).
Next, for currents T' of the form (3.10|) we define operators T' +— [dd“u]l’ A T recursively by

(3.12) [dd°u]® AT := [dd°ulq A [dd°u]®" T AT,
Again by Remark these are currents of the form (3.10)). In particular, if u,...,u; are psh
functions with analytic singularities, and «ay, ..., a; are closed smooth (1, 1)-forms, the current

[ddus]grt A -+ A [ddug |32

is a well-defined current of the form (3.10j).
Note that if 3 is a closed smooth form, then

[dd°u)® ABAT = B A [dd°ulk A T.
Indeed, multiplication with 1 and dd“u commutes with multiplication with closed smooth forms.

Remark 3.6. Recall that if (X,w) is a Kéhler manifold, then a function ¢: X — R U {—o0} is
called w-plurisubharmonic (w-psh) if locally the function g+ ¢ is psh, where g is a local potential
for w, i.e., w = ddg. Moreover ¢ is said to have analytic singularities if the functions g + ¢ have
analytic singularities. If ¢ is an w-psh function with analytic singularities, we can define a global
positive current (w 4 dd°¢)*, by locally defining it as (dd°(g + ¢))*, see |JABW, Lemma 5.1].
Analogously to (|1.5) we can define

m—1

w4 dd°@)]} == (w + dd°@)™ + Y W™ F Ay (w + dd°¢)",

k=0

where Z is the unbounded locus of ¢, cf. [ABW|. With this notation, Theorem 1.2 in [ABW]| can

be formulated as:
Let ¢ be an w-psh function with analytic singularities on a compact Kdhler manifold (X,w) of

dimension n. Then
/[w—f—ddcqﬁ]g :/ w".
X X

4. HERMITIAN METRICS WITH ANALYTIC SINGULARITIES ON LINE BUNDLES

Let L — X be a holomorphic line bundle. A singular hermitian metric on L, as introduced by
Demailly [Ded|, consists of (possibly infinite) seminorms || - ||(;) on Ly for all x € X such that
if ¥ : Llyy — U x C is a local trivialization of L and ¢ is a local section, then ||£]|7 = [9(£)[2e™%,
where ¢ is a locally integrable function in U called the (local) weight of h with respect to 9, see,
e.g., |L, Chapter 9.4.D]. The metric h is often denoted by e™% or just . If ' : L|yy — U x C is
another local trivialization, with transition function g, then in & NU’ the corresponding weight
¢ satisfies

(4.1) ¢ = ¢ +loglg|*.
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From and the local integrability of the weights it follows that the curvature current
©), = 00y is a well-defined global current on X. The Chern form ci(L,h) = (i/27)0) = dd°yp
represents the Chern class ¢1(L).

The metric e~ is positive if the weights ¢ are psh. We say that a positive singular metric
e~ % has analytic singularities if the weights ¢ have analytic singularities. In view of there
is a well-defined associated unbounded locus Z C X, that is a subvariety of X, locally defined as
the unbounded loci of the ¢. Since the local weights are integrable it follows that Z has positive
codimension in X.

Example 4.1. Assume that sq, ..., sy are nontrivial holomorphic sections of a line bundle L — X.

Then h = e~ with N
p= logz |sj\2
j=1

is a positive metric with analytic singularities, cf. [Ded, Example 2.4]. In other words, if 9 :
L|yy — U x C is a local trivialization and & is a local section, then

[ L
=2 10(s)P
O

Lemma 4.2. Assume that o1, ..., ps are positive metrics with analytic singularities on line bun-
dles L1, ..., Ly over X with unbounded loci Z+, ..., Z, respectively. If Uq,...,U; are constructible
sets contained in X \ Z1,...,X \ Zy, respectively, and 01, ...,0; are closed (1,1)-forms, then the
a priori locally defined currents

(4.2) ddctptlUt ANREIVAN ddcgol 1y,
(4.3) [ddcgot]g;” ARERWA [ddcgol]gil
are globally defined currents; (4.2) has analytic singularities and (4.3)) is of the form (3.10).

Proof. Since the local weights of ¢; are psh functions with analytic singularities, (4.2)) and (4.3])
are locally well-defined and of the desired form in view of Section Since two local weights
differ by a pluriharmonic function, cf. (4.1)), it follows using Lemma that they are globally
defined. O

If p; = ¢, with singular set Z, and U; = X \ Z for all j, we write (ddyp)" for the generalized

Monge-Ampere product (4.2)), cf. (L.4)).
For the proofs of Theorems [1.1] and [T.2] we will need the following results.

Proposition 4.3. Let 1, ..., p be hermitian metrics with analytic singularities on holomorphic
line bundles L1, ..., L, respectively, over a complexr manifold X. Moreover, let 01,...,0; be first
Chern forms of smooth metrics on Ly,..., Ly, respectively. Then

(4.4) [dd®pi]y, N A[ddpr]y = 0" Ao NOT + ddES,

where S is a current on X.

Proof. In view of it is enough to prove the result for m; =1, j = 1,...,t. Assume that 0;
is the first Chern form of the smooth metric 1);. Then note that ¢; —1); defines a global gpsh
function on X for each j, cf. .

Let T be a current of the form . Then

(4.5) [ddcgoj]gj ANT = ddc(gojlx\ZjT) + 9]' AN 1ZjT =
dd*(pj1x\z,T) = 0j A1x\z, T+ 0; AT = dd*((p; —1j)1x\z,T) +0; AT,
where we have used that dd®y; = 0, Lemma and that 1x\z,T is closed for the last equality.
i3

Assume that ¢ = 1. Then it follows from (| (applied to T'=1 and j = 1) that (4.4]) holds
with S = (1 — ¥1)1x\z,- In fact, S = 1 — 91 since Z; has positive codimension in X. Next
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assume that (4.4) holds for ¢ = k. Then (4.5 (applied to T' = [ddpsle, A --- A [dd°p1]g, and
j=kK+1) gives
[dd“@ri1]o. 0 A Addopr]o, = ddU + b1 A [ddpilo, A -+ A [dd prle, =
ddU + b1 A (B A+ Ay +dd°S) = Oy Ao ANy +ddY(U 4 0,1 A S),
where
U = (rt1 — Yrt1)1x\z;[dd 0xlo, A+ A [dd o1l -

Thus (4.4) holds for ¢ = k + 1 and the lemma follows by induction. O
Lemma 4.4. Let ¢ be a positive metric with analytic singularities on a holomorphic line bundle

L over a complex manifold X, and let 8 be the first Chern form of a smooth metric on L. Let
e be a sequence of smooth positive metrics decreasing to ¢ and let we be the corresponding first

Chern forms. Moreover, let T be a current of the form (3.10)), and let B be a test form such that
the support of dd°B does not intersect the unbounded locus Z of ¢. Then

(4.6) / [dd°plg" NT AN =1lim [ w*ANT AB.
X e—0 X

Proof. Assume that 6 is the first Chern form of the smooth metric ¢. First note that for any
current S of the form (3.10))

(4.7) [dd°@lg NS —we NS =dd(plx\zS) +OAN1zS —w: NS =
dd*((p — p)1x\25) + dd((¢ — ¢2)125).
Since ¢ — . and ¥ — . are globally defined qpsh functions, cf. (4.1]), in view of Lemma the

currents on the last line of (4.7) are globally defined currents of the form (3.10)).
By applying (4.7) to S = [ddccp]g_l AT for £ =1,...,m, it follows that

(4.8) [ddplg" AT —wP AT =Y w A ([dd°lg AT — we Aldd sl AT) =
/=1

D Wl A (@ — )L\ Zldd plg™ A T) + D W A dd® (v — pe)1z[dd eyt A T).
(=1 /=1

Again, the currents in the last line are well-defined global currents by Lemma [3.5
Let us integrate one of the currents in the second sum against 8. Then by Stokes’ theorem

/ WA ddO (Y — ) 1z[ddeQlS P AT) A B =
X
/ WA (Y — )1 7[ddp)5TE AT A dd°B = 0,
X
where the last equality follows since supp(1 Z[ddcgo]g_l ANT) C Z is disjoint from supp dd®fs.
Outside Z, the current

WA (9 — o)1y 2[ddelg P AT = (0 — ) (dd )™ Ay g[dd ) P AT

converges weakly to 0 by Proposition Thus, integrating one of the terms in the first sum in
the last line of (4.8) against 8 and taking the limit gives

lm [ W Add((p — pe)lx\z[ddply P AT) A B =

e—0 X

lim [ WA (¢ — ) lx\z[ddoly™ AT A dd“B = 0.
e—0 X

Now (4.6]) follows by integrating (4.8) against § and taking the limit. O
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5. HERMITIAN METRICS WITH ANALYTIC SINGULARITIES ON VECTOR BUNDLES

Let F — X be a holomorphic vector bundle over a complex manifold X. A singular hermitian
metric h on E in the sense of Berndtsson-Paun, [BP], is a measurable function from X to the
space of nonnegative hermitian forms on the fibers. The hermitian forms are allowed to take the
value co at some points in the base (i.e., the norm function ||£||; is a measurable function with
values in [0, oc]), but for any fiber £, the subset Ey := {{ € E; ; [|{]|5(») < oo} has to be a linear
subspace, and the restriction of the metric to this subspace must be an ordinary hermitian form.

Every singular hermitian metric h on E induces a canonical dual singular hermitian metric
h* on E* such that (h*)* = h under the natural isomorphism (E*)* = E| see, e.g., [LRRS,
Lemma 3.1]. Following [BP, Section 3] we say that h is Griffiths negative if the functionﬁ

Xn(2,€) = 10g ||}
is psh on the total space of EF. Moreover we say that h is Griffiths positive if the dual metric h*
on E* is negative.

Proposition 5.1. Let h be a singular hermitian metric on a holomorphic vector bundle E. Let
Og denote the zero section of E. Then the following conditions are equivalent.
(1) h is Griffiths negative, i.e., xp, is psh on the total space of E,
(2) xn is psh on E\ O,
(3) the function x — log Hu(a:)H,%(gc) is psh for each local section u of E,
4)

(

Proof. We first prove that is equivalent to and that is equivalent to . Note that if
u is a local holomorphic section of E, then log Hu(x)Hi(x) = xpou(x). Thus if x4 is psh, then so

is log ||u||? since u is a holomorphic map. Hence (1)) implies (3). If u # 0, then it is enough that
Xn is psh on E'\ Og in order for u to be psh. Thus implies .

For the converses, since plurisubharmonicity is a local property, we may assume that X is an
open subset of C™ and that £ = X x C". To prove that yj is psh it is then sufficient to prove
that xp, o y(t) is subharmonic on (the restriction to E of) any complex line v(¢) in C" x C". We
let 7o and ~y; denote the components of v in C™ and C”, respectively. If 7o(¢) is constant then

xh 0 7(t) = 108 111 (O o0 oy = o8 11 (1)1

where hy is the constant metric h(7o). If ||u||? is psh for all u, then hg has to be finite, and thus
since 71 (t) is a holomorphic curve, it follows that xj o+ is subharmonic. If 4o(t) is not constant,
then note that ~; () = u o vy (t) for some (linear) holomorphic function u, that can be extended
to a holomorphic section on X. Thus

Xt 0 () = 10g [11(E) 7ty = 108 w050 ()7 30y = l0g [1ullf © 0 (2)-

Since 7 is holomorphic, yj, o v is subharmonic if ||u||? is psh. Hence implies . To show
that xj, is psh outside the zero section of E, u can be chosen nonvanishing, and thus follows
from .

Next we prove that is equivalent to . Clearly implies . To prove the converse
assume that xj is psh on E \ Og. Then |[|£ H,zl(x) is finite on F \ Op and thus by homogeneity

log ||ul|? is psh for each local nonvanishing section u of E.

it must vanish on O, which means that xplo, = —oo. It follows that xj, trivially satisfies the
sub-mean value property at each point of 0.

To prove that yj is upper semicontinuous at 0g, choose (zo,&y) € Op and let (zx, &) be a
sequence of points converging to (zg,&y). We need to prove that limy xp(zk, k) = —oo. As
above, we may assume that X is an open subset of C? and F = X X CZ, and moreover that
Op = {§{ = 0} and (x0,&) = (0,0). Also we may assume that (zy, &) are contained in the set
{Jz| <1,]¢] < 1}. Let C be the compact “cylinder”

C={lz| < 1,[¢| =1}

3The function y, is sometimes called the logarithmic indicatriz of the (Finsler) metric h, sce, e.g., [De2].
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Since xp, is psh and thus upper semi-continuous outside 0g, xp|c < M for some M < co. By
homogeneity it follows that
xn(@n, &) < M +log &> = —oc.
Thus xp(z, &) is upper semicontinuous at O and hence it is psh in E. O

Let 7 : P(E) — X denote the projectivization of E, i.e., the projective bundle of lines in the
dual bundle E* of E, i.e., P(E), = P(E}). The pullback bundle 7*E* — P(F) then carries a
tautological line bundle

Op(p)(—1) = {(z, [¢];v),v € C&} C n"E™.

Let e? denote the restriction of 7*h* to Op(g)(—1). Then e™¥ is the dual metric on the dual
line bundle Opg)(1). If E is a line bundle, then Op(g)(1) = £ and e~ = h.

Let us describe ¢ in a local trivialization. After possibly shrinking X we may assume that
E=XxC';then P(E)=X xP™ ! Fori=1,...,r, let

Ui = {(z,[¢]) € P(E), & # 0}
Then {U;} is an open cover of P(E) and Op(g(—1) is defined by the trivializations
Vi Opg) (=D, = Ui x C, (z,[E];0) = (2, [§];vi).

Now, on U;,

(5.1) 02+ e (o ey = 195(0) Pefi D = o Pesi@ D,
Moreover, since 7*h* is a pullback metric

(5.2) [Vl he(@,e)) = IV]In*(2)-

By applying and to v =& we get

(5.3) i(w, [€]) = log |€/&llhx @y = xn (z, /&)

Note that this is well-defined since the second and third expressions only depend on [£].

Proposition 5.2. Let h be a singular hermitian metric on a holomorphic vector bundle E. Then
h is Griffiths positive if and only if the induced singular metric e=% on OP(E)(l) 18 positive.

Proof. Since this is a local statement we may assume that we are in the situation above. Then
e~ ¥ is positive if and only if ; is psh on U; for all i. Moreover, by Proposition h is Griffiths
positive if and only if xp+(x, &) is psh on E or equivalently on E \ Og.

Since & # 0 on U;, in view of , ; is psh there if yp» is psh. Thus e™% is positive if
h is Griffiths positive. For the converse, if (z,§) € E \ Og, then & # 0 for some ¢ in some
neighborhood U of (z,£). Then, by ,

(5.4) Xie (2, €) = xp= (2, € /&) +1og |&:[* = il [€]) + log |&]?
there. Since ¢ — [¢] is holomorphic and log |&;|? is pluriharmonic where & # 0, it follows that
Xr* is psh in U if ¢; is psh. We conclude that h is Griffiths positive if e™% is positive. U

Definition 5.3. We say that a Griffiths positive hermitian metric has analytic singularities if
the induced positive metric e™¥ on Op(g)(1) has analytic singularities.

Proposition 5.4. Let h be a Griffiths positive hermitian metric on a holomorphic vector bundle
E. Then h has analytic singularities if and only if xp~ is psh with analytic singularities on E\Og.

Proof. Let us assume that we are in the local situation above. Then h has analytic singularities if
and only if ¢; are psh with analytic singularities for all ¢. In view of the proof of Proposition [5.2
this is in turn equivalent to that xp« is psh with analytic singularities on E \ Op. 0

We do not know whether it is possible to express analytic singularities of & in terms (of analytic
singularities) of the functions log ||ul|2.
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Ezample 5.5. In [H, Example 3.6] Hosono constructed a family of examples of singular hermitian
metrics that generalize the metrics in Example Assume that F — X is a holomorphic
vector bundle with global holomorphic sections sy, ..., sy. Let s be the morphism from the dual
bundle E* to the trivial bundle X x CV given by (z,¢) + (s1(x,&),...,sn(z,&)) and let h* be
the pullback under s of the trivial metric on X x C¥, i.e.,

(& Mhr(z) = (s(x,€),5(x,m)).
Then
1€

i*(x) = |s(z,&)* = Z |55(x, &)
J

It follows that (&, ) = log |s(x, €)|? is psh with analytic singularities on E*. Thus by Proposi-
tion [5.4] the dual metric h of h* on E = (E*)* is Griffiths positive with analytic singularities. O

Given a Griffiths positive singular metric h, logdet h* is psh, see [R}, Proposition 1.3|, and we
can define the degeneracy locus of h as the unbounded locus of logdet A*. The following lemma
gives alternative definitions in terms of (the unbounded loci) of yx+ and ¢.

Lemma 5.6. Assume that h is a Griffiths positive singular metric on E — X. Then, using the
notation from above and denoting the projection E* — X by p,

(5.5) L(log det h*) = p(L(xn-) \ 0p) = 7 (L(1)).

In particular, it follows that if A has analytic singularities, then the degeneracy locus of h is a
subvariety of X.

Proof. In view of (5.4), (z,€) € E\ O is in L(xs-) if and only if (z, [¢]) € P(E) is in L(y), and
thus the second equality in follows. The inclusion 7 (L(p)) C L(logdet h*) is an immediate
consequence of Lemma 3.7 in [LRRS].

Thus it remains to prove that

(5.6) L(logdet h*) C p(L(xa+) \ O).

Since the statement is local we may assume that £ = X x C". Take x € L(logdet h*). Then, by
definition there is a sequence xy — x such that logdet h*(xy) — —oo. This means that there is a
sequence £ — 0 such that det h*(xy) < €}, which implies that ~*(x) has at least one eigenvalue
less than e;. Thus there are § € E;, = C” such that [|§gllcr = 1 and [|§g ||y () < €x- Since
l€kllcr = 1, {&x} has at least one accumulation point £ in C" and thus we can find a subsequence
(2, &) — (2,€). Since [[Ekllp*(2y,) = 0, (2,§) € L(xp+). Moreover, since [[§kllcr =1, [€]lcr # 0
and thus € p(L(xs+) \ Og), which proves (5.6)). O

6. CONSTRUCTION OF SEGRE AND CHERN CURRENTS, PROOF OF THEOREM [L.]]

6.1. Construction, basic properties. Assume that X is a complex manifold of dimension n,
that £ — X is a holomorphic vector bundle of rank r, and that A is a Griffiths positive hermitian
metric with analytic singularities on E. Let 7 : P(E) — X be the projectivization of E and let
¢ denote the metric on L := Op(g)(1) — P(E) induced by h. Then ¢ has analytic singularities,
cf. Definition let Z C P(FE) denote the unbounded locus of ¢. Moreover, assume that 1 is a
smooth metric on L and let 8 be the corresponding first Chern form.

Next, let E1, ..., E; be t disjoint copies of E, let m; denote the projections P(E;) — X, and p;
the identifications P(E;) — P(F). Let ¢; denote the metric p}¢ on Li:= piL — P(E;) induced
by h with unbounded locus Zi = p;l(Z) and let 6; = p;6 and 0 = pi1. Moreover, let Y be the
fiber product

Y:P(Et) Xx - XXp(E1),
with projections w; : Y — P(E;) and 7 : Y — X. Let ¢; denote the pullback metric w;@; on
L; = w;‘zl with unbounded locus Z; := w;l(Z-) and let §; = w:‘él and 1); = wﬁzl Now, in
view of Lemma is a well-defined (k, k)-current.
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Remark 6.1. Let V be the degeneracy locus of h. Then in Y \ 7!V, p; are locally bounded by
Lemma and thus

(At A A ddpn gt T = (ddoe) R A A (ddCipy )R
where the right hand side is locally defined in the sense of Bedford-Taylor. Hence outside V/,
St (B By 0) A=< A sy (B, By 0) = (—1)Fm, (ddp )71 A A (ddCpp) it 1);
in particular it is independent of 0, and thus so are cx(F, h,0) and sx(E, h,0). 0

Lemma 6.2. Let X, E, and h be as above. Given x € X, there is a neighborhood x € U C X
such that in U,

Skt(E,h, 0) VANCERIVAN Skl(E,h,e) =5, —-5_,
where S1,S_ are closed positive currents.

In view of (|1.8)), it follows that si(F,h,0) and ci(F,h,0) are differences of positive closed
(k, k)-currents; this proves the first part of Theorem

Proof. Let us use the notation from above. Since the statement is local we may assume that X is
an open neighborhood of x in C™ and that E = X x C" is a trivial bundle. Then P(E;) = X x Y7,
where Y; = P! Let p; be the projection P(E;) — P!, Moreover, let wrg denote the Fubini-
Study metric on P71, let wy be the standard Euclidean metric on X, and let wj = p;was +7r;fw0.
Then for some large enough C > 0, there is a neighborhood z € &/ C X such that &; := Cw;
satisfies that

Bj ::&j—i—é]’ZO

in 7T]-_1Ll C P(Ej) for each j. Let o = w;‘dj and 8; = w}‘ﬁj be the corresponding closed

(1,1)-forms on 71U C Y, so that 0; = B; — a;.
We claim that in 7~ for m; > 1,

[dd pi]gt A -- e N [ddccpﬂgjl =T, -T_,

where Ty are closed positive currents with analytic singularities, cf. the beginning of Section
Then in view of (1.7)), sk, (E,h,0) A --- A sk, (E, h,0) is of the desired form in Y.
To prove the claim, first note that if mq = 0, then,

[dd g1yt = [dd‘pn]f, =12 0.
Next, assume that
T:= [ddccp,{]g;”_l A A [ddc@ﬂgl“ — T+ T,

where m,, > 1, and where T4 are as above. Then

[ddcgoﬁ}g”j EERWA [ddcgpl]gil = [dd°pilo, NT = dd“0x N1y 2, T + 0 N1 2, T =
dd“ox Ny gz, (T4 —T-) + (Br —ax) N1z, (T = T-) =
(dngO,g VAN 1Y\ZHT+ + ﬁlﬁ N 1Z,€T+ + a, A 1ZKT_)—
(dd°0n ANy 7, T— + B ANz, T- + g A1z, Ty) =T, —T".
Since T4 are closed positive currents with analytic singularities and (,; and «; are positive (1, 1)-

forms, T, are well-defined closed positive currents with analytic singularities. The claim now
follows by induction. O
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6.2. Comparison to the smooth case, proof of statement in Theorem Note
that to prove statement in Theorem it suffices to show that
(6.1) Sk, (E hy ) N+ A sp (B h,0) = s, (E,h) A+ Asg, (E, h)

when A is smooth.
To this end, assume that h, and thus ¢, is smooth. Let a; be the smooth form

(ddc ~ )k’ j+r— 1
where we use the notation from Sectlon Then sy, (E,h) = (=1)% (m})x, cf. (L), and thus
(6.2) Sk (B R) A - A s (B, R) = (=D)F(m) sy A A (1) 501

Note that in this case
@iy = (dd°w ;)T = (ddCp;) Mt
and thus in view of Remark [6.1]
Tiaw A Awion = [dd%egi T T A A [ddoen g T,
so that
Sk (B R O) A+ A sy (B b, 0) = (—1)Fm, (wfaw A -+ Awtan).
Now (6.1)) follows from the following lemma (with Y; = P(Ej;)).

Lemma 6.3. Let X be a complex manifold, let mj: Y; — X, j=1,...,t, be proper submersions,
and let'Y be the fiber product Y :=Y; X x - - - X x Y1 with projections w; : Y — Y; andmw: Y — X.
Let a1 be a current on Y1, and let aoa, ..., oz be smooth forms on Yo, ..., Y;, respectively. Then

(6.3) T (wioy A Awiar) = (m)sa A+ A (m1)san.

Proof. By induction it is enough to prove the case t = 2. It is also enough to prove (6.3)) locally.
We may therefore assume that Y; =2 X x Z;, where Z; is a manifold for j = 1,2. It is readily
verified that

(6.4) ﬂ'f(’ﬂ'Q)*Oég = (wl)*u—fgag
since the pushforwards on both sides are just integration along Zs. By (2.1)), (2.2), (6.4), and
the fact that 7 o wo; = w, we obtain that
(m2)sa2 A (T1)s0n = (m1) (7] (m2) 2 A 1) = (m1)+((w1)s @302 A 1)
= (1) (1) (wWhaa A wiay) = e (whan A wiay).
O

6.3. The cohomology class, proof of statement in Theorem Note in view of (|1.8])
that to prove statement (1)) in Theoremit is enough to prove that sy, (E, h, 0)A- - -Asg, (E, h, )

is cohomologous to sg, (E,g) A -+ A sg, (E, g), where g is a smooth metric on E.
From Proposition [£.3] we have that

Sk (E Ry O) A+ A sg, (B, h,0) = (— ) ([ddc ]kt+T 1A A [ddoor k1+r 1)
(-1) W*(Gft” A 9'“” D) + (~1)kddem.s,

for some current S; here we have used the notation from Section |6

By applying Lemma to éfj e notlng that Qk el o *9 it , we get that
(6.5) T (R U A AT = () BRTTTU A A () 08T
Let n be the metric on Op( E)(l) associated with g. Then 6 is cohomologous to dd®n and since m,

commutes with exterior differentiation, it follows from (T.1)) that (—1)% (Wj)*éfj 1 s a form

in the class of si;(E, g). It follows that (—1)* times right hand side of (6.5) is cohomologous to
sk, (E,g) N+ A sk, (E,g), and we conclude that so is sg, (E, h,0) A -+ A sg, (E, h,0).
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6.4. Lelong numbers, proof of statement in Theorem We begin by recalling the
definition of the Lelong number of a closed positive current. We assume that we are on a complex
manifold X of dimension n and that around a given point a € X, we have local coordinates z.
If T is a closed positive (p, p)-current on X, then the Lelong number of T at a can be defined as

(6.6) v(T,a) = /l{a}(ddc log |z —al)" P AT,

which is independent of the local coordinate system, see for example [De3|, Definition I11.5.4 and
Corollary 111.7.2]. Since L(log|z — al?) = {a}, which has codimension n, the product in the
integrand is indeed well-defined.

Note that the definition of Lelong numbers can be extended to currents that are locally of the
form Ty — T, where T4 are closed positive currents, through v(7T,a) := v(T},a) — v(T-,a) if
T =T, — T in a neighborhood of a. In particular, in view of Lemma [6.2] the Lelong numbers
are defined for the currents si, (E, h,0) A--- A sk, (E, h,0), and thus in particular for ¢ (E, h, ).

Remark 6.4. Let us consider . For simplicity, assume that a = 0. Note that by the dimension
principle for any (p, p)-current T that is (locally) the difference of two closed positive currents,
(dd®log |2]*)" P AT = dd“log |z[*1x\(0y A -+ A dd®log |2[*1x\joy A T,

cf. Proposition
Now assume that T = sy, (E, h,0) A--- A s, (E, h,0), ie, T = (=1)km.pu, where
o= [ddc ]kt—i-r 1 [ddc ]kﬁ—r—l

and we are using the notation from Section Notice that log|r*2|? is psh with analytic
singularities on Y with unbounded locus Z := 7= 1{0}. Thus, in view of Lemma arguing as
in the proof of Lemma (regarding log |7*z|? as a metric on the trivial line bundle over Y),
one gets that
dd®log |*z* 1y 7 A -+ A dd€log |21y 7 A o

is a globally defined current that in a neighborhood of Z is the difference of two closed positive
currents with analytic singularities.

Next, note that if «¥) is a sequence of smooth psh functions decreasing to log |22, then w*ut)
is a sequence of smooth psh functions decreasing to log|7*z|2. Using , Propositions
and and we conclude that

1oy (ddlog |z|*)" * AT = m,(15dd log |7*z[*1y\ 7 A - - - A ddClog |7*2[* 1y 7 A ).
O

Proof of statement (3|) in Theorem |1.1, Let us choose coordinates so that a = 0. Since Lelong
numbers are locally deﬁned cf. (6.6)), we may assume that we are in a neighborhood 0 € U C X
as in the proof of Lemmaﬂ Let 0 and 0’ be two first Chern forms on (’)p( y(1) corresponding

to smooth metrics 1) and 1)/, respectively, and let p = [ddp ]k”rr DA A [ddey ]k1+T ! and
= [dd°p ]k””” YA A [ddop ]k1+r ! be the corresponding currents on Y, where we use the
notation from Section and 0; is defined analogously to ;.
We claim that in 77U

(6.7) p—p =" dBi A i,

where 3; are smooth forms and p; are closed positive currents with analytic singularities. Using
the notation from Remark let S AT denote the operator T' — 1zdd¢log \71*2\211/\2 VAR,
dd¢log |7r*z|21y\ 7z NT. Since B; is smooth, applying S commutes with multiplication with dg;,
and thus, since S A u; is closed, we get

SANdB; N pi = dBi NS N pg = d(Bi NS A pi) =: dry,
where 7; = 8; A S A p; has support on Z.
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Hence, in view of Remark taking the claim for granted,
(=10 (¥ (5t (B, Ry 0) A+ A sy (B 1, 0),0) = (s, (B, By O) A+« A sy (B, 7, 61),0) ) =
v(mept, 0) — v(mep,0) = /77'*(5/\ w— ) Z/dw*n =0,

where the last equality follows by Stokes’ theorem since the m,7; have support on 7(Z) = {0}.
This proves in Theorem
It remains to prove the claim. First note that, since [ddp1]) = [ddp1]), = 1, [dd°p1]y, —
1
[ddcgol]g,l vanishes and is in particular of the form (6.7)). Next assume that we have proven that

T =T = [ddpyJy="" A+ Alddpn]gt — [ddplgn " A A [dd g, Z dyi N'T;

for some smooth forms v; and closed positive currents with analytic singularities 7;, where
me > 1.

By the assumption on U4, T = T, — T_ in 7~ 'U, where T4 are closed positive currents with
analytic singularities. Now

[ddpily™ A -+ A [ddpr]gt — [ddcgp,.i]g;: A A [ddccpl]gil = [dd°¢,)e, NT — [dd°pilo, NT' =
ddox Ny 7, (T —=T') + (0 — 0,) N1z, T+ 0, N1, (T —T') =
> dyi NddCpn ALy 7, T; + dd (b — ) Az, (T —T-) + Y d(yi AddP),) Ay, T,

which is of the form in the right hand side of since 1), and 9. are smooth. Here we have used
that set of closed positive currents with analytic singularities is closed under multiplication with
1y, where U is an constructible set and Remark [3.3] The claim now follows by induction. [

7. COMPARISON WITH |[LRRS|, PROOF OF THEOREM

Assume that h is a singular Griffiths positive (negative) metric on a holomorphic vector bundle
FE — X over a complex manifold X of dimension n, such that that the degeneracy locus of h is
contained in a variety V' C X. In [LRRS]| the first three authors together with Ruppenthal de-
fined Chern and Segre currents, c;(E, h) and s (E,h), for k < codim V. Let us briefly recall the
construction. Locally, h can be approximated by an increasing (decreasing) sequence h. of Grif-
fiths positive (negative) smooth metrics, see, e.g., [BP, Proposition 3.1] or [R, Proposition 1.3].
Theorem 1.11 in [LRRS]| asserts that the iterated 1imitE|
(7.1) lim .- lim sg,(E, he,)A - Asiy (B, he,)

et—0 e1—0

exists as a current and is independent of the choice of h. for k1 +- - -+ k; < codim V; in particular,
it follows that sy, (E,h) A -+ A sg, (E, h), locally given as , defines a global current on X.
Moreover, the Chern currents cx(E, h), defined from sg,(E,h) A --- A sg, (E, h) analogously to
, and the Segre currents sx(E, h) coincide with the corresponding Chern and Segre forms
where h is smooth, and are in the classes ¢, (E) and si(FE), respectively, when X is compact.

Assume that h is Griffiths positive and let ¢. be the smooth metric on 7 : P(E) — X induced
by h.. Then . is a sequence of smooth positive metrics on Op( E)(l) decreasing to ¢. Let w. be
the first Chern form of ¢.. Then sy, (E,h) A --- A s, (E, h) satisfies the following recursion for
t>0:
(7.2) Sk (B R) A - A sy (B, h) = lim (= 1)*m, (W) Asp, (B h) A -+« A sy, (E,h).

e—0

4n [LRRS]| the limit is taken over certain subsequences of h., but this is in fact not necessary; see the end of
the proof of Proposition 4.6 in [LRRS|.
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Remark 7.1. Assume that h is Griffiths positive. Let us use the notation from Section [6.1} and
denote the sequences of positive metrics on Y induced by h. by ¢;.. Moreover assume that we
are outside the degeneracy locus of h. Then the induced ¢; are locally bounded and thus, by
Proposition 2.3}

(=1)Fsi, (Byh) A= Asgy (Byh) = lim -+ lim o ((dd°pr,e) 577 A A (ddopre P77

e+—0 £1—
= (Al A A (o)),
]

To prove Theorem we need to recall some auxiliary results from [LRRS|. First, following
[ILRRS| we say that a smooth (n — k,n — k)-form /3 is a bump form at a point x € X if it is
strongly positive, and such that for some (or equivalently for any) Kéhler form w defined near z,
there exists a constant C' > 0 such that Cw™* < 3 as strongly positive forms in a neighborhood
of z.

Lemma 7.2. Let V C X be a subvariety. Then for each k < codimV and each point x € V,
there exists a bump form B at x of bidegree (n — k,n — k) with arbitrarily small support such that
dd®f has support in X \ V.

Proof. We construct the bump form § as in the proof of Lemma 4.3 in [LRRS| (with k equal to
k + q in that proof). By that proof, one may write £ as a sum of terms, such that each term in
some local coordinate system (2, 2”) € C"~* x C¥ is of the form x1 X250, where By = idz} AdZ| A
- Nidzl,_, ANdZl_, and x1 and x» are cutoff functions in the variables 2’ and 2", respectively,
such that xo is constant in a neighborhood of (supp x1x2) N V. It then suffices to prove that
d(x1x250) has support in X \ V. This holds since 3y has full degree in the z’-variables so that
d(x1x280) = x1dx2/ Bo, and x1dx2 has support in the set where y1x2 Z 0 and x2 is not constant,
which is contained in X \ V. O

The next result is Lemma 4.5 in [LRRS].

Lemma 7.3. Let S and T be two closed, positive (k,k)-currents on X such that S =T outside
a subvariety V with codimV > k, and assume that for each point of x € V, there exists an
(n—k,n —k) bump form B at x with arbitrarily small support such that

| sns=[Tns

Proof of Theorem [1.2. We will proceed by induction. Let us first choose ¢t > 2 and assume that
we have proved that

(73) Skt,1(E7 h, 9) JARERWANCTS (E, h, 9) = Skt,l(Ey h) N N Sk (E, h)
Let us use the notation from Section Moreover, let Y’ be the fiber product
Y, = P(Et_l) Xx -+ XX P(El),

with projections @ : Y/ — P(E;), 7' : Y’ = X, and p: Y = Y’'. Then Y = P(E;) xx Y.
Let ¢/ denote the pullback metric (@})*@; on L = (w})*L; and let ¢ = (w;)*éj Let @

Then S =T everywhere.

denote the metric on Et induced by h., let . denote the pullback w;¢. to Y, and let &, and w,
denote the corresponding first Chern forms. Let

p = oy A A dde T

and let u = p*y/; by regularization

ki—14+r—1 _
W= [ddc@tfl]gf_ll—w A A [ddcw]]gi“ 1‘
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Now, using the induction hypothesis (7.3) and Lemma we can rewrite ([7.2) as

S (B R) A - A sy (B h) = (=1)F lim (m) w0 A ml ) = (—1)’“;1_% Te(WETT=1 A ).

e—0
Moreover,
Sk (B By 0) Ao Aspy (B, b, 0) = (—1)Fm, ([ddpd 5 1 A p).

Since k < codim V', by Lemma for each z € V there is a bump form S at x of bidegree
(n — k,n — k) with arbitrarily small support such that dd°f vanishes in a neighborhood of V.
Note that m(L(¢¢)) C V in view of Lemma It follows that

Zy = w; 'L(py) C oy tr 'V o= a7y

and thus dd°m™* 8 vanishes in a neighborhood of Z; C Y. Hence, by Lemma (applied to T' = p)

/ Sk (B R, 0) A=+ A s, (B h, ) A B = (—1)’€/ [ddpft A AT B =
X Y

(—1)’“;15(1) wa”rr_l/\u/\ﬂ*ﬁz/Xsk.t(E,h)/\---/\skl(E,h)/\B.

In view of Remarks and (1.9) holds outside V', and thus by Lemma it holds everywhere.

It remains to prove (1.9 for ¢ = 1. This follows, in fact, by an easier version of the argument
above. If 8 is a bump form as above, then by Lemma (with T'=1)

/ s (E b, 0) A B = (—1) / [dd°pr )5 AT B =
X

P(E4)

T / sk (E,h) A B
P(E1) X

and again (1.9)) follows from Lemma O

8. REMARKS AND EXAMPLES

Let us start by discussing the uniqueness of the Chern and Segre currents. Assume that X is
a complex manifold and that V' C X is a subvariety of pure codimension p. Moreover assume
that T7 and Ty are closed positive (p,p)-currents on X that coincide outside V', and that the
Lelong numbers of T} and 75 coincide at each z € V. We claim that then T} = T5. Indeed, since
T :=T, — T is a closed normal (p, p)-current with support on V' it follows that 7" = ) a;[V}],
where V; are the irreducible components of V', see, e.g., [De3, Corollary I11.2.14]. Next, by
assumption the Lelong number of T" at each point in V' is zero and therefore a; = 0 for each j.
If 71 and T are closed positive (k, k)-currents that coincide outside V', where k < p, then 17}
vanishes for j = 1,2 by the dimension principle, and hence 17 = T5.

Now assume that we are in the situation of Theorem and that L(logdet h*) C V. Then by
Remark ck(E, h,0) and si(FE, h,0) are independent of § outside V. Since they are of bidegree
(k,k) and (locally) differences of closed positive currents it follows in view of that they are
independent of 6 for k < p. Note that if h is smooth outside V' then cx(E, h,0) and si(E, h,0)
are uniquely determined by the condition for k < p.

On the other hand if £ > p, let a and (3 be real smooth forms of bidegree (k — p, k — p) such
that o — 3 is exact. Then (av— ) A[V] # 0 has zero Lelong numbers everywhere, is cohomologous
to zero, and vanishes outside V. Thus there is no reason to expect cx(E, h,0) and si(F, h,0) to
be independent of § for k > p in general.

Let us consider some simple examples, where we can compute the Segre and Chern currents
explicitly.
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Ezxample 8.1. Let L — X be a line bundle and e™¥ a Griffiths positive metric with analytic
singularities. Then Op(7)(1) = L and e~%? = h, and thus

k—1

s(L, h,0) = [dd°ply = (dd°p)* + > 0" A1g(ddp)",

=0
where Z is the unbounded locus of ¢. Classically, by the Bedford-Taylor-Demailly theory, for a
general ¢, (dd°p)* is well-defined only for k = 1; if ¢ has analytic singularities it is well-defined
for k < codim Z =: p.

In fact, it is not hard to find examples of psh functions u with analytic singularities and
sequences u® of psh functions decreasing to u where the corresponding sequences (ddcu(b))k
converge to different positive currents for k > p, see, e.g., [ABW, Example 3.2]. In particular,
this implies that the construction in [LRRS| cannot extend to k£ > p in general. O

Example 8.2. Let X = P", L = Opn(1), and h = e~ %, where ¢ = log|s|* and s is a non-
trivial global holomorphic section of L, cf. Example 4.1 Then the unbounded locus of ¢ is
the hyperplane Z = {s = 0} C P" and thus (ddp)™ is defined classically by the Bedford-
Taylor-Demailly theory only for m = 1, cf. Example By the Poincaré-Lelong formula,
dd®p = [s = 0] = [Z], cf. [Ded, Example 2.2]. It follows that

(dd°p)® = dd*(p1x\zdd*p) = 0

and thus (dd°p)™ = 0 for all m > 1. Hence, if 6 is the first Chern form of a smooth metric on
L, then
s =0].

Aol = " LA |
y(1),h) = (L,e"¥). Moreover, Y = X and

Since L is a line bundle, P(L) = X and (Op,
@j = @ and 0; = 6 for each j. Thus
(8.1) Sk (Ly Ry O) A -+ A sy (L, by 0) = (—1)F[ddCgf = (—1)* 6571 A [s = 0].

In particular, depends on 6 as soon as k > 1. In this case it is easy to see that the Lelong
numbers are independent of 6, since 6 is smooth.
Note that si(E, h) and cx(E, h) are well-defined in the classical or [LRRS| sense only for k < 1;
it holds that
c1(E,h) = —s1(E,h) =dd¢p =[s =0].
O

Ezample 8.3. Let E be a trivial rank 2 bundle over X = C? with coordinates z = (1, x2) and

let h be the singular metric h = e~ 1°81#* 1d. In view of Section [5} in the open set ; the induced
metric ¢ on Op(gy(1) is given by

pi(w, [€]) = log |z|* + log |¢/&l*.
In particular, it follows that h is Griffiths positive with analytic singularities.
Since the unbounded locus of ¢, Z = {z = 0}, has codimension 2 in P(E), (ddp)™
classically well-defined for m < 2. Note that dd®p = ddlog |x|? + wps, where wrg is the Fubini-
Study metric on the fibers 771 (z) = P%, and

(8.2) (dd°p)? = (dd°log |z]?)? 4 2wps A dd®log |z|* = [z = 0] + 2wps A dd®log |z|?
since w%s vanishes for degree reasons. It follows that
(dd°p)® = dd*(p1p )\ z(dd°p)?) = dd°(p 2wrs A dd®log |a|*) =
(wrs + dd°log |z|?) A (2wrs A dd®log |z]?) = 2wrs A [z = 0],

where we have again used that w%s = 0. Thus if 6 is the first Chern form of a smooth metric on
OP(E) (1)7
[dd°p)3 = (dd°p)® + 0 A 17(dd°p)? + 6% A1 zdd°p = 2wps A [z = 0] + O A [z = 0],
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where the last term in the middle expression vanishes by the dimension principle since codim Z =
2. Therefore

s9(E, h,0) = m[dd°p]3 = 3[0].

In view of (8.2), c1(E,h,0) = —s1(E,h,0) = 2dd°log |z|?, and thus by (I.8) we get that
c2(E, h,0) =10]. O

A naive attempt would be to define Segre currents as the pushforward of (ddp)*+"~! instead of
[ddcgo]lg”*l. Since (dd®yp)™ coincides with the classical Bedford-Taylor-Demailly Monge-Ampere
product where ¢ is locally bounded, 7. (dd®p)**"~1 coincides with s;(E,h) where h is smooth,
cf. Lemma Example however, shows that the current m,(dd®p)**"~! is not in si(F) in
general; in that example (dd®p)™ = 0 for m > 1, whereas s;(E) # 0 for 0 < k < n. Moreover,
Example shows that the Lelong number of 7, (dd®¢)**"~! is not equal to the Lelong number
of s,(E,h,0) in general. Indeed, note that in that example 7, (dd°p)? equals 2[0] and thus has
Lelong number 2 at the origin, whereas the Lelong number at the origin of sa(E, h, 0) is 3.

The following example shows that the products ((1.7) of Segre currents are not commutative
in general.

Example 8.4. Let X be the unit ball in C? with coordinates » = (z,(1,(2), and let E = X x C? —
X be the trivial vector bundle of rank 2. Let h be the singular hermitian metric on £ whose

dual metric h* on E* is given by the matrix [8 152} Then in view of Section the induced

metric ¢ on Op(g)(1) is given by ¢1(z, [{]) = log |22 + log |€2/£1]? and @ = log || in Uy and
Us, respectively. It follows that

dd°p = dd*(log |z[* +log |&2]*) = [2] + W],

where Z = {z =0} and W = {& = 0}.
Iek
¢ 1

0 90|¢C]? ;
éa’<‘2 J)C‘ :| SO that %@gkzo =

Moreover let g be the smooth metric on E given by the matrix [ ] A computation

yields that the curvature form at ( = 0 is ©9)—y = [

[0 ddlP] s at ¢ =0, in view of (.2}
ddicr 0] | N

sl(Evg) = _Cl(Ea.g) =0, CQ(E79) = _(ddC|C|2)27 32(E>g) = Cl(Eag)Q - CQ(E79) = (ddc|g|2)2'

Let 6 be the first Chern form of the smooth metric ¢ on Op(gy(1) induced by g. Then at
(z,[¢]) € P(E)
— c 9" ¢ 9"
0 = dd“)p = wpg — m@sg,
where ©9" is the curvature form on E and W%*S is the induced Fubini-Study metric on the fiber
71 (z) = P(E}) = P!, see, e.g., the beginning of the proof of Proposition 3.1 in [G] or the
beginning of Section 2 in [Di].
Note that at ¢ = 0, g is just the standard Euclidean metric on C?, so that wf:S is just the stan-
0 Dol
doc 0 }
where T denotes transpose. In particular, for (x, [£]) such that ( = 0 and & = 0, @g = 0. Hence
at ( =0,

(8.3) 6 A W] = wrs A W] =0,

dard Fubini-Study metric wrg on P'. Moreover, @9*|<:0 = —(0NT|i2o = — [

where the last equality follows for degree reasons. Therefore, for m > 1, noting that (dd“p)™ = 0,
[ddep]yr = 0™ A ([Z]) + [W]) = 0™~ 1 A [Z] at ( = 0. More generally, let E1 and E; be copies of
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E and Y = P(E;) xx P(E>), and let us use the notation from Section Then a computation
using (8.3)), yields that for mi,mo > 1, at ( =0,

[dd po]i? A [ddpr]jt = 052 AT A [Z].

In view of (2.2, , and (6.3) it follows that

(052 AP A [Z]) = (1) s, (B, g) A sk, (B, 9) A [Z].

Hence at ( =0

81(E7

h,0) A sa(E, h,0) = —m. ([dd°pa]j, A [dd°pn]},) =
— 7 (03 NOT A [Z]) = —s1(E, g) Asi(E,g) AN[Z] =0,

and similarly

s9(E, h,0) A s1(E,h,0) = —s2(E, g) A so(E,g) A [Z] = —(dd°|¢|*)* A [Z] # 0.

Thus s1(E, h,0) A sa(E, h,0) # so(E,h,0) A si1(E,h,0) in this case. O

[A]
[ABW]
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