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ABSTRACT. Given a domain 2 C C"™ we introduce a class of plurisubharmonic
(psh) functions G(2) and Monge-Ampere operators u — [ddu]?, p < n, on G(Q2)
that extend the Bedford-Taylor-Demailly Monge-Ampére operators. Here [dd°u]?
is a closed positive current of bidegree (p,p) that dominates the non-pluripolar
Monge-Ampeére current (dd“u)”. We prove that [dd°u]” is the limit of Monge-
Ampere currents of certain natural regularizations of u.

On a compact Kéhler manifold (X,w) we introduce a notion of non-pluripolar
energy and a corresponding finite energy class G(X,w) C PSH(X,w) that is a
global version of G(€2). From the local construction we get global Monge-Ampére
currents [dd°y + w]? for ¢ € G(X,w) that only depend on the current ddp + w.
The limits of Monge-Ampere currents of certain natural regularizations of ¢ can
be expressed in terms of [dd°p+w]’ for j < p. We get a mass formula involving the
currents [dd°¢ + w]? that describes the loss of mass of the non-pluripolar Monge-
Ampere measure (dd°p + w)”. The class G(X,w) includes w-psh functions with
analytic singularities and the class £(X,w) of w-psh functions of finite energy and
certain other convex energy classes, although it is not convex itself.

1. INTRODUCTION

Let © be a domain in C", and let u be a plurisubharmonic (psh) function on £,
u € PSH(Q). If u is C? then ddu is a positive form, and the associated Monge-
Ampere measure is defined as the top wedge power of this form with itself. This
positive measure plays a fundamental role in pluripotential theory akin to the role
played by the Laplacian in ordinary potential theory. If u is not C?, then dd‘u is
no longer a form but a current. As is well known the wedge product of currents
is typically not well-defined, which raises the question whether it is still possible to
define a Monge-Ampere measure for more general psh functions.

Bedford-Taylor [BT1,BT2] solved this problem when w is (locally) bounded. Their
idea was to define the Monge-Ampere measure (dd“u)™ recursively. Assume that T is
a closed positive current of bidegree (j, 7). Then T has measure coefficients and since
u is bounded, uT is a well-defined current and thus so is dd®(uT"). Bedford-Taylor
proved that this current is closed and positive. They could then recursively define
closed positive currents

(dd°u)P = dd®(u(ddu)P~1).
The Monge-Ampere operators u — (dd“u)P have some essential continuity properties.
Bedford-Taylor proved that if uy is any sequence of psh functions decreasing to u,
then (dd®uy)P converges weakly to (ddu)P.
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We are interested in the situation when w is not locally bounded. Demailly [D1,D2]
showed that it is possible to extend the Bedford-Taylor Monge-Ampeére operators to
psh functions that are bounded outside “small” sets. Moreover, Blocki, [B1], and
Cegrell, |C2], characterized the largest class D(€2) of psh functions on which there is a
Monge-Ampere operator u — (ddu)™ that is continuous under decreasing sequences.
For instance, functions in PSH(2) that are bounded outside a compact set in €2 are
in D(R), see, e.g., [B1]. On the other hand psh functions with analytic singularities,
i.e., locally of the form u = clog|f|?> + b, where ¢ > 0, f is a tuple of holomorphic
functions, and b is locally bounded, are not in D(2) unless their unbounded locus is
discrete, see [B2] or Proposition [4.2]

To handle more singular psh functions Bedford-Taylor [BT3| introduced the notion
of non-pluripolar Monge-Ampere currents. The idea is to capture the Monge-Ampeére
currents of the “bounded part” of u € PSH(Q2). Note that for any ¢, max(u, —¢) is
psh and locally bounded, and thus (dd®max(u, —¢))P is well-defined for any p. For
each p < n,

(1.1) (ddu)? := glggo Lius—g) (dd® max(u, —0))”

is a form with measure coefficients. The existence of the limit follows from the fact
that the Monge-Ampére operators on bounded psh functions are local in the plurifine
topology, i.e., if u = v on a plurifine open set, then (dd“u)? = (dd°v)P on that set.
One serious issue is that the measure coefficients of (dd“u)P might be not locally
finite, as an example due to Kiselman, [K], shows. If they are locally finite, however,
by [BEGZ], (ddu)P is a closed positive (p,p)-current. For instance, this is the case
when u has analytic singularities. We refer to the currents (dd°u)P as non-pluripolar
Monge-Ampére currents.

As the name suggests, the non-pluripolar Monge-Ampere currents do not charge
pluripolar sets. Thus, since (dd“u)P cannot capture the behaviour on the singular
set of u, they do not coincide with Demailly’s extensions of (dd“u)P in general. In
particular, it follows that the non-pluripolar Monge-Ampeére operators u +— (ddu)P
are far from being continuous under decreasing sequences in general. For instance,
if u = log | f|?, where f is a holomorphic function, then (dd°u) = 0, whereas for any
sequence uy decreaing to u, dd“uy converges weakly to dd“u, which by the Poincaré-
Lelong formula is the current of integration [f = 0] along the divisor of f.

The purpose of this paper is to introduce a new class of psh functions together with
an extension of the Demailly-Bedford-Taylor Monge-Ampere operators that capture
the singular behaviour.

Definition 1.1. Let Q be a domain in C". We say u € PSH({2) has locally finite
non-pluripolar energy, u € G(Q) if, for each j <n —1, (dd°u)’ is locally finite and u
is locally integrable with respect to (dd“u)’.

If u € G(Q) and j < n — 1, then u{dd°u)? is a well-defined current and thus
by mimicking the original constrution by Bedford-Taylor we can define generalized
Monge-Ampere currents.

Definition 1.2. Given u € G(Q2) for p =1,...,n we define
(1.2) [dd°u]P = dd°(u{dd°u)P~1)

and
Sp(u) = [ddu]? — (dd“u)?.
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Using the locality of the non-pluripolar Monge-Ampere operators and the integra-
bility it follows that [dd°u]P and S,(u) are closed positive currents. In particular,
[dd°u]P dominates (ddu)P.

Definitions[I.1 and [I.2] are inspired by the construction of Monge-Ampere currents
in [A,AW]. From [AW, Proposition 4.1] it follows that psh functions with analytic
singularities have locally finite non-pluripolar energy. Thus there are functions in
G(Q) that are not in D(Q2). If u € PSH(Q) has analytic singularities, then the currents
[ddu)P coincide with the Monge-Ampere currents (dd“u)P introduced in [A,|JAW]. In
this case Sp(u) = 1z[dd“ulP, where Z is the unbounded locus of u. In [ASWYAEST|
these Monge-Ampere currents are used to understand non-proper intersection theory
in terms of currents. In particular, the Lelong numbers of the currents [dd log | f|?]?
are certain local intersection numbers, so-called Segre numbers, associated with the
ideal generated by f.

In Section 4| we provide other examples of functions in G(Q2) and also psh functions
that are not in G(Q2). For instance, Example shows that there are psh functions
u < v such that u € G(Q) but v ¢ G(Q).

Given u € G(f2), note that max(u, —¢) is a natural sequence of locally bounded
psh functions decreasing to w, cf. (L.1]). Our first main theorem states that our new
Monge-Ampere currents [dd“ulP are the limits of the Monge-Ampere currents of this
regularization.

Theorem 1.3. Assume that u € G(Q2). Then
(dd® max(u, —0))" — [dd“u]P, £ — oc.

More generally, let x¢ : R = R be a sequence of nondecreasing conver functions,
bounded from below, that decreases to t as £ — oo, and let up = xp o u. Then

(ddug)? — [dd°u]?, € — oo.

Note that uy = max(u, —{) corresponds to x¢(t) = max(t,—¢). Also note that
Theorem implies that [dd°u|P coincides with the Bedford-Taylor-Demailly Monge-
Ampere current when this is defined.

Example 1.4. Let u = log |f|?, where f is a tuple of holomorphic functions and let
Xe = log(e! +¢€). Then . ou = log(|f|? + €) and Theorem asserts that

: c 2 p_ c, 1P
lim (ddlog (|12 + €))” = [ddu.
This was proved in [A, Proposition 4.4]. O

The Monge-Ampere currents of the natural regularizations max(u,—¢) do not
always converge, see Example and thus not all psh functions are in G(2).

Since there are functions in G(2) that are not in D(§2) we cannot expect continuity
for all decreasing sequences. Our next result is a twisted version of Theorem [I.3| that
illustrates that failure of continuity. Let v be a locally bounded psh function on
Q. Then max(u,v — ¢) is another natural sequence of locally bounded psh functions
decreasing to u. Moreover, if y; is as in Theorem then also xypo (u—v)+wvisa
sequence of locally bounded psh functions decreasing to u.

Theorem 1.5. Assume that uw € G(Q2) and that v is a smooth psh function on €.
Then
p—1
(dd® max(u,v — £))" — [dd°u]? + Z S;(u)A(ddv)P™, £ — 0.

j=1
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More generally, let x;, : R — R be a sequence of nondecreasing convex functions,
bounded from below, that decreases tot as ¢ — oo, and let uy = xp0(u—v)+v. Then
p—1
(ddug)P — [ddul? + Z Sj(u)/\(ddcv)p_j, { — oo.
j=1

Note that the lower degree Monge-Ampere currents [dd°u}’ come into play. Also
note that Theorem follows from Theorem by setting v = 0.

When v has analytic singularities, Theorem first appeared in [ABW| Theo-
rem 1.1], and Theoremappeared in [B2, Theorem 1], although formulated slightly
differently, cf. Remark below. In those papers, using a Hironaka desingulariza-
tion, the results are reduced to the case with divisorial singularities. Such a reduction
is not available in the general case, and in this paper we instead rely on properties
from [BEGZ| of the non-pluripolar Monge-Ampere operator. In particular, we get
new proofs of the results in [ABW| and [B2].

Let us now turn to the global setting. Assume that (X,w) is a compact Kéhler
manifold of dimension n. Recall that a function ¢ is said to be w-psh, ¢ € PSH(X, w),
if whenever h is a local potential for w, i.e. dd°h = w, ¢+ h is psh. Then dd®p + w is
a closed positive current in [w], and by the dd°-lemma any closed positive current in
[w] can be written as dd°p + w for some w-psh ¢, and this ¢ is unique up to adding
of constants. Thus studying w-psh functions is the same as studying closed positive
currents in [w].

If ¢ € PSH(X,w) is bounded, then there are well-defined Monge-Ampere currents
(ddp + w)P, locally defined as (dd°(¢ + h))P, where h is a local potential for w.
It turns out, [BEGZ, Proposition 1.6], that for un unbounded ¢ the non-pluripolar
Monge-Ampere currents (dd°p + w)P are always well-defined. Moreover, [BEGZ,
Proposition 1.20] showed that

/(ddcg0+w>p/\w”_p</ w™.
X

X
When ¢ is bounded we have equality
(1.3) / (dd°p 4+ w)P A" P = / w"
X X
but in general the inequality can be strict.

Our definitions of G(X') and Monge-Ampére currents naturally lend themselves to
the global setting.

Definition 1.6. Let (X,w) be a compact Kéhler manifold of dimension n. We
say that ¢ € PSH(X,w) has finite non-pluripolar energy, ¢ € G(X,w), if, for each
j <mn—1, ¢ is integrable with respect to (ddp + w)’.

Definition 1.7. Given ¢ € G(X,w) we define
[dd°p +w]P = [dd°(¢ + h)]",
where h is a local potential for w, and
Sp (@) = ldd°p 4 w]” — (dd°p + w)".
Since two local potentials differ by a pluriharmonic function, [ddp+w]? and Sy} (¢)

are well-defined global positive closed currents on X. Note that whether an w-psh
function ¢ is in G(X,w) only depends on the current dd®p +w and not on the choice
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of w as a Kéahler representative in the class [w]. Also the currents [dd°p + w]P and
Sy (¢) only depend on the current dd“p + w.

From Theorem we get global regularization results. Given ¢ € PSH(X,w),
note that max(p, —¢) is a natural sequence of bounded w-psh functions decreasing
to p.

Theorem 1.8. Assume that ¢ € G(X,w). Then
p—1
(dd® max(p, —{) + w)” — [dd°p + w]? + Z S;-"(go)/\wp*j, ? — 0.
j=1

More generally, let x;, : R — R be a sequence of nondecreasing convex functions,

bounded from below, that decreases to t as £ — oo, and let py = xp 0 . Then
p—1
(ddpp + w)P — [ddp + w]P + Z S;-"(go)/\wpfj, { — oo.
j=1

If 7 is another Kéhler form in [w], then n = w + dd°g for some smooth function g.

There is an associated regularization of ¢, namely ¢; := max(¢ — g, —¢) + g, which

corresponds to the max-regularization of the current ddp + w with respect to the
alternative decomposition dd®(¢ — g) + 1.

Theorem 1.9. Assume that ¢ € G(X,w), that n is a Kdhler form in [w], and that
g and @y are as above. Then

p—1
(1.4) (dd°pp + w)P — [dd°p +w]P + > SZ ()N, £ — o0,
j=1

More generally, let x; : R — R be a sequence of nondecreasing conver functions,
bounded from below, that decreases to t as ¢ — oo, and let @y = xp0 (¢ —g) + g.

Then (1.4) holds.

Note that Theorem follows immediately from Theorem by setting g = 0.
As in the local case, for ¢ with analytic singularities Theorems and follow
from [B2, Theorem 1], cf. Remark [6.9]

From and Theorem m we get the following mass formula.

Theorem 1.10. Assume that ¢ € G(X,w). Then for each p < n,

P
ddp + W)PAW TP + /S‘»” /\w”‘j:/ w™.
/X (ddo + w) ; [ 5700 [

In fact, Theorem is a cohomological consequence of the definition of [dd“p +
w]P; in Section we provide a direct proof that does not rely on Theorem (1.8
For ¢ with analytic singularities this theorem appeared in [ABW| Theorem 1.2 and
Proposition 5.2]. Note that, for j < p, the current S7(¢) captures the mass that
“escapes” from (dd°p + w)P at codimension j.

From the local case it follows that w-psh functions with analytic singularities are in
G(X,w), and in Section We provide other examples. However, in the global setting
we know more about the structure of the class G(X,w). In particular, it contains the
Blocki-Cegrell class. Note that being in the Blocki-Cegrell class is a local statement,
cf. Proposition below. We say that ¢ € PSH(X,w) is in D(X,w) if whenever g
is a local dd“-potential of w in an open set U C X, then ¢ + g € D(U).
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Theorem 1.11. Let (X,w) be a compact Kdhler manifold of dimension n. Then
D(X,w) C G(X,w).

Next, as the name suggests, the class G(X,w) of w-psh functions with finite non-
pluripolar energy can be understood as a finite energy class. Recall that the Monge-
Ampere energy of ¢ € PSH(X,w), introduced in |GZ|, inspired by earlier work |C1]
in the local setting, is defined as

(1.5) E(p) = n—lk l j:ZO /X p(dd p + w)? AW
if ¢ is bounded and by
(1.6) E(p) = inf{E(Y) : ¥ = ¢,¢ € PSH(X,w) N L™(X)}

in general. The corresponding finite energy class
(1.7) E(X,w) :={p € PSH(X,w) : E(p) > —o0}

is convex. Recall that, if ¢,9 € PSH(X,w), then ¢ is said to be less singular
than 1, ¢ = ¥, if ¢ > 1+ O(1). If ¢ = 1 and ¥ = ¢ we say that ¢ and ¢
have the same singularity type and write ¢ ~ 1. The class £(X,w) is closed under
finite pertubations in the sense that if ¢ € £(X,w) and ¢ ~ ¢, then ¢ € £(X,w).
Moreover, £(X,w) is contained in the full mass class

(1.8) F(X,w) = {¢ € PSH(X, w) : /X(ddcgo Fw) = /Xw"} .

We introduce an alternative energy for ¢ € PSH(X,w).

Definition 1.12. Let (X,w) be a compact Kéhler manifold of dimension n. For
¢ € PSH(X,w) we define the non-pluripolar energy

n—1

1 , .

E™(p) = - E /X e(ddp + w)? AW,
—

Note that
G(X,w) ={p € PSH(X,w) : E"(p) > —o0},
so that G(X,w) can be thought of as an finite energy class, cf. .
Theorem 1.13. Let (X,w) be a compact Kihler manifold. Then
(1) if p € G(X,w) and ¥ ~ ¢, then ¥ € G(X,w);
(2) £E(X,w) C G(X,w).

Although G(X,w) contains the convex subclass £(X,w) it is not convex itself.
However, it contains certain other convex energy classes.

Definition 1.14. Let ¢ € G(X,w). For ¢ € PSH(X,w), such that ¢ < 1, we define
the energy relative to

E¥(p) = inf{E"(¢') : ¢’ > ¢, ~ ¢}
We define the corresponding finite relative energy classes

EY(X,w) = {p 24, E¥(p) > —o0}
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and the relative full mass classes

fw(X’w) =
n—1 ' ' n—1 ) ‘
v € PSH(X,w) : ¢ < 1, (dd°p +w) Aw"™I = (dd°y +w)I Aw™ I L,
{ >, >, }

Note that if ¢ € PSH(X,w) N L®(X), then £¥(X,w) D £(X,w). The classes
E¥(X,w) have the following properties, similar to £(X,w). Following [BEGZ| we
say that ¢ € PSH(X,w) has small unbounded locus (sul) if there exists a complete
pluripolar closed subset A C X such that ¢ is locally bounded outside A, cf. Section

22 below.

Theorem 1.15. Let (X,w) be a compact Kdhler manifold. Then
(1) if p € EY(X,w) and @' ~ @, then ¢’ € EY(X,w);
(2) if ¥ has sul, then E¥Y(X,w) is convex;
(3) E¥(X,w) = G(X,w) N FY(X,w).

The paper is organized as follows. In Section [2| we provide some background on
the classical and the non-pluripolar Monge-Ampere operators in the local setting.
In Section [3| we introduce the class G(€2), and more generally classes Gi(§2) of psh
functions of locally finite non-pluripolar energy of order k, and our Monge-Ampére
operators, and in Section [4| we provide various examples of functions in G(£2). In
Section [5| we prove the regularity result Theorem In fact, we prove a sligthly
more general version formulated in terms of G ().

In Section [6] we extend our definitions and regularity results to the global setting.
In Section [7] we recall the classical Monge-Ampere energy and in Sections [§ and [9] we
study the non-pluripolar energy and the relative energy, respectively; in particular,
we prove Theorems [I.13] and As in the local case we introduce more generally
non-pluripolar and relative energies of order k£ and corresponding finite energy classes
Gr(X,w) and 5;/) (X,w), and we prove versions of our results formulated in terms of
these. In Section we discuss the Blocki-Cegrell class and prove Theorem [1.11
Finally, in Section [11] we give various examples of functions with finite non-pluripolar
energy.

Ackowledgement We would like to thank the referees for valuable comments and
suggestions that have improved the presentation.

2. THE COMPLEX MONGE-AMPERE PRODUCT

Throughout this paper X is a domain in C" or more generally a complex manifold
of dimension n. All measures are assumed to be Borel measures. We let d¢ =
1/4mi(0 — 0), so that dd®log |z1|? = [21 = 0].

In this section we recall some basic facts about the (non-pluripolar) Monge-Ampere
products. We refer to, e.g., [D3, Chapter III] for the classical Bedford-Taylor-
Demailly theory, see also [BT2,BT3,BEGZ].

First, the plurifine topology is the coarsest topology such that all psh functions on
all open subsets of X are continuous. A basis for this topology is given by all sets of
the form V N {wu > 0}, where V is open and w is psh in V.

Let T be a closed positive current and let u be a locally bounded psh function on
X. Then uT is a well-defined current and

dduNT = dd°(uT)
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is again a closed positive current. In particular, if uy, ..., u, are locally bounded psh
functions, then the product ddup,A - - - Add“ui AT is defined inductively as
(2.1) ddup/ - - - ANdd°ur AT = dd°(updd®up—1 A - - - Add°ui AT).

It turns out that this product is commutative in the factors dd“u; and multilinear in
the factors dd“u; and it does not charge pluripolar sets. Moreover dd“upA - - - Add“u;
is local in the plurifine topology, i.e., if O is a plurifine open set and u; = v; pointwise
on O, then

lodd“upA - - - Add“uy = 1odd vpA - - - Add“v;.
The products satisfy the following continuity property.

Lemma 2.1. Assume that ui,...,u, are locally bounded psh functions and that
u{, e ,uf, are decreasing sequences of psh functions converging to ui, ..., up, respec-

tively, and that T is a closed positive current. Then
dd“ubA ... Add“uIAT — ddupA . .. Add°uy AT
weakly when £ — oo.

We will use the following result.

Lemma 2.2. Assume that for j =1,...,p, ug, seR (or some interval in R), is a

family of locally bounded psh functions on X such that ul — w] locally uniformly on
X when s —t. Then

dd°u? A - Nddug — ddup A--- Adduy,
weakly when (s1,...,sp) = (t1,...,tp) in RP.
Proof. Note that

(2.2) ddul A---Addug, — dduf A--- AddCuy, =
p
(dd°uf A Ndd°ul Addu] ' A - AddCu], —
P J Jj—1 1
=1

J
dd°uf A--- AddultE AddCu] A - AddCud).
P J

Sj+1
Let £ be a test form. Since (2.1)) is commutative in the factors dd‘u; we can write
the action of the jth term in the right hand side of (2.2)) on & as

: . 4 -
(2.3) /X (ul, —ui,)dduf A--- NddulH Addu] " A - - NddCug A€,
Let U C X be a relatively compact neighborhood of the support of £. Then there
is a neighborhood V C R of ¢ such that for j = 1,...,p, s € V, Juf — vl| < e in U.
Since u} are locally bounded, there is an M such that |Jul]| L@ < M. We may also

assume that [y [dd°¢| < M. Now by the Chern-Levine-Nirenberg inequalities there
is constant C' such that the absolute value of ({2.3]) is bounded by

Cswp [, = 108 oy 10 ey I ey /X dd°¢] <

Ce(M + )P I M7 — 0.
Since this holds for any &, (2.2)) converges weakly to 0 when (s1,...,sp) = (t1,...,tp).
O
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2.1. The non-pluripolar Monge-Ampere product. Let ug,...,u, be not nec-
essarily locally bounded psh functions on X and let

P
(2.4) Op = ({u; > —1}.

j=1
Then Oy is a plurifine open set. Following [BEGZ, Definition 1.1] we say that the
non-pluripolar Monge-Ampere product (dd®up A-- - Add®uy) is well-defined if for each
compact subset K C X we have

P
sup/ WP A /\ dd° max(uj, —f) < oo,
4 KNOy j=1
where w is a smooth strictly positive (1,1)-form on X. This definition is clearly
independent of w.

Since the Monge-Ampere product for bounded functions is local in the plurifine
topology, it follows that

P P
1o, /\ dd® max(uj, —f) = 1o, /\ dd® max(uj, =), ¢ > .
j=1 j=1
It follows that there is a well-defined positive (p, p)-current
P
(2.5) (ddup/ - Add“ua) :=lim 1, /\ dd° max(u;, —0);
j=1
by [BEGZ, Theorem 1.8] it is closed.
Note that (2.5) is commutative in the factors ddu; since (2.1 is. By [BEGZ,

Proposition 1.4] it is multilinear in the following sense: if v is another psh function,
then

~1 -1 -1
(2.6) <ddc(up + U)AZ\l ddcuj> - <ddcupAZ\l ddcuj> v <ddchj/_\1 ddcuj>

in the sense that the left hand side is well-defined if and only if both terms in the
right hand side are, and equality holds in this case. Moreover, only depends on
the currents dd“uj, i.e., it is not affected by adding pluriharmonic functions to the
u;. Also, the operator

(ut,...,up) = (ddup/ - - - Add“uyq)
is local in the plurifine topology whenever it is well-defined.
Lemma 2.3. Assume that u is a psh function on X such that (ddu)P is well-defined,
and that uy is a sequence of psh functions on X decreasing to u, such that (dd°uy)?

is well-defined for each A. Moreover, assume that w is a smooth positive (1,1)-form
and that x is a non-negative test function on X. Then

(2.7) liminf/ <ddcu>\>p/\xcu”pz/(dd%)’%xw"p.

A—00 X X
Proof. Fix ¢ and let Oy = {u > —¢}. Then max(uy, —¢) \, max(u, —¢) and by
[BT3| Corollary 3.3],

(2.8) liminf/ (ddcmax(u)\,—ﬁ))p/\an_p>/ (dd max(u, —€))" Axw™ .
Oy

A—00 Oy
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Since uy > u, uy = max(uy, —¢) and v = max(u, —¢) in Op. Thus, since the non-
pluripolar Monge-Ampere operator is local in the plurifine topology, (2.8) implies
that

(2.9) liminf/ <ddcu>\>p/\anp2/ (ddu)P Axw™P.
Oy

A—00 Oy

Now, ([2.9) holds for all ¢ and since (dd“u)? does not charge pluripolar sets, in par-
ticular not V' = {u = —oo}, we get (2.7). O

2.2. Psh functions with small unbounded locus. Following [BEGZ| we say
that a psh function v on X has small unbounded locus (sul) if there exists a complete
pluripolar closed subset A C X such that wu is locally bounded outside A.

Remark 2.4. Let O = |J, Oy, where Oy is defined by (2.4). Note that if uy,...,u,

have sul and A is a closed complete pluripolar set such that ui,...,u, are locally
bounded outside A, then X \ O C A. O
Remark 2.5. Assume that uq, ..., u, have sul, and that A is a closed complete pluripo-

lar closed set such that each u; is locally bounded outside A. Then (dd“u,A - - - Add“uy)
is well-defined if and only if the Bedford-Taylor product dd“u,A - - - Add“uy, which is
defined on X'\ 4, has locally finite mass near each point of A. Then (dd“upA - - - Adduy)
is just the trivial extension of ddupA - - - Add“uy, cf. [BEGZ, page 204]. O

3. LOCAL MONGE-AMPERE CURRENTS - THE CLASSES G (X)

We slightly extend the definition of G(X) from the introduction, cf. Definition

Definition 3.1. Let X be a complex manifold of dimension n. For 1 < k <n —1,
we say that a psh function v on X has locally finite non-pluripolar energy of order k,
u € Gip(X), if, for each j < k, (dd°u)’ is locally finite and u is locally integrable with
respect to (dd‘u).

Note that if w is a smooth strictly positive (1, 1)-form, then u € Gi(X) if and only
if the measure

k
(3.1) > (ddu) pwm
j=0
is locally finite and w is locally integrable with respect to this measure. Clearly
gl(X) D) g2(X) DD gnfl(X) = g(X)v
where G(X) is as in Definition
If uw € Gi(X), then the Monge-Ampere currents

[ddu]P = dd°(u({ddu)P~1)
and

Sp(u) = [ddu]? — (ddu)?
from Definition are well-defined (p, p)-currents for p=1,...,k + 1.

Proposition 3.2. The currents [dd“u]? and Sy(u) are closed and positive.
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Proof. Clearly [dd“u]? is closed and, since (dd“u)? is closed, so is Sp(u).
Note that if uy is a sequence of smooth psh functions decreasing to u, then

[dd“u]? = lim dd®(u(dd‘u)P~1).
l—o0

Since (dd°u)P~1 is closed and positive, the currents in the right hand side are positive
and thus so is the limit. To see that also Sp(u) is positive, let u;, = max(u, —¢) and
Op = {u > —¢}. Since uy — u,

(3.2) [dd°u]" = Jim dd®(ug(dd°u)P~1) =
—00
lim 1x\0,dd"(ue(dd°u)’~") + lim 1o,dd"(ue(ddu)?~").
£—00 l—o00

Since the non-pluripolar Monge-Ampere operator is local in the plurifine topology,
10,dd"(ue(ddu)P~1) = 1o,dd“usN(dd°u)P~1 = 1p,{ddus)P, and hence the last limit
in (3.2) is equal to (dd°u)P. Hence the first limit must exist as well and it is certainly
positive. Il

Proposition 3.3. The currents [dd°ulP and S,(u) only depend on ddu, i.e., they
are not affected by adding a pluriharmonic function to u.

Proof. Since (dd“u)P only depends on ddu, cf. Section it is enough to prove the
proposition for [ddu|P. Assume that v’ = u + h, where h is pluriharmonic. Then by

2.9,

[dd“u')P = dd°((u + h)(ddcu)p_l) = dd°(u(ddu)P~1) + dd®(h(dd°u)P~) = [ddu]?,
where the last equality follows since dd°h = 0 and (ddu)P~! is closed. O

Remark 3.4. Assume that v € G(X) has sul and is locally bounded outside the
closed complete pluripolar set A C X. Note that [dd°u]P coincides with the standard
Monge-Ampere current (dd“u)P outside A. It follows from Remark that

L alddoulP = (dd°u)P  and  Sp(u) = 1a[dd°u]?.

4. EXAMPLES

Let us consider some examples of functions with locally finite non-pluripolar en-
ergy.

Ezample 4.1. Assume that v € PSH(X) has analytic singularities, i.e., that u is
locally of the form

(4.1) u = clog|f[*+b,

where ¢ > 0, f = (f1,..., fm) is a tuple of holomorphic functions, |f|?> = |fi|*> +
-+« 4 | fm|?, and b is locally bounded. Then wu is locally bounded outside the variety
Z C X, locally defined as {f = 0}; in particular, u has sul.

As mentioned in the introduction, it follows from [AW) Proposition 4.1] that
u € G(X). Moreover the currents [dd“u]P coincide with the Monge-Ampeére currents
(dd°u)P defined inductively in [AW] as (dd°u)? = dd®(ul x\ z(ddu)P~1).

For the reader’s convenience let us sketch an argument. Assume that holds
in the open set i C X and, for simplicity, that ¢ = 1. By Hironaka’s theorem there is
a smooth modification 7: U’ — U such that 7 f = fOf’ where f° is a holomorphic
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section of a line bundle L — U’ and f’ is a non-vanishing tuple of holomorphic
sections of L™!. Now

mru = log | O] + 1/,
where b = log|f’|? + 7*b is locally bounded and psh in any local frame for L. It
follows that, for any p, (dd°V')? is a well-defined closed positive current on U’ and
one can check that

7o (ddb )P = (dd u)P.
Thus to see that u € G(U) it is enough to verify that log|f°[>(dd°b’)? has locally
bounded mass and this follows from a standard Chern-Levine-Nirenberg type esti-
mate, see, e.g., [D3, Chapter III, Proposition 3.11]. By the Poincaré-Lelong formula,

Sp(u) = 7. (dd(log | fO*(ddV)P) = m, ([div fO)A(dd)P),
where [div 0] is the current of integration along the divisor of f©. U

Proposition 4.2. Let Q be a domain in C™. Assume that uw € PSH(Q) has analytic
singularities and that the unbounded locus of u is not discrete. Then u is not in
D(Q).

This result was first noted in [B2]. Here we provide a different argument.

Proof. Let k = codim Z. We claim that the current Sy (u) = 1z[ddu]® = 1z(ddu)",
where (dd“u)® is the classical Bedford-Taylor-Demailly Monge-Ampere current, is
non-zero. Taking this for granted, since x < n and all Sj(u) are positive currents, it
follows from Theorem 1.5 that we can find a decreasing sequence u, converging to u
such that (dd“us)™ does not converge to [dd“u]™. We conclude that u is not in D(U),
cf. the introduction.

To prove the claim let us assume that holds in the open set U C 2. Now the
Lelong numbers of S, (u) and 1z(dd®log|f|?)" coincide at each point in U, see, e.g.,
[AW| (1.9)]. For dimension reasons, both currents must be Lelong currents, and thus
S,(u) = 1z(dd"log | f|?)". By the classical King formula, see, e.g., [D3, Chapter III,
(8.18)], 1z(ddlog |f|>)* is the Lelong current of an effective cycle whose support is
precisely the union of the irreducible components of Z of pure codimension k. In
particular Sy (u) is non-zero. O

Next, let us consider some examples of functions in G(X) that do not have analytic
singularites.

Ezxample 4.3. Let f be a tuple of holomorphic functions in a domain 2 C C" such
that |f|? < 1 and let

u=—(~log|f[*)"
for some € € (0,1). Then w is psh in Q and it is locally bounded outside Z = {f = 0};
in particular v has sul. We claim that for each k, u € G¢(f2) if and only if € < 1/2.
Moreover, although v := log|f|> € G(2), cf. Example u ~+ v is not in G (Q) for
any e.

To prove the claim, first note that

Ol fI>NO|f|?
ddu = —e(1—¢)(~log \J”|2)6‘2|f"]i\|4|f|

Next, note that if 7 : X — ) is a smooth modification, then u{ddcu>j has locally
finite mass if and only if 7*(u(dd“u)’) = T ulx\;-17(dd°7*u)’ has locally finite
mass. By Hironaka’s theorem there is such a modification so that 7*f = fOf’, where

2" €— C
+e(—log | f[*) 'dd“log | f|*.
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f% is a holomorphic section of a line bundle L and f’ is a non-vanishing tuple of
holomorphic sections of L™!. Given a local frame we may assume that f% and f’is
a function and a tuple of functions, respectively. Let n = d|f|?/|f|?. Then

(OLPAOISPPN _ dfondfO  df° df® _
7r< 7] >— + =5 AN+ —5 AN+ NAR

1o S0 10
and, by the Poincaré-Lelong formula,
= (ddlog | 12) = [D] + wy,
where D is the divisor defined by f© and wy := dd®log|f’|? is smooth. It follows that
2e—2 dfo/\dﬁ
TS
where C' is a constant, v = log|f’|*, and S has locally finite mass. Moreover, for

7 >1, W*le\ﬂ.—lz(ddcﬂ'*u)j is a sum of terms that are integrable or of the form a
smooth form times

(4.3) (—log [ fO]* =)

(4.2) T uly\ p-17dd°mu = C(—log | f°]* — ) + 3,

%,

o AfONdf

PRI
where a < 2¢ — 2. By Hironaka’s theorem we may assume that f° is a monomial,
and then an elemenary computation yields that has locally finite mass if and
only if @ < —1. Hence , and thus u(dd“u), have locally finite mass if and only if
€ < 1/2. Moreover, if € < 1/2, then u(ddu)’ has locally finite mass for j > 1. We
conclude that v € G(€2) if and only if v € G1(£2), which in turn holds if and only if
e<1/2.

Finally, note that a necessary condition for u 4 v to be in Gi(2) for any k is that
v{dd“u) has locally finite mass. Now the pullback of v(dd“u) contains a term of the
form g
C(=log|f°]* - W)QG‘QW,
where C'is a constant. Since this does not have locally finite mass for any € € (0,1),
it follows that u 4+ v ¢ G () for any such e. O

Note in view of Example that, in contrast to the case of D(12), cf. [B1, Theo-
rem 1.2], it is not true that v € G(2) and v < w imply that u € Gi(Q2).

Remark 4.4. Let u and v be as in Example It is not hard to check that u + v has
asymptotically analytic singularities in the sense of Rashkovskii, [R, Definition 3.4].
Indeed, this follows after noting that for each § > 0, there is a Cs5 > 0 such that
(14+0)v—Cs <u+v <wv. Wesaw above that u + v ¢ Gi(Q2) for any k. Hence
we conclude that psh functions with asymptotically analytic singularities are not in
Gr(2) in general. O

Note that v in Example has sul; it is even locally bounded outside the analytic
variety {f = 0}. Next, we will describe a way of constructing functions in G(X) that
do not have sul. We will use the following lemma that follows as in Example see
also [LRSW| Proposition 3.2].

Lemma 4.5. Assume that u,v are psh functions with analytic singularities on X.
Then, for any smooth positive (1,1)-form w, test function x >0, andi < j <n-—1,

/ u{dd®u)’ AN{ddv)? " Axw™ ™ > —oc.
X
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Ezample 4.6. Let U be a neighborhood of the unit ball B C C™ and let v;, 1 = 1,2,...
be negative psh functions with analytic singularities in . Let uy = Zle b;vi, where
b; > 0, and let

o0

uw= lim uy = g biv;.
{—o0 —
1=

We claim that we can choose b; so that the restriction of u to B is in G(B). Let yx be
a smooth non-negative function with compact support in & such that x = 1 in B,
and let w be a smooth strictly positive (1,1)-form. It is enough to prove that, given
C > 0, we can choose b; so that

(4.4) / up{ddug) Axw™ ™ > ~C, £>1, j<n—1.
u
Since v; < 0, uy \, u and it follows from Lemma [2.3] that
/ u(ddu) Axw™ ™ > —C, j<n—1,
u

and thus u € G(U).
It remains to prove (4.4). Since (2.5)) is multilinear, it follows that

/ Ug<ddc’u,g>j/\€wn7j = / (u€71 + bz’l)g)<ddc(uZ71 + bgvg)>j/\§w”’j =
u u
‘ A Jj+1
/ wp—1{ddug_1)? NEW" ™7 + szTr,
u

r=1

where each T, is a sum of terms of the form
[ oldduny ndauyngon,
X

where ¢ = uy_1 or ¢ = vy; in particular they are independent of the choice of by.
By Lemma [4.5| each such integral is > —oo. Thus by choosing b, small enough we
can make the difference between [ ug(ddug) Aéw™ 7 and [, ug—q (ddup—1 ) AEw™
arbirtrarily small. In particular, for any C' > 0 we can inductively choose b; so that

(@.4) holds. O

Let us look at some explicit examples.

Ezample 4.7. Given a = (ay,...,a;) € (C?)* let |a-x|> = |ag - 2> + -+ + |ag, - 2|%,
and let v, = log |a-x|>. Then v, is psh with analytic singularities and the unbounded
locus of v, equals P, := ﬂle{ai -z = 0}. Note that for generic choices of a, P, is a

plane of codimension k. Next, choose a’ € (C?)¥,i=1,2,... so that |J, P, is dense
in C", let v; = v,i, and let u = > b;v; be constructed as in Example Then the
restriction of v to B is in G(B), but u is not locally bounded anywhere; in particular,

u does not have sul. O
Ezxample 4.8. As in Example let U be a neighborhood of the unit ball B C C”.
Given a = (a1, ...,a,) €U, let v, = log |z — al? = log(|z1 — a1|* + -+ - + |Tn — anl?).

Then v, is psh in U with analytic singularities and the unbounded locus of v, equals
a. Next, let a’,i = 1,2,..., be a dense subset of B, let v; = v,:, and let u = >_ b;v;
be constructed as in Example Then the restriction of u to B is in G(B), but u is
not locally bounded anywhere; in particular, u does not have sul. In fact, u € D(U),
see, e.g., [B1, Theorem 2. O



NON-PLURIPOLAR ENERGY AND THE COMPLEX MONGE-AMPERE OPERATOR 15

4.1. Direct products. On a direct product X = X; x X3 we can produce new
examples of functions in Gi(X) by combining functions in Gi(X;) and Gi(X2).

Proposition 4.9. Assume that for i = 1,2, u* € Gi(X;), where X; is a complex
manifold. Let X = X1 x Xo and let m;: X — X;, i = 1,2, be the natural projections.
Then u = miu' + mhu? € Gp(X).

Proof. First note that u € PSH(X). For i = 1,2, let w; be a smooth strictly positive
(1,1)-form on X;, so that w := wjw; + 5wy is a smooth strictly positive (1, 1)-form on
X. To prove that u € G(X) it suffices to prove that, for any function y of the form
X = TiX1 - T5X2, where x; is a non-negative test function in X;, and for 0 < 5 <k,

—00 </ u(dd®u)? Axw™ ™ = lim w(ddu)’ ANxw™ ™,
X £—00 OZ

where Oy = {u > —¢} C X. Note that for A large enough, O; Nsuppy C O3 x O3,
where Of = {u; > —A} C X;. In particular, v = qu}\ + ﬁgui in Oy N supp x, where
u$ = max(u’, —\). Thus, since the non-pluripolar Monge-Ampere operator is local
in the plurifine topology,

(4.5) /u(ddcu)j/\xw"_j:
Oy

[ (miuk+ md) d riu + ) Ao xa(in + we)" .
Oy
Since ([2.1]) is multilinear, (4.5) is a finite sum of terms of the form

(@6) [ miul(ddriud) A (rjen)" A TS A (i) >
Oy

J

or of the form where the first factor mju! is replaced by 7iu?. Since u’ € Gp(X;)
each factor in the right hand side of (4.6]) is bounded uniformly in \. O

Ezample 4.10. Let B C C" be the unit ball. Choose u; € D(B) N G(B) that
does not have analytic singularities, e.g., let u; be as in Example Moreover let
ug be a psh function in B with analytic singularities that is not in D(B). Then
by Proposition u = mul + miu? € G(B x B). Now u neither has analytic
singularities nor is in D(B x B). O

ul (dd®u})’ /\Xlw?l_jl / (dalcui)jz’/\nggm_j2

1 2
A O)\

5. REGULARIZATION

We will prove Theorem In fact, we will prove the following slightly more
general result.

Theorem 5.1. Assume that u € Gi(X) and that v is a smooth psh function on X.
Then, forp <k+1,
p—1
(5.1) (dd® max(u,v — £))" — [dd°u]? + Z S;(u)A(ddv)P~, £ — oo.
j=1
More generally, let x; : R — R be a sequence of nondecreasing convex functions,
bounded from below, that decreases to t as { — oo, and let uy = xgo (u —v) + v.
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Then, forp <k+1,

(5.2) (ddug)P — [dd°u)? + Z S (u)A(ddv) { — .

To illustrate the idea of the proof, let us start with a special case.
Proof of (5.1) when v = 0. Let uy = max(u, —¢). It is enough to prove that
(5.3) (dd“ug)? = ddupN{dd u)P~"

since the right hand side converges to [ddulP.
To prove (5.3), let & be a test form on X and consider

(5.4) /X g ((ddCup)?™t — (dd“u)P~ M) Add“¢.

Since uy = u in Oy := {u > —/¢} and the non-pluripolar Monge-Ampere operator is
local in the plurifine topology, we get that u,(dd®u,)P~! = ug{dd°u)P~! in O,. Using
that up = —¢ in X \ Oy we see that (5.4)) equals

—/ / ((ddug)P~ — (dd“u)P~ ) Add°€,
X

which vanishes by Stokes’ theorem. Thus (5.3|) follows. ([

The proof of for general v follows in the same way after replacing by
Lemma, below (with ¢; = --- = £, = {). The general case follows by writing x
as a superposition of functions max(t, —s). For this we need some auxiliary results.
Let us first consider an elementary lemma.

Lemma 5.2. Assume that x is nondecreasing, convez, and bounded on (—oo,0] and
that x(0) = 0 and x'(0) = 1. Let g(s) = x"(—s). Then g(s)ds is a probability
measure on [0,00). Moreover,

[e.e]

x(t) = max(t, —s)g(s)ds.
s=0
Here X’ should be interpreted as the left derivative of x, which is always well-

defined since x is convex.

Proof. Note that g is a (positive) measure since x is convex.
First assume that x is smooth. Notice that x'(—s) — 0 when s — oo since  is
bounded. Therefore

| ators = [ xisgas = (=) =0 =1

and thus g is a probability measure. Moreover,
’OO

/000 max(t, —s)x”(—s)ds = —max(t, —s)x'(—

g , -
/0 s max(t, —s) - x'(—s)ds = _/0 X' (=s)ds = x(t).

If x is not smooth, the above arguments goes through verbatim if we understand
X' as the left derivative of x, g(s)ds as the corresponding Lebesque-Stieltjes measure,
and the integrals as Lebesque-Stieltjes integrals.

O
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Assume that T(s), s € RY, is a continuous family of currents of order zero on X
and G(s)ds is a measure on R2 ;. Then [g» T(s)G(s)ds is a well-defined current of
> 2o

order zero on X, defined by

//R $)dsAE = /R/ SINEG(s

if £ is a (continuous) test form on X.

Lemma 5.3. Assume that T'(t),t > 0, is a continuous family of positive currents
that converges weakly to a current T, on X when t tends to oo. Moreover assume
that Gy(s) = G(s1,...,sp) is a sequence of probability measures on RY such that
for all R > 0, -

(5.5) lim/ / Ge(s)ds =1,
=00 Jo >R s1>R

where ds = dsy -+ -ds,. Finally, assume that p : R2, — R is a continuous function
such that p(s) > min; s;. Then

|, o) Gils)ds - T
RP

>0

weakly when £ — oo.

Proof. Let & be a test form on X. We need to prove that

60 [, [, rouncione= [ [ 1o accitns [ mon

when ¢ — oco.
Take € > 0. Then there is an R > 0 such that for t > R,

\/ ) AE| <.

Let Ag ={s; > R,j=1,...,p}. Then p(s) > R on Ap and, since G/ are probability
measures, it follows that

(5.7) ‘/A /X (T(p(s)) — Tos) A EGe(s)ds| < €

for all E Since T'(t) is continuous and convergent, there is an M € R such that
| [x T(t) A& < M for all t. Now, by (G-5).

(5.8) \ / / (T(p(s)) — Tws) AEGe(s)ds| < 2M Gy(s) = 0
RZ;()\AR po\AR
when ¢ — co. Since € is arbitrary, (5.6) - follows from and . O
Lemma 5.4. Assume that u € Gp(X) and that v is a smooth psh function on X.
For £ >0, let uy = max(u,v — ¥). Then for any p < k+1 and any ¢1,..., 4, such
that ¢, > --- > 0,
(5.9) ddug,A--- Ndduy, =
p—1
ddug, N(dd°u)?~" + 3 " (ddug, — (dd°u)) A(ddu)! " A(ddv)P ™
j=1
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Proof. We claim that for j =1,...,p— 1,

(5.10)  ddug, A+ Add ug, A(dd°0)P ™~ = dd®ug, A -+ - Addug, A(ddv)P ™7 +
ddug,,, Nddu) A(dd“v)P~ 1 = (ddu) A(ddv)P~.

Taking (5.10f) for granted, by recursively applying it to j = p—1,...,1 we obtain ([5.9).
To prove (5.10)), let & be a test form on X and consider

(5.11) / g, (ddCug, A -+ - Addug, A(ddv)P~7 71 — (ddu)? A(ddv)P~I 1) Add“€.
X

Since ug; = -+ = ug, = uin O = {u > v—~,;41}, which is open in the plurifine topol-
ogy, and since the non-pluripolar Monge-Ampere operator is local in the plurifine
topology, we get that

dd ug, A -+~ Addug, AN(ddv)P 7~ = (ddu)’ A(dd )P~
there. Using that uy, , = v — {41 in X \ O, we see that (5.11)) equals

(5.12) / (v—"Lj41) (ddug, A+ - - Add ug, A(ddv)P T~ — (ddu)? A(ddv)P~ ") Add“¢.
X

Now ([5.10]) follows from ([5.11)) and (5.12)) by Stokes’ theorem, since (dd°u)? is closed.
O

Proof of Theorem [5.1 Since is a local statement we may assume that u — v
is bounded from above. In fact, we may assume that v — v < 0. Otherwise, if
u—v <c,let & =u—cand xp(t) = x¢(t+¢) —c. Then @ —v < 0 and Xy is a seqence
of functions as in the assumption of the theorem. Moreover [dd°a]* = [dd°u]* and
Xeo (it —v) = xgo (u—wv)— ¢ in particular dd®(xg o (@ — v)) = dd°(x¢ o (u — v)).
Thus it suffices to prove for 4 and Y.

Throughout this proof let uy = max(u,v — ¢) and 4y = xp o (u —v) +v. Let us
first assume that x,(0) = 0 and x}(0) = 1 so that y, (restricted to (—oo,0]) is as in
Lemma Let go(t) = xj7(—t). Note that uy = max(u — v, —¢) + v and thus by
Lemma [5.2)

o0

/ usge(s)ds = max(u — v, —8)ge(s)ds + / vge(s)ds = xpo (u—v) +v = Uy.
s=0 s=0 s=0

It follows from Lemma that dd®us, A\ -+ Add°us, is continuous in s. Thus
(5.13) (ddu,)? = / e / ddus, A - - - Add“us, ge(s1) - - - ge(sp)ds.
sp=0 s1=0

Let p; : RZ, — R be the function that maps s = (s1, ..., sp) to the jth largest s;; in
particular, p,(s) = min; s;. Since dd®us, A - - - Add“ug, is commutative in the factors
ddCus,, it follows from Lemma [5.4] that

P p—1
ddug, A+ Addug, = dduy, (5 AN{ddu) " A(ddv)P~T = (dd°u)I A(ddev)P .
j=1 j=1

For j = 1,...,p, let T;(t) = dd°us\(dd°u)?~1A(ddv)P~7. By Lemma T;(t) is
continuous in ¢. Moreover, since u € G,(X), it converges weakly to [dd“u}]’ A(ddv)P~7.
By Lemma 5.2, Gy(s) := ge(s1) - - - ge(sp)ds is a probability measure. Since x,(t) — ¢
when ¢ — oo, given R > 0, x;(—R) — 1 and thus fER ge(s)ds — 0. It follows that
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Gy (s) satisfies (5.5). Since p; is continuous and p;(s) > min; s;, Lemma yields
that
lim dd“u

14
— 00 ngo

ps () NMddu) I A(ddv)P I Gy (s)ds = [ddu)’ N(dd )P~
Hence, since Gy is a probability measure, the limit of (| when ¢ — oo equals
p p—1

> lddeul A(dd“v)P™7 =Y "(ddu)? A(ddv)P™T = [ddu]’ + ZS A(dd®v)

j=1 j=1

Finally, let us consider a sequence x; where we drop the extra assumptions on y,(0)
and x;(0). Since x,(t) are convex functions converging to ¢, x;(0) — 1; in particular
xp(0) # 0 for large enough ¢. Let x¢ = (x¢ — x¢(0))/x;(0). Then X, is a sequence
of nondecreasing convex functions bounded from below, such that x,(¢) — ¢, when
¢ — o0, and x¢(0) = 0 and x}(0) = 1. By the above arguments

(dd“tig)* — [dd°u] +ZS A(dd“v)

for k < p, where iy = x40 (u—v)+wv. Note that dd®ty = xy(0)dd e+ (1 —x3(0))ddv.
Since x;(0) — 1, it follows that

p—1
lim (dd“a)” = Jim (dd°i)” = [dd“u]” +) S (w)A(ddov)P
{—00 sl

d

Remark 5.5. Note that the proof above only uses that x¢(t) — ¢, when ¢ — oc.
Therefore we could, in fact, drop the assumption that x, is a decreasing sequence in
Theorem (as well as in the theorems in the introduction). O

Remark 5.6. It follows from the proof above that we can choose different sequences
x¢ in Theorem (and the theorems in the introduction) and get the following
generalization: For A = 1,...,p, let X? : R — R be a sequence of nondecreasing
convex functions, bounded from below, that decreases to t as £ — oo, and let uﬁ‘ =
X} © (u—v)+v. Then

p—1
ddufA -+ - Addup — [dd°ul? + > S;(u)A(ddv)P~7, € — oo
j=1
Indeed, the proof goes through verbatim if we let g)'(t) = (x7)"(—t) and Gy(s) =
g¢(s1) -+ g (sp)ds. O

Remark 5.7. Let us relate Theorem [5.1] to [B2, Theorem 1]. Note that
=xeo(u—v)+v=pr+o,

where ¢, is a sequence converging to the quasiplurisubharmonic (qpsh) function
¢ :=u —v. Theorem 1 in [B2] asserts that if ¢ has analytic singularities, then

(5.14) (dd®pg)? — [dd°p]”,
where [dd°p]™ is an extension of (1.2]) to qpsh functions, see, e.g., [B2,[LRSW]| for
details. Using (5.14)), we see that

(ddug)? = (ddpp + ddv)P — ([dd°p] 4+ ddv)P.
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It follows from the definition of [dd°p]P, cf. (1.2) that, in fact, ([dd°p] + dd°v)P equals
the right hand side of (5.2)) (e.g., by arguments as in [LRSW]). Thus if v has analytic
singularities Theorem follows from (5.14]). O

Ezample 5.8. Let u = log |z1|? + |22|? in the unit ball B in C2. Then u has analytic
singularities and thus u € G(B). By the Poincaré-Lelong formula

[dd“u] = [z1 = 0] + dd°|2|?
and one easily checks that
[dd°u]?® = [z = 0]Add®|z|? # 0.

Since S1(u) = [z1 = 0] # 0, we know from Theorem that there are sequences of
bounded psh functions u, decreasing to u such that the limits of the Monge-Ampére
currents (dd®ug)? converge to different measures. In fact, it follows that we can find
uy so that the mass of the measures are arbitrarily large: Let v, = £|22|? and let
up ) = max(u, vy — A). By Theorem [5.1
(5.15) lim (ddug)? = [dd°u]? + £[z1 = 0]Add®| 22|
A—00
If we choose A\; < A2 < A3 < ..., then uy := uy ), is a sequence of bounded psh
functions decreasing to v and in view of (dd“uy)? do not have locally uniformly
bounded mass.

In fact, the function v is a maximal psh function and therefore in this case it is
possible to find a sequence of smooth psh functions u, decreasing to w such that
(dd®uy)? converges weakly to 0, see [ABW, Example 3.4]. O

The following example shows that one needs some condition on a psh function
u for the Monge-Ampere currents of the natural regularization uy = max(u,—¢) to
converge. In particular, u below is an example of a psh function that does not have
locally finite non-pluripolar energy.

Ezxample 5.9. Consider the plurisubharmonic function

u(z, w) = iglf {4+ 1/k)logz* — ag + (1 = (=1))|w[*}

in the bidisc D x D for some choice of ap > 0, k = 1,2,...; here * denotes the usc
regularization. It is not hard to see that if we choose 0 < a9 € a1 € as < ..., then
there is an increasing sequence £, € N such that u(z,w) = (1+1/2k)log|z|?> —az on
the set {|u(z, w)+Fox| < 1}, whereas u(z,w) = (1+1/(2k+1)) log |2|? — agpy1 +2|w|?
on the set {|u(z, w) + far41| < 1}. Note that

(dd® max((1 + 1/k)log |2|* — ax, —6))2 =0
while
(dd®max((1 + 1/k)log 2% — ag, + 2|wl|?, —E))Z — 2(1 4 1/k)[z = 0] A dd®|w|*
as ¢ — oo. It follows that
lim (dd® max(u, —foy,))” = (dd°u)?,

k—o0

whereas
lim (dd® max(u, —lopy1))” = (dd°u)? + 2[z = 0] A dd®|w]?.

k—o0
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6. GLOBAL MONGE-AMPERE PRODUCTS

Let (X,w) be a compact Kahler manifold. To define global analogues of the classes
Gr(£2), let us first recall some results on the non-pluripolar Monge-Ampere operator.

Assume that for j = 1,...,n, w; is a Kahler form on X and ¢; is w;-psh. Since
only depends on the currents dd“u;,

(6.1) (ddpp + wp) A\ - - Ndd p1 + w1),

locally defined as (dd®(pp+hp))A -+ - A(dd°(p1+h1)), where h; are local dd°~-potentials
of the wj, is a global closed positive current on X, see Section
Assume that ¢1,..., ¢, € PSH(X,w). Then, by Stokes’ theorem,

(6.2) / (ddpn + wW)A - A(dd°p1 +w) = / w",
X X

cf. (1.3). For the non-pluripolar products we have the following monotonicity prop-

erty. Recall that a function ¢ on X is quasiplurisubharmonic (qpsh) if it is locally

the sum of a psh function and a smooth function.

Proposition 6.1. Assume that p1,...,@, and Y1, ..., are w-psh functions, such
that ©; = ;. Then

/ (ddpp, + wW)A - - N(ddp1 +w) > / (ddPp, + wW)A - - - AN(dd Y1 + w)
X X

As a consequence, the integral of only depends on the singularity types of
the ¢;. For w-psh functions with sul Proposition was proved in [BEGZ|, The-
orem 1.16], in the case when ¢; = ¢ and t; = ¢ in [W, Theorem 1.2, and in
the general case in [DDNL, Theorem 1.1]. Also, see [V2, Theorem 1.1] for an even
stronger monotonicity result.

We will use the following integration by parts result.

Proposition 6.2 ([BEGZ, Theorem 1.14]). Let A C X be a closed complete pluripo-
lar set, and let T be a closed positive (n — 1,n — 1)-current on X. Let v; and ;,
i = 1,2, be gpsh functions on X that are locally bounded on X \ A. If u:= p1 — p2
and v := P1 — Py are globally bounded on X, then

(6.3) / uddcv/\T:/ vdd“unT = —/ dvAd°uNT.

X\A X\A X\A
Remark 6.3. In particular, the integrals in (6.3) are well-defined, cf. Lemma 1.15
and the discussion after Theorem 1.14 in [BEGZ]. Note that if v = w, then (6.3)) is
non-positive. O

Remark 6.4. Note that Proposition [6.2|recently has been generalized to the case when
i and 1; do not necessarily have sul, see [X|, Theorem 1.1] and [V1} Theorem 2.6]. O

6.1. The classes G;(X,w). The classes G;(X) in Definition 3.1} are naturally carried
over to the global setting. Recall from the introduction that on (X,w), the non-
pluripolar Monge-Ampere currents (ddp + w)’ are always finite.

Definition 6.5. Let (X,w) be a compact Kéhler manifold of dimension n. For
1 <k <n-—1, wesay that ¢ € PSH(X,w) has finite non-pluripolar energy of order
k, ¢ € Gp(X,w), if, for each 1 < j < k, ¢ is integrable with respect to (dd“p + w)7.
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Note that ¢ € PSH(X,w) is in G (X, w) if and only if ¢ is integrable with respect to
k
Z ddp + w) AW,
7=0

cf. . Clearly
gl(X,W) ) QQ(X,(U) DD gn—l(X7w) = g(X,CU),

where G(X,w) is as in Definition [1.6]
If p € Gp(X,w), for p=1,...,k+ 1, we can define currents

[dd°p 4+ w]P = [dd(¢ + h)]P,
where h is a local potential for w, and
Sy (p) = [ddp + w]P — (dd°p + w)?

as in Definition [I.7] By Propositions [3.2] and [3.3] they are well-defined global closed
positive currents on X that only depend on the current dd°¢p + w and not on the
choice of w as a Kéhler representative in the class [w].

Remark 6.6. Assume that ¢ has sul and that A is a closed complete pluripolar set
such that ¢ is locally bounded in X \ A. Then 1x\4[dd°p + w]? = (dd°p + w)?
that S5/ () = La[dd®p + w]P. O

From the definitions above and the basic properties of the Monge-Ampere currents
we get an immediate proof of the mass formula Theorem In fact, we prove the
following slightly more general version.

Theorem 6.7. Assume that ¢ € Gi(X,w). Then forp <k+1,

(6.4) /X (ddcg0+w>p/\w"_p+jzi:l /X S¥ (@) A" = / W™

X
Proof. First, note in view of Proposition [3.3] that, for 1 < j < k,
(6.5) dd® (p(ddp + w)’ 1) := [dd°p + w) — (dd°p +w)? T Aw
is a well-defined exact current on X. We claim that for 1 < j < k we have
(6.6) / (dd°p 4 w)I Aw™ ™7 —/ (dd°p + w)y "I Awn I = —/ S;J(go)/\w"_j.
X X X

In fact,
/ (ddp + w)! Aw™ ™7 +/ S7 ()N :/ [dd°p + w)! A" =
X X X

/ dd*(p{dd p-+w) ") Aw" T+ /
X

(dd®ptw) "I A It :/<ddc<p+w>j_1/\w”_j+l,
X X

where we have used (6.5)) for the second equality and the last equality follows from
Stokes’ theorem. Thus (6.6) holds, and summing from 1 to k we get (6.4]). O

Theorem also follows immediately from (6.2) and the following slightly gener-
alized version of Theorem
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Theorem 6.8. Assume that ¢ € Gi(X,w) and that n is a Kdhler form in [w] so that
= w + ddg, where g is a smooth function on X. Let ¢; = max(p —g,—f) + g.
Then, for 1 <p<k+1,
p—1
(6.7) (dd°pp + w)P = [dd°p +w]P + > 82 ()N, £ = o0,
j=1
More generally, let x;, : R — R be a sequence of nondecreasing conver functions,

bounded from below, that decreases to t as ¢ — oo, and let oy = x40 (¢ —g) + g.
Then (6.7)) holds for 1 <p <k+ 1.

Proof. 1t is enough to prove the statement locally. We may therefore assume that
@ = u — h, where u is psh and h is a smooth dd°-potential for w. Let

u=x¢0o(u—h—g)+h+g.
Now Theorem [5.1] asserts that

(6.8) (dd®ug)? — [dd°u]? + Z S;(u)A(dde(h + g))*™

Note that uy = @y + h. Thus the left hand side of (6.8)) equals (dd°py + w)P and the
right hand side equals [dd°p + w]P + 307 ! S2(p )/\np g O

Remark 6.9. If ¢ has analytic singularities, then Theorem follows from [B2,
Theorem 1] as in Remark O
7. THE MONGE-AMPERE ENERGY

We want to describe Gi(X,w) as finite energy classes. To do this, let us start by
recalling the classical setting. If ¢ € PSH(X,w) N L% (X) then its Monge-Ampere
energy is defined as (L.5]). More generally for 0 < k < n and ¢ € PSH(X,w)NL>®(X)
one can define the Monge-Ampeére energy of order k as

k
1 .
Ey(p) == —= / p(dd®e +w)? Nw"™

These functionals can be extended to the entire class PSH(X, w) by letting
Ei(p) :=1nf {Ex(¢) : ¢ > ¢,¢ € PSH(X,w) N L*(X)},
cf. (1.6). We let
E(X,w) :={p € PSH(X,w) : Ex(p) > —oco}

be the corresponding finite energy classes. Moreover, we consider the full mass
classes

Fr(X,w) = {apePSH(X,w):/<ddC<p+w> W' k—/ w”}.
X X
Note that
EX,w)=&(X,w) C - C&i(X,w),

where £(X,w) is the standard finite energy class (|1.7)) corresponding to the energy
functional £ = E,,. Similarly, F(X,w) = F,(X,w) is the standard full mass class

i)
Proposition 7.1. We have Fp,(X,w) C --- C Fi1(X,w).
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Proof. Assume that ¢ € Fj(X,w). Then

0= / (ddp + w)PAw™F — / W =
X X
(/ (dd°p + w)kAwm =k — / (dd°p + w)k_l/\w”_kH> +
b X

(/ <ddcg0+w>k_1/\w”_k+1—/ w").
b's X

By Proposition [6.1] both terms in the right hand side are < 0 and thus they must
both vanish. In particular,

/<ddcg0+w>k1/\wnk+l—/ W
X

X
and thus ¢ € Fj_1(X,w). O
Remark 7.2. Note that ¢ € Gy—1(X,w) is in Fj(X,w) if and only if S¥'(¢) vanishes
forj=1,...,k. O

The finite energy classes & (X,w) have the following fundamental properties.

Theorem 7.3. Let (X,w) be a compact Kihler manifold. Then
(1) if ¢ € Ep(X,w) and 1 ~ ¢ then 1 € E(X,w);
(2) Ex(X,w) is convex;
(3) &k(X,w) € Fi(X,w).
The last part is a consequence of the second part of Theorem below, but it

also follows from [BEGZ|, Proposition 2.11] (for k¥ = n). The first two parts follow
from the following result.

Proposition 7.4. The functional E} is non-decreasing and concave on PSH(X,w).

It is not hard to see that one can reduce the proof of Proposition to prove
that Ej is non-decreasing and concave on PSH(X,w) N L*°(X). This, in turn, is an
immediate consequence of the following result.

Proposition 7.5. If ¢ and ¢ +u are w-psh and bounded, then

d _ c k n—k
(7.1) %‘t:oJrEk(gp + tu) = /Xu(dd v+ w) Aw
and
d2 k—1 k
(7.2) W‘t:mEk(@ +tu) = —k/X duNd®uN(dd e + w)" " A" ",

For k = n this was proved in |[BB|, Propositions 4.1 and 4.4] and the general case
can be proved by the same arguments.

8. THE NON-PLURIPOLAR ENERGY

Let us now introduce an alternative way of extending the energies Ej(¢) to the
entire class PSH(X,w).

Definition 8.1. Let (X,w) be a compact Kéhler manifold of dimension n. For
1 <k <n—1 we define the non-pluripolar energy of order k of ¢ € PSH(X,w) as

k
n 1 . . e
Ekp(CP) = MZ/X@(dd 04w AW,
=0
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Note that the non-pluripolar energy E™(y), as defined in Definition m equals
E"P . Note that if ¢ € PSH(X,w) N L>®(X), then E;?(¢) = E,(p). Moreover,
¥ ¥ E\¥P ¥

n—1

in view of Definition [6.5]
Gr(X,w) = {p € PSH(X,w) : E;*(¢) > —o0}.
Remark 8.2. Since 0 < [ (dd‘g +w) AWt < Jxw™, if C >0,

EM(¢) < E™(p+ C) < E™(p) + C /X W
J

The functional E;* is neither monotone nor concave on PSH(X,w) in general,
see Examples and below. In particular Gi(X,w) is not convex in general.
However, we have the following partial generalization of Theorem

Theorem 8.3. Let (X,w) be a compact Kdhler manifold.
(1) Assume that p,7p € PSH(X,w). If ¢ € Gp(X,w) and ¥ ~ ¢, then ¢ €
gk(X,w).
(2) We have E(X,w) = Gr(X,w) N Fr(X,w). Moreover, if p € Fr(X,w), then
E;"(¢) = Ex(p).
In particular, Gi(X,w) contains the convex subclass £ (X,w). Note that Theo-
rem [L.13] follows from Theorem [R.3

The proof relies on the following description of the non-pluripolar energy as a limit
of energies of bounded w-psh functions and Monge-Ampeére masses.

Proposition 8.4. If ¢ € PSH(X,w), then
(8.1) By (max(p, —¢ +— 1 Z/ — (ddp + w) ) AT N EPP ().
Proof. Let ¢, = max(yp, —¢). We claim that

(52) / pu(dd’pp +w) A + 6/ (w! — (dd°p + w)? ) Aw"™ 7 =
X X

/ @e(ddp + w) Aw™ ™.
X

Taking this for granted and noting that the right hand side decreases to
Jx elddep + w)? Aw"™ ™7 the proposition follows by summing over j.

It remains to prove the claim. First, since gy = ¢ in O := {¢ > —¢}, which is
open in the plurifine topology, since ¢, = —¢ in X \ O, and since the non-pluripolar
Monge-Ampere operator is local in the plurifine topology,

(8.3) eo((ddSpp + w)? — (ddp + w)T) = —£((dd°pp + w)! — (dd°p + w)?).

Next, since @y is bounded, cf. (6.2)),

(8.4) / (ddpp + w) A" = / w'.
X

X

Combining (8.3]) and (| ., we get . O

We have the following partial generalization of Proposition Although E.* is
not monotone on PSH(X,w), it is monotone on functions of the same singularity

type.
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Proposition 8.5. Assume that ¢, € PSH(X,w). If ¢ ~ ¢ and b > ¢, then
E () > B[P ().

Proof. Since E, is non-decreasing, see Proposition[7.4], Ey(max(¢, —()) > Ei(max(p, —()).
Morover, since ¢ ~ 1, by Proposition (6.1

/ (dd° + w) A" = / (ddp + w)I AW
X X

Now, the proposition follows from Proposition [8.4] O

Proof of Theorem[8.3. Part follows from Proposition in view of Remark
2)

It remains to prove part (2). Since Fx(¢) = limy_, o Ex(p¢) and
k‘ . . .
T := Z/ (W — (ddp + w)? ) A" >0
j=0"X

it follows from that Ex(¢) < E;"(¢), and thus (X, w) C Gi(X,w). Moreover
if Ei(¢) > —oo, then T' = 0, since clearly E™(¢p) is bounded from above. It follows
that &(X,w) C Frp(X,w). If p € Fi(X,w), then T'= 0 by Proposition and thus
Ex(p) = E,?p(go). Hence & (X, w) = G (X, w) N Fr(X,w). O

8.1. Concavity of E,?p . We have the following generalization of (the second part
of) Proposition

Proposition 8.6. Assume that ¢ € Gi(X,w) has sul. Then E;* is concave on the
set of ¥ € PSH(X,w) such that ¢ ~ .

This is a consequence of the following generalization of ([7.2)).

Proposition 8.7. Assume that ¢,1 € Gi(X,w) have sul and 1p ~ @. Let A be a
closed complete pluripolar set such that ¢ and thus ¢ are locally bounded outside A.
Moreover, let u =1 — ¢. Then,

d2
(8.5) —‘t_mEgp(cp +tu) = —k/ dund®u{dd®p + W)~ A" F

dt? X\A
1 & . .
- j(7 —1) lim duNduN(dd g + w)N\(ddp + w)]_2/\w”_3,
kE+1 ]z; {—00 X\(O,UA)

where Op = {p > =L} N {p > =L} and py = max(p, —{).

The right hand side of is non-positive, cf. Remark If ¢+ tu is w-psh also
for t > —e for some € > 0 so that g(t) := E;* (¢ +tu) = E;’((1—t)p+t1)) is defined
in a neighborhood of ¢ = 0, then it follows from the proof below that is indeed
the two-sided second derivative of g(t) at ¢ = 0. It follows that g(¢) is concave on the
interval (0,1) (or more generally where it is defined). Thus Proposition follows.

For the proof of Proposition [8.7] we need the following lemma, cf. Lemma

Lemma 8.8. Assume that ¢, € G(X,w) and ¥ ~ ¢. Then, for anyi < j <k,

/ ©(ddp 4 W) ANddY + W) T AW > —oo0.
X
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Proof. We may assume that ¢, < 0. Since ¢ ~ 1, it follows from Theorem
that ¢ + 1 € Gi(X, 2w). Thus

(8.6) /X(cp + ) {(dd*(p + ) + 2w>j/\(2w)"_j > —00

for j < k. Since the non-pluripolar Monge-Ampere product is multilinear, is a
sum of terms

(8.7) / H{ddCp + WY A{(dd e + w) T AW
X
where ¢ is ¢ or . Since they are all non-positive, the lemma follows. U

Proof of Proposition[8.7. Since the non-pluripolar Monge-Ampere product is multi-
linear,

k
n 1 . S
Ek”(@HU)ZkHZ/X(cpHu)(dd (¢ + tu) + w)’ Aw™ ™
j=0

is a polynomial in ¢ with coefficients that are sums of terms of the form (8.7)), where
¢ is ¢ or . Since each such integral is finite by Lemma we may differentiate
E;? (¢ + tu) formally. Thus

2

88) (k+ 1)L

|, EP (¢ +tu) = ZQ]/ uddcu/\<ddcg0+w>j_1/\w"7j+

k
Z j—1) / (dd“u)*A(dd“p + w>J72/\w"_j,
7j=2
where dd“u = (dd“)+w) — (dd°p+w). Since currents of the form (dd®u)*A{dd®p+w)?

do not charge A, we may replace X by X \ 4 in

Let T' = <ddcg0—i—w>J *Aw™J . Since cpg = max(go, 6) decreases to ¢, the integral
in the jth term in the second sum in (8.8)) equals

(8.9) / @(dd°u)*AT = lim ©e(ddu)? AT
X\A =00 Jx\ A

Since dd“uNT is the difference of two closed positive currents, we can apply Propo-
sition [6.2] to this. It follows that the right hand side of equals

(8.10) lim udd“uN(dd®pp + w)AT —/ udduNwNT.
=00 Jx\ A X\A
The first term in (8.10) equals
lim udd“uN(ddpp + w)AT + lim udd“un(ddpe + w)AT.
f—00 O,\A f—00 X\ (0,UA)

In view of ([2.5) we conclude that
/ p(ddu)A(dd%p +w) A" =
X\A
/ udd“un{dd‘p + )’ pw T = / uddun(dd®p + w)’ AW I 4
X\A X\A

lim uddun(ddp + w)A(dd p + W) "2 AW
700 JX\(004)
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Plugging this into (8.8]) and, as above, replacing integrals over X by integrals over
X\ A, we get that

& )
3| Bl rtu) =k / wdd“un{dd®p + w)* " Awn R4
=0+ X\A
1< | |
Fr1o U b fim udd“un(dd®pg + w)NMdd°p + w)' 2 Aa" .
k+1 =0 {— 00 X\ (0,UA)

By Proposition [6.2
k/ udduN(dd®p + w)F AR = —k:/ duNdun{dd® + w)* A" F,
X\A X\A

which is precisely the first term in the right hand side of (8.5)).
Next, we claim that

(8.11)  lim udd uN(ddpp + w)A(ddCp + W) A" =
{—=00 J X\ (0,UA)

— lim duNduCA(ddC oy + w)A{(dd p + W) 2 AW,
=00/ x\(0,04)

Taking this for granted, the last sum in (8.10) equals the sum in (8.5, and thus the
proposition follows. ' ‘
It remains to prove (8.11)). To do this, let T' = (dd°p + w)?~2Aw™ ™7, and write

(8.12) / udd®uN(ddpr + w)\T =
X\(0,UA)
/ udd®uN(ddpp + w)ANT — / udd®uN(ddpp + w)AT.
X\A

O\A
By Proposition [6.2]

(8.13) / udduN(ddpp + w)ANT = — / duNd“uN(dd s + w)NT.
X\A X\A
Next, in view of ([2.5)),
(8.14) — lim uddun(ddpp + W)NT = — / udd®uN(ddp + w)AT.
{=00 Jo,\A X\A

By Proposition [6.2] using that the non-pluripolar Monge-Ampere operator is local
in the plurifine topology, this equals

(8.15) / duNd“uN(ddp + w)NT =
X\A4

/ duNd“uN(dd oy + w)NT + / duNd“uN(ddp + w)NT.
O/\A X\(0UA)

Since u is bounded, (8.14) is finite and thus the second term in (8.15]) tends to 0
when ¢ — oo. We conclude that

(8.16) — lim udduN(dd®pe + w)AT = lim duNd“uN(dd s + w)NT
t—o0 Jo,\A =0 Jo,\A

Now combining (8.12)), (8.13)), and (8.16]) we get (8.11)). O
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Remark 8.9. By arguments as in the above proof we also get a formula for the first
derivative of E(p + tu) in the situation of Proposition cf. (7.1):

d
(8.17) B+ tu) = / wldd (0 + tu) + ) AR+
X

k

1 i— ;
—— ) jlim / u(dd® (oo + tug) +w)A(dd(p + tu) +w)’ FAwn
1 + k‘ ) {—00 X

j:0 \Ol

In particular, (8.17)) is non-negative if w is; thus we get an alternative proof of
Proposition [8.5| in this case. U

9. RELATIVE ENERGY
We slightly extend the notion of relative energy from the introduction.

Definition 9.1. Let ¢ € Gi(X,w). For ¢ € PSH(X,w), such that ¢ < ¢ and for
1 <k <n-—1, we define the energy relative to ¢ of order k as
E{(p) = nt{E7(¢) : ¢ = . ~ ).
We define the corresponding finite relative energy classes
E7(X,w) = {p X ¢, B () > —oc}

and the relative full mass classes

f;f(X,w) =
k . . k . .
v € PSH(X,w) : p <1, (dd°p+w)! Nw"™7 = (dd“Y + w)? AW ¢,
| £ 5 [urororn)

Note that if ¢ = 0, or more generally ¢y € PSH(X,w) N L*°(X), then E;f = FEy,
SZ(X,w) = &(X,w), and Fg(X,w) = Fr(X,w), cf. Propositionn Also, note that
EY = E:f—p

EV(X,w)=E' [(X,w) C - C EV(X,w),
and

FUX,w)=F" (X,w)C - F(X,w),
where EY, £¥(X,w), and F¥(X,w) are as in Definition [1.14
We have the following generalization of Theorems [7.3] and
Theorem 9.2. Let (X,w) be a compact Kihler manifold. Then
(1) if p € S;f(X,w) and @' ~ @, then ¢’ € SZ(X,w);
(2) if ¥ has sul, then E;f(X,w) is conver;
(3) E;C’[’(X,w) = Gp(X,w) N ]-',?(X,w), and moreover if ¢ € f;/)(X,w), then
E} (¢) = B ().
Note that Theorem [1.15| corresponds to &k = n — 1. For the proof we will use the
following observation.

Lemma 9.3. We have

B (p) = Jim T (max(p, ¢ — 1)),
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Proof. First, note that ¢, := max(p,1 — ¢) ~ 1 and ¢, decreases to ¢. Thus, by
Proposition limgoo E}7 (1) > E;f(go) Next, assume that ¢ ~ 9 is a sequence
decreasing to ¢. Since ¢/ ~ 1 we can take ¢; — oo such that ¢ > — ¢; and
thus ¢/ > @, Now limj ;o0 EP(¢7) > limj oo EP(pe;) = limg o0 E;P(¢r) by
Proposition [8:5] O

We get the following partial generalization of Proposition [7.4]

Proposition 9.4. Take ¢ € Gi(X,w). Then E;f is non-decreasing. If 1V has sul,
then E}f s concave.

Proof. As above, let ¢y = max(p,1)—F). Assume that ¢, ¢’ < 1 are such that ¢ > ¢'.
Then ¢y ~ ¢, ~ ¢ and ¢; > ¢} and thus, by Proposition E;P(00) > EP(¢)).
Taking limits over /¢, in view of Lemma we get EZ)(cp) > E}f(gp’ ).

Assume that 1 has sul. It remains to prove that then E}f is concave. Take
0,0 =1, t€(0,1), and a sequence ¢’ ~ 1 decreasing to (1 —t)¢ + ty'. Note that
we can choose £; — oo such that for each j, ¢/ > (1 —t)py; + tgozj. Now

EP(87) = EP((1— e, +1¢) = (1— O (01,) + B (6),).

The first inequality follows since E,* is nondecreasing on w-psh functions of the same
singularity type, Proposition The second inequality follows since EZP is concave
on w-psh functions with sul of the same singularity type, Proposition [8.6] Indeed,
note that ¢y ~ ¢} ~ (1 —t)p; + ty, ~ 1. Now, taking limits over j, and inf over all
sequences ¢/, we get

EY((1—t)e +t) > (1 - 1) E} () +tEL ().
Thus E;f is concave. O

Proof of Theorem[9.2 Note, in view of Remark and Lemma that
BY() < BY(p+C) < B{(9) +C [ o

if C' > 0. Hence part follows from (the first part of) Proposition Moreover,
part follows immediately from (the second part of) Proposition

It remains to prove part . We start by proving
(9.1) Gr(X,w) NFL(X,w) C &V (X, w).
Let
1 & . . 4
T(p) =—— J —{dd° J n—j
(¢) k+1]z;/x(w ( go—l—w))/\w
Moreover, let ¢y = max(p,1) — £). Note that ¢y > . Since @y ~ 1, it follows from
Proposition [6.1] that
(9-2) T(pe) = T().
Now
Ey () = Jim E(¢r) = lim lim (Ey(max(ps, —A)) + AT (r)) >
Jim (B (max(i, =\)) + AT(¥)) = B () + lim A(T(¥) = T(p));
—00 A—00
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here we have used Lemma [0.3] for the first equality, Proposition [84] for the second and
last equality, and the monotonicity of Ej for the inequality. Note that T'(p) = T'(¢)

if and only if ¢ € fg(X,w). Hence (9.1) follows. Also if ¢ € fg)(X,w), then
E}(¢) = E;"(¢).

To prove the reverse inclusion, consider

k
(9.3) Z/ @e(dd®pe)? Aw™ ™ —Z/ we{dd®p) Aw™ I+
Jj=
(ddCpp)I A" — 4 / (ddCpy) A"
z /X\o[ z

X\O¢

here the equality follows since is local in the plurlﬁne topology. By Lemma
the left hand side converges to (k + 1)E;f(<p) Assume that ¢ € S;f(X,w) so that

E;f(cp) > —oo. Note that the three terms in the right hand side are bounded from
above. Thus each of them is > —oo. In particular,

k
Z/ @e(dd o) A" — (k+1)EP(¢) > —o0,
- Oy

which means that ¢ € Gi(X,w). Moreover, the finiteness of the third term in the
right hand side of (9.3) implies that

0= lim / (dd°pp)I A" =
é%mz X\Oy
1 (dd°p,) | (dd°p) N =
45202/ pul 5&2/ QU
Z / (dd) A" —Z / (dd°p)? N7,
j=07X j=0"X

ie., p€ ]:;f (X,w). Here we have used (9.2 for the last equality. O

It is quite possible that the more general integration by parts results [X, Theo-
rem 1.1] and [V1, Theorem 2.6], cf. Remark can be used remove the sul assump-
tion from Thm . In fact Vu has already proved the convexity of certain related
finite relative energy classes [V1, Theorem 1.1].

10. RELATIONS TO THE BL.OCKI-CEGRELL CLASS

In [B1] the domain of the Monge-Ampere operator was characterized in several
equivalent ways. In order to prove Theorem [L.11| we will use the following character-
ization from [B1, Theorem 1.1].

Proposition 10.1. Let Q be an open subset of C™. Then u € PSH(Q?) is in D(Q) if
and only if for each open U C QL and any sequence of smooth uy € PSH(U) decreasing
to u in U, the sequences

Jux "I 2 duy AdCuaA(dduy ) Aw™ T G =0,1,...,n — 2,

where w is a smooth strictly positive (1,1)-form, are locally weakly bounded in U.
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We will also use the following lemma.

Lemma 10.2. Assume that {U;} is a finite open covering of X and that, for each i,
gi is a local dd°-potential of w in U;. Moreover, assume that x; is partition of unity
subordinate {U;}. Then there is a C > 0, such that, if ¢ € PSH(X,w) is smooth and
p <0, then, for1 <j<n-—1,

(10.1) / —o(dd®p + w)? Aw"
X
<2 Z / Xid(p + gi)Ad (9 + gi) A (dd°p + w) "I Aw™ I+
i X

/ —p(dd®p + w) AT 4 C
X

Proof. We will use the following statement. Assume that A, B, a,b are real smooth
functions. Then

(10.2)  ABdand®b+ ABdbAd®a = 2AB(dand®b) (1 1) < A*dand®a + B>dbAdCh
as forms, where (1,1) denotes the component of bidegree (1,1). This is an immediate
consequence of the inequality iaAS + ifAa < iaAa + iBAS for (1,0)-forms a, 3,
applied to a = Ada and 5 = BOb.
Take 1 < j<n—1,let T = (ddp + w)’"*Aw™ 7, and let
I = Z /X de((,O + gi)/\dc(g& + gi)/\T.
Then, by Stokes’ theorem, the left hand side of (10.1]) equals
(10.3) / —p(dd°p + w)A\T = / dpNd“oN\T + / —oAwT.
X X X

Moreover,
(10.4) / dpNd°pNT =) / XidpNdCoNT =
X —Jx
I—Z/ Xidgo/\dcgi/\T—Z/ xidgi/\dccp/\T—Z/ XidgiNd g NT
i I i JX i 7X
1
<I+ Z/ x,;dgo/\dcap/\T—i—Z/ XidgiNd g NT =
274 Jx — Jx
1
I+2/ dcp/\dccp/\TJrZ/ XidgiNdg; NT'
X —Jx

Here, the inequality follows by (10.2)) applied to A = —1/v/2, B = v/2, a = ¢, and
b = g;. Note that there is a D > 0, such that for all 7, dg; Ad°g; \NT < DwAT as forms.
Thus, from ((10.4) we conclude that

1
(10.5) / d¢AdC¢AT§I+D/ w/\T:I+D/ W
2 X X X

Combining (10.3) and (10.5)), we get (10.I) (with C'= 2D [, w"). O
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Proof of Theorem[1.11 Assume that ¢ € D(X,w). Clearly, we may assume that
¢ < 0. Let ¢, = max(p, —¢). Moreover choose a sequence €y — 0, A € N. By
[D2, Theorem 1.1], for each ¢, there is a sequence ¢y 5 of smooth negative (1 4+ € )w-
psh functions decreasing to ¢y,. We may assume that ¢, > ¢; otherwise replace
Yo by @ex + g, where §; — 0. Since X is compact we may inductively choose
Ao > € so that ¢y, < k., , forall K < £, and

(10.6) / —pe(ddpp + w) Aw™ T < / o, (ddppx, + W) AW + 1/
X X

Set 1y = @ ,. Then 9y is a sequence of smooth negative (1 + €y,)-psh functions
decreasing to . Assume that {U;}, ¢;, and x; are as in Lemmam Then p + g; €
D(U;) and Yy + (1+e€y,)g; is a sequence of smooth psh functions decreasing to ¢+ g;.
It follows by Proposition that there is a K > 0, such that, for each ¢ and
j=0,...,n—2,

> /X Xid (e(1e3,)9:) Ad° (et (1462, )g0) A (dd et (14ex, Jw) A (146, Jw) "7 < K.

By Lemma inductively applied to j = 1,...,n — 1, we get that there is an
M > 0 such that, for 1 <j<n-—1,

/ —p(ddaby + w) AT < M.
X

By (10.6),
/ —pp(ddpp + w) Aw™™ < M +1/¢.
Oy

Thus, in view of (2.5)), as desired,

/—wu$¢+wwmwjgﬂf
X

11. EXAMPLES OF FUNCTIONS WITH FINITE NON-PLURIPOLAR ENERGY

Let us present some exemples of functions with finite non-pluripolar energy. As
in the local situation w-psh functions with analytic singularities are in G (X, w).

Ezample 11.1. Assume that ¢ € PSH(X,w) has analytic singularities, i.e., locally
¢ = clog|f|* + b, where ¢ > 0, f is a tuple of holomorphic functions, and b is
bounded. Then ¢ € G(X,w) by Example Note that ¢ € F(X,w) if and only if
@ is locally bounded, cf. Remark

Moreover, note that if ¢, ¢ € PSH(X,w) have analytic singularities, then (1—t)p+
ty € PSH(X,w) has analytic singularities. Thus the set of functions in G (X, w) with
analytic singularities is a convex subclass. O

We will consider some examples on P = P? with homogeneous coordinates [z] =
[0, ..., 2n] and equipped with the Fubini-Study form

(11.1) wrs = dd°log |9:|2 = log(|ﬂs0]2 + -+ |:1cn|2).

Example 11.2. Let f be a A-homogeneous polynomial on C"*! that we consider as a
holomorphic section of O(X) — P™. Now ¢ := log(|f|?/|z|?) = log | f|%g, where |- |rs
denotes the Fubini-Study metric, is in PSH(P"™, Awpg) and has analytic singularities.
In particular, ¢ € G(P", A\wpg) by Example O
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Next, let us consider examples of functions with finite non-pluripolar energy that
do not have analytic singularities. First, we present a global version of Example [£.3]
that shows that Gi(X,w) is not convex in general. For this we need the following
lemma.

Lemma 11.3. Assume that ¢ € PSH(X,w), where (X,w) is a compact Kdhler
manifold. Moreover, assume that g : R — R is smooth, non-decreasing and convex,
and that ¢'(p) < 1. Then g(¢) € PSH(X,w).

Proof. Note that

dd®(g(0)) +w = g"()dpAd°p + ¢ (p)(ddp + w) + (1 = ¢'(¢))w,
and that each term in the right hand side is > 0 by the assumptions on ¢ and g. [

Ezample 11.4. Let X be a projective manifold and . — X an ample line bundle
equipped with a positive metric A with corresponding Kéhler form w. Moreover, let
f = (fi,..., fm) be a holomorphic section of L¥™, take C' > 0 such that |f|? =
|fi]? + -+ |fm|2 < C, and let ¢ = log|f|2 — C. For € € (0,1), let g(t) = —(—t)°
and
b =g(p) = —(=log|f[}; + C)".

Then ¢ € PSH(X,w) by Lemma As in Example one sees that, for each k,
¥ € Gip(X,w) if and only if € < 1/2, and that (1 — t)p + t¢p € PSH(X,w) \ Gr(X,w)
for all t € (0,1) and all € € (0, 1). O

The previous example also shows that £, is not monotone in general.

Ezample 11.5. Let us use the notation from Example Note that g(t) > t for
t < —1. It follows that ¢ > ¢, and thus ¢/ == (1 —t)p +tp > p if t € (0,1).
By Example E"(¢') = —oo, whereas E{"(¢) > —oo. Thus E|” is not non-
decreasing. ([

Next, let us consider some examples of functions with finite non-pluripolar energy
that do not have sul. The following is a global version of Example

Ezample 11.6. Let (X,w) be a compact Kéhler manifold of dimension n. For i =
1,2,..., let 1; be an w-psh function with analytic singularities and let b; > 0. If
B :=)"b; < o0, then

o0
¢ =) bity; € PSH(X, Bw).
1
Given C' > 0, by the same arguments as in Example we can choose b; inductively
so that

/ @(dd°p + Bw)! A(Bw)"™ > -C, j<n-—1,
b's
and thus ¢ € G(X, Bw). O

The following global variant of Example gives an example of a function with
finite non-pluripolar energy that neither has sul nor full mass.

Ezample 11.7. Let 0 = (o1,...,0%) be a holomorphic section of O(1)% — P7
such that the zero set is a codimension k-plane P,, and let 1, = log(|o|?/|x|?).
Then ¢, € PSH(P™,wrg) has anaytic singularities and unbounded locus P,. Next,
let o',02%,... be holomorphic sections of O(1)®* that define codimension k-planes
P,i, P2, ..., respectively, such that |JP,: is dense in P"™. Let 9; = 1, and let
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¥ = > bjty; be constructed as in Example Then ¢ = /B € G(P",wps),
where B = ). b;, but ¢ is not locally bounded anywhere; in particular, ¢ does
not have sul. Moreover, since ¢; ¢ Fi(P", wrs), cf. Example it follows that
¢ ¢ Fi(P", wrs) and thus ¢ ¢ & (P", wrs). O

Next, let us consider a variant of Example in PL.

Ezample 11.8. Let ¢; = max(log|z1 — aix0|%s,—ci), where (1,a;) € P! and ¢; €
(0,00]. Then v; € PSH(P!,wps) has analytic singularities and as in Example
we can choose b; so that

o0 o
©= Z bi; = Z b; max(log |z — aim0|%s, —¢;)
i=1 i=1

is in G(P", Bwrg), where B = ). b;. Note that if ¢; = oo we are in the situation in
Example

Moreover, if the points (1,a;) are dense in P! and b;c; — oo, then ¢ is not
locally bounded anywhere; in particular, it does not have sul. By choosing b; and ¢;
inductively it is possible to arrange this so that in addition ¢ € G(P", Bwps). One
can check that if b, — 0 fast enough and b?ci — 0, then, in fact, ¢ € E(P™, Bwgg). O

11.1. Product spaces. Let (X1,w;) and (X3, w2) be compact Kéhler manifolds. Let
X = X1 x Xy and w = mjw + mywa, where m;: X — X; are the natural projections.
Then it is readily verified that (X,w) is a compact Kéhler manifold. Moreover, if
o' € PSH(X;,w;), then ¢ := mip!+m5¢? € PSH(X,w). We have the following global
version of Proposition [£.9] that can be proved in the same way.

Proposition 11.9. Let (X;,w;), (X,w), ¢', and ¢ be as above. Assume that ¢* €
Gr(Xi,wi), i=1,2. Then ¢ € Gi(X,w).

We can use Proposition to find new non-trivial examples of w-psh functions
with finite non-pluripolar energy.

Example 11.10. Take o' € PSH(P",wps) that has analytic singularities and is
not locally bounded. Then ¢! € G(P",wrg) but ¢! ¢ F(P" wps). Next, take
©? € £(P',wrg) that does not have sul, e.g., as in Example Then, by Propo-
sition o = miet + mie? € Gp(P™ x Pl miwrs + Thwrs), but ¢ neither has sul
nor full mass. U

11.2. Convex combinations in projective space. Througout this subsection we
assume that P" = P” is equipped with the Fubini-Study form that we denote
by w or wpn. We know from Example that convex combinations of functions
in G(P",w) are not in Gr(P",w) in general. It turns out, however, that if ¢’ €
Gr(P™,w) for i = 1,2, then there are natural associated functions ¢ € Gx(PV,w),
where N = n; 4+ ng + 1, such that any convex combination of ¢; and @9 is in
Qk (PN, w) .

To make this more precise, let us first settle some notation. Recall that P is cov-
ered by coordinate charts U; = UF" = {z; # 0}. In Uy = {xo # 0} = {[1, 21, ... 7,]}
we have local coordinates #' = (z1,...,2,) and v, := dd®log(1 + |2'|?) is a local
potential for w.

Next, note that the maps p; : Pé\fy --» P [z,y] — [z] and ps : va\fy -3
P2 [x,y] — [y] are well-defined outside the planes {z = 0} and {y = 0}, respec-
tively. If we let : Y — P% be the blowup of P along these planes, then there are
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maps p; : Y — P" i =1,2, so that the diagrams

Y
PN - _ 5P

pi

commute. Moreover, if ¢ € PSH(P",w), then pfy := m,pf¢ is an upper semicon-
tinuous function on PV with possible singularities along {z = 0} or {y = 0}. If
we understand p; ¢ as the upper semicontinuous regularization we get a well-defined
upper semicontinous function on P¥.

Now, assume that ¢ € PSH(P™,w). We want to show that there is a natural as-
sociated ¢ € PSH(PY,w). Consider the functions I'; = log |z|* and I',, = log |z, y|?
on CN*L Note that T, — I';y is a 0-homogenous function on CN+1: thus it defines
a global function on PY. Now, let

¢=pip+Te—Tay.
We claim that ¢ € PSH(PY,w). To prove this we need to show that dd°@+wpn > 0.
In fact, it suffices to do this outside {x = 0}, since {x = 0} has codimension at least 2
and dd°p is a normal (1, 1)-current and thus we may assume that p; is holomorphic.
Note that dd°(T', — T') = pfwpni — wpn. Thus dd°@ + wpn = pi(ddp + wpnr1) > 0,
since ¢ is wpni-psh.

Analogously, if ¢ € PSH(P™,w), ¢ := pip + 'y — Ty, where I'y, = log |y|?, is a
well-defined function in G (P, w).

Proposition 11.11. Assume that ¢' € Gk(P",w),i = 1,2. Then for 0 <t <1,
(1 — 1)@t +t@? € G (P2t W), where ¢ are defined as above.

Proof. Let ¢ = (1 —t)@! +t@? and, as above, let N = nq +no + 1. We need to prove
that for 0 < j <k,
(11.2) / o(dd®p + w) AwN T > —o0,

u

where U C PV is open. We may assume that ¢/ has compact support in one of the
coordinate charts UF N, say in UF ¥ with homogeneous coordinates [1,z', A\, Ay'].
Let us consider the integrand in (11.2)) in these coordinates. First note that

Do =log(1+|2/)) = and T, =log (AR(L+[y/)) = log ]\ + 7y

We write v for I'; . Since ©' are 0-homogeneous, p’{apl and p§cp2 only depend on a2’
and y/, respectively; we write pjp! = gql(x’) and pi? = o (y).
We start with the factor (dd¢ + w)? = (dd°(¢ + 7))’. Now

p+v7=01-0)¢" +t&>+v=(1—t) (" (@) +7w) + t(L*) + log |A]* + 7).

Note that dd®log |\|*> = [A = 0]; in particular, it has support where log|\|? = —oo.
It follows that

(ddp + w) = (1 — £)(dd°p(2") + wq) + H(ddP?(y) +wy))’,

where w, = ddy,» and wy = ddy,. B
Next, let 0 = w; + wy + Ny, where 7y = idAAdA. Then 6 is a smooth strictly
positive (1, 1)-form on PY. Thus we can replace w™ 7 in (11.2) by #V=7. Note that
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for degree reasons ((11.2)) is a sum of terms of the form

(11.3) /ucp<(1 —t)(dd°p* (2) + wy) + t(dd°O* () + wy)>j(wx + wy) M2 A,y
Finally consider
p=(1-1)¢g" +10" = (1L - )¢ (z') + ¢ (y) + tlog A + (1 — t)7e + 17y — 7.

Since the last three terms are smooth, the contribution from these terms in is
finite. Next, the contribution from log |A|? is finite since log |A|? is (locally) integrable.
Finally, if we replace o by ¢! (z') or ¢?(y'), then we are in the situation in Section
Indeed, we can regard U/ as a relatively compact subset of Z/{g' "ox Z/l(])? " x Cy C
P™ x P" x Cy. Then ¢'(2/), wy, ¢?(y'), and w, are just the pullbacks of ¢,
wpn1, p2, and wpny, respectively, under the natural projections U — U&D " Thus by
Proposition this contribution is also finite. We conclude that holds and

hence ¢ € G,(P",w). O
Ezample 11.12. Let ¢, i = 1,2 be as in Example|11.10, Then ¢ := (1 —#)@! +tp? €
Gr(P™!, w) and ¢ neither has analytic singularities nor full mass. O

Remark 11.13. Let us consider the complex Monge-Ampére equation
(11.4) (ddp 4+ w)" = fw™.

on the compact Kéahler manifold (X,w). By Yau’s solution to the famous Calabi
conjecture, has a smooth solution if f is smooth. This result has been gen-
eralized by several authors in many different directions allowing less regular f. For
instance, in [DDNL, Theorem 1.4] it was proved that under certain conditions on f
there is a unique solution ¢ € PSH(X,w) with prescribed singularity type.

One could hope that it would be possible to use our Monge-Ampére currents to
solve a Monge-Ampere equation of the form

(11.5) [dd°p +w]|" = p

where p is allowed to be a more general current. For instance, assume that p =
u1 + p2, where pp = fw”™ and pg has support on a subvariety Z C X, defined
by a holomorphic section s of a Hermitian vector bundle over X. Then it might
be natural to look for a solution ¢ ~ log|s|? to . Note that if ¢ solves ,
then, in particular, (dd°¢0+w)™ = p1. Now, by [DDNL, Theorem 1.4] this completely
determines ¢. Thus one can only hope to solve for very special choices of
and po. O
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