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Abstract. Given a domain Ω ⊂ Cn we introduce a class of plurisubharmonic
(psh) functions G(Ω) and Monge-Ampère operators u 7→ [ddcu]p, p ≤ n, on G(Ω)
that extend the Bedford-Taylor-Demailly Monge-Ampère operators. Here [ddcu]p

is a closed positive current of bidegree (p, p) that dominates the non-pluripolar
Monge-Ampère current 〈ddcu〉p. We prove that [ddcu]p is the limit of Monge-
Ampère currents of certain natural regularizations of u.

On a compact Kähler manifold (X,ω) we introduce a notion of non-pluripolar
energy and a corresponding finite energy class G(X,ω) ⊂ PSH(X,ω) that is a
global version of G(Ω). From the local construction we get global Monge-Ampère
currents [ddcϕ + ω]p for ϕ ∈ G(X,ω) that only depend on the current ddcϕ + ω.
The limits of Monge-Ampère currents of certain natural regularizations of ϕ can
be expressed in terms of [ddcϕ+ω]j for j ≤ p. We get a mass formula involving the
currents [ddcϕ + ω]p that describes the loss of mass of the non-pluripolar Monge-
Ampère measure 〈ddcϕ + ω〉n. The class G(X,ω) includes ω-psh functions with
analytic singularities and the class E(X,ω) of ω-psh functions of finite energy and
certain other convex energy classes, although it is not convex itself.

1. Introduction

Let Ω be a domain in Cn, and let u be a plurisubharmonic (psh) function on Ω,
u ∈ PSH(Ω). If u is C2 then ddcu is a positive form, and the associated Monge-
Ampère measure is defined as the top wedge power of this form with itself. This
positive measure plays a fundamental role in pluripotential theory akin to the role
played by the Laplacian in ordinary potential theory. If u is not C2, then ddcu is
no longer a form but a current. As is well known the wedge product of currents
is typically not well-defined, which raises the question whether it is still possible to
define a Monge-Ampère measure for more general psh functions.

Bedford-Taylor [BT1,BT2] solved this problem when u is (locally) bounded. Their
idea was to define the Monge-Ampère measure (ddcu)n recursively. Assume that T is
a closed positive current of bidegree (j, j). Then T has measure coefficients and since
u is bounded, uT is a well-defined current and thus so is ddc(uT ). Bedford-Taylor
proved that this current is closed and positive. They could then recursively define
closed positive currents

(ddcu)p := ddc(u(ddcu)p−1).

The Monge-Ampère operators u 7→ (ddcu)p have some essential continuity properties.
Bedford-Taylor proved that if u` is any sequence of psh functions decreasing to u,
then (ddcu`)

p converges weakly to (ddcu)p.
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We are interested in the situation when u is not locally bounded. Demailly [D1,D2]
showed that it is possible to extend the Bedford-Taylor Monge-Ampère operators to
psh functions that are bounded outside “small” sets. Moreover, B locki, [B1], and
Cegrell, [C2], characterized the largest class D(Ω) of psh functions on which there is a
Monge-Ampère operator u 7→ (ddcu)n that is continuous under decreasing sequences.
For instance, functions in PSH(Ω) that are bounded outside a compact set in Ω are
in D(Ω), see, e.g., [B1]. On the other hand psh functions with analytic singularities,
i.e., locally of the form u = c log |f |2 + b, where c > 0, f is a tuple of holomorphic
functions, and b is locally bounded, are not in D(Ω) unless their unbounded locus is
discrete, see [B2] or Proposition 4.2.

To handle more singular psh functions Bedford-Taylor [BT3] introduced the notion
of non-pluripolar Monge-Ampère currents. The idea is to capture the Monge-Ampère
currents of the “bounded part” of u ∈ PSH(Ω). Note that for any `, max(u,−`) is
psh and locally bounded, and thus (ddc max(u,−`))p is well-defined for any p. For
each p ≤ n,

(1.1) 〈ddcu〉p := lim
`→∞

1{u>−`}
(
ddc max(u,−`)

)p
is a form with measure coefficients. The existence of the limit follows from the fact
that the Monge-Ampère operators on bounded psh functions are local in the plurifine
topology, i.e., if u = v on a plurifine open set, then (ddcu)p = (ddcv)p on that set.
One serious issue is that the measure coefficients of 〈ddcu〉p might be not locally
finite, as an example due to Kiselman, [K], shows. If they are locally finite, however,
by [BEGZ], 〈ddcu〉p is a closed positive (p, p)-current. For instance, this is the case
when u has analytic singularities. We refer to the currents 〈ddcu〉p as non-pluripolar
Monge-Ampère currents.

As the name suggests, the non-pluripolar Monge-Ampère currents do not charge
pluripolar sets. Thus, since 〈ddcu〉p cannot capture the behaviour on the singular
set of u, they do not coincide with Demailly’s extensions of (ddcu)p in general. In
particular, it follows that the non-pluripolar Monge-Ampère operators u 7→ 〈ddcu〉p
are far from being continuous under decreasing sequences in general. For instance,
if u = log |f |2, where f is a holomorphic function, then 〈ddcu〉 = 0, whereas for any
sequence u` decreaing to u, ddcu` converges weakly to ddcu, which by the Poincaré-
Lelong formula is the current of integration [f = 0] along the divisor of f .

The purpose of this paper is to introduce a new class of psh functions together with
an extension of the Demailly-Bedford-Taylor Monge-Ampère operators that capture
the singular behaviour.

Definition 1.1. Let Ω be a domain in Cn. We say u ∈ PSH(Ω) has locally finite
non-pluripolar energy, u ∈ G(Ω) if, for each j ≤ n− 1, 〈ddcu〉j is locally finite and u
is locally integrable with respect to 〈ddcu〉j .

If u ∈ G(Ω) and j ≤ n − 1, then u〈ddcu〉j is a well-defined current and thus
by mimicking the original constrution by Bedford-Taylor we can define generalized
Monge-Ampère currents.

Definition 1.2. Given u ∈ G(Ω) for p = 1, . . . , n we define

(1.2) [ddcu]p = ddc(u〈ddcu〉p−1)

and

Sp(u) = [ddcu]p − 〈ddcu〉p.
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Using the locality of the non-pluripolar Monge-Ampère operators and the integra-
bility it follows that [ddcu]p and Sp(u) are closed positive currents. In particular,
[ddcu]p dominates 〈ddcu〉p.

Definitions 1.1 and 1.2 are inspired by the construction of Monge-Ampère currents
in [A, AW]. From [AW, Proposition 4.1] it follows that psh functions with analytic
singularities have locally finite non-pluripolar energy. Thus there are functions in
G(Ω) that are not inD(Ω). If u ∈ PSH(Ω) has analytic singularities, then the currents
[ddcu]p coincide with the Monge-Ampère currents (ddcu)p introduced in [A,AW]. In
this case Sp(u) = 1Z [ddcu]p, where Z is the unbounded locus of u. In [ASWY,AES+]
these Monge-Ampère currents are used to understand non-proper intersection theory
in terms of currents. In particular, the Lelong numbers of the currents [ddc log |f |2]p

are certain local intersection numbers, so-called Segre numbers, associated with the
ideal generated by f .

In Section 4 we provide other examples of functions in G(Ω) and also psh functions
that are not in G(Ω). For instance, Example 4.3 shows that there are psh functions
u ≤ v such that u ∈ G(Ω) but v /∈ G(Ω).

Given u ∈ G(Ω), note that max(u,−`) is a natural sequence of locally bounded
psh functions decreasing to u, cf. (1.1). Our first main theorem states that our new
Monge-Ampère currents [ddcu]p are the limits of the Monge-Ampère currents of this
regularization.

Theorem 1.3. Assume that u ∈ G(Ω). Then(
ddc max(u,−`)

)p → [ddcu]p, `→∞.
More generally, let χ` : R → R be a sequence of nondecreasing convex functions,

bounded from below, that decreases to t as `→∞, and let u` = χ` ◦ u. Then

(ddcu`)
p → [ddcu]p, `→∞.

Note that u` = max(u,−`) corresponds to χ`(t) = max(t,−`). Also note that
Theorem 1.3 implies that [ddcu]p coincides with the Bedford-Taylor-Demailly Monge-
Ampère current when this is defined.

Example 1.4. Let u = log |f |2, where f is a tuple of holomorphic functions and let
χε = log(et + ε). Then χε ◦ u = log(|f |2 + ε) and Theorem 1.3 asserts that

lim
ε→0

(
ddc log(|f |2 + ε)

)p
= [ddcu]p.

This was proved in [A, Proposition 4.4]. �

The Monge-Ampère currents of the natural regularizations max(u,−`) do not
always converge, see Example 5.9, and thus not all psh functions are in G(Ω).

Since there are functions in G(Ω) that are not in D(Ω) we cannot expect continuity
for all decreasing sequences. Our next result is a twisted version of Theorem 1.3 that
illustrates that failure of continuity. Let v be a locally bounded psh function on
Ω. Then max(u, v − `) is another natural sequence of locally bounded psh functions
decreasing to u. Moreover, if χ` is as in Theorem 1.3, then also χ` ◦ (u− v) + v is a
sequence of locally bounded psh functions decreasing to u.

Theorem 1.5. Assume that u ∈ G(Ω) and that v is a smooth psh function on Ω.
Then (

ddc max(u, v − `)
)p → [ddcu]p +

p−1∑
j=1

Sj(u)∧(ddcv)p−j , `→∞.
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More generally, let χ` : R → R be a sequence of nondecreasing convex functions,
bounded from below, that decreases to t as `→∞, and let u` = χ` ◦ (u−v)+v. Then

(ddcu`)
p → [ddcu]p +

p−1∑
j=1

Sj(u)∧(ddcv)p−j , `→∞.

Note that the lower degree Monge-Ampère currents [ddcu]j come into play. Also
note that Theorem 1.3 follows from Theorem 1.5 by setting v = 0.

When u has analytic singularities, Theorem 1.3 first appeared in [ABW, Theo-
rem 1.1], and Theorem 1.5 appeared in [B2, Theorem 1], although formulated slightly
differently, cf. Remark 5.7 below. In those papers, using a Hironaka desingulariza-
tion, the results are reduced to the case with divisorial singularities. Such a reduction
is not available in the general case, and in this paper we instead rely on properties
from [BEGZ] of the non-pluripolar Monge-Ampère operator. In particular, we get
new proofs of the results in [ABW] and [B2].

Let us now turn to the global setting. Assume that (X,ω) is a compact Kähler
manifold of dimension n. Recall that a function ϕ is said to be ω-psh, ϕ ∈ PSH(X,ω),
if whenever h is a local potential for ω, i.e. ddch = ω, ϕ+h is psh. Then ddcϕ+ω is
a closed positive current in [ω], and by the ddc-lemma any closed positive current in
[ω] can be written as ddcϕ+ ω for some ω-psh ϕ, and this ϕ is unique up to adding
of constants. Thus studying ω-psh functions is the same as studying closed positive
currents in [ω].

If ϕ ∈ PSH(X,ω) is bounded, then there are well-defined Monge-Ampère currents
(ddcϕ + ω)p, locally defined as (ddc(ϕ + h))p, where h is a local potential for ω.
It turns out, [BEGZ, Proposition 1.6], that for un unbounded ϕ the non-pluripolar
Monge-Ampère currents 〈ddcϕ + ω〉p are always well-defined. Moreover, [BEGZ,
Proposition 1.20] showed that∫

X
〈ddcϕ+ ω〉p∧ωn−p ≤

∫
X
ωn.

When ϕ is bounded we have equality

(1.3)

∫
X

(ddcϕ+ ω)p∧ωn−p =

∫
X
ωn

but in general the inequality can be strict.
Our definitions of G(X) and Monge-Ampère currents naturally lend themselves to

the global setting.

Definition 1.6. Let (X,ω) be a compact Kähler manifold of dimension n. We
say that ϕ ∈ PSH(X,ω) has finite non-pluripolar energy, ϕ ∈ G(X,ω), if, for each
j ≤ n− 1, ϕ is integrable with respect to 〈ddcϕ+ ω〉j .

Definition 1.7. Given ϕ ∈ G(X,ω) we define

[ddcϕ+ ω]p =
[
ddc(ϕ+ h)

]p
,

where h is a local potential for ω, and

Sωp (ϕ) = [ddcϕ+ ω]p − 〈ddcϕ+ ω〉p.

Since two local potentials differ by a pluriharmonic function, [ddcϕ+ω]p and Sωp (ϕ)
are well-defined global positive closed currents on X. Note that whether an ω-psh
function ϕ is in G(X,ω) only depends on the current ddcϕ+ω and not on the choice
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of ω as a Kähler representative in the class [ω]. Also the currents [ddcϕ + ω]p and
Sωp (ϕ) only depend on the current ddcϕ+ ω.

From Theorem 1.5 we get global regularization results. Given ϕ ∈ PSH(X,ω),
note that max(ϕ,−`) is a natural sequence of bounded ω-psh functions decreasing
to ϕ.

Theorem 1.8. Assume that ϕ ∈ G(X,ω). Then(
ddc max(ϕ,−`) + ω

)p → [ddcϕ+ ω]p +

p−1∑
j=1

Sωj (ϕ)∧ωp−j , `→∞.

More generally, let χ` : R → R be a sequence of nondecreasing convex functions,
bounded from below, that decreases to t as `→∞, and let ϕ` = χ` ◦ ϕ. Then

(ddcϕ` + ω)p → [ddcϕ+ ω]p +

p−1∑
j=1

Sωj (ϕ)∧ωp−j , `→∞.

If η is another Kähler form in [ω], then η = ω + ddcg for some smooth function g.
There is an associated regularization of ϕ, namely ϕ` := max(ϕ− g,−`) + g, which
corresponds to the max-regularization of the current ddcϕ + ω with respect to the
alternative decomposition ddc(ϕ− g) + η.

Theorem 1.9. Assume that ϕ ∈ G(X,ω), that η is a Kähler form in [ω], and that
g and ϕ` are as above. Then

(1.4) (ddcϕ` + ω)p → [ddcϕ+ ω]p +

p−1∑
j=1

Sωj (ϕ)∧ηp−j , `→∞.

More generally, let χ` : R → R be a sequence of nondecreasing convex functions,
bounded from below, that decreases to t as ` → ∞, and let ϕ` = χ` ◦ (ϕ − g) + g.
Then (1.4) holds.

Note that Theorem 1.8 follows immediately from Theorem 1.9 by setting g = 0.
As in the local case, for ϕ with analytic singularities Theorems 1.8 and 1.9 follow
from [B2, Theorem 1], cf. Remark 6.9.

From (1.3) and Theorem 1.8 we get the following mass formula.

Theorem 1.10. Assume that ϕ ∈ G(X,ω). Then for each p ≤ n,∫
X
〈ddcϕ+ ω〉p∧ωn−p +

p∑
j=1

∫
X
Sωj (ϕ)∧ωn−j =

∫
X
ωn.

In fact, Theorem 1.10 is a cohomological consequence of the definition of [ddcϕ+
ω]p; in Section 6.1 we provide a direct proof that does not rely on Theorem 1.8.
For ϕ with analytic singularities this theorem appeared in [ABW, Theorem 1.2 and
Proposition 5.2]. Note that, for j ≤ p, the current Sωj (ϕ) captures the mass that

“escapes” from 〈ddcϕ+ ω〉p at codimension j.

From the local case it follows that ω-psh functions with analytic singularities are in
G(X,ω), and in Section 11 we provide other examples. However, in the global setting
we know more about the structure of the class G(X,ω). In particular, it contains the
B locki-Cegrell class. Note that being in the B locki-Cegrell class is a local statement,
cf. Proposition 10.1 below. We say that ϕ ∈ PSH(X,ω) is in D(X,ω) if whenever g
is a local ddc-potential of ω in an open set U ⊂ X, then ϕ+ g ∈ D(U).
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Theorem 1.11. Let (X,ω) be a compact Kähler manifold of dimension n. Then
D(X,ω) ⊂ G(X,ω).

Next, as the name suggests, the class G(X,ω) of ω-psh functions with finite non-
pluripolar energy can be understood as a finite energy class. Recall that the Monge-
Ampère energy of ϕ ∈ PSH(X,ω), introduced in [GZ], inspired by earlier work [C1]
in the local setting, is defined as

(1.5) E(ϕ) =
1

n+ 1

n∑
j=0

∫
X
ϕ(ddcϕ+ ω)j ∧ ωn−j

if ϕ is bounded and by

(1.6) E(ϕ) = inf {E(ψ) : ψ ≥ ϕ,ψ ∈ PSH(X,ω) ∩ L∞(X)}

in general. The corresponding finite energy class

(1.7) E(X,ω) := {ϕ ∈ PSH(X,ω) : E(ϕ) > −∞}

is convex. Recall that, if ϕ,ψ ∈ PSH(X,ω), then ϕ is said to be less singular
than ψ, ϕ � ψ, if ϕ ≥ ψ + O(1). If ϕ � ψ and ψ � ϕ we say that ϕ and ψ
have the same singularity type and write ϕ ∼ ψ. The class E(X,ω) is closed under
finite pertubations in the sense that if ϕ ∈ E(X,ω) and ψ ∼ ϕ, then ψ ∈ E(X,ω).
Moreover, E(X,ω) is contained in the full mass class

(1.8) F(X,ω) :=

{
ϕ ∈ PSH(X,ω) :

∫
X
〈ddcϕ+ ω〉n =

∫
X
ωn
}
.

We introduce an alternative energy for ϕ ∈ PSH(X,ω).

Definition 1.12. Let (X,ω) be a compact Kähler manifold of dimension n. For
ϕ ∈ PSH(X,ω) we define the non-pluripolar energy

Enp(ϕ) =
1

n

n−1∑
j=0

∫
X
ϕ〈ddcϕ+ ω〉j ∧ ωn−j .

Note that

G(X,ω) = {ϕ ∈ PSH(X,ω) : Enp(ϕ) > −∞},
so that G(X,ω) can be thought of as an finite energy class, cf. (1.7).

Theorem 1.13. Let (X,ω) be a compact Kähler manifold. Then

(1) if ϕ ∈ G(X,ω) and ψ ∼ ϕ, then ψ ∈ G(X,ω);
(2) E(X,ω) ⊂ G(X,ω).

Although G(X,ω) contains the convex subclass E(X,ω) it is not convex itself.
However, it contains certain other convex energy classes.

Definition 1.14. Let ψ ∈ G(X,ω). For ϕ ∈ PSH(X,ω), such that ϕ � ψ, we define
the energy relative to ψ

Eψ(ϕ) = inf{Enp(ϕ′) : ϕ′ ≥ ϕ,ϕ′ ∼ ψ}.

We define the corresponding finite relative energy classes

Eψ(X,ω) = {ϕ � ψ,Eψ(ϕ) > −∞}
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and the relative full mass classes

Fψ(X,ω) ={
ϕ ∈ PSH(X,ω) : ϕ � ψ,

n−1∑
j=0

∫
X
〈ddcϕ+ω〉j ∧ωn−j =

n−1∑
j=0

∫
X
〈ddcψ+ω〉j ∧ωn−j

}
.

Note that if ψ ∈ PSH(X,ω) ∩ L∞(X), then Eψ(X,ω) ⊃ E(X,ω). The classes
Eψ(X,ω) have the following properties, similar to E(X,ω). Following [BEGZ] we
say that ϕ ∈ PSH(X,ω) has small unbounded locus (sul) if there exists a complete
pluripolar closed subset A ⊂ X such that ϕ is locally bounded outside A, cf. Section
2.2 below.

Theorem 1.15. Let (X,ω) be a compact Kähler manifold. Then

(1) if ϕ ∈ Eψ(X,ω) and ϕ′ ∼ ϕ, then ϕ′ ∈ Eψ(X,ω);
(2) if ψ has sul, then Eψ(X,ω) is convex;
(3) Eψ(X,ω) = G(X,ω) ∩ Fψ(X,ω).

The paper is organized as follows. In Section 2 we provide some background on
the classical and the non-pluripolar Monge-Ampère operators in the local setting.
In Section 3 we introduce the class G(Ω), and more generally classes Gk(Ω) of psh
functions of locally finite non-pluripolar energy of order k, and our Monge-Ampère
operators, and in Section 4 we provide various examples of functions in G(Ω). In
Section 5 we prove the regularity result Theorem 1.5. In fact, we prove a sligthly
more general version formulated in terms of Gk(Ω).

In Section 6 we extend our definitions and regularity results to the global setting.
In Section 7 we recall the classical Monge-Ampère energy and in Sections 8 and 9 we
study the non-pluripolar energy and the relative energy, respectively; in particular,
we prove Theorems 1.13 and 1.15. As in the local case we introduce more generally
non-pluripolar and relative energies of order k and corresponding finite energy classes

Gk(X,ω) and Eψk (X,ω), and we prove versions of our results formulated in terms of
these. In Section 10 we discuss the B locki-Cegrell class and prove Theorem 1.11.
Finally, in Section 11 we give various examples of functions with finite non-pluripolar
energy.

Ackowledgement We would like to thank the referees for valuable comments and
suggestions that have improved the presentation.

2. The complex Monge-Ampère product

Throughout this paper X is a domain in Cn or more generally a complex manifold
of dimension n. All measures are assumed to be Borel measures. We let dc =
1/4πi(∂ − ∂̄), so that ddc log |z1|2 = [z1 = 0].

In this section we recall some basic facts about the (non-pluripolar) Monge-Ampère
products. We refer to, e.g., [D3, Chapter III] for the classical Bedford-Taylor-
Demailly theory, see also [BT2,BT3,BEGZ].

First, the plurifine topology is the coarsest topology such that all psh functions on
all open subsets of X are continuous. A basis for this topology is given by all sets of
the form V ∩ {u > 0}, where V is open and u is psh in V .

Let T be a closed positive current and let u be a locally bounded psh function on
X. Then uT is a well-defined current and

ddcu∧T := ddc(uT )
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is again a closed positive current. In particular, if u1, . . . , up are locally bounded psh
functions, then the product ddcup∧ · · · ∧ddcu1∧T is defined inductively as

(2.1) ddcup∧ · · · ∧ddcu1∧T := ddc(updd
cup−1∧ · · · ∧ddcu1∧T ).

It turns out that this product is commutative in the factors ddcuj and multilinear in
the factors ddcuj and it does not charge pluripolar sets. Moreover ddcup∧ · · · ∧ddcu1

is local in the plurifine topology, i.e., if O is a plurifine open set and uj = vj pointwise
on O, then

1Odd
cup∧ · · · ∧ddcu1 = 1Odd

cvp∧ · · · ∧ddcv1.

The products (2.1) satisfy the following continuity property.

Lemma 2.1. Assume that u1, . . . , up are locally bounded psh functions and that

u`1, . . . , u
`
p are decreasing sequences of psh functions converging to u1, . . . , up, respec-

tively, and that T is a closed positive current. Then

ddcu`p∧ . . .∧ddcu`1∧T → ddcup∧ . . .∧ddcu1∧T
weakly when `→∞.

We will use the following result.

Lemma 2.2. Assume that for j = 1, . . . , p, ujs, s ∈ R (or some interval in R), is a

family of locally bounded psh functions on X such that ujs → ujt locally uniformly on
X when s→ t. Then

ddcupsp∧ · · · ∧dd
cu1
s1 → ddcuptp∧ · · · ∧dd

cu1
t1

weakly when (s1, . . . , sp)→ (t1, . . . , tp) in Rp.

Proof. Note that

(2.2) ddcupsp∧ · · · ∧dd
cu1
s1 − dd

cuptp∧ · · · ∧dd
cu1
t1 =

p∑
j=1

(
ddcupsp∧ · · · ∧dd

cujsj∧dd
cuj−1
tj−1
∧ · · · ∧ddcu1

t1−

ddcupsp∧ · · · ∧dd
cuj+1
sj+1
∧ddcujtj∧ · · · ∧dd

cu1
t1

)
.

Let ξ be a test form. Since (2.1) is commutative in the factors ddcuj we can write
the action of the jth term in the right hand side of (2.2) on ξ as

(2.3)

∫
X

(ujsj − u
j
tj

)ddcupsp∧ · · · ∧dd
cuj+1
sj+1
∧ddcuj−1

tj−1
∧ · · · ∧ddcu1

t1∧dd
cξ.

Let U ⊂ X be a relatively compact neighborhood of the support of ξ. Then there

is a neighborhood V ⊂ R of t such that for j = 1, . . . , p, s ∈ V, |ujs − vjs| < ε in U .

Since ujs are locally bounded, there is an M such that ‖ujs‖L∞(U) ≤M . We may also

assume that
∫
X |dd

cξ| ≤ M . Now by the Chern-Levine-Nirenberg inequalities there
is constant C such that the absolute value of (2.3) is bounded by

C sup
U
|ujsj −u

j
tj
|‖upsp‖L∞(U) · · · ‖u

j+1
sj+1
‖L∞(U)‖u

j−1
tj−1
‖L∞(U) · · · ‖u

1
t1‖L∞(U)

∫
X
|ddcξ| ≤

Cε(M + ε)p−jM j → 0.

Since this holds for any ξ, (2.2) converges weakly to 0 when (s1, . . . , sp)→ (t1, . . . , tp).
�
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2.1. The non-pluripolar Monge-Ampère product. Let u1, . . . , up be not nec-
essarily locally bounded psh functions on X and let

(2.4) O` =

p⋂
j=1

{uj > −`}.

Then O` is a plurifine open set. Following [BEGZ, Definition 1.1] we say that the
non-pluripolar Monge-Ampère product 〈ddcup∧· · ·∧ddcu1〉 is well-defined if for each
compact subset K ⊂ X we have

sup
`

∫
K∩O`

ωn−p ∧
p∧
j=1

ddc max(uj ,−`) <∞,

where ω is a smooth strictly positive (1, 1)-form on X. This definition is clearly
independent of ω.

Since the Monge-Ampère product for bounded functions is local in the plurifine
topology, it follows that

1O`

p∧
j=1

ddc max(uj ,−`) = 1O`

p∧
j=1

ddc max(uj ,−`′), `′ > `.

It follows that there is a well-defined positive (p, p)-current

(2.5) 〈ddcup∧ · · · ∧ddcu1〉 := lim
`

1O`

p∧
j=1

ddc max(uj ,−`);

by [BEGZ, Theorem 1.8] it is closed.
Note that (2.5) is commutative in the factors ddcuj since (2.1) is. By [BEGZ,

Proposition 1.4] it is multilinear in the following sense: if v is another psh function,
then

(2.6)
〈
ddc(up + v)∧

p−1∧
j=1

ddcuj

〉
=
〈
ddcup∧

p−1∧
j=1

ddcuj

〉
+
〈
ddcv∧

p−1∧
j=1

ddcuj

〉
in the sense that the left hand side is well-defined if and only if both terms in the
right hand side are, and equality holds in this case. Moreover, (2.5) only depends on
the currents ddcuj , i.e., it is not affected by adding pluriharmonic functions to the
uj . Also, the operator

(u1, . . . , up) 7→ 〈ddcup∧ · · · ∧ddcu1〉
is local in the plurifine topology whenever it is well-defined.

Lemma 2.3. Assume that u is a psh function on X such that 〈ddcu〉p is well-defined,
and that uλ is a sequence of psh functions on X decreasing to u, such that 〈ddcuλ〉p
is well-defined for each λ. Moreover, assume that ω is a smooth positive (1, 1)-form
and that χ is a non-negative test function on X. Then

(2.7) lim inf
λ→∞

∫
X
〈ddcuλ〉p∧χωn−p ≥

∫
X
〈ddcu〉p∧χωn−p.

Proof. Fix ` and let O` = {u > −`}. Then max(uλ,−`) ↘ max(u,−`) and by
[BT3, Corollary 3.3],

(2.8) lim inf
λ→∞

∫
O`

(
ddc max(uλ,−`)

)p∧χωn−p ≥ ∫
O`

(
ddc max(u,−`)

)p∧χωn−p.
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Since uλ > u, uλ = max(uλ,−`) and u = max(u,−`) in O`. Thus, since the non-
pluripolar Monge-Ampère operator is local in the plurifine topology, (2.8) implies
that

(2.9) lim inf
λ→∞

∫
O`

〈ddcuλ〉p∧χωn−p ≥
∫
O`

〈ddcu〉p∧χωn−p.

Now, (2.9) holds for all ` and since 〈ddcu〉p does not charge pluripolar sets, in par-
ticular not V = {u = −∞}, we get (2.7). �

2.2. Psh functions with small unbounded locus. Following [BEGZ] we say
that a psh function u on X has small unbounded locus (sul) if there exists a complete
pluripolar closed subset A ⊂ X such that u is locally bounded outside A.

Remark 2.4. Let O =
⋃
`O`, where O` is defined by (2.4). Note that if u1, . . . , up

have sul and A is a closed complete pluripolar set such that u1, . . . , up are locally
bounded outside A, then X \O ⊂ A. �

Remark 2.5. Assume that u1, . . . , up have sul, and thatA is a closed complete pluripo-
lar closed set such that each uj is locally bounded outsideA. Then 〈ddcup∧ · · · ∧ddcu1〉
is well-defined if and only if the Bedford-Taylor product ddcup∧ · · · ∧ddcu1, which is
defined onX\A, has locally finite mass near each point ofA. Then 〈ddcup∧ · · · ∧ddcu1〉
is just the trivial extension of ddcup∧ · · · ∧ddcu1, cf. [BEGZ, page 204]. �

3. Local Monge-Ampère currents - the classes Gk(X)

We slightly extend the definition of G(X) from the introduction, cf. Definition 1.1.

Definition 3.1. Let X be a complex manifold of dimension n. For 1 ≤ k ≤ n − 1,
we say that a psh function u on X has locally finite non-pluripolar energy of order k,
u ∈ Gk(X), if, for each j ≤ k, 〈ddcu〉j is locally finite and u is locally integrable with
respect to 〈ddcu〉j .

Note that if ω is a smooth strictly positive (1, 1)-form, then u ∈ Gk(X) if and only
if the measure

(3.1)
k∑
j=0

〈ddcu〉j∧ωn−j

is locally finite and u is locally integrable with respect to this measure. Clearly

G1(X) ⊃ G2(X) ⊃ · · · ⊃ Gn−1(X) = G(X),

where G(X) is as in Definition 1.1.

If u ∈ Gk(X), then the Monge-Ampère currents

[ddcu]p = ddc(u〈ddcu〉p−1)

and

Sp(u) = [ddcu]p − 〈ddcu〉p

from Definition 1.2 are well-defined (p, p)-currents for p = 1, . . . , k + 1.

Proposition 3.2. The currents [ddcu]p and Sp(u) are closed and positive.
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Proof. Clearly [ddcu]p is closed and, since 〈ddcu〉p is closed, so is Sp(u).
Note that if u` is a sequence of smooth psh functions decreasing to u, then

[ddcu]p = lim
`→∞

ddc(u`〈ddcu〉p−1).

Since 〈ddcu〉p−1 is closed and positive, the currents in the right hand side are positive
and thus so is the limit. To see that also Sp(u) is positive, let u` = max(u,−`) and
O` = {u > −`}. Since u` → u,

(3.2) [ddcu]p = lim
`→∞

ddc(u`〈ddcu〉p−1) =

lim
`→∞

1X\O`dd
c(u`〈ddcu〉p−1) + lim

`→∞
1O`dd

c(u`〈ddcu〉p−1).

Since the non-pluripolar Monge-Ampère operator is local in the plurifine topology,
1O`dd

c(u`〈ddcu〉p−1) = 1O`dd
cu`∧〈ddcu〉p−1 = 1O`〈ddcu`〉p, and hence the last limit

in (3.2) is equal to 〈ddcu〉p. Hence the first limit must exist as well and it is certainly
positive. �

Proposition 3.3. The currents [ddcu]p and Sp(u) only depend on ddcu, i.e., they
are not affected by adding a pluriharmonic function to u.

Proof. Since 〈ddcu〉p only depends on ddcu, cf. Section 2.1, it is enough to prove the
proposition for [ddcu]p. Assume that u′ = u+ h, where h is pluriharmonic. Then by
(2.6),

[ddcu′]p = ddc
(
(u+ h)〈ddcu〉p−1

)
= ddc(u〈ddcu〉p−1) + ddc(h〈ddcu〉p−1) = [ddcu]p,

where the last equality follows since ddch = 0 and 〈ddcu〉p−1 is closed. �

Remark 3.4. Assume that u ∈ G(X) has sul and is locally bounded outside the
closed complete pluripolar set A ⊂ X. Note that [ddcu]p coincides with the standard
Monge-Ampère current (ddcu)p outside A. It follows from Remark 2.5 that

1X\A[ddcu]p = 〈ddcu〉p and Sp(u) = 1A[ddcu]p.

�

4. Examples

Let us consider some examples of functions with locally finite non-pluripolar en-
ergy.

Example 4.1. Assume that u ∈ PSH(X) has analytic singularities, i.e., that u is
locally of the form

(4.1) u = c log |f |2 + b,

where c > 0, f = (f1, . . . , fm) is a tuple of holomorphic functions, |f |2 = |f1|2 +
· · ·+ |fm|2, and b is locally bounded. Then u is locally bounded outside the variety
Z ⊂ X, locally defined as {f = 0}; in particular, u has sul.

As mentioned in the introduction, it follows from [AW, Proposition 4.1] that
u ∈ G(X). Moreover the currents [ddcu]p coincide with the Monge-Ampère currents
(ddcu)p defined inductively in [AW] as (ddcu)p = ddc(u1X\Z(ddcu)p−1).

For the reader’s convenience let us sketch an argument. Assume that (4.1) holds
in the open set U ⊂ X and, for simplicity, that c = 1. By Hironaka’s theorem there is
a smooth modification π : U ′ → U such that π∗f = f0f ′, where f0 is a holomorphic
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section of a line bundle L → U ′ and f ′ is a non-vanishing tuple of holomorphic
sections of L−1. Now

π∗u = log |f0|2 + b′,

where b′ = log |f ′|2 + π∗b is locally bounded and psh in any local frame for L. It
follows that, for any p, (ddcb′)p is a well-defined closed positive current on U ′ and
one can check that

π∗(dd
cb′)p = 〈ddcu〉p.

Thus to see that u ∈ G(U) it is enough to verify that log |f0|2(ddcb′)p has locally
bounded mass and this follows from a standard Chern-Levine-Nirenberg type esti-
mate, see, e.g., [D3, Chapter III, Proposition 3.11]. By the Poincaré-Lelong formula,

Sp(u) = π∗
(
ddc(log |f0|2(ddcb′)p

)
= π∗

(
[divf0]∧(ddcb′)p

)
,

where [divf0] is the current of integration along the divisor of f0. �

Proposition 4.2. Let Ω be a domain in Cn. Assume that u ∈ PSH(Ω) has analytic
singularities and that the unbounded locus of u is not discrete. Then u is not in
D(Ω).

This result was first noted in [B2]. Here we provide a different argument.

Proof. Let κ = codimZ. We claim that the current Sκ(u) = 1Z [ddcu]κ = 1Z(ddcu)κ,
where (ddcu)κ is the classical Bedford-Taylor-Demailly Monge-Ampère current, is
non-zero. Taking this for granted, since κ < n and all Sj(u) are positive currents, it
follows from Theorem 1.5 that we can find a decreasing sequence u` converging to u
such that (ddcu`)

n does not converge to [ddcu]n. We conclude that u is not in D(U),
cf. the introduction.

To prove the claim let us assume that (4.1) holds in the open set U ⊂ Ω. Now the
Lelong numbers of Sκ(u) and 1Z(ddc log |f |2)κ coincide at each point in U , see, e.g.,
[AW, (1.9)]. For dimension reasons, both currents must be Lelong currents, and thus
Sκ(u) = 1Z(ddc log |f |2)κ. By the classical King formula, see, e.g., [D3, Chapter III,
(8.18)], 1Z(ddc log |f |2)κ is the Lelong current of an effective cycle whose support is
precisely the union of the irreducible components of Z of pure codimension κ. In
particular Sκ(u) is non-zero. �

Next, let us consider some examples of functions in G(X) that do not have analytic
singularites.

Example 4.3. Let f be a tuple of holomorphic functions in a domain Ω ⊂ Cn such
that |f |2 < 1 and let

u = −(− log |f |2)ε

for some ε ∈ (0, 1). Then u is psh in Ω and it is locally bounded outside Z = {f = 0};
in particular u has sul. We claim that for each k, u ∈ Gk(Ω) if and only if ε < 1/2.
Moreover, although v := log |f |2 ∈ G(Ω), cf. Example 4.1, u + v is not in Gk(Ω) for
any ε.

To prove the claim, first note that

ddcu =
i

2π
ε(1− ε)(− log |f |2)ε−2∂|f |2∧∂̄|f |2

|f |4
+ ε(− log |f |2)ε−1ddc log |f |2.

Next, note that if π : X → Ω is a smooth modification, then u〈ddcu〉j has locally
finite mass if and only if π∗(u〈ddcu〉j) = π∗u1X\π−1Z(ddcπ∗u)j has locally finite

mass. By Hironaka’s theorem there is such a modification so that π∗f = f0f ′, where
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f0 is a holomorphic section of a line bundle L and f ′ is a non-vanishing tuple of
holomorphic sections of L−1. Given a local frame we may assume that f0 and f ′ is
a function and a tuple of functions, respectively. Let η = ∂̄|f ′|2/|f ′|2. Then

π∗
(∂|f |2∧∂̄|f |2

|f |4
)

=
df0∧df0

|f0|2
+
df0

f0
∧η +

df0

f0
∧η + η̄∧η

and, by the Poincaré-Lelong formula,

π∗(ddc log |f |2) = [D] + ωf ,

where D is the divisor defined by f0 and ωf := ddc log |f ′|2 is smooth. It follows that

(4.2) π∗u1X\π−1Zdd
cπ∗u = C(− log |f0|2 − γ)2ε−2df

0∧df0

|f0|2
+ β,

where C is a constant, γ = log |f ′|2, and β has locally finite mass. Moreover, for
j > 1, π∗u1X\π−1Z(ddcπ∗u)j is a sum of terms that are integrable or of the form a
smooth form times

(4.3) (− log |f0|2 − γ)a
df0∧df0

|f0|2
,

where a ≤ 2ε − 2. By Hironaka’s theorem we may assume that f0 is a monomial,
and then an elemenary computation yields that (4.3) has locally finite mass if and
only if a < −1. Hence (4.2), and thus u〈ddcu〉, have locally finite mass if and only if
ε < 1/2. Moreover, if ε < 1/2, then u〈ddcu〉j has locally finite mass for j > 1. We
conclude that u ∈ G(Ω) if and only if u ∈ G1(Ω), which in turn holds if and only if
ε < 1/2.

Finally, note that a necessary condition for u+ v to be in Gk(Ω) for any k is that
v〈ddcu〉 has locally finite mass. Now the pullback of v〈ddcu〉 contains a term of the
form

C(− log |f0|2 − γ)2ε−2df
0∧df0

|f0|2
,

where C is a constant. Since this does not have locally finite mass for any ε ∈ (0, 1),
it follows that u+ v /∈ Gk(Ω) for any such ε. �

Note in view of Example 4.3 that, in contrast to the case of D(Ω), cf. [B1, Theo-
rem 1.2], it is not true that v ∈ Gk(Ω) and v ≤ u imply that u ∈ Gk(Ω).

Remark 4.4. Let u and v be as in Example 4.3. It is not hard to check that u+v has
asymptotically analytic singularities in the sense of Rashkovskii, [R, Definition 3.4].
Indeed, this follows after noting that for each δ > 0, there is a Cδ > 0 such that
(1 + δ)v − Cδ ≤ u + v ≤ v. We saw above that u + v /∈ Gk(Ω) for any k. Hence
we conclude that psh functions with asymptotically analytic singularities are not in
Gk(Ω) in general. �

Note that u in Example 4.3 has sul; it is even locally bounded outside the analytic
variety {f = 0}. Next, we will describe a way of constructing functions in G(X) that
do not have sul. We will use the following lemma that follows as in Example 4.1, see
also [LRSW, Proposition 3.2].

Lemma 4.5. Assume that u, v are psh functions with analytic singularities on X.
Then, for any smooth positive (1, 1)-form ω, test function χ ≥ 0, and i ≤ j ≤ n− 1,∫

X
u〈ddcu〉i∧〈ddcv〉j−i∧χωn−j > −∞.
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Example 4.6. Let U be a neighborhood of the unit ball B ⊂ Cn and let vi, i = 1, 2, . . .

be negative psh functions with analytic singularities in U . Let u` =
∑`

i=1 bivi, where
bi > 0, and let

u = lim
`→∞

u` =
∞∑
i=1

bivi.

We claim that we can choose bi so that the restriction of u to B is in G(B). Let χ be
a smooth non-negative function with compact support in U such that χ ≡ 1 in B,
and let ω be a smooth strictly positive (1, 1)-form. It is enough to prove that, given
C > 0, we can choose bi so that

(4.4)

∫
U
u`〈ddcu`〉j∧χωn−j > −C, ` ≥ 1, j ≤ n− 1.

Since vi < 0, u` ↘ u and it follows from Lemma 2.3 that∫
U
u〈ddcu〉j∧χωn−j > −C, j ≤ n− 1,

and thus u ∈ G(U).
It remains to prove (4.4). Since (2.5) is multilinear, it follows that∫
U
u`〈ddcu`〉j∧ξωn−j =

∫
U

(u`−1 + b`v`)
〈
ddc(u`−1 + b`v`)

〉j∧ξωn−j =∫
U
u`−1〈ddcu`−1〉j∧ξωn−j +

j+1∑
r=1

br`Tr,

where each Tr is a sum of terms of the form∫
X
φ〈ddcu`−1〉κ∧〈ddcv`〉j−κ∧ξωn−j ,

where φ = u`−1 or φ = v`; in particular they are independent of the choice of b`.
By Lemma 4.5 each such integral is > −∞. Thus by choosing b` small enough we
can make the difference between

∫
X u`〈dd

cu`〉j∧ξωn−j and
∫
U u`−1〈ddcu`−1〉j∧ξωn−j

arbirtrarily small. In particular, for any C > 0 we can inductively choose bi so that
(4.4) holds. �

Let us look at some explicit examples.

Example 4.7. Given a = (a1, . . . , ak) ∈ (Cn
x)k, let |a · x|2 = |a1 · x|2 + · · ·+ |ak · x|2,

and let va = log |a ·x|2. Then va is psh with analytic singularities and the unbounded

locus of va equals Pa :=
⋂k
i=1{ai · x = 0}. Note that for generic choices of a, Pa is a

plane of codimension k. Next, choose ai ∈ (Cn
x)k, i = 1, 2, . . . so that

⋃
i Pai is dense

in Cn, let vi = vai , and let u =
∑
bivi be constructed as in Example 4.6. Then the

restriction of u to B is in G(B), but u is not locally bounded anywhere; in particular,
u does not have sul. �

Example 4.8. As in Example 4.6, let U be a neighborhood of the unit ball B ⊂ Cn
x.

Given a = (a1, . . . , an) ∈ U , let va = log |x− a|2 = log(|x1 − a1|2 + · · ·+ |xn − an|2).
Then va is psh in U with analytic singularities and the unbounded locus of va equals
a. Next, let ai, i = 1, 2, . . ., be a dense subset of B, let vi = vai , and let u =

∑
bivi

be constructed as in Example 4.6. Then the restriction of u to B is in G(B), but u is
not locally bounded anywhere; in particular, u does not have sul. In fact, u ∈ D(U),
see, e.g., [B1, Theorem 2]. �



NON-PLURIPOLAR ENERGY AND THE COMPLEX MONGE-AMPÈRE OPERATOR 15

4.1. Direct products. On a direct product X = X1 × X2 we can produce new
examples of functions in Gk(X) by combining functions in Gk(X1) and Gk(X2).

Proposition 4.9. Assume that for i = 1, 2, ui ∈ Gk(Xi), where Xi is a complex
manifold. Let X = X1×X2 and let πi : X → Xi, i = 1, 2, be the natural projections.
Then u := π∗1u

1 + π∗2u
2 ∈ Gk(X).

Proof. First note that u ∈ PSH(X). For i = 1, 2, let ωi be a smooth strictly positive
(1, 1)-form on Xi, so that ω := π∗1ω1+π∗2ω2 is a smooth strictly positive (1, 1)-form on
X. To prove that u ∈ Gk(X) it suffices to prove that, for any function χ of the form
χ = π∗1χ1 · π∗2χ2, where χi is a non-negative test function in Xi, and for 0 ≤ j ≤ k,

−∞ <

∫
X
u〈ddcu〉j∧χωn−j = lim

`→∞

∫
O`

u〈ddcu〉j∧χωn−j ,

where O` = {u > −`} ⊂ X. Note that for λ large enough, O` ∩ suppχ ⊂ O1
λ × O2

λ,
where Oiλ = {ui > −λ} ⊂ Xi. In particular, u = π∗1u

1
λ + π∗2u

2
λ in O` ∩ suppχ, where

uiλ = max(ui,−λ). Thus, since the non-pluripolar Monge-Ampère operator is local
in the plurifine topology,

(4.5)

∫
O`

u〈ddcu〉j∧χωn−j =∫
O`

(π∗1u
1
λ + π∗2u

2
λ)
(
ddc(π∗1u

1
λ + π∗2u

2
λ)
)j∧π∗1χ1π

∗
2χ2(π∗1ω1 + π∗2ω2)n−j .

Since (2.1) is multilinear, (4.5) is a finite sum of terms of the form

(4.6)

∫
O`

π∗1u
1(ddcπ∗1u

1
λ)j1∧π∗1χ1(π∗1ω1)n1−j1∧(ddcπ∗2u

2
λ)j2∧π∗2χ2(π∗2ω2)n2−j2 ≥∫

O1
λ

u1(ddcu1
λ)j1∧χ1ω

n1−j1
1

∫
O2
λ

(ddcu2
λ)j2∧χ2ω

n2−j2
2

or of the form where the first factor π∗1u
1 is replaced by π∗2u

2. Since ui ∈ Gk(Xi)
each factor in the right hand side of (4.6) is bounded uniformly in λ. �

Example 4.10. Let B ⊂ Cn be the unit ball. Choose u1 ∈ D(B) ∩ G(B) that
does not have analytic singularities, e.g., let u1 be as in Example 4.8. Moreover let
u2 be a psh function in B with analytic singularities that is not in D(B). Then
by Proposition 4.1, u = π∗1u

1 + π∗2u
2 ∈ G(B × B). Now u neither has analytic

singularities nor is in D(B×B). �

5. Regularization

We will prove Theorem 1.5. In fact, we will prove the following slightly more
general result.

Theorem 5.1. Assume that u ∈ Gk(X) and that v is a smooth psh function on X.
Then, for p ≤ k + 1,

(5.1)
(
ddc max(u, v − `)

)p → [ddcu]p +

p−1∑
j=1

Sj(u)∧(ddcv)p−j , `→∞.

More generally, let χ` : R → R be a sequence of nondecreasing convex functions,
bounded from below, that decreases to t as ` → ∞, and let u` = χ` ◦ (u − v) + v.
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Then, for p ≤ k + 1,

(5.2) (ddcu`)
p → [ddcu]p +

p−1∑
j=1

Sj(u)∧(ddcv)p−j , `→∞.

To illustrate the idea of the proof, let us start with a special case.

Proof of (5.1) when v = 0. Let u` = max(u,−`). It is enough to prove that

(5.3) (ddcu`)
p = ddcu`∧〈ddcu〉p−1

since the right hand side converges to [ddcu]p.
To prove (5.3), let ξ be a test form on X and consider

(5.4)

∫
X
u`
(
(ddcu`)

p−1 − 〈ddcu〉p−1
)
∧ddcξ.

Since u` = u in O` := {u > −`} and the non-pluripolar Monge-Ampère operator is
local in the plurifine topology, we get that u`(dd

cu`)
p−1 = u`〈ddcu〉p−1 in O`. Using

that u` = −` in X \O` we see that (5.4) equals

−`
∫
X

(
(ddcu`)

p−1 − 〈ddcu〉p−1
)
∧ddcξ,

which vanishes by Stokes’ theorem. Thus (5.3) follows. �

The proof of (5.1) for general v follows in the same way after replacing (5.3) by
Lemma 5.4 below (with `1 = · · · = `p = `). The general case follows by writing χ
as a superposition of functions max(t,−s). For this we need some auxiliary results.
Let us first consider an elementary lemma.

Lemma 5.2. Assume that χ is nondecreasing, convex, and bounded on (−∞, 0] and
that χ(0) = 0 and χ′(0) = 1. Let g(s) = χ′′(−s). Then g(s)ds is a probability
measure on [0,∞). Moreover,

χ(t) =

∫ ∞
s=0

max(t,−s)g(s)ds.

Here χ′ should be interpreted as the left derivative of χ, which is always well-
defined since χ is convex.

Proof. Note that g is a (positive) measure since χ is convex.
First assume that χ is smooth. Notice that χ′(−s) → 0 when s → ∞ since χ is

bounded. Therefore∫ ∞
0

g(s)ds =

∫ ∞
0

χ′′(−s)ds = −χ′(−s)
∣∣∣∞
0

= χ′(0) = 1

and thus g is a probability measure. Moreover,∫ ∞
0

max(t,−s)χ′′(−s)ds = −max(t,−s)χ′(−s)
∣∣∣∞
0

+∫ ∞
0

d

ds
max(t,−s) · χ′(−s)ds = −

∫ −t
0

χ′(−s)ds = χ(t).

If χ is not smooth, the above arguments goes through verbatim if we understand
χ′ as the left derivative of χ, g(s)ds as the corresponding Lebesque-Stieltjes measure,
and the integrals as Lebesque-Stieltjes integrals.

�
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Assume that T (s), s ∈ Rp
≥0, is a continuous family of currents of order zero on X

and G(s)ds is a measure on Rp
≥0. Then

∫
Rp
≥0
T (s)G(s)ds is a well-defined current of

order zero on X, defined by∫
X

∫
Rp
≥0

T (s)G(s)ds∧ξ =

∫
Rp
≥0

∫
X
T (s)∧ξG(s)ds,

if ξ is a (continuous) test form on X.

Lemma 5.3. Assume that T (t), t ≥ 0, is a continuous family of positive currents
that converges weakly to a current T∞ on X when t tends to ∞. Moreover assume
that G`(s) = G`(s1, . . . , sp) is a sequence of probability measures on Rp

≥0 such that
for all R > 0,

(5.5) lim
`→∞

∫
sp>R

· · ·
∫
s1>R

G`(s)ds = 1,

where ds = ds1 · · · dsp. Finally, assume that ρ : Rp
≥0 → R is a continuous function

such that ρ(s) ≥ minj sj. Then∫
Rp
≥0

T
(
ρ(s)

)
G`(s)ds→ T∞

weakly when `→∞.

Proof. Let ξ be a test form on X. We need to prove that

(5.6)

∫
X

∫
Rp
≥0

T
(
ρ(s)

)
G`(s)ds ∧ ξ =

∫
Rp
≥0

∫
X
T
(
ρ(s)

)
∧ ξG`(s)ds→

∫
X
T∞ ∧ ξ

when `→∞.
Take ε > 0. Then there is an R > 0 such that for t > R,∣∣ ∫

X

(
T (t)− T∞

)
∧ ξ
∣∣ < ε.

Let AR = {sj > R, j = 1, . . . , p}. Then ρ(s) > R on AR and, since G` are probability
measures, it follows that

(5.7)
∣∣ ∫

AR

∫
X

(
T
(
ρ(s)

)
− T∞

)
∧ ξG`(s)ds

∣∣ < ε

for all `. Since T (t) is continuous and convergent, there is an M ∈ R such that
|
∫
X T (t) ∧ ξ| < M for all t. Now, by (5.5),

(5.8)
∣∣ ∫

Rp
≥0\AR

∫
X

(
T
(
ρ(s)

)
− T∞

)
∧ ξG`(s)ds

∣∣ < 2M

∫
Rp
≥0\AR

G`(s)→ 0

when `→∞. Since ε is arbitrary, (5.6) follows from (5.7) and (5.8). �

Lemma 5.4. Assume that u ∈ Gk(X) and that v is a smooth psh function on X.
For ` ≥ 0, let u` = max(u, v − `). Then for any p ≤ k + 1 and any `1, . . . , `p such
that `1 ≥ · · · ≥ `p,

(5.9) ddcu`p∧ · · · ∧ddcu`1 =

ddcu`p∧〈ddcu〉p−1 +

p−1∑
j=1

(
ddcu`j − 〈dd

cu〉
)
∧〈ddcu〉j−1∧(ddcv)p−j .
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Proof. We claim that for j = 1, . . . , p− 1,

(5.10) ddcu`j+1
∧ · · · ∧ddcu`1∧(ddcv)p−j−1 = ddcu`j∧ · · · ∧dd

cu`1∧(ddcv)p−j+

ddcu`j+1
∧〈ddcu〉j∧(ddcv)p−j−1 − 〈ddcu〉j∧(ddcv)p−j .

Taking (5.10) for granted, by recursively applying it to j = p−1, . . . , 1 we obtain (5.9).
To prove (5.10), let ξ be a test form on X and consider

(5.11)

∫
X
u`j+1

(
ddcu`j∧ · · · ∧dd

cu`1∧(ddcv)p−j−1 − 〈ddcu〉j∧(ddcv)p−j−1
)
∧ddcξ.

Since u`j = · · · = u`1 = u in O = {u > v−`j+1}, which is open in the plurifine topol-
ogy, and since the non-pluripolar Monge-Ampère operator is local in the plurifine
topology, we get that

ddcu`j∧ · · · ∧dd
cu`1∧(ddcv)p−j−1 = 〈ddcu〉j∧(ddcv)p−j−1

there. Using that u`j+1
= v − `j+1 in X \O, we see that (5.11) equals

(5.12)

∫
X

(v−`j+1)
(
ddcu`j∧ · · · ∧dd

cu`1∧(ddcv)p−j−1−〈ddcu〉j∧(ddcv)p−j−1
)
∧ddcξ.

Now (5.10) follows from (5.11) and (5.12) by Stokes’ theorem, since 〈ddcu〉j is closed.
�

Proof of Theorem 5.1. Since (5.2) is a local statement we may assume that u − v
is bounded from above. In fact, we may assume that u − v < 0. Otherwise, if
u− v < c, let ǔ = u− c and χ̌`(t) = χ`(t+ c)− c. Then ǔ− v < 0 and χ̌` is a seqence
of functions as in the assumption of the theorem. Moreover [ddcǔ]k = [ddcu]k and
χ̌` ◦ (ǔ − v) = χ` ◦ (u − v) − c; in particular ddc(χ̌` ◦ (ǔ − v)) = ddc(χ` ◦ (u − v)).
Thus it suffices to prove (5.2) for ǔ and χ̌`.

Throughout this proof let u` = max(u, v − `) and ũ` = χ` ◦ (u − v) + v. Let us
first assume that χ`(0) = 0 and χ′`(0) = 1 so that χ` (restricted to (−∞, 0]) is as in
Lemma 5.2. Let g`(t) = χ′′` (−t). Note that u` = max(u − v,−`) + v and thus by
Lemma 5.2∫ ∞
s=0

usg`(s)ds =

∫ ∞
s=0

max(u− v,−s)g`(s)ds+

∫ ∞
s=0

vg`(s)ds = χ` ◦ (u− v) + v = ũ`.

It follows from Lemma 2.2 that ddcusp∧ · · · ∧ddcus1 is continuous in s. Thus

(5.13) (ddcũ`)
p =

∫ ∞
sp=0
· · ·
∫ ∞
s1=0

ddcusp∧ · · · ∧ddcus1g`(s1) · · · g`(sp)ds.

Let ρj : Rp
≥0 → R be the function that maps s = (s1, . . . , sp) to the jth largest si; in

particular, ρp(s) = mini si. Since ddcusp∧ · · · ∧ddcus1 is commutative in the factors
ddcusi , it follows from Lemma 5.4 that

ddcusp∧ · · · ∧ddcus1 =

p∑
j=1

ddcuρj(s)∧〈dd
cu〉j−1∧(ddcv)p−j −

p−1∑
j=1

〈ddcu〉j∧(ddcv)p−j .

For j = 1, . . . , p, let Tj(t) = ddcut∧〈ddcu〉j−1∧(ddcv)p−j . By Lemma 2.1, Tj(t) is
continuous in t. Moreover, since u ∈ Gp(X), it converges weakly to [ddcu]j∧(ddcv)p−j .
By Lemma 5.2, G`(s) := g`(s1) · · · g`(sp)ds is a probability measure. Since χ`(t)→ t

when ` → ∞, given R > 0, χ′`(−R) → 1 and thus
∫ 0
−R g`(s)ds → 0. It follows that
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G`(s) satisfies (5.5). Since ρj is continuous and ρj(s) ≥ mini si, Lemma 5.3 yields
that

lim
`→∞

∫
Rp
≥0

ddcuρj(s)∧〈dd
cu〉j−1∧(ddcv)p−jG`(s)ds = [ddcu]j∧(ddcv)p−j .

Hence, since G` is a probability measure, the limit of (5.13) when `→∞ equals

p∑
j=1

[ddcu]j∧(ddcv)p−j −
p−1∑
j=1

〈ddcu〉j∧(ddcv)p−j = [ddcu]p +

p−1∑
j=1

Sj(u)∧(ddcv)p−j .

Finally, let us consider a sequence χ` where we drop the extra assumptions on χ`(0)
and χ′`(0). Since χ`(t) are convex functions converging to t, χ′`(0)→ 1; in particular
χ′`(0) 6= 0 for large enough `. Let χ̂` = (χ` − χ`(0))/χ′`(0). Then χ̂` is a sequence
of nondecreasing convex functions bounded from below, such that χ̂`(t) → t, when
`→∞, and χ̂`(0) = 0 and χ̂′`(0) = 1. By the above arguments

(ddcû`)
k → [ddcu]k +

k−1∑
j=1

Sj(u)∧(ddcv)k−j

for k ≤ p, where û` = χ̂`◦(u−v)+v. Note that ddcũ` = χ′`(0)ddcû`+(1−χ′`(0))ddcv.
Since χ′`(0)→ 1, it follows that

lim
`→∞

(ddcũ`)
p = lim

`→∞
(ddcû`)

p = [ddcu]p +

p−1∑
j=1

Sj(u)∧(ddcv)p−j .

�

Remark 5.5. Note that the proof above only uses that χ`(t) → t, when ` → ∞.
Therefore we could, in fact, drop the assumption that χ` is a decreasing sequence in
Theorem 5.1 (as well as in the theorems in the introduction). �

Remark 5.6. It follows from the proof above that we can choose different sequences
χ` in Theorem 5.1 (and the theorems in the introduction) and get the following
generalization: For λ = 1, . . . , p, let χλ` : R → R be a sequence of nondecreasing

convex functions, bounded from below, that decreases to t as ` → ∞, and let uλ` =

χλ` ◦ (u− v) + v. Then

ddcup`∧ · · · ∧dd
cu1
` → [ddcu]p +

p−1∑
j=1

Sj(u)∧(ddcv)p−j , `→∞.

Indeed, the proof goes through verbatim if we let gλ` (t) = (χλ` )′′(−t) and G`(s) =
g1
` (s1) · · · gp` (sp)ds. �

Remark 5.7. Let us relate Theorem 5.1 to [B2, Theorem 1]. Note that

u` = χ` ◦ (u− v) + v =: ϕ` + v,

where ϕ` is a sequence converging to the quasiplurisubharmonic (qpsh) function
ϕ := u− v. Theorem 1 in [B2] asserts that if ϕ has analytic singularities, then

(5.14) (ddcϕ`)
p → [ddcϕ]p,

where [ddcϕ]n is an extension of (1.2) to qpsh functions, see, e.g., [B2, LRSW] for
details. Using (5.14), we see that

(ddcu`)
p = (ddcϕ` + ddcv)p → ([ddcϕ] + ddcv)p.
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It follows from the definition of [ddcϕ]p, cf. (1.2) that, in fact, ([ddcϕ]+ddcv)p equals
the right hand side of (5.2) (e.g., by arguments as in [LRSW]). Thus if u has analytic
singularities Theorem 5.1 follows from (5.14). �

Example 5.8. Let u = log |z1|2 + |z2|2 in the unit ball B in C2. Then u has analytic
singularities and thus u ∈ G(B). By the Poincaré-Lelong formula

[ddcu] = [z1 = 0] + ddc|z2|2

and one easily checks that

[ddcu]2 = [z1 = 0]∧ddc|z2|2 6= 0.

Since S1(u) = [z1 = 0] 6= 0, we know from Theorem 5.1 that there are sequences of
bounded psh functions u` decreasing to u such that the limits of the Monge-Ampère
currents (ddcu`)

2 converge to different measures. In fact, it follows that we can find
u` so that the mass of the measures are arbitrarily large: Let v` = `|z2|2 and let
u`,λ = max(u, v` − λ). By Theorem 5.1,

(5.15) lim
λ→∞

(ddcu`,λ)2 = [ddcu]2 + `[z1 = 0]∧ddc|z2|2.

If we choose λ1 � λ2 � λ3 � . . ., then u` := u`,λ` is a sequence of bounded psh
functions decreasing to u and in view of (5.15) (ddcu`)

2 do not have locally uniformly
bounded mass.

In fact, the function u is a maximal psh function and therefore in this case it is
possible to find a sequence of smooth psh functions u` decreasing to u such that
(ddcu`)

2 converges weakly to 0, see [ABW, Example 3.4]. �

The following example shows that one needs some condition on a psh function
u for the Monge-Ampère currents of the natural regularization u` = max(u,−`) to
converge. In particular, u below is an example of a psh function that does not have
locally finite non-pluripolar energy.

Example 5.9. Consider the plurisubharmonic function

u(z, w) =
∗

sup
k≥1

{
(1 + 1/k) log |z|2 − ak + (1− (−1)k)|w|2

}
in the bidisc D ×D for some choice of ak > 0, k = 1, 2, . . .; here ∗ denotes the usc
regularization. It is not hard to see that if we choose 0� a0 � a1 � a2 � . . ., then
there is an increasing sequence `k ∈ N such that u(z, w) = (1+1/2k) log |z|2−a2k on
the set {|u(z, w)+`2k| < 1}, whereas u(z, w) = (1+1/(2k+1)) log |z|2−a2k+1 +2|w|2
on the set {|u(z, w) + `2k+1| < 1}. Note that(

ddc max((1 + 1/k) log |z|2 − ak,−`)
)2

= 0

while(
ddc max((1 + 1/k) log |z|2 − ak + 2|w|2,−`)

)2 → 2(1 + 1/k)[z = 0] ∧ ddc|w|2

as `→∞. It follows that

lim
k→∞

(
ddc max(u,−`2k)

)2
= 〈ddcu〉2,

whereas

lim
k→∞

(
ddc max(u,−`2k+1)

)2
= 〈ddcu〉2 + 2[z = 0] ∧ ddc|w|2.

�
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6. Global Monge-Ampère products

Let (X,ω) be a compact Kähler manifold. To define global analogues of the classes
Gk(Ω), let us first recall some results on the non-pluripolar Monge-Ampère operator.

Assume that for j = 1, . . . , n, ωj is a Kähler form on X and ϕj is ωj-psh. Since
(2.5) only depends on the currents ddcuj ,

(6.1) 〈ddcϕp + ωp〉∧ · · · ∧〈ddcϕ1 + ω1〉,

locally defined as 〈ddc(ϕp+hp)〉∧ · · · ∧〈ddc(ϕ1+h1)〉, where hj are local ddc-potentials
of the ωj , is a global closed positive current on X, see Section 2.1.

Assume that ϕ1, . . . , ϕn ∈ PSH(X,ω). Then, by Stokes’ theorem,

(6.2)

∫
X

(ddcϕn + ω)∧ · · · ∧(ddcϕ1 + ω) =

∫
X
ωn,

cf. (1.3). For the non-pluripolar products we have the following monotonicity prop-
erty. Recall that a function ϕ on X is quasiplurisubharmonic (qpsh) if it is locally
the sum of a psh function and a smooth function.

Proposition 6.1. Assume that ϕ1, . . . , ϕn and ψ1, . . . , ψn are ω-psh functions, such
that ϕj � ψj. Then∫

X
〈ddcϕn + ω〉∧ · · · ∧〈ddcϕ1 + ω〉 ≥

∫
X
〈ddcψn + ω〉∧ · · · ∧〈ddcψ1 + ω〉

As a consequence, the integral of (6.1) only depends on the singularity types of
the ϕj . For ω-psh functions with sul Proposition 6.1 was proved in [BEGZ, The-
orem 1.16], in the case when ϕj = ϕ and ψj = ψ in [W, Theorem 1.2], and in
the general case in [DDNL, Theorem 1.1]. Also, see [V2, Theorem 1.1] for an even
stronger monotonicity result.

We will use the following integration by parts result.

Proposition 6.2 ([BEGZ, Theorem 1.14]). Let A ⊂ X be a closed complete pluripo-
lar set, and let T be a closed positive (n − 1, n − 1)-current on X. Let ϕi and ψi,
i = 1, 2, be qpsh functions on X that are locally bounded on X \ A. If u := ϕ1 − ϕ2

and v := ψ1 − ψ2 are globally bounded on X, then

(6.3)

∫
X\A

uddcv∧T =

∫
X\A

vddcu∧T = −
∫
X\A

dv∧dcu∧T.

Remark 6.3. In particular, the integrals in (6.3) are well-defined, cf. Lemma 1.15
and the discussion after Theorem 1.14 in [BEGZ]. Note that if v = u, then (6.3) is
non-positive. �

Remark 6.4. Note that Proposition 6.2 recently has been generalized to the case when
ϕi and ψi do not necessarily have sul, see [X, Theorem 1.1] and [V1, Theorem 2.6]. �

6.1. The classes Gk(X,ω). The classes Gk(X) in Definition 3.1, are naturally carried
over to the global setting. Recall from the introduction that on (X,ω), the non-
pluripolar Monge-Ampère currents 〈ddcϕ+ ω〉j are always finite.

Definition 6.5. Let (X,ω) be a compact Kähler manifold of dimension n. For
1 ≤ k ≤ n− 1, we say that ϕ ∈ PSH(X,ω) has finite non-pluripolar energy of order
k, ϕ ∈ Gk(X,ω), if, for each 1 ≤ j ≤ k, ϕ is integrable with respect to 〈ddcϕ+ ω〉j .
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Note that ϕ ∈ PSH(X,ω) is in Gk(X,ω) if and only if ϕ is integrable with respect to

k∑
j=0

〈ddcϕ+ ω〉j∧ωn−j ,

cf. (3.1). Clearly

G1(X,ω) ⊃ G2(X,ω) ⊃ · · · ⊃ Gn−1(X,ω) = G(X,ω),

where G(X,ω) is as in Definition 1.6.
If ϕ ∈ Gk(X,ω), for p = 1, . . . , k + 1, we can define currents

[ddcϕ+ ω]p = [ddc(ϕ+ h)]p,

where h is a local potential for ω, and

Sωp (ϕ) = [ddcϕ+ ω]p − 〈ddcϕ+ ω〉p

as in Definition 1.7. By Propositions 3.2 and 3.3, they are well-defined global closed
positive currents on X that only depend on the current ddcϕ + ω and not on the
choice of ω as a Kähler representative in the class [ω].

Remark 6.6. Assume that ϕ has sul and that A is a closed complete pluripolar set
such that ϕ is locally bounded in X \ A. Then 1X\A[ddcϕ + ω]p = 〈ddcϕ + ω〉p so
that Sωp (ϕ) = 1A[ddcϕ+ ω]p. �

From the definitions above and the basic properties of the Monge-Ampère currents
we get an immediate proof of the mass formula Theorem 1.10. In fact, we prove the
following slightly more general version.

Theorem 6.7. Assume that ϕ ∈ Gk(X,ω). Then for p ≤ k + 1,

(6.4)

∫
X
〈ddcϕ+ ω〉p∧ωn−p +

p∑
j=1

∫
X
Sωj (ϕ)∧ωn−j =

∫
X
ωn.

Proof. First, note in view of Proposition 3.3 that, for 1 ≤ j ≤ k,

(6.5) ddc
(
ϕ〈ddcϕ+ ω〉j−1

)
:= [ddcϕ+ ω]j − 〈ddcϕ+ ω〉j−1∧ω

is a well-defined exact current on X. We claim that for 1 ≤ j ≤ k we have

(6.6)

∫
X
〈ddcϕ+ ω〉j∧ωn−j −

∫
X
〈ddcϕ+ ω〉j−1∧ωn−j+1 = −

∫
X
Sωj (ϕ)∧ωn−j .

In fact,∫
X
〈ddcϕ+ ω〉j∧ωn−j +

∫
X
Sωj (ϕ)∧ωn−j =

∫
X

[ddcϕ+ ω]j∧ωn−j =∫
X
ddc(ϕ〈ddcϕ+ω〉j−1)∧ωn−j+

∫
X
〈ddcϕ+ω〉j−1∧ωn−j+1 =

∫
X
〈ddcϕ+ω〉j−1∧ωn−j+1,

where we have used (6.5) for the second equality and the last equality follows from
Stokes’ theorem. Thus (6.6) holds, and summing from 1 to k we get (6.4). �

Theorem 6.7 also follows immediately from (6.2) and the following slightly gener-
alized version of Theorem 1.9.
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Theorem 6.8. Assume that ϕ ∈ Gk(X,ω) and that η is a Kähler form in [ω] so that
η = ω + ddcg, where g is a smooth function on X. Let ϕ` = max(ϕ − g,−`) + g.
Then, for 1 ≤ p ≤ k + 1,

(6.7) (ddcϕ` + ω)p → [ddcϕ+ ω]p +

p−1∑
j=1

Sωj (ϕ)∧ηp−j , `→∞.

More generally, let χ` : R → R be a sequence of nondecreasing convex functions,
bounded from below, that decreases to t as ` → ∞, and let ϕ` = χ` ◦ (ϕ − g) + g.
Then (6.7) holds for 1 ≤ p ≤ k + 1.

Proof. It is enough to prove the statement locally. We may therefore assume that
ϕ = u− h, where u is psh and h is a smooth ddc-potential for ω. Let

u` = χ` ◦ (u− h− g) + h+ g.

Now Theorem 5.1 asserts that

(6.8) (ddcu`)
p → [ddcu]p +

p−1∑
j=1

Sj(u)∧
(
ddc(h+ g)

)p−j
.

Note that u` = ϕ` + h. Thus the left hand side of (6.8) equals (ddcϕ` + ω)p and the

right hand side equals [ddcϕ+ ω]p +
∑p−1

j=1 S
ω
j (ϕ)∧ηp−j . �

Remark 6.9. If ϕ has analytic singularities, then Theorem 6.8 follows from [B2,
Theorem 1] as in Remark 5.7. �

7. The Monge-Ampère energy

We want to describe Gk(X,ω) as finite energy classes. To do this, let us start by
recalling the classical setting. If ϕ ∈ PSH(X,ω) ∩ L∞(X) then its Monge-Ampère
energy is defined as (1.5). More generally for 0 ≤ k ≤ n and ϕ ∈ PSH(X,ω)∩L∞(X)
one can define the Monge-Ampère energy of order k as

Ek(ϕ) :=
1

k + 1

k∑
j=0

∫
X
ϕ(ddcϕ+ ω)j ∧ ωn−j .

These functionals can be extended to the entire class PSH(X,ω) by letting

Ek(ϕ) := inf {Ek(ψ) : ψ ≥ ϕ,ψ ∈ PSH(X,ω) ∩ L∞(X)} ,
cf. (1.6). We let

Ek(X,ω) := {ϕ ∈ PSH(X,ω) : Ek(ϕ) > −∞}
be the corresponding finite energy classes. Moreover, we consider the full mass
classes

Fk(X,ω) :=

{
ϕ ∈ PSH(X,ω) :

∫
X
〈ddcϕ+ ω〉k∧ωn−k =

∫
X
ωn
}
.

Note that
E(X,ω) = En(X,ω) ⊂ · · · ⊂ E1(X,ω),

where E(X,ω) is the standard finite energy class (1.7) corresponding to the energy
functional E = En. Similarly, F(X,ω) = Fn(X,ω) is the standard full mass class
(1.8).

Proposition 7.1. We have Fn(X,ω) ⊂ · · · ⊂ F1(X,ω).
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Proof. Assume that ϕ ∈ Fk(X,ω). Then

0 =

∫
X
〈ddcϕ+ ω〉k∧ωn−k −

∫
X
ωn =(∫

X
〈ddcϕ+ ω〉k∧ωn−k −

∫
X
〈ddcϕ+ ω〉k−1∧ωn−k+1

)
+(∫

X
〈ddcϕ+ ω〉k−1∧ωn−k+1 −

∫
X
ωn
)
.

By Proposition 6.1 both terms in the right hand side are ≤ 0 and thus they must
both vanish. In particular,∫

X
〈ddcϕ+ ω〉k−1∧ωn−k+1 =

∫
X
ωn

and thus ϕ ∈ Fk−1(X,ω). �

Remark 7.2. Note that ϕ ∈ Gk−1(X,ω) is in Fk(X,ω) if and only if Sωj (ϕ) vanishes
for j = 1, . . . , k. �

The finite energy classes Ek(X,ω) have the following fundamental properties.

Theorem 7.3. Let (X,ω) be a compact Kähler manifold. Then

(1) if ϕ ∈ Ek(X,ω) and ψ ∼ ϕ then ψ ∈ Ek(X,ω);
(2) Ek(X,ω) is convex;
(3) Ek(X,ω) ⊆ Fk(X,ω).

The last part is a consequence of the second part of Theorem 8.3 below, but it
also follows from [BEGZ, Proposition 2.11] (for k = n). The first two parts follow
from the following result.

Proposition 7.4. The functional Ek is non-decreasing and concave on PSH(X,ω).

It is not hard to see that one can reduce the proof of Proposition 7.4 to prove
that Ek is non-decreasing and concave on PSH(X,ω) ∩ L∞(X). This, in turn, is an
immediate consequence of the following result.

Proposition 7.5. If ϕ and ϕ+ u are ω-psh and bounded, then

(7.1)
d

dt

∣∣∣
t=0+

Ek(ϕ+ tu) =

∫
X
u(ddcϕ+ ω)k∧ωn−k

and

(7.2)
d2

dt2

∣∣∣
t=0+

Ek(ϕ+ tu) = −k
∫
X
du∧dcu∧(ddcϕ+ ω)k−1∧ωn−k.

For k = n this was proved in [BB, Propositions 4.1 and 4.4] and the general case
can be proved by the same arguments.

8. The non-pluripolar energy

Let us now introduce an alternative way of extending the energies Ek(ϕ) to the
entire class PSH(X,ω).

Definition 8.1. Let (X,ω) be a compact Kähler manifold of dimension n. For
1 ≤ k ≤ n− 1 we define the non-pluripolar energy of order k of ϕ ∈ PSH(X,ω) as

Enpk (ϕ) =
1

k + 1

k∑
j=0

∫
X
ϕ〈ddcϕ+ ω〉j ∧ ωn−j .
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Note that the non-pluripolar energy Enp(ϕ), as defined in Definition 1.12, equals
Enpn−1(ϕ). Note that if ϕ ∈ PSH(X,ω) ∩ L∞(X), then Enpk (ϕ) = Ek(ϕ). Moreover,
in view of Definition 6.5,

Gk(X,ω) = {ϕ ∈ PSH(X,ω) : Enpk (ϕ) > −∞}.

Remark 8.2. Since 0 ≤
∫
X〈dd

cϕ+ ω〉j ∧ ωn−j ≤
∫
X ω

n, if C ≥ 0,

Enpk (ϕ) ≤ Enpk (ϕ+ C) ≤ Enpk (ϕ) + C

∫
X
ωn.

�

The functional Enpk is neither monotone nor concave on PSH(X,ω) in general,
see Examples 11.4 and 11.5 below. In particular Gk(X,ω) is not convex in general.
However, we have the following partial generalization of Theorem 7.3.

Theorem 8.3. Let (X,ω) be a compact Kähler manifold.

(1) Assume that ϕ,ψ ∈ PSH(X,ω). If ϕ ∈ Gk(X,ω) and ψ ∼ ϕ, then ψ ∈
Gk(X,ω).

(2) We have Ek(X,ω) = Gk(X,ω) ∩ Fk(X,ω). Moreover, if ϕ ∈ Fk(X,ω), then
Enpk (ϕ) = Ek(ϕ).

In particular, Gk(X,ω) contains the convex subclass Ek(X,ω). Note that Theo-
rem 1.13 follows from Theorem 8.3.

The proof relies on the following description of the non-pluripolar energy as a limit
of energies of bounded ω-psh functions and Monge-Ampère masses.

Proposition 8.4. If ϕ ∈ PSH(X,ω), then

(8.1) Ek
(

max(ϕ,−`)
)

+
`

k + 1

k∑
j=0

∫
X

(
ωj − 〈ddcϕ+ ω〉j

)
∧ωn−j ↘ Enpk (ϕ).

Proof. Let ϕ` = max(ϕ,−`). We claim that

(8.2)

∫
X
ϕ`(dd

cϕ` + ω)j∧ωn−j + `

∫
X

(
ωj − 〈ddcϕ+ ω〉j

)
∧ωn−j =∫
X
ϕ`〈ddcϕ+ ω〉j∧ωn−j .

Taking this for granted and noting that the right hand side decreases to∫
X ϕ〈dd

cϕ+ ω〉j∧ωn−j , the proposition follows by summing over j.
It remains to prove the claim. First, since ϕ` = ϕ in O := {ϕ > −`}, which is

open in the plurifine topology, since ϕ` = −` in X \O, and since the non-pluripolar
Monge-Ampère operator is local in the plurifine topology,

(8.3) ϕ`
(
(ddcϕ` + ω)j − 〈ddcϕ+ ω〉j

)
= −`

(
(ddcϕ` + ω)j − 〈ddcϕ+ ω〉j

)
.

Next, since ϕ` is bounded, cf. (6.2),

(8.4)

∫
X

(ddcϕ` + ω)j∧ωn−j =

∫
X
ωn.

Combining (8.3) and (8.4), we get (8.2). �

We have the following partial generalization of Proposition 7.4. Although Enpk is
not monotone on PSH(X,ω), it is monotone on functions of the same singularity
type.
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Proposition 8.5. Assume that ϕ,ψ ∈ PSH(X,ω). If ϕ ∼ ψ and ψ ≥ ϕ, then
Enpk (ψ) ≥ Enpk (ϕ).

Proof. Since Ek is non-decreasing, see Proposition 7.4, Ek(max(ψ,−`)) ≥ Ek(max(ϕ,−`)).
Morover, since ϕ ∼ ψ, by Proposition 6.1,∫

X
〈ddcψ + ω〉j∧ωn−j =

∫
X
〈ddcϕ+ ω〉j∧ωn−j .

Now, the proposition follows from Proposition 8.4. �

Proof of Theorem 8.3. Part (1) follows from Proposition 8.5 in view of Remark 8.2.
It remains to prove part (2). Since Ek(ϕ) = lim`→∞Ek(ϕ`) and

T :=

k∑
j=0

∫
X

(ωj − 〈ddcϕ+ ω〉j)∧ωn−j ≥ 0

it follows from (8.1) that Ek(ϕ) ≤ Enpk (ϕ), and thus Ek(X,ω) ⊂ Gk(X,ω). Moreover
if Ek(ϕ) > −∞, then T = 0, since clearly Enp(ϕ) is bounded from above. It follows
that Ek(X,ω) ⊂ Fk(X,ω). If ϕ ∈ Fk(X,ω), then T = 0 by Proposition 7.1, and thus
Ek(ϕ) = Enpk (ϕ). Hence Ek(X,ω) = Gk(X,ω) ∩ Fk(X,ω). �

8.1. Concavity of Enpk . We have the following generalization of (the second part
of) Proposition 7.4.

Proposition 8.6. Assume that ϕ ∈ Gk(X,ω) has sul. Then Enpk is concave on the
set of ψ ∈ PSH(X,ω) such that ψ ∼ ϕ.

This is a consequence of the following generalization of (7.2).

Proposition 8.7. Assume that ϕ,ψ ∈ Gk(X,ω) have sul and ψ ∼ ϕ. Let A be a
closed complete pluripolar set such that ϕ and thus ψ are locally bounded outside A.
Moreover, let u = ψ − ϕ. Then,

(8.5)
d2

dt2

∣∣∣
t=0+

Enpk (ϕ+ tu) = −k
∫
X\A

du∧dcu∧〈ddcϕ+ ω〉k−1∧ωn−k

− 1

k + 1

k∑
j=2

j(j − 1) lim
`→∞

∫
X\(O`∪A)

du∧duc∧(ddcϕ` + ω)∧〈ddcϕ+ ω〉j−2∧ωn−j ,

where O` = {ϕ > −`} ∩ {ψ > −`} and ϕ` = max(ϕ,−`).

The right hand side of (8.5) is non-positive, cf. Remark 6.3. If ϕ+ tu is ω-psh also
for t > −ε for some ε > 0 so that g(t) := Enpk (ϕ+ tu) = Enpk ((1− t)ϕ+ tψ) is defined
in a neighborhood of t = 0, then it follows from the proof below that (8.5) is indeed
the two-sided second derivative of g(t) at t = 0. It follows that g(t) is concave on the
interval (0, 1) (or more generally where it is defined). Thus Proposition 8.6 follows.

For the proof of Proposition 8.7 we need the following lemma, cf. Lemma 4.5.

Lemma 8.8. Assume that ϕ,ψ ∈ Gk(X,ω) and ψ ∼ ϕ. Then, for any i ≤ j ≤ k,∫
X
ϕ〈ddcϕ+ ω〉i∧〈ddcψ + ω〉j−i∧ωn−j > −∞.
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Proof. We may assume that ϕ,ψ ≤ 0. Since ϕ ∼ ψ, it follows from Theorem 8.3 (1)
that ϕ+ ψ ∈ Gk(X, 2ω). Thus

(8.6)

∫
X

(ϕ+ ψ)
〈
ddc(ϕ+ ψ) + 2ω

〉j∧(2ω)n−j > −∞

for j ≤ k. Since the non-pluripolar Monge-Ampère product is multilinear, (8.6) is a
sum of terms

(8.7)

∫
X
φ〈ddcϕ+ ω〉i∧〈ddcψ + ω〉j−i∧ωn−j ,

where φ is ϕ or ψ. Since they are all non-positive, the lemma follows. �

Proof of Proposition 8.7. Since the non-pluripolar Monge-Ampère product is multi-
linear,

Enpk (ϕ+ tu) =
1

k + 1

k∑
j=0

∫
X

(ϕ+ tu)
〈
ddc(ϕ+ tu) + ω

〉j∧ωn−j
is a polynomial in t with coefficients that are sums of terms of the form (8.7), where
φ is ϕ or ψ. Since each such integral is finite by Lemma 8.8, we may differentiate
Enpk (ϕ+ tu) formally. Thus

(8.8) (k + 1)
d2

dt2

∣∣∣∣
t=0+

Enpk (ϕ+ tu) =
k∑
j=1

2j

∫
X
uddcu∧

〈
ddcϕ+ ω

〉j−1∧ωn−j+

k∑
j=2

(j − 1)j

∫
X
ϕ(ddcu)2∧

〈
ddcϕ+ ω

〉j−2∧ωn−j ,

where ddcu = 〈ddcψ+ω〉−〈ddcϕ+ω〉. Since currents of the form (ddcu)`∧〈ddcϕ+ω〉i
do not charge A, we may replace X by X \A in (8.8).

Let T =
〈
ddcϕ+ω

〉j−2∧ωn−j . Since ϕ` := max(ϕ,−`) decreases to ϕ, the integral
in the jth term in the second sum in (8.8) equals

(8.9)

∫
X\A

ϕ(ddcu)2∧T = lim
`→∞

∫
X\A

ϕ`(dd
cu)2∧T.

Since ddcu∧T is the difference of two closed positive currents, we can apply Propo-
sition 6.2 to this. It follows that the right hand side of (8.9) equals

(8.10) lim
`→∞

∫
X\A

uddcu∧(ddcϕ` + ω)∧T −
∫
X\A

uddcu∧ω∧T.

The first term in (8.10) equals

lim
`→∞

∫
O`\A

uddcu∧(ddcϕ` + ω)∧T + lim
`→∞

∫
X\(O`∪A)

uddcu∧(ddcϕ` + ω)∧T.

In view of (2.5) we conclude that∫
X\A

ϕ(ddcu)2∧
〈
ddcϕ+ ω

〉j−2∧ωn−j =∫
X\A

uddcu∧
〈
ddcϕ+ ω

〉j−1∧ωn−j −
∫
X\A

uddcu∧
〈
ddcϕ+ ω

〉j−2∧ωn−j+1+

lim
`→∞

∫
X\(O`∪A)

uddcu∧(ddcϕ` + ω)∧〈ddcϕ+ ω〉j−2∧ωn−j .
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Plugging this into (8.8) and, as above, replacing integrals over X by integrals over
X \A, we get that

d2

dt2

∣∣∣∣
t=0+

Enpk (ϕ+ tu) = k

∫
X\A

uddcu∧
〈
ddcϕ+ ω

〉k−1∧ωn−k+

1

k + 1

k∑
j=0

(j − 1)j lim
`→∞

∫
X\(O`∪A)

uddcu∧(ddcϕ` + ω)∧〈ddcϕ+ ω〉j−2∧ωn−j .

By Proposition 6.2,

k

∫
X\A

uddcu∧〈ddcϕ+ ω〉k−1∧ωn−k = −k
∫
X\A

du∧dcu∧〈ddcϕ+ ω〉k−1∧ωn−k,

which is precisely the first term in the right hand side of (8.5).
Next, we claim that

(8.11) lim
`→∞

∫
X\(O`∪A)

uddcu∧(ddcϕ` + ω)∧〈ddcϕ+ ω〉j−2∧ωn−j =

− lim
`→∞

∫
X\(O`∪A)

du∧duc∧(ddcϕ` + ω)∧〈ddcϕ+ ω〉j−2∧ωn−j .

Taking this for granted, the last sum in (8.10) equals the sum in (8.5), and thus the
proposition follows.

It remains to prove (8.11). To do this, let T = 〈ddcϕ+ ω〉j−2∧ωn−j , and write

(8.12)

∫
X\(O`∪A)

uddcu∧(ddcϕ` + ω)∧T =∫
X\A

uddcu∧(ddcϕ` + ω)∧T −
∫
O`\A

uddcu∧(ddcϕ` + ω)∧T.

By Proposition 6.2,

(8.13)

∫
X\A

uddcu∧(ddcϕ` + ω)∧T = −
∫
X\A

du∧dcu∧(ddcϕ` + ω)∧T.

Next, in view of (2.5),

(8.14) − lim
`→∞

∫
O`\A

uddcu∧(ddcϕ` + ω)∧T = −
∫
X\A

uddcu∧〈ddcϕ+ ω〉∧T.

By Proposition 6.2, using that the non-pluripolar Monge-Ampère operator is local
in the plurifine topology, this equals

(8.15)

∫
X\A

du∧dcu∧〈ddcϕ+ ω〉∧T =∫
O`\A

du∧dcu∧(ddcϕ` + ω)∧T +

∫
X\(O`∪A)

du∧dcu∧〈ddcϕ+ ω〉∧T.

Since u is bounded, (8.14) is finite and thus the second term in (8.15) tends to 0
when `→∞. We conclude that

(8.16) − lim
`→∞

∫
O`\A

uddcu∧(ddcϕ` + ω)∧T = lim
`→∞

∫
O`\A

du∧dcu∧(ddcϕ` + ω)∧T

Now combining (8.12), (8.13), and (8.16) we get (8.11). �



NON-PLURIPOLAR ENERGY AND THE COMPLEX MONGE-AMPÈRE OPERATOR 29

Remark 8.9. By arguments as in the above proof we also get a formula for the first
derivative of E(ϕ+ tu) in the situation of Proposition 8.7, cf. (7.1):

(8.17)
d

dt
Enpk (ϕ+ tu) =

∫
X
u〈ddc(ϕ+ tu) + ω〉k∧ωn−k+

1

1 + k

k∑
j=0

j lim
`→∞

∫
X\O`

u
(
ddc(ϕ` + tu`) + ω)∧〈ddc(ϕ+ tu) + ω

〉j−1∧ωn−j .

In particular, (8.17) is non-negative if u is; thus we get an alternative proof of
Proposition 8.5 in this case. �

9. Relative energy

We slightly extend the notion of relative energy from the introduction.

Definition 9.1. Let ψ ∈ Gk(X,ω). For ϕ ∈ PSH(X,ω), such that ϕ � ψ and for
1 ≤ k ≤ n− 1, we define the energy relative to ψ of order k as

Eψk (ϕ) = inf{Enpk (ϕ′) : ϕ′ ≥ ϕ,ϕ′ ∼ ψ}.
We define the corresponding finite relative energy classes

Eψk (X,ω) = {ϕ � ψ,Eψk (ϕ) > −∞}
and the relative full mass classes

Fψk (X,ω) ={
ϕ ∈ PSH(X,ω) : ϕ � ψ,

k∑
j=0

∫
X
〈ddcϕ+ω〉j ∧ωn−j =

k∑
j=0

∫
X
〈ddcψ+ω〉j ∧ωn−j

}
.

Note that if ψ = 0, or more generally ψ ∈ PSH(X,ω) ∩ L∞(X), then Eψk = Ek,

Eψk (X,ω) = Ek(X,ω), and Fψk (X,ω) = Fk(X,ω), cf. Proposition 7.1. Also, note that

Eψ = Eψn−1,

Eψ(X,ω) = Eψn−1(X,ω) ⊂ · · · ⊂ Eψ1 (X,ω),

and

Fψ(X,ω) = Fψn−1(X,ω) ⊂ · · · ⊂ Fψ1 (X,ω),

where Eψ, Eψ(X,ω), and Fψ(X,ω) are as in Definition 1.14.
We have the following generalization of Theorems 7.3 and 8.3.

Theorem 9.2. Let (X,ω) be a compact Kähler manifold. Then

(1) if ϕ ∈ Eψk (X,ω) and ϕ′ ∼ ϕ, then ϕ′ ∈ Eψk (X,ω);

(2) if ψ has sul, then Eψk (X,ω) is convex;

(3) Eψk (X,ω) = Gk(X,ω) ∩ Fψk (X,ω), and moreover if ϕ ∈ Fψk (X,ω), then

Eψk (ϕ) = Enpk (ϕ).

Note that Theorem 1.15 corresponds to k = n − 1. For the proof we will use the
following observation.

Lemma 9.3. We have

Eψk (ϕ) = lim
`→∞

Enpk
(

max(ϕ,ψ − `)
)
.
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Proof. First, note that ϕ` := max(ϕ,ψ − `) ∼ ψ and ϕ` decreases to ϕ. Thus, by

Proposition 8.5, lim`→∞E
np
k (ϕ`) ≥ Eψk (ϕ). Next, assume that φj ∼ ψ is a sequence

decreasing to ϕ. Since φj ∼ ψ we can take `j → ∞ such that φj ≥ ψ − `j and
thus φj ≥ ϕ`j . Now limj→∞E

np
k (φj) ≥ limj→∞E

np
k (ϕ`j ) = lim`→∞E

np
k (ϕ`) by

Proposition 8.5. �

We get the following partial generalization of Proposition 7.4.

Proposition 9.4. Take ψ ∈ Gk(X,ω). Then Eψk is non-decreasing. If ψ has sul,

then Eψk is concave.

Proof. As above, let ϕ` = max(ϕ,ψ−`). Assume that ϕ,ϕ′ � ψ are such that ϕ ≥ ϕ′.
Then ϕ` ∼ ϕ′` ∼ ψ and ϕ` ≥ ϕ′` and thus, by Proposition 8.5, Enpk (ϕ`) ≥ Enpk (ϕ′`).

Taking limits over `, in view of Lemma 9.3, we get Eψk (ϕ) ≥ Eψk (ϕ′).

Assume that ψ has sul. It remains to prove that then Eψk is concave. Take

ϕ,ϕ′ � ψ, t ∈ (0, 1), and a sequence φj ∼ ψ decreasing to (1− t)ϕ+ tϕ′. Note that
we can choose `j →∞ such that for each j, φj ≥ (1− t)ϕ`j + tϕ′`j . Now

Enpk (φj) ≥ Enpk
(
(1− t)ϕ`j + tϕ′`j

)
≥ (1− t)Enpk (ϕ`j ) + tEnpk (ϕ′`j ).

The first inequality follows since Enpk is nondecreasing on ω-psh functions of the same
singularity type, Proposition 8.5. The second inequality follows since Enpk is concave
on ω-psh functions with sul of the same singularity type, Proposition 8.6. Indeed,
note that ϕ` ∼ ϕ′` ∼ (1− t)ϕ` + tϕ′` ∼ ψ. Now, taking limits over j, and inf over all
sequences φj , we get

Eψk ((1− t)ϕ+ tϕ′) ≥ (1− t)Eψk (ϕ) + tEψk (ϕ′).

Thus Eψk is concave. �

Proof of Theorem 9.2. Note, in view of Remark 8.2 and Lemma 9.3, that

Eψk (ϕ) ≤ Eψk (ϕ+ C) ≤ Eψk (ϕ) + C

∫
X
ωn

if C ≥ 0. Hence part (1) follows from (the first part of) Proposition 9.4. Moreover,
part (2) follows immediately from (the second part of) Proposition 9.4.

It remains to prove part (3). We start by proving

(9.1) Gk(X,ω) ∩ Fψk (X,ω) ⊂ Eψk (X,ω).

Let

T (ϕ) =
1

k + 1

k∑
j=0

∫
X

(
ωj − 〈ddcϕ+ ω〉j

)
∧ωn−j .

Moreover, let ϕ` = max(ϕ,ψ − `). Note that ϕ` ≥ ϕ. Since ϕ` ∼ ψ, it follows from
Proposition 6.1 that

(9.2) T (ϕ`) = T (ψ).

Now

Eψk (ϕ) = lim
`→∞

Enpk (ϕ`) = lim
`→∞

lim
λ→∞

(
Ek
(

max(ϕ`,−λ)
)

+ λT (ϕ`)
)
≥

lim
λ→∞

(
Ek
(

max(ϕ,−λ)
)

+ λT (ψ)
)

= Enpk (ϕ) + lim
λ→∞

λ
(
T (ψ)− T (ϕ)

)
;
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here we have used Lemma 9.3 for the first equality, Proposition 8.4 for the second and
last equality, and the monotonicity of Ek for the inequality. Note that T (ϕ) = T (ψ)

if and only if ϕ ∈ Fψk (X,ω). Hence (9.1) follows. Also if ϕ ∈ Fψk (X,ω), then

Eψk (ϕ) = Enpk (ϕ).

To prove the reverse inclusion, consider

(9.3)
k∑
j=0

∫
X
ϕ`〈ddcϕ`〉j∧ωn−j =

k∑
j=0

∫
O`

ϕ`〈ddcϕ〉j∧ωn−j+

k∑
j=0

∫
X\O`

ψ〈ddcϕ`〉j∧ωn−j − `
k∑
j=0

∫
X\O`

〈ddcϕ`〉j∧ωn−j ;

here the equality follows since (2.5) is local in the plurifine topology. By Lemma 9.3,

the left hand side converges to (k + 1)Eψk (ϕ). Assume that ϕ ∈ Eψk (X,ω) so that

Eψk (ϕ) > −∞. Note that the three terms in the right hand side are bounded from
above. Thus each of them is > −∞. In particular,

k∑
j=0

∫
O`

ϕ`〈ddcϕ〉j∧ωn−j → (k + 1)Enpk (ϕ) > −∞,

which means that ϕ ∈ Gk(X,ω). Moreover, the finiteness of the third term in the
right hand side of (9.3) implies that

0 = lim
`→∞

k∑
j=0

∫
X\O`

〈ddcϕ`〉j∧ωn−j =

lim
`→∞

k∑
j=0

∫
X
〈ddcϕ`〉j∧ωn−j − lim

`→∞

k∑
j=0

∫
O`

〈ddcϕ`〉j∧ωn−j =

k∑
j=0

∫
X
〈ddcψ〉j∧ωn−j −

k∑
j=0

∫
X
〈ddcϕ〉j∧ωn−j ,

i.e., ϕ ∈ Fψk (X,ω). Here we have used (9.2) for the last equality. �

It is quite possible that the more general integration by parts results [X, Theo-
rem 1.1] and [V1, Theorem 2.6], cf. Remark 6.4, can be used remove the sul assump-
tion from Thm 9.2 (2). In fact Vu has already proved the convexity of certain related
finite relative energy classes [V1, Theorem 1.1].

10. Relations to the B locki-Cegrell class

In [B1] the domain of the Monge-Ampère operator was characterized in several
equivalent ways. In order to prove Theorem 1.11 we will use the following character-
ization from [B1, Theorem 1.1].

Proposition 10.1. Let Ω be an open subset of Cn. Then u ∈ PSH(Ω) is in D(Ω) if
and only if for each open U ⊂ Ω and any sequence of smooth uλ ∈ PSH(U) decreasing
to u in U , the sequences

|uλ|n−j−2duλ∧dcuλ∧(ddcuλ)j∧ωn−j−1, j = 0, 1, . . . , n− 2,

where ω is a smooth strictly positive (1, 1)-form, are locally weakly bounded in U .
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We will also use the following lemma.

Lemma 10.2. Assume that {Ui} is a finite open covering of X and that, for each i,
gi is a local ddc-potential of ω in Ui. Moreover, assume that χi is partition of unity
subordinate {Ui}. Then there is a C > 0, such that, if ϕ ∈ PSH(X,ω) is smooth and
ϕ < 0, then, for 1 ≤ j ≤ n− 1,

(10.1)

∫
X
−ϕ(ddcϕ+ ω)j∧ωn−j

≤ 2
∑
i

∫
X
χid(ϕ+ gi)∧dc(ϕ+ gi)∧(ddcϕ+ ω)j−1∧ωn−j+∫

X
−ϕ(ddcϕ+ ω)j−1∧ωn−j+1 + C.

Proof. We will use the following statement. Assume that A,B, a, b are real smooth
functions. Then

(10.2) ABda∧dcb+ABdb∧dca = 2AB(da∧dcb)(1,1) ≤ A2da∧dca+B2db∧dcb

as forms, where (1, 1) denotes the component of bidegree (1, 1). This is an immediate
consequence of the inequality iα∧β̄ + iβ∧ᾱ ≤ iα∧ᾱ + iβ∧β̄ for (1, 0)-forms α, β,
applied to α = A∂a and β = B∂b.

Take 1 ≤ j ≤ n− 1, let T = (ddcϕ+ ω)j−1∧ωn−j , and let

I =
∑
i

∫
X
χid(ϕ+ gi)∧dc(ϕ+ gi)∧T.

Then, by Stokes’ theorem, the left hand side of (10.1) equals

(10.3)

∫
X
−ϕ(ddcϕ+ ω)∧T =

∫
X
dϕ∧dcϕ∧T +

∫
X
−ϕ∧ωT.

Moreover,

(10.4)

∫
X
dϕ∧dcϕ∧T =

∑
i

∫
X
χidϕ∧dcϕ∧T =

I −
∑
i

∫
X
χidϕ∧dcgi∧T −

∑
i

∫
X
χidgi∧dcϕ∧T −

∑
i

∫
X
χidgi∧dcgi∧T

≤ I +
1

2

∑
i

∫
X
χidϕ∧dcϕ∧T +

∑
i

∫
X
χidgi∧dcgi∧T =

I +
1

2

∫
X
dϕ∧dcϕ∧T +

∑
i

∫
X
χidgi∧dcgi∧T

Here, the inequality follows by (10.2) applied to A = −1/
√

2, B =
√

2, a = ϕ, and
b = gi. Note that there is a D > 0, such that for all i, dgi∧dcgi∧T ≤ Dω∧T as forms.
Thus, from (10.4) we conclude that

(10.5)
1

2

∫
X
dϕ∧dcϕ∧T ≤ I +D

∫
X
ω∧T = I +D

∫
X
ωn.

Combining (10.3) and (10.5), we get (10.1) (with C = 2D
∫
X ω

n). �
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Proof of Theorem 1.11. Assume that ϕ ∈ D(X,ω). Clearly, we may assume that
ϕ < 0. Let ϕ` = max(ϕ,−`). Moreover choose a sequence ελ → 0, λ ∈ N. By
[D2, Theorem 1.1], for each `, there is a sequence ϕ`,λ of smooth negative (1 + ελ)ω-
psh functions decreasing to ϕ`. We may assume that ϕ`,λ > ϕ; otherwise replace
ϕ`,λ by ϕ`,λ + δ`,λ, where δ`,λ → 0. Since X is compact we may inductively choose
λ` ≥ ` so that ϕ`,λ` < ϕκ,λ`−1

for all κ < `, and

(10.6)

∫
X
−ϕ`(ddcϕ` + ω)j∧ωn−j <

∫
X
−ϕ`,λ`(dd

cϕ`,λ` + ω)j∧ωn−j + 1/`.

Set ψ` = ϕ`,λ` . Then ψ` is a sequence of smooth negative (1 + ελ`)-psh functions
decreasing to ϕ. Assume that {Ui}, gi, and χi are as in Lemma 10.2. Then ϕ+ gi ∈
D(Ui) and ψ`+(1+ ελ`)gi is a sequence of smooth psh functions decreasing to ϕ+gi.
It follows by Proposition 10.1 that there is a K > 0, such that, for each ` and
j = 0, . . . , n− 2,∑
i

∫
X
χid
(
ψ`+(1+ελ`)gi

)
∧dc
(
ψ`+(1+ελ`)gi

)
∧
(
ddcψ`+(1+ελ`)ω

)j∧((1+ελ`)ω
)n−j−1 ≤ K.

By Lemma 10.2, inductively applied to j = 1, . . . , n − 1, we get that there is an
M > 0 such that, for 1 ≤ j ≤ n− 1,∫

X
−ψ`(ddcψ` + ω)j∧ωn−j ≤M.

By (10.6), ∫
O`

−ϕ`(ddcϕ` + ω)j∧ωn−j ≤M + 1/`.

Thus, in view of (2.5), as desired,∫
X
−ϕ〈ddcϕ+ ω〉j∧ωn−j ≤M.

�

11. Examples of functions with finite non-pluripolar energy

Let us present some exemples of functions with finite non-pluripolar energy. As
in the local situation ω-psh functions with analytic singularities are in Gk(X,ω).

Example 11.1. Assume that ϕ ∈ PSH(X,ω) has analytic singularities, i.e., locally
ϕ = c log |f |2 + b, where c > 0, f is a tuple of holomorphic functions, and b is
bounded. Then ϕ ∈ G(X,ω) by Example 4.1. Note that ϕ ∈ F(X,ω) if and only if
ϕ is locally bounded, cf. Remark 7.2.

Moreover, note that if ϕ,ψ ∈ PSH(X,ω) have analytic singularities, then (1−t)ϕ+
tψ ∈ PSH(X,ω) has analytic singularities. Thus the set of functions in Gk(X,ω) with
analytic singularities is a convex subclass. �

We will consider some examples on Pn = Pn
x with homogeneous coordinates [x] =

[x0, . . . , xn] and equipped with the Fubini-Study form

(11.1) ωFS = ddc log |x|2 = log(|x0|2 + · · ·+ |xn|2).

Example 11.2. Let f be a λ-homogeneous polynomial on Cn+1 that we consider as a
holomorphic section of O(λ)→ Pn. Now ϕ := log(|f |2/|x|2) = log |f |2FS, where | · |FS

denotes the Fubini-Study metric, is in PSH(Pn, λωFS) and has analytic singularities.
In particular, ϕ ∈ G(Pn, λωFS) by Example 11.1. �
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Next, let us consider examples of functions with finite non-pluripolar energy that
do not have analytic singularities. First, we present a global version of Example 4.3
that shows that Gk(X,ω) is not convex in general. For this we need the following
lemma.

Lemma 11.3. Assume that ϕ ∈ PSH(X,ω), where (X,ω) is a compact Kähler
manifold. Moreover, assume that g : R→ R is smooth, non-decreasing and convex,
and that g′(ϕ) ≤ 1. Then g(ϕ) ∈ PSH(X,ω).

Proof. Note that

ddc
(
g(ϕ)

)
+ ω = g′′(ϕ)dϕ∧dcϕ+ g′(ϕ)(ddcϕ+ ω) +

(
1− g′(ϕ)

)
ω,

and that each term in the right hand side is ≥ 0 by the assumptions on ϕ and g. �

Example 11.4. Let X be a projective manifold and L → X an ample line bundle
equipped with a positive metric h with corresponding Kähler form ω. Moreover, let
f = (f1, . . . , fm) be a holomorphic section of L⊕m, take C > 0 such that |f |2h =
|f1|2h + · · · + |fm|2h < C, and let ϕ = log |f |2h − C. For ε ∈ (0, 1), let g(t) = −(−t)ε
and

ψ = g(ϕ) = −(− log |f |2h + C)ε.

Then ψ ∈ PSH(X,ω) by Lemma 11.3. As in Example 4.3 one sees that, for each k,
ψ ∈ Gk(X,ω) if and only if ε < 1/2, and that (1− t)ϕ+ tψ ∈ PSH(X,ω) \ Gk(X,ω)
for all t ∈ (0, 1) and all ε ∈ (0, 1). �

The previous example also shows that Enpk is not monotone in general.

Example 11.5. Let us use the notation from Example 11.4. Note that g(t) > t for
t ≤ −1. It follows that ψ > ϕ, and thus ϕ′ := (1 − t)ϕ + tψ > ϕ if t ∈ (0, 1).
By Example 11.4, Enp1 (ϕ′) = −∞, whereas Enp1 (ϕ) > −∞. Thus Enp1 is not non-
decreasing. �

Next, let us consider some examples of functions with finite non-pluripolar energy
that do not have sul. The following is a global version of Example 4.6.

Example 11.6. Let (X,ω) be a compact Kähler manifold of dimension n. For i =
1, 2, . . ., let ψi be an ω-psh function with analytic singularities and let bi > 0. If
B :=

∑
bi <∞, then

ϕ :=

∞∑
1

biψi ∈ PSH(X,Bω).

Given C > 0, by the same arguments as in Example 4.6 we can choose bi inductively
so that ∫

X
ϕ〈ddcϕ+Bω〉j∧(Bω)n−j ≥ −C, j ≤ n− 1,

and thus ϕ ∈ G(X,Bω). �

The following global variant of Example 4.8 gives an example of a function with
finite non-pluripolar energy that neither has sul nor full mass.

Example 11.7. Let σ = (σ1, . . . , σk) be a holomorphic section of O(1)⊕k → Pn
x,

such that the zero set is a codimension k-plane Pσ, and let ψσ = log(|σ|2/|x|2).
Then ψσ ∈ PSH(Pn, ωFS) has anaytic singularities and unbounded locus Pσ. Next,
let σ1, σ2, . . . be holomorphic sections of O(1)⊕k that define codimension k-planes
Pσ1 , Pσ2 , . . ., respectively, such that

⋃
Pσi is dense in Pn. Let ψi = ψσi , and let
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ψ =
∑
biψi be constructed as in Example 11.6. Then ϕ := ψ/B ∈ G(Pn, ωFS),

where B =
∑

i bi, but ϕ is not locally bounded anywhere; in particular, ϕ does
not have sul. Moreover, since ψi /∈ Fk(Pn, ωFS), cf. Example 11.1, it follows that
ϕ /∈ Fk(Pn, ωFS) and thus ϕ /∈ Ek(Pn, ωFS). �

Next, let us consider a variant of Example 11.7 in P1
x.

Example 11.8. Let ψi = max(log |x1 − aix0|2FS,−ci), where (1, ai) ∈ P1 and ci ∈
(0,∞]. Then ψi ∈ PSH(P1, ωFS) has analytic singularities and as in Example 11.6
we can choose bi so that

ϕ =
∞∑
i=1

biψi =
∞∑
i=1

bi max(log |x1 − aix0|2FS,−ci)

is in G(Pn, BωFS), where B =
∑

i bi. Note that if ci =∞ we are in the situation in
Example 11.7.

Moreover, if the points (1, ai) are dense in P1 and bici → ∞, then ϕ is not
locally bounded anywhere; in particular, it does not have sul. By choosing bi and ci
inductively it is possible to arrange this so that in addition ϕ ∈ G(Pn, BωFS). One
can check that if bi → 0 fast enough and b2i ci → 0, then, in fact, ϕ ∈ E(Pn, BωFS). �

11.1. Product spaces. Let (X1, ω1) and (X2, ω2) be compact Kähler manifolds. Let
X = X1 ×X2 and ω = π∗1ω + π∗2ω2, where πi : X → Xi are the natural projections.
Then it is readily verified that (X,ω) is a compact Kähler manifold. Moreover, if
ϕi ∈ PSH(Xi, ωi), then ϕ := π∗1ϕ

1 +π∗2ϕ
2 ∈ PSH(X,ω). We have the following global

version of Proposition 4.9 that can be proved in the same way.

Proposition 11.9. Let (Xi, ωi), (X,ω), ϕi, and ϕ be as above. Assume that ϕi ∈
Gk(Xi, ωi), i = 1, 2. Then ϕ ∈ Gk(X,ω).

We can use Proposition 11.9 to find new non-trivial examples of ω-psh functions
with finite non-pluripolar energy.

Example 11.10. Take ϕ1 ∈ PSH(Pn, ωFS) that has analytic singularities and is
not locally bounded. Then ϕ1 ∈ G(Pn, ωFS) but ϕ1 /∈ F(Pn, ωFS). Next, take
ϕ2 ∈ E(P1, ωFS) that does not have sul, e.g., as in Example 11.8. Then, by Propo-
sition 11.9, ϕ = π∗1ϕ

1 + π∗2ϕ
2 ∈ Gk(Pn × P1, π∗1ωFS + π∗2ωFS), but ϕ neither has sul

nor full mass. �

11.2. Convex combinations in projective space. Througout this subsection we
assume that Pn = Pn

x is equipped with the Fubini-Study form (11.1) that we denote
by ω or ωPn . We know from Example 11.4 that convex combinations of functions
in Gk(Pn, ω) are not in Gk(Pn, ω) in general. It turns out, however, that if ϕi ∈
Gk(Pni , ω) for i = 1, 2, then there are natural associated functions ϕ̃i ∈ Gk(PN , ω),
where N = n1 + n2 + 1, such that any convex combination of ϕ̃1 and ϕ̃2 is in
Gk(PN , ω).

To make this more precise, let us first settle some notation. Recall that Pn is cov-
ered by coordinate charts Ui = UPn

i = {xi 6= 0}. In U0 = {x0 6= 0} = {[1, x1, . . . xn]}
we have local coordinates x′ = (x1, . . . , xn) and γx′ := ddc log(1 + |x′|2) is a local
potential for ω.

Next, note that the maps p1 : PN
x,y 99K Pn1

x , [x, y] 7→ [x] and p2 : PN
x,y 99K

Pn2
x , [x, y] 7→ [y] are well-defined outside the planes {x = 0} and {y = 0}, respec-

tively. If we let π : Y → PN be the blowup of PN along these planes, then there are
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maps p̂i : Y → Pni , i = 1, 2, so that the diagrams

Y

π
��

p̂i

""

PN
pi
// Pni

commute. Moreover, if ϕ ∈ PSH(Pni , ω), then p∗iϕ := π∗p̂
∗
iϕ is an upper semicon-

tinuous function on PN with possible singularities along {x = 0} or {y = 0}. If
we understand p∗iϕ as the upper semicontinuous regularization we get a well-defined
upper semicontinous function on PN .

Now, assume that ϕ ∈ PSH(Pn1 , ω). We want to show that there is a natural as-
sociated ϕ̃ ∈ PSH(PN , ω). Consider the functions Γx = log |x|2 and Γx,y = log |x, y|2
on CN+1. Note that Γx − Γx,y is a 0-homogenous function on CN+1; thus it defines
a global function on PN . Now, let

ϕ̃ = p∗1ϕ+ Γx − Γx,y.

We claim that ϕ̃ ∈ PSH(PN , ω). To prove this we need to show that ddcϕ̃+ωPN ≥ 0.
In fact, it suffices to do this outside {x = 0}, since {x = 0} has codimension at least 2
and ddcϕ̃ is a normal (1, 1)-current and thus we may assume that p1 is holomorphic.
Note that ddc(Γx − Γ) = p∗1ωPn1 − ωPN . Thus ddcϕ̃+ ωPN = p∗1(ddcϕ+ ωPn1 ) ≥ 0,
since ϕ is ωPn1 -psh.

Analogously, if ϕ ∈ PSH(Pn2 , ω), ϕ̃ := p∗2ϕ + Γy − Γx,y, where Γy = log |y|2, is a
well-defined function in Gk(PN , ω).

Proposition 11.11. Assume that ϕi ∈ Gk(Pni , ω), i = 1, 2. Then for 0 ≤ t ≤ 1,
(1− t)ϕ̃1 + tϕ̃2 ∈ Gk(Pn1+n2+1, ω), where ϕ̃i are defined as above.

Proof. Let ϕ = (1− t)ϕ̃1 + tϕ̃2 and, as above, let N = n1 +n2 + 1. We need to prove
that for 0 ≤ j ≤ k,

(11.2)

∫
U
ϕ〈ddcϕ+ ω〉j∧ωN−j > −∞,

where U ⊂ PN is open. We may assume that U has compact support in one of the

coordinate charts UPN
i , say in UPN

0 with homogeneous coordinates [1, x′, λ, λy′].
Let us consider the integrand in (11.2) in these coordinates. First note that

Γx = log(1 + |x′|) = γx′ and Γy = log
(
|λ|2(1 + |y′|)

)
= log |λ|2 + γy′ .

We write γ for Γx,y. Since ϕi are 0-homogeneous, p∗1ϕ
1 and p∗2ϕ

2 only depend on x′

and y′, respectively; we write p∗1ϕ
1 = ϕ1(x′) and p∗2ϕ

2 = ϕ2(y′).
We start with the factor 〈ddcϕ+ ω〉j = 〈ddc(ϕ+ γ)〉j . Now

ϕ+ γ = (1− t)ϕ̃1 + tϕ̃2 + γ = (1− t)
(
ϕ1(x′) + γx′

)
+ t
(
ϕ2(y′) + log |λ|2 + γy′

)
.

Note that ddc log |λ|2 = [λ = 0]; in particular, it has support where log |λ|2 = −∞.
It follows that

〈ddcϕ+ ω〉j =
〈
(1− t)(ddcϕ1(x′) + ωx) + t(ddcϕ2(y′) + ωy)

〉j
,

where ωx = ddcγx′ and ωy = ddcγy′ .
Next, let θ = ωx + ωy + ηλ, where ηλ = idλ∧dλ̄. Then θ is a smooth strictly

positive (1, 1)-form on PN . Thus we can replace ωN−j in (11.2) by θN−j . Note that
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for degree reasons (11.2) is a sum of terms of the form

(11.3)

∫
U
ϕ
〈
(1− t)(ddcϕ1(x′) + ωx) + t(ddcϕ2(y′) + ωy)

〉j
(ωx + ωy)

n1+n2−j∧ηλ.

Finally consider

ϕ = (1− t)ϕ̃1 + tϕ̃2 = (1− t)ϕ1(x′) + tϕ2(y′) + t log |λ|2 + (1− t)γx + tγy − γ.

Since the last three terms are smooth, the contribution from these terms in (11.3) is
finite. Next, the contribution from log |λ|2 is finite since log |λ|2 is (locally) integrable.
Finally, if we replace ϕ by ϕ1(x′) or ϕ2(y′), then we are in the situation in Section 11.1.
Indeed, we can regard U as a relatively compact subset of UPn1

0 × UPn2
0 × Cλ ⊂

Pn1 × Pn2 × Cλ. Then ϕ1(x′), ωx, ϕ2(y′), and ωy are just the pullbacks of ϕ1,
ωPn1 , ϕ2, and ωPn2 , respectively, under the natural projections U → UPni

0 . Thus by
Proposition 11.9 this contribution is also finite. We conclude that (11.2) holds and
hence ϕ ∈ Gk(PN , ω). �

Example 11.12. Let ϕi, i = 1, 2 be as in Example 11.10. Then ϕ := (1− t)ϕ̃1 + tϕ̃2 ∈
Gk(Pn+1, ω) and ϕ neither has analytic singularities nor full mass. �

Remark 11.13. Let us consider the complex Monge-Ampère equation

(11.4) 〈ddcϕ+ ω〉n = fωn.

on the compact Kähler manifold (X,ω). By Yau’s solution to the famous Calabi
conjecture, (11.4) has a smooth solution if f is smooth. This result has been gen-
eralized by several authors in many different directions allowing less regular f . For
instance, in [DDNL, Theorem 1.4] it was proved that under certain conditions on f
there is a unique solution ϕ ∈ PSH(X,ω) with prescribed singularity type.

One could hope that it would be possible to use our Monge-Ampère currents to
solve a Monge-Ampère equation of the form

(11.5) [ddcϕ+ ω]n = µ

where µ is allowed to be a more general current. For instance, assume that µ =
µ1 + µ2, where µ1 = fωn and µ2 has support on a subvariety Z ⊂ X, defined
by a holomorphic section s of a Hermitian vector bundle over X. Then it might
be natural to look for a solution ϕ ∼ log |s|2 to (11.5). Note that if ϕ solves (11.5),
then, in particular, 〈ddcϕ+ω〉n = µ1. Now, by [DDNL, Theorem 1.4] this completely
determines ϕ. Thus one can only hope to solve (11.5) for very special choices of µ1

and µ2. �
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