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ABSTRACT. Let J be an ideal sheaf on a reduced analytic space X with zero set
Z. We show that the Lelong numbers of the restrictions to Z of certain gener-
alized Monge-Ampere products (dd®log|f|*)*, where f is a tuple of generators
of J, coincide with the so-called Segre numbers of 7, introduced independently
by Tworzewski, Achilles-Manaresi, and Gaffney-Gassler. More generally we show
that these currents satisfy a generalization of the classical King formula that takes
into account fixed and moving components of Vogel cycles associated with 7. A
basic tool is a new calculus for products of positive currents of Bochner-Martinelli
type. We also discuss connections to intersection theory.

1. INTRODUCTION

Let X be a reduced analytic space of pure dimension n and let J be a coherent
ideal sheaf on X. Given a point € X, Tworzewski, [24], Achilles-Manaresi, [1], and
Gaffney—Gassler, [10], independently introduced numbers eo(J, X, x), ..., e, (T, X, x)
that in a certain sense measure the singularities of 7 at z and that generalize the
classical Hilbert-Samuel multiplicity. Following [10] we will call them Segre numbers;
Tworzewski used the term extended index of intersection whereas Achilles-Manaresi
used the term multiplicity sequence. The definition in [24] goes via a local variant of
the Stiickrad-Vogel construction, [23], introduced in [24, 17], and a closely related,
also geometric, procedure is used in [10]. In [1] the definition is purely algebraic; it is
based on Hilbert functions of bigraded rings. It is proved in [2] that the definitions in
[24, 1, 10] yield the same numbers; see also [18]. In this paper we give a (semi-)global
representation of these numbers as the Lelong numbers of certain positive closed cur-
rents, constructed from a tuple of generators of 7. This is part of our main result
Theorem 1.1, which is a generalizion of King’s formula, [11, 13], for these currents.

Let us first recall the definition in [24]. In that paper X is a subvariety of a
smooth manifold Y and J is the pullback to X of the sheaf associated with a smooth
submanifold A C Y. However, we find it advantageous to avoid any ambient space
and instead consider an arbitrary coherent ideal sheaf J — X. A sequence h =
(h1,ha, ..., hy) in the local ideal 7, is called a Vogel sequence of J at x if there is a
neighborhood & C X of x where the h; are defined, such that

(1.1) codim [(U\ Z) N (|Hi|N...N|Hg|)] =koroo, k=1,...,n;

here Z is the (reduced) zero set of J and |Hy| are the supports of the divisors Hy
defined by the hy. Notice that, possibly after shrinking U/, the common zero set
{h = 0} in U equals Z NU and that if fo,..., f,, generate J,, then any generic
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sequence of n linear combinations of the f; is a Vogel sequence at z. Let Xo = X
and let XZ denote the irreducible components of Xy that are contained in Z and let

Xg( \2 be the remaining components', so that

Xo =X+ XV

By the Vogel condition (1.1), H; intersects X(‘)X \z properly. Set

(1.2) Xy =Hy - XV

and decompose analogously X; into the components Xlz contained in Z and the

remaining components XlX\Z, so that X; = X¥ +X1X\Z. Define inductively Xy11 =

Hi1- X0V, X7, and X7, Then

Vhi= X+ XE 4+ X7

is the Vogel cycle? associated with the Vogel sequence h. Let th denote the compo-
nents of V" of codimension k, i.e., th =X k,Z . Tworzewski defines the extended index
of intersection as minlex(multzvoh, ...,mult; V"), where the min, is taken over all
Vogel sequences h of J.

Let us next recall the definition of Segre numbers in [10], where also so-called polar
multiplicities are introduced. Let f be a tuple of generators fo,..., f;, of J,. and
let h be a Vogel sequence of linear combinations h; = o - f = oz? Jo+ -+ fms
notice that any Vogel sequence is on this form for some choice of generators and
aj. It is proved in [10, Section 2], see also Section 6 below, that the multiplicities

multszh and multxX,f\Z are independent of «; for generic choices of a; and also
independent of f, and these numbers are the Segre numbers, ex(x) = ex(J, X, z),
and polar multiplicities, my(x) = mg(J, X, z), respectively. Throughout we will use
this definition of the list e(z) = e(J, X,z) = (eo(x),...,en(z)) of Segre numbers.
In Section 8 below we prove that the definitions in [24] and [10] coincide, i.e.,

(1.3) e(x) = r{lin (mult, Vg, . .., mult, V).
ex

It is not clear to us whether this coincidence has been explicitly stated in the literature
before. In [2], both notions are discussed and are proved to coincide with Achilles-
Manaresi’s multiplicity sequence for the restrictive class of sheaves considered in [24].
The equivalence (1.3) also follows from [21, Theorem 3.3] in combination with [10,
Lemma 2.2].

We remark that both definitions above are local. Indeed, the Vogel condition
(1.1) as well as the genericity of a; depend on z, cf., Remark 1.4. Also the algebraic
definition in [1] is local.

Let f be a tuple of generators of the ideal sheaf 7. For k = 0,1,2,...,n we consider
the closed positive currents le; introduced in [4]. The current M ,5 coincides with
17(dd®log |f|*)F, where 17 is the characteristic function for Z and

(1.4) (ddlog | f)* := lim (dd“log(||” + €))";

n [10], X is empty by assumption, but for us it is convenient not to exclude the possibility
that J vanishes identically on some irreducible component of X.

2The notion Vogel cycle was introduced by Massey [16, 17]. For a generic choice of Vogel sequence
the associated Vogel cycle coincides with the Segre cycle introduced by Gaflney and Gassler, [10],
see Lemma 2.2 in [10].



SEGRE NUMBERS, A GENERALIZED KING FORMULA, AND LOCAL INTERSECTIONS 3

for k < codim {f = 0} it is well-known that the definition (1.4) coincides with the
standard one. Notice that (dd®log|f|?)® = 1 and hence, M({ = 1y is the current
of integration over the components of X that are contained in Z; in particular, it
vanishes unless f = 0 on some irreducible component of X. See Section 4 for other
expressions for M, ,{ . Our main result is the following.

Theorem 1.1 (Generalized King’s formula). Let X be a reduced analytic space of
pure dimension n and let J be a coherent ideal sheaf on X generated by a tuple f
of holomorphic functions. Let Z be the zero set of J and let ZJ’-c be the distinguished
varieties of J of codimension k. Then

(15) M} =1z(ddlog|f))F = AFZK+ N = S| + N, k=0,....n,
J

where the ,6’]’? are positive integers, the N,{ are positive closed currents, the Lelong
numbers Zm(Ng ) are nonnegative integers that only depend on the integral closure
class of J at x, and the set where &(N,f) > 1 has codimension at least k 4+ 1. The

Lelong number of M,f at x is the Segre number ex(J,X,x). The polar multiplicity
mi(J, X, x) coincides with the Lelong number at x of the current 1 x\ z(dd log |f)E.

Here [ij] denotes the Lelong current?, i.e., the current of integration, associated

with the variety Z ]k Recall that the integral closure of J, consists of all holomorphic
germs ¢ such that |¢| < C|f| for some C' > 0 at z. For the definition of the (Fulton-
MacPherson) distinguished varieties ZJ’? at x associated to J, see Section 7 below.

It turns out that S¥ = >k S,{ = ij ,8]’-“ZJ’-g is precisely the cycle that appears in all
Vogel cycles obtained from generic (enough) Vogel sequences. It is called the fized
part in [10]. The remaining parts of the Vogel cycles vary with the Vogel sequence
and are called the moving parts. Notice that (1.5) is the Siu decomposition, [20], of
M.

Note that, contrary to the previous local definitions of Segre numbers, Theo-
rem 1.1, gives a (semi-)global representation of the Segre numbers

(1.6) ex(T, X, ) = L (M]).

Moreover, the M ,{ are obtained as limits of explicit expressions in generators of 7.

It follows from Lemma 2.2 that M,{ = 0 if £k < codim Z and that chodimZ = 0.

The case k = codim Z of (1.5) is precisely the classical King formula, [11, 13].

Remark 1.2. If J, is generated by p < n functions fo,..., fp—1, we will see that
M,f =0 for k£ > p and hence e, = 0 for k£ > p. However, M]g may be non-vanishing
if ¢ is another, larger, set of generators. If, in addition, codim Z, = p, i.e., J; is a
complete intersection, then e,(J, X, x) is the only non-zero entry in e(J, X, ). This

number is the classical intersection number of the proper intersection of the divisors
of the p generators fj, see, e.g., [7]. O

Corollary 1.3. If J is the radical ideal of a variety Z of pure codimension p, then
M = 2],

3We will often identify a cycle with its corresponding Lelong current.
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Remark 1.4. Assume that z is a point where ng(J, X, ) > 1 for some k and let Vhbe
a generic Vogel cycle so that mult, V" = ex(J, X,z). Then V}* = S,J: + W where the
moving part W is a positive cycle of codimension k, such that mult, W = ng(J, X, z).
Since ng(J, X,y) > 1 only on a set of codimension > k + 1, at most points y on th

we have that ex (7, X,y) = multy(Sg) and hence mult, V;* > e (7, X,y). As soon as
there is a moving part at x it is thus impossible to find a Vogel cycle that represents
the Segre numbers in a whole neighborhood of x. U

A fundamental ingredient in this paper is a current calculus described in Sections 3
to 5. It gives an expedient analytic approach to Vogel cycles; for instance, it becomes
a straightforward matter to form mean values of (the Lelong currents of)) such cycles.
The currents M ,f are in fact such mean values, see Section 6; this is the intuitive
idea behind Theorem 1.1. The current calculus is fundamental for the proof of
Theorem 1.1, which is given in Section 7, and it makes it possible to provide a proof
of (1.3) in our slightly more general setting of a general sheaf J than what was
considered in [24], see Section 8. Our current calculus is also useful for concrete
computations of Segre numbers, see Section 11. In Section 9 we prove a certain
invariance property of Segre numbers. The motivation in [24] for introducing these
numbers was to develop a new intersection theory. In Section 10 we discuss some local
aspects of connections to intersection theory. Our technique to form new currents
by averaging Vogel cycles will be the starting point in a forthcoming paper where we
will study a kind of global intersection products.

Remark 1.5. This paper is a shortened and slightly elaborated version of [5]; in that
paper can be found, additionally, a discussion of global intersections in the sense of
Tworzewski and various examples. O

Acknowledgement: We thank Terry Gaffney for fruitful discussions. We also
thank the referee for important comments on a previous version. This work was
partially carried out while the authors visited the Mittag-Leffler Institute.

2. PRELIMINARIES

Let us fix some notation. Throughout this paper X is a reduced analytic space
of pure dimension n and J is a coherent ideal sheaf on X. Given a tuple f =
(fo,-- -, fm) of holomorphic functions on an analytic space we will use 7 (f) to denote
the sheaf it generates. Similarly if W C X is an analytic subset we will use Jw to
denote the radical sheaf. We will denote the local ring of germs of holomorphic
functions at  in X by Ox . We say that a sequence g, ..., gn, of functions on an
analytic space X is a geometrically reqular sequence if codim{g; = ... =g =0} =k
for 1 < k < m. If X is smooth (or Cohen-Macaulay) a sequence is geometrically
regular if and only if it is regular.

Though less natural at first sight it is often computationally more convenient to
use regularizations based on analytic continuation rather than smooth regularizations
as in (1.4). For instance, if h is a holomorphic function on X then

dlog |h|?
21

a priori defined for Re A > 0, has a current-valued analytic continuation to a neigh-
borhood of 0 and the value at 0 is the integration current associated to the divisor

A= Oh)* A
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defined by h. In general, if a()) is a current-valued function, defined in a neighbor-
hood of 0, we let a(A)|x=op denote the value at A = 0.

2.1. Positive currents. Let d° = (47i)~'(0 — 0) so that dd® = (2mi)~100. We
briefly recall some basic facts about positive currents, referring to [7, 8] for details.
Let u be a positive current of bidegree (k, k) defined in some open set Q € C. Then
1 has order zero, so that the restriction 1gu is well-defined for any Borel set S C ).
If in addition u is closed and S is analytic, then the Skoda-El Mir theorem asserts
that 1gu is closed as well. If p is closed then one can define inductively

(dd°log |z — z[?)7 T Ap = dd®(log |z — z|*dd“((log |z — z|*)7 Ap)),

(dd®log |z —x|)NFAp is a (N, N)-current. Its mass at z is the Lelong number £,(u)
at x of u, which depends semi-continuously on u, in the sense that

(2.1) € (1) > limsup £ (p1)

j—00
if 1 — p. It follows that « +— £, (u) is upper semi-continuous.
Lemma 2.1. If u is a closed positive (k, k)-current in Q C CV, then*

0]2|”
27i|2|?

(2.2) lo(u)[0] = lim (5|z|2/\/\

A—0t

A(dd€ log ]z\Q)N*kfl/\,u)
If K = N, then the right hand side of (2.2) shall be interpreted as

lim (1= |22 =10y

AL%& 2] ) {o}H

so Lemma 2.1 is trivially true in this case.

Sketch of proof. If £ is a test function, then
c 2\N—k : 22 -1 c 2\N—k—1 c
(2.3) [ (ddlog|z|*)" "AuNE = ,\ll,rng ?/\(dd log|z]%) A pAddeE.

After an integration by parts, the right-hand side of (2.3) may be rewritten as

o O
li A|z|* A A(ddC log [N TF L Apn
Jim [ 0152 A g =) ang

+ lim /]z\z)‘(ddclogz\Q)N_k/\,u/\é.
A—0+

The second term is precisely the action of 1gwy oy (dd® log |2|)N=*Au on ¢, and

consequently the point mass at 0 of (dd®log|z|?)N*Apu is the same as the point
mass at 0 of the first term, which proves (2.2). O

4By slight abuse of notation we will write [0], instead of the formally more correct [{0}], to denote
point evaluation at 0.
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2.2. Currents on an analytic space. ° Let X be a reduced analytic space of
pure dimension n. Given a local embedding i: X — CV, we let Ex be the sheaf
of smooth forms on X, obtained from the sheaf of smooth forms in the ambient
space, where two forms are identified if their pullbacks to X,., coincide; it is well-
known that this definition does not depend on the particular embedding. We say
that u is a current on X of bidegree (p,q) if it acts on test forms on X of bidegree
(n — p,n — q). Such currents p are naturally identified with currents 7 = i.u of
bidegree (N — n + p, N — n + ¢) in the ambient space such that 7 vanish on the
kernel of 7*. Observe that the d-operator is well-defined on currents on X. If W is a
subvariety of X of pure codimension p > 0, then

¢ [Wo= ¢

Wreg

is a closed (p, p)-current on X; this is the current of integration over W.
Recall that a current v is normal if both v and dv have order zero. The following
lemma follows immediately from the corresponding one in C.

Lemma 2.2. Suppose that p is a normal current of bidegree (p,p) on X that has
support on a subvariety W of codimension k. If k > p then p = 0. If Kk = p and
p is closed, then p =3, a;[W;] for some numbers o, where W; are the irreducible
components of W of codimension p.

It is readily checked that if we have a proper holomorphic mapping v: X’ — X
between analytic spaces, then the push-forward v, is well-defined on currents on X’.

Assume that p is a positive closed current on the analytic space X. Fix ¢ € X
and let i: X < CV be a local embedding. We define the Lelong number £, (1) as
Ly (isp). After a suitable change of coordinates i can be factorized as i = j o ¢/,
where i': X — CM is a minimal embedding and j is the natural embedding C™ —
CM x CN=M_ Since the Lelong number is invariant under holomorphic changes
of coordinates, all minimal embeddings are equal up to a holomorphic change of
variables, and £,(7) = £,(j.7), it follows that £,(u) is well-defined. Thus if Z is a
subvariety of an analytic space X and we have an embedding X < C¥, then the
number ¢, ([Z]) is independent of whether we consider [Z] as the Lelong current of
Z on X or on CV.

Recall that if Z is a variety in CV, then the multiplicity mult,Z of Z at x coincides
with the Lelong number ¢, ([Z]), see [7, Prop. 3.15.1.2]; here mult, Z is defined as in
[7, Ch. 2.11.1]. In particular, the Lelong number of the function 1, considered as a
current on an analytic space X, at x is precisely mult, X.

The classical Siu decomposition, [20], of positive closed currents extends immedi-
ately to currents on our analytic space X. Let u be a positive closed (p,p)-current
on X; then there is a unique decomposition

p=> BiWi+N,

where W; are irreducible analytic varieties of codimension p, 8; > 0, and, for each
d > 0, the set where £,(N) > ¢ is analytic and has codimension strictly larger than p.

5For a more detailed exposition of currents on an analytic space we refer to [12, Section 4.2].
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2.3. Cycles and Lelong currents. Given an analytic cycle Z = > a;W;, where
W; are varieties, we let [Z] = ) a;[W;] be the associated Lelong current. We will
often identify analytic cycles with their Lelong currents. We let |Z| denote the
support of Z, and we let 1z mean 1,z. If H is a Cartier divisor defined by (a germ
of) a holomorphic function h, we will (sometimes) use the notation [h] for [H] and
1p, for 1. Given an analytic cycle Z = > ;W of pure dimension, the multiplicity
of Z at x is defined as ) aymult, W; (this definition follows [10, p. 704]). It follows
that

mult, Z = (,([Z]).
If Z =3"}_y Zx, where Z, is an analytic cycle of codimension k we define
(2.4) mult, Z := (mult, Zy, ..., mult, Z,)
Throughout this paper all analytic cycles are effective, unless otherwise stated.

2.4. Proper intersections. Let Y be a complex manifold and let Zi,...,Z, be
(effective) analytic cycles in Y of pure codimensions p;, j = 1,...,r, that intersect
properly, i.e., the intersection V of their supports has codimension p; + - - + p,.
There is a well-defined cycle, called the (proper) intersection of the Z;,

(2.5) Zyp-o Zy=Y myVj,

where Vj; are the irreducible components of V' and m; are certain positive integers.
One can obtain these numbers m; by defining the intersection number i(z), alge-
braically or geometrically, at each fixed point x of V', and prove that i(x) is gener-
ically constant on each Vj, see, e.g., [7]. However, by means of currents, (2.5) can
be obtained in a more direct way: By an appropriate regularization one can define
the wedge product [Z,]A--- A[Z1], see, e.g., [7, 8], and this current indeed coincides
with the Lelong current of Z, --- Z;. In particular, if the Z; are (effective) divisors
defined by holomorphic functions h;, then the Lelong current of the intersection can
be obtained explicitly as

(2.6) (Z, - Z1] = li_%/\ddclog(\hj\Q +e).
At each point = there is a well-defined intersection number

e(x) == Z mjmult, (V;);

here mult, (Vj) is the multiplicity of the variety V; at . The number €(z) is precisely
equal to the Lelong number ¢,([Z, - - - Z1]) of the positive closed current [Z, - - - Z].

3. MULTIPLYING A LELONG CURRENT BY A CARTIER DIVISOR

In this section we will describe how the inductive construction of a Vogel cycle V"
can be expediently expressed as certain products of Lelong currents. Notice that the
map [W] — 1z[W] is linear. Notice also that if Z, Z’" are analytic cycles in X, then

(3.1) 12[2) = [27];

recall that ZZ' denotes the irreducible components of Z that are contained in Z’.
To see (3.1) we may assume that Z is irreducible. If |Z| is contained in |Z’|, then
1,/[Z]) = [Z]. Otherwise, |Z|N|Z'| has higher codimension than |Z|, and thus 1/ [Z]
vanishes by Lemma 2.2. Notice that 17 is 1 on the components of X that are
contained in Z and 0 otherwise, i.e., it is the Lelong current of XZ.
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If h is a non-vanishing holomorphic function on (each irreducible component of)
the analytic space Z, then log |h|? is a well-defined (0, 0)-current on Z. This is clear
if Z is smooth and follows in general, e.g., by means of a smooth resolution ZZ ,
cf., the proof below.

Lemma 3.1. Let Z be an analytic cycle in X, h be a holomorphic function, and let
u be a nonvanishing smooth function on X. Then

1 2
’2)\/\8 og thl A

(3.2) A+ Oluh [Z],

21

a priori defined when Re X is large, has an analytic continuation to a half-plane
Re A > —e. The value at A = 0 is independent of u.

If h does not vanish identically on any irreducible component of (the support of)
7, then this value is equal to dd°(log |h|* [Z]).

Notice that v* := duh|** A dlog|uh|?/(2mi) has continuous coefficients when
Re A > 1, so the product in (3.2) is then well-defined.

Proof. First assume that Z = X = C and h is a monomial h = 2{' - -- z3. Then
(3.2) is equal to

= a 1 s dz; Oul?
vt = Ouzft 2/\/\% [;ajzjj + ’L"Q }

One can check that the desired analytic continuation exists, and that the value at
A = 0 is the current E{V ajlzj] = dd®log|h|?; in particular, it is independent of u.

Consider now the general case. By linearity, we may assume that Z is irreducible.
If h vanishes identically on Z and Re\ is large, then v* A [Z] = 0, and thus it
trivially extends to A € C. Assume that h does not vanish identically on Z. Let
i: Z — X be an embedding and let 7: Z — Z be a smooth modification of Z
such that 7*i*h is locally a monomial; such a modification exists due to Hironaka’s
theorem on resolution of singularities. After a partition of unity we are back to the
case above. It follows that 7*i*v* has an analytic continuation to Re A > —e for
some ¢ > 0 and thus v*A[Z] = i,m.(7*i*v?) has the desired analytic continuation.
The value at A = 0 is equal to

i1y (dd® log |7*i*h|?)
which proves the second statement, since (log |h|?)[Z] = i,7m.(log |7*i*h|?). O
Let H denote the Cartier divisor defined by h. We define [H] A [Z] as the value of

(3.2) at A = 0. According to the lemma it does not depend on the particular choice
of h defining H. It follows from the definition that

(3-3) [HIN([Z1] + [22]) = [HIA[Z1] + [H]A[Z2]

and thus [Z] — [H]A[Z] is a linear operator on Lelong currents, cf., (3.1). However,
in general it is not true that ([Hq]+[H2]) A[Z] = [H1]A[Z]+ [H2)A[Z] or [Hi)A[Ha] =
[Ha] A [Hyl.

Since (3.2) is analytic by Lemma 3.1 it follows that [H] A1x[Z] = 0, and so, using
(3.3), we get

[H] A [Z) = [H] A (Lu[Z] + 1x\#(2]) = [H] A 1x\ 1 (2],



SEGRE NUMBERS, A GENERALIZED KING FORMULA, AND LOCAL INTERSECTIONS 9

Now, 1X\H[Z] is the current of integration over ZX\H  ie., the components of Z
that are not contained in |H|. Since H and Z*X\# intersect properly it follows that

[H] AN 1x\glZ] = [H - ZX\H] cf. Section 2.4. Summarizing, we get the computation
rules

(3-4) [HIN[Z) = [H|\Lx\u|Z) = [H - 22V].

Remark 3.2. It is important to emphasize that [H]A[Z] is not the same as (the Lelong
current associated with) the intersection H - Z in [9]. In fact, if Z is irreducible and
contained in H, then [H|A[Z] = 0, whereas in [9] the product is a cycle in Z of
codimension 1 that is well-defined up to rational equivalence. O

Ezample 3.3. Let H; and Hs be Cartier divisors and let H = Hi + Hs. Then
[H1]A\[H]| = [H1]A[H2] but [H|A[H1] = 0. Moreover [Hi] A 1y, [H] = [Hi]JA[H1] =0
but 1g, [Hl]/\[H] =1p, [Hl]/\[HQ] = [Hl]/\[HQ] Il

We can construct Vogel cycles, cf., Section 1, by inductively applying operators
1z and [HIA.

Proposition 3.4. Let X be an analytic space of dimensionn and let h = (hy, ..., hy)
be a Vogel sequence of an ideal J with variety Z at x € X, with corresponding divisors
Hy,...,H,. Then on X,

(35) [X()] =1, [Xg] = [Hg]/\-"/\[Hl], l=1,....n

and

(3.6) (XZ) =1z, [XZ]=1z[HJ)A---AHy], £=1,...,n.

In particular,

(3.7) [V = 17 + 15[H\] + 1z[Ho)A[HL] + - - + 1z[Ho]A- - - A[H:].

If we consider X as embedded in some larger analytic space Y, then we have

instead
[(Xo] = [X],  [Xel = [HA- - AIHWAX], £=1,...,n
and
(X&) =12(X], [X7]=1z[HA---ANHIAX], £=1,....n
Proof. In view of (3.1), (3.6) follows from (3.5). Using (3.3), we have, in view of
(1.2), that
[X1] = [HLALXG 7] = [HA(1Xo] = [XE]) = [H]

since [H1]A[XE] = [H1]1z = 0. One obtains (3.5) by induction. O

4. BOCHNER-MARTINELLI CURRENTS

Let f = (fo,--.,fm) be a tuple of holomorphic functions on X that generates [J
and let Z be the zero set of 7. For Re A > 0, let
A
Mt =1 |
Olog|fI*
27

M =8| f[PAA A(dd®log | f12)* 1 if k> 1,

oo

A £

(4.1) MIA ="M,
k=0
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where |f]? = >0 |f;|?. The sum in (4.1) is finite for degree reasons, and when
Re A > 0, M/ is locally integrable. We will show that A\ — M,f A has a current-
valued analytic continuation to Re A > —¢, for some ¢ > 0. We denote the value
of M,f’)‘ at A = 0 by M,f and we write M7/ = 3", M,f The current M7 and its
components M,f will be referred to as Bochner-Martinelli currents, cf. Remark 4.2
below.

A computation yields that

; 29| £]2
M 1 AR

=\ A(dd®log | f]?)*1

which is positive when A > 0, and thus Mg is a positive current. Note that M({ is
the current of integration over the components of X, on which f = 0. In particular,
if f does not vanish identically on any component of X, then Mof =0.

Let m: X — X be a normal modification such that the pull-back ideal sheaf 7-O ¢
is principal; for instance one can take the normalization of the blow-up of X along
J. Then 7*f = fOf where f° is a section of the holomorphic line bundle L — X
corresponding to the exceptional divisor Dy of m: X 5 X , i.e., the divisor defined
by J-Og, and f" is a nonvanishing tuple of sections of L™!. Let L be equipped with
the metric defined by |f°|, = |7*f| = | f°f|, and let

(4.2) wy = ddlog | f'|?;

here the right hand side is computed locally for any local trivialization of L™!. Then
—wy is the first Chern form of (L, |- |z), and clearly w¢ > 0.

Since log |7* f|> = log | f°|? + log | f/|? it follows from the Poincare-Lelong formula
that

(4.3) ddlog |m* f|* = [Df] + wy.
In particular, 7*(dd®log | f|?) = wy outside 7~1{f = 0}. Therefore, for Re A > 0,
(4.5) M = (2mi) 0| O F PP A log | £OF AW k> 1

Now Lemma 3.1 asserts that A — TI'*M{’A has an analytic continuation to Re A > —e¢

and since M,f’)‘ = W*W*M,f’)‘ for Re A > 0, it follows that A — M,f)‘ has the desired
analytic continuation. Moreover

(4.6) M{ = Mo = m(m* M r20) = m(1p,) = 1150y -

(4.7) M = M{ o0 = 7 (7" M 5=0) = m([DylAwh ), k> 1.
Following for example [4] one can check that for k > 1,

(48) M{ = 17(dd"log | f[*)"

and

Ly\z(ddlog |f|*)" = m.(w}).
It is not hard to see that M]f’)‘ is locally integrable for Re A > 0 and that M,f’)‘ —
M ,{ as measures when A — 0%,
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Remark 4.1. For future reference, let g be a tuple of holomorphic functions such that
lg| ~ |f], i.e., there exists C' € R such that |f]|/C < |g| < C|f|, and let 7: X — X
be a normal modification such that both J(f) - O and J(g) - O are principal.
Then |fOf'| ~ |g%’| and since f’ and ¢’ are non-vanishing it follows that f° and ¢°
define the same divisor on X. Therefore the corresponding negative Chern forms
wy and wy are dd°-cohomologous, i.e., there is a global smooth function vy such that

ddy = wyp — wy. O
By combining [4, Proposition 3.2] and [22, Corollary 4] it follows that

2\k
£ €(ddelf]7)
9 M = 35 (P ey
Remark 4.2. Given a tuple f as above, associated residue currents of Bochner-
Martinelli type were introduced in [19]. Let E be a trivial vector bundle with basis
elements eq, ..., e, and consider f = foeg + --- + fimem as a section of the dual

bundle E* with basis elements e’. Following [3] one can define a residue current

J
R = R(J)c + -+ R}, where R£ is a current of bidegree (0,%) with values in the

exterior product A*E, such that the coefficients in R/ are precisely the currents in
[19]. It is proved in [4] that

M} = RT - (df)*/(2mi)* R,

where - denotes the natural contraction. For more details, see, e.g., [4]. O

5. PRODUCTS OF BOCHNER-MARTINELLI CURRENTS

Given tuples fi, ..., fr of holomorphic functions in X, we will give meaning to the
product
(5.1) MIrA - AMD

of Bochner-Martinelli currents. The construction is recursive. Assume that M¢A -« AMT
is defined; it follows from the proof of Proposition 5.2 below that

(5.2) A= MIHCAAMTEN o AM
is holomorphic for Re A > —¢, where ¢ > 0. Set
(5.3) M aMIeAMT = MMM M.
We define the products M ,{:/\ - AM ,{11 in the analogous way so that
(5.4) MInAMI = N A AM
Ep oo sk1>0

Notice that if the f; are single functions, then M = 1y + [fj] and
(5.5) M7 A NMI = (L 4 [F) A A (g + (A
cf. Section 3.

Proposition 5.1. If h = (hy,...,hy) is a Vogel sequence of some ideal at x, then
M A A MM = [V,
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Proof. Let Z be the zero set of the ideal generated by h. In light of Lemma 2.2,
1, - 1hk+1[h‘k]/\ cee /\[hl] = ]-Z[hk]/\ cee /\[hl].

Thus, by (3.4), [hex1]Ap, -+ - 1p,, [hr]A -+ - Alh1] = 0. Hence, in view of (5.5),

(5.6)  M'"A-AMM = g e g [BaA - Al =Y 1g[Bg]A - Al
k=0 k=0

here we have used that [h,]A -+ Alh1] has support on Z. Now, Proposition 3.4 asserts
that the right hand side of (5.6) is equal to [V?]. O

In contrast to the definition of products of residue currents of Bochner-Martinelli
type introduced in [25], the recursively defined products (5.1) are not commutative
in general, not even if the tuples just consist of one single function. For instance, in
C2 , we have that M™AMY = 0, whereas MYAM™ = [0], cf., Example 3.3. Various

approaches to recursively defined products of residue currents are investigated in [14].

Proposition 5.2. Let f1,..., f. be tuples of holomorphic functions in X, with com-
mon zero set Z = {fy = ... = f. = 0}. Then the current MJ/rA--- AM7Tt, defined by
(5.3), is positive and has support on Z.

Let m: X — X be a normal modification such that the sheaves J(f¢) - O are
principal for £ = 1,...r. As in Section 4, let Dy, and wy, be the corresponding
divisors and negative Chern forms, respectively. Then

fr fi_ kr—1 ki—1
(5.7) META - AME = ([Dy A AD g | Awgr T A Awpt ™),

where, if kg = 0, the factor [Dy,] shall be replaced by 1ij and the factor w]}fffl shall

be removed.
Assume that g1, . .. gr are tuples of holomorphic functions in X such that |ge| ~ | fe|
for£=1,...,r. Then there is a normal current T with support on Z such that

(5.8) dd°T = M{"A -+ AM{* = M A~ AMP

Proof. Iteratively using Lemma 3.1, the computation rules (3.4), and (4.4)—(4.7) we
see that the desired analytic continuation of (5.2) exists and that (5.7) holds. It
follows that M,f:/\ . /\M,fl1 has its support contained in 7(|Dy.|N---N|Dy|) = Z.
Moreover M ,{:/\ AM 1511 is the push-forward of a product of positive (1, 1)-currents
and positive forms, and hence it is positive.

To prove the last part, it suffices to change one of the f, to gy with |ge| ~ |f|.
First notice that then M({‘Z =1y, =14, = M§*. Let us then assume that k, > 1, and
that the modification 7 is chosen so that also J(g¢)-Og is principal. By Remark 4.1,
there is a smooth global function v on X such that wf, — wg, = dd°y and thus we

can find a smooth global form w such that dd‘w = w]]ff_l — wgf_l. Let

T :=m (7oA ATl A[D g, JAWAT_ A -+ - AT1),

where 7 = 1p, if kj = 0 and 7; = [Dy;] A wl;j ~' otherwise. Then T satisfies
(5.8). Note that 7, A - ATg i A[Dyg,|AWAT,—1 A - - - ATy is normal, and since normality
is preserved under push-forward, so is 7T'. U
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We also define products of Bochner-Martinelli currents and Lelong currents. If
fi, ..., fr are tuples of holomorphic functions in X and Z is an analytic subset of X,
we define recursively M/1A[Z] := MPAN[Z] |\_g» and

M n - AMIYA[Z) v= MIROANMIRA - AMTA[Z]], -

By arguments as in the proof of Proposition 5.2 one can prove that the desired
analytic continuations exist, and thus M /" A - - - AM /1 A[Z] is well-defined. Tt is readily
checked that if i: Z — X, then, for any kq,..., k. € N,

(5.9) MITA- AMIN[Z) = i [M] T A AT

Moreover, if Z = 272"+ 7", Z" c {f; = 0}, and k; > 0, then one checks that
j j

(5.10) MTA--- AMIN[Z) = M- AMT A Z'),

cf. (the first equality of) (3.4).
For future reference, note that if f is a tuple of holomorphic functions on the
analytic space X then

(5.11) M =M1y => My,
j

where X are the irreducible components of X.

Proposition 5.3. Let f1,..., f. be tuples of holomorphic functions in X and let &
be a tuple of holomorphic functions such that {£ = 0} = {x}, where v € X. Then

(5.12) MEAMTA -+ AM{Y = MS_ AMTA - AMY = ala],

where k = k1 + -+ k, and a is a non-negative integer. If & generates the mazximal
ideal at x € X, then a = Kx(Mkf:/\ e /\M,fll)

Proof. By Proposition 5.2, Ms_kAM,f:/\ e /\M,fl1 is positive and has support at x,
and thus by Lemma 2.2 it is of the form «[z] for some non-negative a.. Let 7 : XX
be a normal modification such that J(f;) - O and J(§) - O are principal. Let us
use the notation from Section 4. Then, from (5.7), we see that « is an intersection
number and hence an integer.

Now assume that ¢ generates the maximal ideal at 2 and that i: X — CV is
a local embedding such that i(z) = 0, so that i.[z] = [0]. By the second part of
Proposition 5.2 we may assume that f; = i*F; and { = ¢*z for some tuples F}; and

the standard coordinate system z = (z1,..., zx) in CV. Then

(5.13) i (ME_ AMITA - AM) = ME_ AME A AMPA[X],

cf. (5.9). By Lemma 2.1, the right hand side of (5.13) is precisely the Lelong number
ofM,i’/\---/\Mlil/\[X] at 0 in CV times [0]. O

Proposition 5.4. The Lelong number at x of M,{:/\/\Mgll is unchanged if we
replace f; by g; such that |f;| ~ |g;].

Proof. 1t follows from the second part of Proposition 5.2, applied to f1,..., fr, & since
then T, which has bidegree (n — 1,n — 1), must vanish by Lemma 2.2. O

One can replace all the evaluations in the definition of the product by one single
evaluation in the following way; for the proof see [6].
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Proposition 5.5. Assume that ji; are strictly positive integers such that pi > pg >
coo> pp. Then A — M{:’Aw/\ e /\M,{ll’)‘#1 is holomorphic in a neighborhood of the
half-azis [0,00) in C and

(5.14) MITA- AM = MY A M
In view of Proposition 5.1 we get
Corollary 5.6. If hy,...,hy, is a Vogel sequence of some ideal at some point x and

w; are as in Proposition 5.5, then the Lelong current of the associated Vogel cycle is
given as the value at A = 0 of the function

n

A N\ MMA = A (1= [P 4 9|0y [P ADlog |y | /2
k=1 k=1

6. BOCHNER-MARTINELLI CURRENTS AND VOGEL CYCLES

For a tuple f = (fo,. .., fm) of holomorphic functions and =[5y : ... : By) € P™
we write 8- f := Bofo+ - - + Bmfm. Note that M?/ only depends on B € P™ and
not on the choice of homogeneous coordinates. Our first result in this section relates
Lelong numbers of Bochner-Martinelli currents to multiplicities of Vogel cycles.

Theorem 6.1. Let f = (fo,...,fm) be a tuple of holomorphic functions in X,
pick x € X, and let Z = {f = 0}. Then for k > 0, and a generic choice of
a=(ag,...,a) € (P,

(6.1) Ce(Lglee - FIN--- Afea - f]) = Lo(M]) .
Here the current on the left hand side of (6.1) should be interpreted as 1z if k = 0.

Assume that f = (fo, ..., fm) generates the ideal sheaf 7. Then ;- f, ... ,ap - f is
a Vogel sequence for a generic choice of @ = (ay,...,a,) € (P"™)". By Theorem 6.1
and Proposition 3.4,

(6.2) multhka'f = Ex(M,{)

and by Proposition 5.4 the right hand side only depends on 7 and not on the partic-
ular choice of generators f; in fact, it only depends on the integral closure of J. Thus
this gives an independent proof of Gaffney-Gassler’s result, [10, Section 2|, that the
multiplicities of Vogel cycles V* are independent of h for generic h, which guarantees
that the Segre numbers are well-defined. Also, (1.6) immediately follows from (6.2).

Proof. Choose a normal modification 7: X — X such that J (f) - Og is principal;
we will use the notation from Section 4. Assume moreover that the pullback of the
maximal ideal at x is principal, and let D¢ and we be the corresponding divisor and
Chern form, obtained from a tuple { that defines the maximal ideal at .

Let W be any irreducible subvariety of X. Since f’ is nonvanishing on W it
follows that for 8 outside a hypersurface in P™, the section [ - f’ is not vanishing
identically on W. By induction it follows that there is a Zariski-open dense subset
A C (P™)™ such that for each @ = (a1, ...,a;,) € A, the sequence ay - f/, ... an - f'
is a geometrically regular sequence on each component of X, |D fls |Del, and on the
support of [D¢]A[Dy].
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Since *(ay - f) = O ay- f', we have that [o- f] = me ([Dy] + [ f]) and if o € A,
in light of (3.4), thus
[z - flAlen - f] = m([DlAlan - f] + [az - fA[ea - f1]).

By induction,

(6.3) [ak- fIN---Aloa - f] =

me([DflAlag—1 - fIN- - Ao - £+ [aw - fIA- - Ao - f1]),
and so
(6.4) 1z[ak - fIA--- Aaa - f] = 7 ([Dy)A[ag—1 - I+ Nea - f1])
Here we have used that 1p, [ax - f]A---Alaq - f'] vanishes by Lemma 2.2, and that
(6.5) 1z (me7) = m(1p, 7).

For k= 0,1, (6.1) follows from (4.6), (4.7) and (6.4); in fact, the currents in (6.1)
coincide in these cases. Let us now assume that £ > 2. We claim that there is a
normal current Ay such that

(6.6) dd° Ay, = [Dg]/\wgfkfl/\[Df]/\(wl;fl — [og—1 - f/]/\ < Aoy - f’])

For £ =1,...,k, log|ay - f'|? defines a singular metric on L~! with first Chern form
[ag - f'], cf., (4.2), and thus [oy - f] is dd°-cohomologous to wy. More precisely,
co :=log(|f'|*/|ewe - f'|?) is a global current on X and wy — [ay - f'] = dd®cy. Now, let
k—1
Ar = [De]Awf ™ IADAND Wi T Acunaes - fIN- - Naa - f]
(=1
Then Ay is normal. Since «ay - f' does not vanish identically on any irreducible
component of (the support of) [D¢]A[D¢]Alag—1 - f/IA---Aaq - f'] it follows from
Lemma 3.1 and the discussion after the proof of that lemma that (6.6) holds. From
(the proof of) Proposition 5.3 and (6.4) we get

(6.7) dd°r (Ag) = (L(M]) = 0. (1z[ay. - fIA--- Alag - f])[z].
On the other hand, 7. A is a normal (n—1, n—1)-current, and so since it has support
at x, it vanishes according to Lemma 2.2. (|

Our next result concerns mean values of Bochner-Martinelli currents. In particu-
lar, it says that M7 can be represented as a mean value of Vogel cycles.

Theorem 6.2. Assume that f = (fo,..., fm) is a tuple of holomorphic functions on
X. Then

(6.8) M,{Z/ 1z[ag - fIN---Aar - f]
OCE(Pm)k
where Z = {f = 0}. Moreover, if v > min(m + 1,n + 1), then

(6.9) Mfz/ M I NS
a:(ah...,au)e(ﬂmm)y

For the proof we will use the following lemma which is a simple variant of Crofton’s
formula that should be well-known so we omit the proof, see also [5].
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Lemma 6.3. If ¢ is a non-vanishing holomorphic (m + 1)-tuple on X, then, in the
sense of currents,

/ 8- §ldo(8) = dd°log |62,
psepm

where do is the normalized Fubini-Study metric.

Proof of Theorem 6.2. We use the same notation as in the proof of Theorem 6.1. In
view of Lemma 6.3 and (4.2) we have that

(6.10) /5€pm 18- fldo(B) = wy.

Since all currents are positive we can apply Fubini’s theorem and get (6.8) from (6.4)
by repeated use of (6.10), cf., (4.7).
We now prove (6.9). By (4.6) and (4.7),

Mee = MeT 4+ M =10, + [ ).
As in the proof of Proposition 5.1 we get, for generic (aq,...,q,) € (P™)Y, that

MO I AT = gy fIA - Alan - fl 4 Txglaw - fIA Afad - f].
j=0
Moreover, it follows from (6.3) and (6.4) that
Ix\zlow - fIA - Ao - f] :W*([Oél,'f/] A Nlag - f’])

Hence, using (6.8) and Lemma 6.3, we conclude that
/ MovIn oAM= MT 4 o (ddtlog )P = MY
a=(a,....on)€(P™)

indeed, (dd®log|f’|?)” = 0 since v > min(m + 1,n + 1). O

By arguments as in the proof of Theorem 6.2 one can check that

O [ e fIn Al f) = Ly g )

7. PROOF OF THE GENERALIZED KING FORMULA (THEOREM 1.1)

Let X and J be as in Theorem 1.1 and let Z be the variety of J. The (Fulton-
MacPherson) distinguished varieties associated with J are defined in the following
way, cf., [9]: Let v: XT — X be the normalization of the blow-up of X along J and
let £/ be the exceptional divisor of v. Then Z; C X is a distinguished variety if it
is the image under v of an irreducible component of F. Let Z Jk be the distinguished
varieties of codimension k. Also, we define the irreducible components of X contained
in Z to be distinguished varieties (of codimension 0).

Let us first consider the case k = 0. By (5.11) we may assume that X is irreducible.
Then either 7 = (0) or Z is a proper subvariety of X. In the first case Mg =
Mg = 1x and if h is a Vogel sequence of 7, then necessarily h = (0,...,0) and so
Vh = Voh = X. In the second case M({ = 0 and if h is a Vogel sequence of J, then
Voh = XOZ =0, since X ¢ Z. It follows that Theorem 1.1 holds for k = 0.

Next, consider the case k > 1. Let 7: X — X be a normal modification such that

J Oy is principal. We use the notation from Section 4, so that M,{ = W*([D]/\wl;_l),
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where D = Dy. Moreover, we let DF denote the components of D that are mapped
to sets of codimension k£ in X. Note that D = DP 4+ ...+ D", if p = codim Z.

If £ > k, then W*([DZ]/\O.)’;_l) is a positive closed (k, k)-current with support on a
variety of codimension ¢ > k, and hence it must vanish in view of Lemma 2.2. Thus

(7.1) Ml =]+ N/,
where
(7.2) S/ =m (DY), N = w*(Z[Df]Aw';—l).

1<k

Note that Mg =0 for k < p and N}{ = 0. We claim that (7.1) is the Siu decompo-
sition of Mg, cf., Section 2.2. By Lemma 2.2, Sf: is the Lelong current of a cycle of

codimension k, so it is enough to show that IV ,f does not carry any mass on varieties
of codimension k. Let W C X be such a variety. By (6.5),

(7.3) Lwm([D)Awf ™) = 3 m Loy [DfAwh ),

where Dg are the irreducible components of D¢. Then, since ¢ < k, 7~ 1(W) does not
contain any component Df , thus each term in the right hand side of (7.3) vanishes,
and thus the claim follows.

Since (7.1) is the Siu decomposition of M,f , it follows that S,J: is independent of
7: X — X. If we take 7 to be the normalization of the blow-up of 7, we see that the
Z f in (1.5) has to be among the distinguished varieties of 7. By Proposition 5.3 (for
r = 1), the Lelong number of M. ,{ is an integer at each point, and since the Lelong
number of IV ,{ generically vanishes on each Z]]-“, we conclude that the Bf and £, (N kf )
are integers. That £, (N ,{ ) is an integer can also be seen directly by copying the proof
of Proposition 5.3. Moreover, cf., Proposition 5.4, 5]’? and EI(N,f) only depend on
the integral closure of J at .

We shall now see that the coeflicients 6]’? of the distinguished varieties are, in fact,
> 1, following the proof of Corollary 5.4.19, in [15]. The blow-up 77: Bly X — X
of X along J can be seen as the subvariety of X x P}* defined by the equations
tif —tif; =0, where 0 < j < k < m. Moreover, the line bundle associated with the
exceptional divisor is the pullback of Opr (—1) from P™ to Bly X, so w; = dd¢log |t]?
represents minus its first Chern class. This form is strictly positive on the fibers
of 77, and since the normalization X — BlsX is a finite map, the pullback w of
wy to X remains strictly positive on the fibers of v: X — X as well. Let E; be
one of the irreducible component of the exceptional divisor of v. We conclude that
vi([E;)AwF™1) is a positive integer times [Zf], where ZJ’?C = v(Ej). On the other
hand, this current is unaffected if we replace w by w; since these two forms are first
Chern forms of the same line bundle. It follows that B;? > 1.

We saw in the discussion after Theorem 6.1 that ¢, (M, ,f ) is equal to the k:th Segre
number of J at z. Next, we show that the fixed Vogel components of 7 are precisely
the S,J:. Fix a point z € X. As in proof of Theorem 6.1 we can construct, for & > 1
and a generic « € (P™)", a normal current A, with support on |[D*| such that

dd° Ay, = [Dk]/\([ak,1 . f/]/\ . '/\[041 . f/] —w’;_l)_
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Now 7. Ay is a normal (k — 1,k — 1)-current with support on U Zk, and thus it
vanishes by Lemma 2.2. It follows that m, ([D*|A[ag—_1 - f/]A- - Aleq - f1]) = S,J: and

hence S,{ occurs in a generic Vogel cycle at x, meaning that S,J: is a fixed Vogel cycle.
On the other hand, the cycles

(7.4) (Y [DYA[ak—1 - fIA -+ Ao - 1))

<k

must be moving. Indeed, by (the proof of) Theorem 6.2, taking mean values of (7.4)

over all a € (P™)*, we get the current N ,{ , which carries no mass on any variety of
codimension k, as seen above.

By arguments as in the proof of Theorem 6.1 one shows that for a generic choice
of a € (P™)*,

(7.5) Co(Lx\glaw - fIN-- Alan - f]) = (L z(dd° log | f*)F)

cf. (6.11). However, it follows from Proposition 3.4 that the left hand side of (7.5)
is equal to mg(x). This concludes the proof of Theorem 1.1.

Remark 7.1. One can see more directly that only the distinguished varieties occur
in Slf if S,J: is defined by (7.2) from an arbitrary normal modification 7: X - X. To
begin with, 7 factors over v, i.e., there exists a modification v: X — Xt such that
7 =vov. If wy is the form associated with 7 - Ox+ in X, then r*wy = wy.

Let D;? be an irreducible component of the divisor DF. Since ]Df\ c 7 1(2),
it follows that 17(|D§“]) is contained in one of the components Ej of E in X*. If

5(\Dﬂ) has codimension > 1 in F;, then ﬁ*([Df]/\wk_l) = (v [D;-“])/\wi_l vanishes by

f
Lemma 2.2. Hence m([D}“]/\wk_l) = y*ﬁ*([Df]/\wk_l) vanishes unless §(|Df|) = Ej,
in which case 7T(|Df|) is a distinguished variety. O
Assume that fo,..., fy,—1 is a regular sequence. From the theory for proper inter-

sections we know that

[fp—1]A => Bil%

where Z; are the irreducible components of Z = {f = 0}, and that the intersection
only depends on the ideal generated by the f;, cf., Remark 1.2. In particular, the
right hand side is unaffected if we replace f; by «; - f for generic a;. From (6.8) we
conclude that

(7.6) M = [fo—1]A -+ Alfo.

Proof of Corollary 1.3. If Z is smooth, then locally there are coordinates (z,w) so
that Z = {w; = --- = w, = 0}. In view of (7.6) we have that

M, = fwp]A - Nun] = [Z],

and hence fx(M;”) = 1for z € Z. If Z is reduced and f generates the ideal 7,
therefore £, (M, ) =1 for all smooth points z € Z in view of Proposition 5.4. From

Theorem 1.1 we know that MI{ = > Bj[Z;]. Since the smooth points are dense, we
conclude that §; =1 for each j. O
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8. THE MINIMALITY PROPERTY

Recall that the lezicographical order on RY is a total order, defined by (1, ..., 7xN) <iex
(y1,...,yn) if there is an 1 < ¢ < N such that x; = y; for i </ and z; < yp. We let
minje, denote the minimum with respect to the lexicographical order. We will now
give a proof that Tworzewski’s extended index of intersection coincides with the list
of Segre numbers. More precisely we will prove:

Theorem 8.1. Let J be a coherent ideal sheaf on X and let e(x) be the list of
associated Segre numbers at x. Then (1.3) holds, where the min, is taken over all
Vogel sequences h of ideals with the same integral closure as 7.

Moreover, if f is a tuple of generators of J (or any ideal with the same integral
clousure as J ) then it suffices to take the min;, over all Vogel sequences of the form
a-f=(aqr-f, - ,an-f), where « = (a1, ..., ap) € (P™)™.

As mentioned in the introduction, Theorem 8.1 is known in the case when J is the
pullback to X of the radical sheaf of a smooth manifold A in some ambient space.
For the proof of Theorem 8.1 we will need the following result; if Z is smooth this is
precisely Theorem 3.4 in [24].

Proposition 8.2. Assume that (W;)jen and W are subvarieties of X of pure di-
mension such that lim;_,o.[W;| = [W] as currents on X. Let Z be a fized subvariety
of X, let x© be a fixed point in Z, and assume that

(8.1) la(12[W]) < L(12[Wj)).

for all j. Then there is a neighborhood U of x in X, in which lim;_,~(12[W;]) =
12[W] and lim; (1 x7\ z[Wj]) = 1x\z[W].

Proof. Since the currents [WW;] are positive and locally uniformly bounded, so are
the currents 1z[W;]. Thus, there is a subsequence (1z[W;,])ken converging to a
positive closed current with support on W N Z. By Lemma 2.2 this current is the
integration current [V] for some effective cycle V' (with possibly real coefficients).
Since [W;] — 12[W;] is positive, so is [W] — [V] = limg([W},] — 12[W},]), and since
|V| C |Z|, it follows that

(82) V]=1z[V] < 12[W].
By (8.1) and semicontinuity, (2.1), we have that
be(12[W)) < Timsup(fo(12[Wye])) < L([V]) < Lo(12[W]).

Thus ¢;(1z[W]) = £x([V]), and combined with (8.2) and the fact that V' and W are
effective cycles, it follows that [V] = 1z[W] in some neighborhood of x.

Since each subsequence of (1z7[W;]);en has a subsequence that tends to 1z[WW], it
follows that lim; o (12[W;]) = 1z[W]. The last statement follows by complemen-
tarity. Il

Proof of Theorem 8.1. Since each Vogel sequence h can be realized as « - f for some
choice of f and qa, it is easy to check that the first statement follows from the second
one. Let f be a tuple of generators of 7. By definition, e(z) = mult,V*f for almost
all o, and thus it is enough to prove that e(x) <jex minex mult, Ve/ if a- f is a Vogel
sequence.

Suppose that e(z) Ljex mingex mult, V*/. Then there is an r and a Vogel sequence

a - f such that ex(x) = multhka'f for k <r —1 but multhra'f < ep(z). Since a - f
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is a Vogel sequence of J for a generic choice of a, we can choose (af) ey in (P™)"
such that (a’)jey — a and such that o/ - f is a Vogel sequence of J for each j, and
moreover, by Theorem 6.1, such that mult,V®'/ = e(z). It then follows that, for
k<r,

(8.3) Co(Lzln - N+ Alar - f]) < ex(x) = Lo(1z[og, - fIN---Aod - f]).
We claim that

(8.4) Jim [o - fJA - Alod - f] = [ fIA- Al f]
for k < r. For instance by [7, Chapter 2, Corollary 12.3.4], (8.4) holds for k = 1.
Assume now that it holds for £ < r. Then by (8.3) and Proposition 8.2,

(8.5) (1X\Z[Oéi SN Aled - f]) = 1x\zlag - fIN--- Alag - f].

lim

J]—00

Since a? - f and « - f are Vogel sequences, the currents in (8.5) intersect properly

with [0, - f] and [agy1 - f], respectively. In light of [7, Chapter 2, Corollary 12.3.4]

or [24, Theorem 3.6], (8.4) holds for k + 1, and the claim follows by induction.
Proposition 8.2 and (8.3) imply that

(3.6) tim (17l0] - fIA - Aled - 1) = Lzfar - fIA - Alaa - 1)

By semicontinuity, (2.1), the Lelong number of the right hand side of (8.6) is greater
than or equal to the Lelong number of 1z[cd - f]A--- Al - f]. Thus, mult, V;*f >
er(z), which gives a contradiction. Hence minye, mult, V7S = e(z). O

Given a positive closed current v, we define £;(v) := (£30, ..., {zn), Where £, de-
notes the Lelong number at x of the component of v of bidegree (k, k). If v and w are
positive and closed, we let v <, w mean that £;(v) <jex z(w), and v =, w means
that ¢;(v) = £y(w). Observe that if h is a Vogel sequence of an ideal J, then the
zero sets of h and 7, coincide. If fi,..., f, is Vogel sequence of an ideal 7, then in
view of Theorems 1.1 and 8.1 and Proposition 5.1, M¥ <, M»A ... AMT. In fact
we have:

Proposition 8.3. Let fi,...,fs be a sequence of elements in Ox, and let f =
(fi,---, fs). Then
(8.7) M <, MIsn.. AM

Proof. Let Z := {f = 0}. In order to prove (8.7), we proceed by induction on the
number s of functions. Clearly (8.7) holds for s = 1, so assume that it holds for s —1

instead of s. Let f := (fa,...,fs). By (5.11) we may assume that X is irreducible
and that f; does not vanish identically on X, so that M/t = le ' = [f1]; otherwise
M = Mgl =1y and M7 = Mf and we are back in the case s — 1.

Let [W] := [f1], and let iy, : W; < X be the irreducible components of WX\,
Theorem 6.1 asserts that for a generic choice of o € (P~2)"~! « - f is a Vo-
gel sequence® of j(z*WJf) and Man-1:Fp ... aMfer] =2 M7 on each Wj, so that

6If s = 2, then f = f and P° should be interpreted as {1}.
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Mon-1Fp - /\Mo‘l'f/\[WX\Z] =2 Mf/\[WX\Z], cf. the discussion after Lemma 2.2.
By the induction hypothesis

MINWXNE) <, MFA- - AMPA[WX\Z),
In view of (5.9) and (5.10), since [f1] = [WZ] + [W*X\?] and f vanishes on Z, we get
(8.8) Mon=vEp L AMOTAMT <) MEA- - AMPAMT

For a generic choice of «, the sequence f1,a; - f, ...,an_1 - f is a Vogel sequence of
J(f). Thus, by Theorem 8.1,

(8.9) Mf <, Man71~f~/\ e /\Mal'f/\Mfl'
Combining (8.8) and (8.9), we get (8.7).

9. AN INVARIANCE PROPERTY

We have the following invariance property of Segre numbers. In the setting when
J is the pullback to X of the radical sheaf of a smooth manifold in some ambient
space this was proved in [21, Section 5.

Proposition 9.1. Let J be an ideal sheaf on an analytic space X, let J' be the
pullback of J to X x Cy, under the projection (x,w) — x, and let i: X — X x C,
be the embedding x +— (x,0). Then

(9.1) ex(JT', X x {0},i(2)) = er(T, X, )
and
(9.2) err1(J + (W), X x Cy,i(z)) = (T, X, ).

For the proof we will use the following invariance of Bochner-Martinelli currents.

Lemma 9.2. Let f be a tuple of holomorphic functions on X and leti: X — X xCy
be the embedding x — (x,0). Then M(gf’w) =0 and

(9.3) M5 =i M, k> o.
Moreover, if W C X is an analytic variety,
(9.4) MIE'AW x {0}] = in (M AW)).

If we consider X as embedded in some larger analytic space X’ and i: X' —
X' x Cy, x> (2,0), then (9.3) reads
MIINIX x Cy] = in( M AIX]).
In particular, if f =0,
(9.5) MPAX x Cy) =i [X] = [X x {0}].
Proof. Let z be local coordinates on X. Since (z,w) — (f(2),w) does not vanish

identically on X x C,,, it follows that Méf w)

Let us now prove (9.3). First consider the case when & = 0. By (5.11) we may
assume that X is irreducible. Then either f = 0 on X or the zero set of f has at
least codimension 1 in X. In the first case
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In the latter case the zero set of (f,w) has at least codimension 2 on X x C,, and
and so both sides of (9.3) vanish by Lemma 2.2. Thus (9.3) holds for k = 0.

Next let 7: X — X be a smooth modification such that J - O  1s principal and
moreover f° is locally a monomial; use the notation from Section 4. Observe that
then 7 ®id,,: X xC,, = X x C,, is a smooth modification with the same properties.
It follows that it is enough to prove (9.3) in case X is smooth, J = (f°) is principal
and fY is (in local coordinates) a monomial.

In light of Section 4 we thus have to show that

(9.6)  2md) A S + [w*)*ADlog (| fI* + [w]*)A(dd® Log(|f[* + [w]?))*
is equal to [fO]A(ddlog |f'|)F 1 A[w] = Z*Mg when A = 0. Indeed, at A = 0, (9.6)

is equal to M,Ei’ilv) Note that (9.6) is locally integrable for Re A > 0. Moreover,
if ReA < 1, it is integrable in the w-direction and thus acts on forms that are just

bounded in the w-direction. Since M. ,gf_ql”) is of order zero and suppM k(;izf)) C {w =0},
it follows that to check the action of Méiqiv) on test forms, it is enough to consider

forms &(z, w) = £(z), where £(z) is any test form in X. However, after the (generically
1—1) change of variables fw = w, so that |f|?+|w|* = |f°[2(|f'|* +|w|?), the action
of (9.6) on ¢ is equal to

(2mi) ! / BN (F 2 + wl? Ad log | FOPAE log (2 + w]?)FAE(2).
Taking A = 0, we get
(9.7) / FIAE)A / (ddlog ([ + [w]?)".

z w
One can check that the inner integral in (9.7) is equal to (dd®log|f’|?)*~!, which
proves (9.3). Finally we prove (9.4). Let j : W < X. Then, using (5.9),
MIEINW x {0Y] = iy MITTEY — 4 5 M = 4 MIA[W].
U

Proof of Proposition 9.1. Since the pullback of J' to X ~ X x {0} is just 7, (9.1)
should be clear. More formally: Let f be a tuple that defines the ideal sheaf J in
X. Then f ®1 defines J' in X x C,, and

ex(T', X x {0}, 2) = L (M{®'A[X x {0}]) = .(M{A[X]) = ex(T, X, 2),
where we have used (9.4) for the second equality. This proves (9.1).
To see (9.2) notice that f,w defines J + (w) in X x C,. Thus, using (5.9) and
(9.3) we have

exr1(J + (w), X x Cy, (z,0)) = EI(Mgr’;”)/\[X x Cyl) = EI(M,f/\[X]) =ep(J, X, x).
(]

10. LOCAL INTERSECTION NUMBERS

Tworzewski’s original motivation for introducing the extended index of intersec-
tion was to understand intersection theory in the nonproper case. Let Zi,...,Z,
be subvarieties of a smooth manifold Y that do not necessarily intersect properly.



SEGRE NUMBERS, A GENERALIZED KING FORMULA, AND LOCAL INTERSECTIONS 23

A standard procedure to define an intersection product Zi---Z,. is to give some
reasonable meaning to the intersection

(10.1) A-Zy XX Zy,

where i: Y ~ A — Y x --- x Y is the diagonal in Y x --- x Y. In this way one is
reduced to the case of two varieties one of which is smooth.

Now assume that A, Z are subvarieties of Y, that A is smooth, and (initially) that
Z has pure dimension. Let J4 denote the radical sheaf of A, and also, for simplicity,
the pullback of J4 to Z. Following Tworzewski we define local intersection numbers

(102) gZ(szvx) = edimZ—Z(jszvx)
at x. If Z = 3 . a;Z;, where the Z; are pure dimensional, we set g¢(4,Z,x) :=
> ;0 9e(A, Zj, z). The change of indices is made so that ¢ corresponds to the generic

multiplicity of components of dimension £ of Vogel cycles. We will use the notation
A o Z for these lists of local intersection numbers, i.e.,

(103) Ao Z(l’) = (gdimZ(Aa Za x)v cee 791(A7 Za Q?), gO(A7 Za 'T))
The local multiplicities of intersection of general varieties Z1, ..., Z, are then
(10.4) eo(Z1y. . Zyrix) = go(A, Zy X - X Zypy (2. ..y )),

cf. [24, Section 6]. We will write
(105) Zl (R Z,,(x) = (EV(Zl, ey ZT; x), . ,61(Z1, ey ZT; :L'), Eo(Zl, ey ZT; .’E)),
where v is the dimension of the set-theoretical intersection Z1 N ---N Z,.

Note that the product Z; ¢ --- ¢ Z, by definition is commutative. It is also inde-

pendent of the manifold Y in the following sense: If ¢ : Y — Y is an embedding of
Y in a larger manifold Y, then

(10.6) Zyoeo0Zp(x) =uZ1) oo u(Z)(u(x)).

This follows from Proposition 9.1, see also [21, Section 5].
The next result, which relates the two local intersections (10.3) and (10.5), we
have not found in the literature.

Proposition 10.1. Assume that A, Z are subvarities of a manifold Y, and that A
1s smooth. Then
AoZ =AocZ.

In particular, if A and B are smooth submanifolds of Y, since A¢B is commutative,
it follows that Ao B = Bo A.

Proof. Fix z in Y. We may assume, without loss of generality, that Y = C. Choose
local coordinates z = (2,2”) on C so that A = {2z = 0}, and local coordinates
(z,w) on CN x CN. We will show that

(10.7) €(A,Z;2) = edim A+dimz—j (I, Z x A, x) = Kx(Mji;wA+dimZ_j/\[Z x Al),
cf. (5.9), coincides with

(10.8) 9i(A, Z, ) = edaim 2-j(Ta, Z,@) = bo( M 7N Z]).

Note that le_w/\[Z X A] = Mlgz’,z”—w”)/\[z X {wl = ()}] Let (z’,z”,w’,n”),
where 1/ = 2" — w”, be new coordinates on CV x CN. Then (9.3) implies that
MET) AZx{w = 0}] = i.MZ A[Zx {w = 0}], where i : C2NdmA <y c2

+dim A 22w 2! 2w
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Moreover, by (9.4), M A[Z x {w' = 0}] = j.Mf A[Z], where j : CY , — C2\dim4,
Hence

Mgi;nwA+dimz_j/\[Z x Al = i*j*MgimZ—j/\[Z]
and thus (10.7) is equal to (10.8). O

Example 10.2. If Z; intersect properly, then also (10.1) is a proper intersection and
it is well-known that Z; - - - Z, coincides with the intersection (10.1) (after identifying
Y ~ A). It follows that

ef(Zh SRR Z’I‘7 .Z') = multx(Zl to Z’V‘)

forx €|Zy---Z,| and ¢ = dim(Z; - - - Z,), and 0 otherwise, cf. [24, Theorem 6.5]. In
particular, if Z is a subvariety of the smooth manifold A, in view of (10.6),

(10.9) Ao Z(z) = (mult, Z,0,...,0).
U

In the nonproper case the classical intersection product Zj --- Z, in the sense of
Fulton, [9], cannot represent the local intersection multiplicities in any reasonable
sense. Indeed, in general Z; - - - Z,. is a cycle of codimension codim Z; +- - - +codim Z,,
determined modulo rational equivalence on Zy N ---N Z,.

Tworzewski, [24, Sections 5,6], proves that there is unique cycle Z; e ---e Z,, that
he calls the intersection product, such that

> multy(Zye---0Z) = ey, Zr;x)
k

14

for each point x, where the index k£ denotes the component of dimension k. By
definition this product respects the (sum of the) local intersection multiplicities, but
it does not respect Bezout’s formula in general. For instance, the self-intersection in
P2 of any smooth curve C is just C itself, and thus deg (C e C) # (deg C)? unless C
is a line.

In a forthcoming paper we will introduce, in the case Y = P, a global current that
represents, at each point, the local intersection multiplicities, and respects Bezout’s
formula, in a reasonable sense. It is obtained as the mean value of various Vogel
sequences, based on global variants of the ideas in Section 6 above.

11. EXAMPLES

Let us start by some computations of Bochner-Martinelli currents and Segre num-
bers. Our first example illustrates that the currents M7 in general depend on the set
of generators f although the Lelong numbers only depend on (the integral closure
of) the ideal generated by f, cf. Remark 1.2.

Ezample 11.1. Let us consider the primary ideal (x) in Ciy. We know from Corol-
lary 1.3 and Remark 1.2, respectively, that M{ = [z] and that M7 = 0. Let us
now consider the pair (z,zy) of generators for the same ideal. We first consider the
Vogel cycles obtained from generic linear combinations of these generators. Since
Z ={z =0} and [apz + aqzy] = [z(ao + a1y)] = [z] + [0 + a1y] we have that

1z[aoz + onzy] = [2]
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as expected, since [z] must be a fixed component in any Vogel cycle. A simple
computation yields that

1z[Box + Bray|A|aox + aqzy| = [z]Alag + o y]

for generic choices of a and 3, cf. Section 3. Thus the component of the Vogel cycle
of codimension 2 is non-vanishing for generic «, 5. Taking mean values over P! we
get, cf., Theorem 6.2,

dyNdy
m(L+ [y[?)*
Here we have used that with the generic parametrization C > t + [—t,1] € P!, we
have

ME™ = [a]A

dtAdt dyNdy
a—l—aydaozz/ y —tA = .
ften+ano(@ = | =t = o

Next we will discuss a simple example where a moving component occurs.

Ezample 11.2. Consider the tuple f = t3(t1,t2,t3) = t3t in X = C}, with zero
set Z = {t3 = 0}. We will compute the Segre numbers e;(0) = ex(J(f),C3,0),
k=0,1,2,3. Let a- f be a Vogel sequence of J(f) at 0 of the form oy - f,..., a3 f.

Let us compute the corresponding Vogel cycle V7. First note that X(‘)X \Z _ Xo=X.
Thus, by Proposition 3.4,

(X1 = MPCD = (1] + [ - ] = [XF] + (X,
Furthermore, using (3.3) and (3.4), we get
[Xo] = MPEZOANE D — [t A g - 1] + [ - A - ] = [XF] + (X3
and
[X3) = MPESIAMPBEZI AN OD = ([t5] + [a3 - 1)) Az - A - 1] = 2[0] = [XF],
for a generic a. Hence
VP = V] + (V'] + V] = [ta] + [ta]A[ow - 8] + 2[0]
and, in particular,
60(0) = 0, 81(0) = 1, 62(0) = 1, 63(0) = 2.

Observe that V{* and VJ are fixed, whereas VJ' is moving. A computation, using
Theorem 6.2 and Lemma 6.3, yields

M =0, M =[ts], M = [ts]nddlog(|t1|? + |t2]?), MI = 2[0].

The following simple lemma is useful for computations.

Lemma 11.3. Let X and X' be two analytic spaces of dimension n, let 7: X' — X
be a holomorphic map, and let f be a tuple of holomorphic functions on X. Assume
that T is proper, surjective, and generically r to 1. Then

(11.1) rMf =M
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Moreover, if € is a tuple that defines the mazimal ideal at x € X, then the Segre
numbers at x associated with J = J(f) on X are given by

(11.2) ex(r) =~ . MTEAM]

Proof. Since T*M’f)\ = M,I*f’)‘ if Re A > 0, we have that then

1 *
/ MMy = / M AT Y
X rJx

for test forms 1. Taking analytic continuations to A = 0, we get (11.1). In view of
Proposition 5.5 we have

‘/\:0 =

1 * *
- / MM Y

r

2
ex(x) = LM = /X MEA AMA

1

_ e g
m0 = 7“/;(/ M, S AM

O

In particular, it follows from Lemma 11.3 that

1 -
(11.3) mult, X = / M=~ [ MTE.
X rJx
Ezxample 11.4. Let r, s be relatively prime integers and consider the cusp X = {z] —
z5 = 0} in C2. Since we have the parametrization 7: ¢t — (¢5,¢") of X, using (11.3)
we get
multoX _ / M1(21,22) — Ml(ts,tT) _ Mfmin(s,‘r) _ min(s,r).

X C C
This multiplicity is of course well-known, and can be computed in various other
ways. O

We will now proceed with some computations of local intersection numbers.

Ezample 11.5. Let X = {zoa7" — 23 = 0} C C3, where m > 1, and let A = {x5 =
x3 = 0}. Since A is smooth and contained in X, and X is smooth outside the origin
in C3, we must have that A o X (z) = (multzA,0,...,0) for x # 0, cf., (10.9).

We shall now compute the local intersection numbers at 0. To this end we consider
a generic Vogel sequence of J4 on X at the origin and compute the corresponding
Vogel cycle. Let H; be a generic hyperplane that contains A, defined by h; =
axy—x3. Then X1 = H;-X is the curve {9z — (ax9)? = 0, axg—x3 = 0}. It follows
that X{l is equal to A, whereas XIZ\A is the curve {z7" — a?z9 = 0, azy — x3 = 0}.
Next, let hg = Bx9 — 3. Then Xo = Hy -X1X\A is the cycle {x3 = z2 = 0, z|* = 0}.
Since its support is contained in A, it is equal to X{‘ and it has order m at the origin.
We conclude that V* = A+m[0]. Thus ex(A, X,0) is equal to 1 when k = dim A = 1
and m when k = 0.

As an illustration, let us also compute €p(A, X,0) = ea(Ja,X,0) as the Le-
long number of a certain Bochner-Martinelli current. Notice that 7 : (t1,t2) —
(t2,12,¢7t5) is a surjective, generically 2 — 1, mapping C? — X. If i: X < C3 is the
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inclusion map we have by Lemma 11.3 that

ea(Ta, X,0) = Ex(MézQ’m)/\[X]) _ g M(gl"l73?27&?3)/\M2($27$3)/\[x2x71n _ .’E%] _
/)( M(gi*xl,i*xz,i*xg)/\MZ(i*xQ,i*xg) _ % . Mét%,t%,t{”tQ)/\MZ(t%,t{ntg)‘

t1,to

t2,t7t2)

According to Theorem 6.2, Mg(

[(Bt2 = t7") 2] A[(aty — 17" )ta]

for generic choices of a, § € C. For generic «, 3, using the new variables v; = t1,v2 =
ats — t°, we get

is the mean value of all

[Bt2 — 1" A[ats — 1"] = [B'v2 — o/v]"[A[va] = [07"]A[v2] = m[0]

for some o/, " € C. Since [(aty — t7")ta] = [to] + [at2 — 1], by (3.3) and (3.4), we
thus have that

[(Bt2 — t1")t2] Al(ata — t1")ta] = ([Bt2 — t1'] + [ta]) Alata — #]"] = 2m[0].

(t1,13,47"t2)

Now, M, = 1(9,0), 50 €0(A, X,0) = m as expected. a
The following example is related to Example 11.2 above.
Ezample 11.6. The mapping v: C} — CS defined by

(t1,ta, t3) = Y(t) = (t1, ta, tat, tata, 13, t3)

is proper and injective, so that X := (C3) is a subvariety of C®. Let A = {23 =
z4 = 25 = 26 = 0}. Then A is smooth and contained in X and, since X is smooth
outside 0, it follows from (10.9) that A ¢ X (z) = (mult;A4,0,...,0) for z # 0. We
want to determine the local intersection numbers e3_x(A, X,0) = ex(Ja,X,0) at
0. Since J4 has codimension 1 in X, ep(0) = 0. Moreover, by King’s formula,
M37*0%5% g a Lelong current on X, and at a point = # 0 we know that the Lelong
number is 1 if x € A and 0 otherwise. We conclude that M;***** = [A], and hence
e1(1) = multpA = 1. By Lemma 11.3,

ex(A, X, 0) :/

M’Y:Z /\M’Y* (23,24,25,26) _ M(t_l,t%tg)/\Mts(tl,tz,ts)
3—k k 3—k k ’
c? c?

where we have used that the ideal 4*z is generated by t1,to,t3, that the ideal v* 74
is generated by t3(t1, ta,t3), and that ex(A, X, 0) only depends on the ideals. In light
of Example 11.2 thus,

2
e3(A, X,0) = [ M) A[t5)ndde Tog [t = / M) Afts] AddE log [t2
Cc} c}
= M2 AddC log |2 = Lo(dd®log [t?) =1,
(C2
(t1,t2)
where t' = (t1,t2). To see the last equality, in view of Theorem 6.1, one can re-

place dd®log |t|? by a generic hyperplane [a - t]. In a similar way one concludes that
es3(A, X,0) =2. O
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