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ABSTRACT. We study the solvability in L? of the J-equation in a neighborhood of a
canonical singularity on a complex surface, a so-called du Val singularity. We get a quite
complete picture in case p = 2 for two natural closed extensions ds and 0, of 8. For 9,
we have solvability, whereas for d,, there is solvability if and only if a certain boundary
condition (x) is fulfilled at the singularity. Our main tool is certain integral operators for
solving d introduced by the first and fourth author, and we study mapping properties of
these operators at the singularity.

1. INTRODUCTION

The classical Dolbeault-Grothendieck lemma states that locally in C™ one can solve the
O-equation Ou = ¢ if ¢ is a d-closed (0,r)-form or current. One can obtain a solution u
by a Koppelman formula; then w is obtained through multiplication of ¢ with a smooth
form followed by convolution with an integrable form, the so-called Bochner-Martinelli
form. Thus one even gains some regularity; in particular, one can solve 0 in C*, LP, O,
Sobolev-spaces, etc, see, e.g., [Ra] or [LM]. On singular varieties this is not true in general.
There are smooth J-closed forms which have no local smooth d-potentials, see, e.g., [R1,
Beispiel 1.3.4] and [AS2, Example 1].

Solvability of the d-equation on singular varieties has been studied in various articles,
starting with among others [HP, PS|, and in recent years solvability in L? has been of
particular focus, see, e.g., [FOV, OV, R4]. There are known examples where the J-equation
is not locally solvable in L?, for example when p =1 or p = 2. On homogeneous varieties,
obstructions for solvability in LP have been described explicitly in [R3].

In this paper we study solvability in L? of the J-equation in a neighborhood of a canonical
singularity on a complex surface. On a surface a singularity is canonical if and only if it is a
rational double point. Such points are well-studied and have been classified a long time ago
as the so-called du Val singularities, see, e.g., the survey [D2]. The possible singularities are
of type A, n > 1, Dy, n >4, Fg, E7 and Eg, and can be realized as isolated hypersurface
singularities in C3.

Throughout the introduction, we assume that X is a surface with one isolated canonical
singularity. We will further assume that X = {f = 0} C €', where ' cc C? is an open
pseudoconvex set and f is holomorphic in a neighborhood of €' and that df # 0 on {f = 0}
except at the singular point, which we assume is 0.

Let Ogm be the d-operator on smooth (0, r)-forms which have support not intersecting

the singularity at the origin. We will consider two extensions of O, as a closed operator on

LP(X). One of them is the minimal closed extension, i.e., the strong extension 5§p ) of Osms

which is the graph closure of 9y, in Lf) ,.(X) x L) ., (X). That is, ¢ € Dom %) Lg . (X)
if and only if there is a sequence of smooth forms ¢; € L&r(X) with supp ¢; N {0} =0
such that

i =@ in Lg(X), Op;—dp in L, (X).

Date: April 3, 2019.

2000 Mathematics Subject Classification. 32A26, 32A27, 32B15, 32C30, 32WO05.

Key words and phrases. Cauchy-Riemann equations, canonical surface, Koppelman formulas, LP-
estimates, singular complex spaces.



2 M. ANDERSSON, R. LARKANG, J. RUPPENTHAL, H. SAMUELSSON KALM, AND E. WULCAN

The other extension is the maximal closed extension, i.e., the weak 9-operator 58’ ), so that

¢ € Dom P L (X) if and only if Op € LP(X)'. When it is clear from the context, we

will drop the superscript (p) in aSp ) and 58’ ),

Let wy be the Poincaré residue of dzyAdzeAdz3/f. It is an intrinsic O-closed meromor-
phic (2,0)-form on X that is holomorphic outside of 0. We will see below (Proposition 3.3
and Corollary 3.5) that there is a number 2 < ¢(X) < 4 such that wx € L(X) for
g < q(X). Let p(X) be the dual exponent of ¢(X) and let

X 4p(X)
R S)

Notice that 4/3 < p(X) < 2 and 2 < p(X) < 4. For precise definitions of LP-forms and
C*-forms on X, see Section 2.1.
In our results, we have the following condition:
If ¢ is a (0,1)-form in Domég), where p(X) < p < oo, then it is said to satisfy the
condition (x) if
lim wx ANOxr A =0 (%)
k—oo Jx
for some sequence of cut-off functions {xx}i, where each xy is 1 in a neighborhood of 0
and the support of xi approaches {0} when k — oco.
This condition is independent of the sequence of cut-off functions, see Section 4.1, and
is thus a kind of boundary condition at {0}. If ¢ is O-closed, as in the following theorem,
by Stokes’ theorem the condition (*) means that

/ WwxANIXAp=0 (1.1)
X
for some smooth cutoff function x that is 1 in a neighborhood of 0.

Theorem 1.1. Let X be a surface as above with an isolated canonical singularity at 0.
(i) Assume that p(X) < p < 4. If ¢ is a Ds-closed (0,7)-form in LP(X), r = 1,2, then
there is u in the domain of 5§p) in a neighborhood of 0 such that Osu = .

(it) Assume that p(X) < p < oo. If ¢ is a dy-closed (0,1)-form in LP(X), then there is a
solution in LP to Oyu = ¢ in a neighborhood of 0. If p = oo, then one can choose u in C¢
fora <4/p(X) —2. If ¢ is a (0,2)-form the same holds for p(X) < p < co.

(iii) Assume that p(X) < p < p(X). If ¢ is a Oy-closed (0,1)-form in LP(X), then there is
a solution in LP to Oy,u = @ in a neighborhood of 0 if and only if ¢ satisfies the condition

().

Notice that if d,u = ¢, then (1.1) follows from Stokes’ theorem since wxAdx is a O-
closed smooth form with compact support. Thus the condition (%) is necessary in the
theorem. It turns out that (x) is automatically fulfilled when p(X) < p < oo, see the
comment after the proof of Theorem 1.5. In Section 5 we study the condition () explicitly
for the various types of canonical singularities. Theorem 5.1 asserts that in the case of a
singularity of type A,, n > 1, any form ¢ € Domd, C L&T(X) satisfies (). For each
of the other singularities, that is, of type D,,, n > 4, Fg, E7 and Eg, however, there is
a (0,1)-form ¢ € kerd,, C L?(X) such that the equation d,u = ¢ has no solution in a
neighborhood of 0, see Theorem 5.6. It follows that for these ¢ the condition (x) is not
satisfied.

IThis is what we take as definition of % on X. However, to be precise, this definition only coincides
with the maximal closed extension of dsm, for p > 4/3, which is the only case of interest to us. In general,
that ¢ lies in the domain of the maximal closed extension of Osm means that &0\;(“5, € L?(Xyeg). When
p > 4/3, it then follows that dp € LP(X), see [R2, Satz 4.3.3].
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To the best of our knowledge, the only known cases of Theorem 1.1 for general surfaces
with canonical singularities are the following: Part (i) for p = 2 was proven in [R5, Corol-
lary 1.3]. Part (ii) for p = 2 and (0, 2)-forms was proven in [OR, Theorem 4.3], which
builds on the vanishing result from [S]. Some weaker versions of part (ii) are known as
well. For ¢ with compact support, it was proven that one can find solutions in LP (for
arbitrary p) or with C%-estimates in [RZ]. Moreover, for continuous (0, 1)-forms ¢ with
compact support, C%estimates for solutions were obtained in [AZ1, AZ2].

Various results are known for the A;-singularity, as is detailed in the introduction of
[LR1]. That there are obstructions to solving 0, in L? on the Dy-singularity was proven
in [P, Proposition 4.13].

As mentioned above, a large part of the study of the J-equation on singular varieties has
been restricted to L2-spaces. Integral formulas open up for new results about solvability
in LP-spaces for p # 2, as well as other norms. For the proof of Theorem 1.1 our main tool
is an integral operator introduced in [AS1, AS2]. Keeping the notation above, let Q cC Q'
be an open set containing 0 and let D = X N ). There is an operator K: Coofjn(X) —
C55—1(D\ {0}) r = 1,2, such that

0= 0Kp+Koyp (1.2)

on D\ {0}. The operator is given by an intrinsic integral kernel K (¢, z) on X x D\ {0} that
contains the Poincaré residue wx as a factor in the first variable. In [AS2] it was proved
that IC and (1.2) can be extended to certain fine sheaves A’y of currents defined across 0
and coinciding with Cg5. outside 0, so that Ou = ¢ is solvable in Ax as soon as dp = 0.

In order to prove Theorem 1.1 we have to extend K and (1.2) to LP. To this end we first
consider mapping properties of K.

Theorem 1.2. The integral operator K extends to compact operators
K: L&T(X) — Lgﬂn_l(D)7 p(X) <p< oo (1.3)
and

K: LE(X) = C5,_y(D), 0<a<4/p(X)—2. (1.4)

Since the sheaves Ay are quite implicitly defined and its sections must have singularities
at Xging in general, it is interesting to note the following consequence of (1.4).

Corollary 1.3. For X as above we have that
% CCX o 0<a<4/p(X)-2.

In order to obtain solutions to the ds-equation in LP we extend (1.2) by approximating

¢ by smooth forms with support away from 0. If ¢ is in the domain of 5§p ), it follows that
(1.2) holds, so if dp = 0 we get the solution u = Ky to du = ¢. The problem is to see that

u is in the domain of éﬁp ). This is “harder” for large p and our upper bound is 4.

Theorem 1.4. Assume that p(X) < p < 4. If ¢ € Domd¥) L§ (X), then Ko €
Doméﬁp) and
©0(2) = 0sKp(2) + Kdsp(z), r=1,2. (1.5)

In case of 9, we have basically the opposite problem. Since a priori we have no ap-
proximation by smooth forms with support away from the origin it is "harder” to obtain
the extension of (1.2) for small p, while it then directly follows from Theorem 1.2 that the
solution is in the domain of 9.

Theorem 1.5. Assume that p(X) < p < co. If ¢ € Dom 8 ¢ L§ 5(X), then Ko €

Dom&(f) and B B
¢(2) = 0uKp(2) + Kowep(2). (1.6)
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The same holds for ¢ € Dom 0% ¢ Lo (X) if p(X) <p < oo. Ifp(X) <p < p(X), and
in addition ¢ satisfies the condition (%), then the same conclusion holds.

Notice that Theorem 1.1 follows from Theorems 1.2, 1.4 and 1.5 and the discussion about
the necessity of the condition () after the theorem.

Notice that if ¢ is a d-closed (0, 1)-form with compact support then it automatically
satisfies (x), and so we can solve J,u = ¢ in LP if p(X) < p < co. By means of a slight
variation of the operator I, introduced in [AS1], one can even get a solution with compact
support. In case ¢ is a (0,2)-form in LP(X) with compact support and p(X) < p < oo,
then there is a solution with compact support if and only if

/ oA hwx =0 for all h € O(X), (1.7)
X
see Theorem 4.2 below.

Our interest in canonical singularities is partly motivated by the earlier works [LRI,
LR2], where similar results as above are studied for affine cones over projective complete
intersections. The results about solvability in L? obtained in these articles are in case the
degree of these homogeneous varieties is small enough. Here, it is interesting to note that
the degree is small if the singularities are mild in the sense of the minimal model program.
It turned out that positive results about solvability in L? hold precisely for the varieties
with canonical singularities, see [LR2].

The results in this article overlap with results from [LR1, LR2| only in the case of the
Aj-singularity, where in [LR1, LR2], it was shown that the 0,,- and ds-equations are locally
solvable in LP unconditionally for p in certain intervals. On a general canonical surface,
as studied in this article, solvability depends on the condition (*). The main novelty is
the understanding of this condition and a quite sharp non-trivial estimate of the integral
kernels from [AS2] on such a surface. The final estimate of the integral operators is done
along the same lines as in [LR1, LR2].

We now consider the case of functions. There is an integral operator P: Cgo(X) — O(D)
in [AS1, AS2] such that
0 =Ko+ Py (1.8)
on D\ {0}. In order to formulate the following result about extension of (1.8) to LP we
need a condition (k) for functions ¢ that is explained in Section 4.2 below.

Theorem 1.6. Let X be as above. Then the operator P extends to a compact operator
P Lgo(X) = O(D) for1<p<oo. Ifpe Dom &%) C Lg o(X) where p(X) < p < 4, then

(1.8) holds. This equality also holds if ¢ € Dom 8P ¢ L§ o(X) and either p(X) < p < oo
or p(X) <p < p(X) and ¢ satisfies the condition ().

The present paper is organised as follows. After providing some preliminaries in Sec-
tion 2, in Section 3 we recall the integral formulas from [AS1, AS2], analyse their integral
kernels and prove Theorem 1.2 and its corollary. Section 4 is devoted to O-homotopy for-
mulas and proofs of Theorems 1.4, 1.5 and 1.6 and also to a discussion of condition (x).
We also include a discussion of the domain of the dx-operator from [AS2] and prove that
Ky € Dom Oy for certain ¢ € Dom s, see Theorem 4.3. In Section 5 we characterize
the du Val singularities with respect to (x). Finally we recall some integral estimates on
singular varieties from [LR2] in an appendix, Section 6.

2. PRELIMINARIES

In this section we specify the spaces of differential forms that we consider and explain
some basic tools. Throughout the section i: X < €' C CV is an analytic variety of pure
dimension n, and D CC X is an open subset of X.
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2.1. C“- and LP-forms on an analytic variety. Let 1 <p < 0co. Since D* := DN X,¢q
is a submanifold of some open subset of CV, it inherits a Hermitian metric from CV. We
say that a (0,7)-form ¢ is in L{, (D) if ¢|p- is in L. (D*) with respect to the induced
volume form dVx. When it is clear from the context, we will drop the subscript in Lg}T(D).

It will be convenient to represent (0, r)-forms on X in a certain “minimal” manner: Any
(0,7)-form ¢ on D* can be written (uniquely) in the form

o= erdz, (2.1)

| I|=r

where dzy = dz;, A--- Ndz;, if I = {i1,...,i,}, such that

plP(2) =27 ) lerl?(2) (2.2)

at each point z € D*. In fact, one starts with any representation and then at each point
takes the orthogonal projection of the form onto A" T*D*  see, e.g., [R2, Lemma 2.2.1].
In particular, then ¢ € Lf (D) if and only if o7 € LP(D) for all I. If one has an arbitrary
representation of ¢ of the form (2.1), then

ol?(z) <27 lerl(2), (2.3)
and so, in general, ¢ € Lg (D) if ¢; € LP(D) for all I.

Recall that a form ¢ on D is in C*(D), 0 < k < oo, if (locally) it is the pullback
of a C*-form in ambient space; i.e., there exists a representation (2.1) such that all the
coefficients (locally) admit C*-extensions to a neighborhood of D. For 0 < a < 1, we say
that a (0, r)-form ¢ on D is C¢ if locally on D there is a representation (2.1) such that all
the coefficients ¢ are C'%, i.e., Hélder continuous with exponent «, on D. It is well-known,
that a function that is C® on D has a C*-extension to ambient space, see, e.g., [M]. Thus a
form ¢ on D is in C“ if and only if it is the pull-back to D of a C'*-form in ambient space.
Notice that C1(D) c C*(D) for all a < 1. For a = 1, we denote the Lipschitz continuous
functions by C%!(D) in order to avoid conflict of notation with continuously differentiable
functions.

It is not hard to check that these definitions are independent of the choice of embedding
of X, and hence are intrinsic notions on X. Fix an embedding D — Q C CV. We can then
define the Holder-norm

lollz = inf2" ) [lerl2, (2.4)

of a form ¢ on D, where the infimum runs over all representations (2.1) of ¢ in ambient
space, and the norms on the right hand side of (2.4) are over D. This norm is, up to
constants, independent of the embedding.

Remark 2.1. Regularity properties of ¢ like smoothness, Holder continuity etc, will be
reflected by the coefficients on D* in the minimal representation (2.2) above. However,
even if ¢ is smooth across the singularity, the coefficients in the minimal representation
may be discontinuous there. O

Using the minimal representation (2.2), and the inequality (2.3) for not necessarily min-
imal representations, and the analogous inequality for Holder norms, we get the following
lemma.

Lemma 2.2. If K is an integral operator mapping (0, r)-forms in ¢ to (0,r — 1)-forms in
z, defined by an integral kernel

K(¢ 2) = > Kr,5,0(¢, 2)dzr AdCy A dCy,
|L|=n,|I|=r—1,|J|=n—r
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then K is a bounded linear map Lg .(X) — Ly, (D) if

F(Q) /X K102(C.2) F(Q)dVx (0)

is a bounded linear map LP(X) — LP(D), and a bounded linear map L§5.(X) — Cg,_1(D)
if

£ [ Kiaal6 25OV (©)
is a bounded linear map L (X) — C*(D).

2.2. Cut-off functions. We will use the following cut-off functions to approximate forms
by forms with support away from isolated singularities. As in the proof of Proposition 3.3
in [PS], let pr : R — [0,1], £ > 1, be smooth cut-off functions satisfying

_ 17'%'Sk7
pk’(m)_ 0, x> k+1,

and |p},| < 2. Moreover, let 7 : Ry — [0,1/2] be a smooth increasing function such that
| =, x <1/4,
r(z) = { 1/2, x>3/4,

and || < 1. As cut-off functions we will use ,(¢) := pi(log(—log7(|¢]))) on X if X has
an isolated singularity at 0. Note that there is a constant C' such that

N S)
98O < €l og

where yj, is the characteristic function of [e=¢""", e=¢"].

: (2.5)

Lemma 2.3. [LR2, Lemma 5.1] Let ¢ € Lg, (D) with Owp € Lg:rH(D), where 52 <

p<ooandl <p <oo. Let g, := upp and define 1 < X\ < 2n by the relation
! ! + ! (2.6)
A p o 2n ’

If v = min{\,p'}, then ¢, — ¢ in Lg’r(D), 0o — Owp in L&TH(D).

2.3. On the domain of the J,-operator.

Lemma 2.4. [LR2, Lemma 5.2] Assume that X has an isolated singularity at 0 € D and
that D has smooth boundary. Let 1 < p < 2n and let ¢ € LST(D) such that ¢ € Dom 51(5’).

Then ¢ € Dom 5§p) if and only if there exists a sequence of bounded forms p; € L&OT(D),

vj € Dom 51(}?), such that

pj =@ in Ly, (D), Ouwpj— Owp in L, (D). (2.7)

3. INTEGRAL OPERATORS ON SURFACES WITH CANONICAL SINGULARITIES

3.1. The Koppelman integral kernels for a hypersurface. Let us recall the definition
of the Koppelman integral operators from [AS2] in the situation of a hypersurface i: X C
Q' c C"*! defined by X = {¢ € '; f(¢) = 0}, where f is a holomorphic function on €/
and df is non-vanishing on X,.4, where € is pseudoconvex. Let Q CC €’ be an open set
and let D := X NQ.

Let wx be the Poincaré residue of the meromorphic form d¢; A...Ad(,+1/f. This means
that wx is the unique meromorphic (n,0)-form on X such that

df Nwx =2midC N -+ ANdCpy1- (3.1)

In [AS2, Section 3] so-called structure forms were introduced as generalizations of the
Poincaré residue for more general X; we will therefore refer to wx as the structure form
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on X. Recall that 1/f and wy define principal value currents on €' and X, respectively.
Identifying these with their respective currents, wx can be defined as the unique current
such that

LaWx = 5}/\d§1 A AdCog-

For coordinates ¢ = (1, .., (nt1) such that 0 f/0¢; is generically non-vanishing on X4,

wyx is the pull-back of
dCo N oo NdCpa1

271 3.2
TIES (32
to X. Alternatively, letting
n+1 E a
¥ = 2mi —, 3.3
2GR aG (33)

where f; = 0f/0(, we have that wx is realised as the pull-back to X of 91d(i A« - - Ad(p1.
Here, the norm |0f| is computed in C", i.e., |02 = 3| f/|*.

Let n; = (; — z; and let 0, be interior multiplication by 2mi ) 7,;0/09¢;. We will consider
forms with anti-holomorphic differentials of both ¢ and z but only holomorphic differentials
with respect to ¢. The (full) Bochner-Martinelli form is B := b + bAOb + - - - + bA(Ib)™,
where
1 mdG+ ..+ g1dGaga 1 7-d¢

b:= = .
271 In|? 2 |n|?

Notice that

, Spk—1 1 q7-d¢A(dignd)s! 2%—1
By, := bA(Ob) = @)k P = O(1/n| ), (3.4)
where dipAd( = diAdC1 + - - - + dijpn1 A dCrt1.-
A smooth form g = goo + -+ + gn+1,n+1 0 Q' x @', here lower indices denote bidegree,
is a weight with respect to Q if (5, — )g = 0 and goo(2,2) = 1 for 2 € Q. We say that g
is holomorphic with respect to z if the coefficients are holomorphic in z and there are no
anti-holomorphic differentials with respect to z.

Ezample 3.1 (Holomorphic weights with compact support). Let x = x({) be a cut-off
function with compact support in Q' which is 1 in a Stein neighborhood " ccC €' of Q.
Moreover, let s(¢,2) = 3. s;(¢, 2)d¢; be a (1,0)-form defined for ¢ € suppdx and z € Q,
such that d,s =1 and s is smooth in ¢ and holomorphic in z. Such an s exists since Q" is
Stein in . Then
g:=X—0XA (s+sA(0s) + -+ sA(Ds)")

is a weight in €’ x Q' with respect to Q2 that has compact support in Q/C and is holomorphic
with respect to z. If Q is the unit ball in C"*! we can choose

s = Z-d(i .
2mi(|¢12 = - 2)

O

A holomorphic (1,0)-form h = hyd(y + - -+ 4+ hpt1dCur1 in Q' x Q' is a Hefer form for f
if 0,h = f(¢) — f(2). Since h;(¢,¢) = (2mi)~10f/d¢; it follows that

h(¢,2) = (2mi) 1 df (C) + O(nl), (3.5)

where O(|n|) is a holomorphic 1-form with coefficients in the ideal generated by 11, ..., Np41.

Let h be such a Hefer form and let g be a weight as in Example 3.1. We can then define

an integral operator K that acts on forms on X and produces forms on D = X N in the
following way: We let

Ke)() = [ K(¢2) Ap(Q), (3.6)

X¢
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where the kernel has the form
K(¢2) =wx(Q) AK(C,2), (3.7)

dG A ANdCus1 NK(C,2) =h A (g AB)p,

and (g A B),, denotes the components of g A B of bidegree (n, %), cf. [AS2, Section 8]. It
follows that K(¢,z) = ¥13(h A (g A B)n) and so, in view of (3.3), (3.4), and (3.5) we get
that

K((z2) = <(df/2772+0!?7 AZ% (C:2) ||zn)

= da|df/2mi N g ¢i(C,2) ’2n +di A ANdGugr A E bij (C, 2 |771’77]
i f/fk 77177]
aijk(ga ) 2n /\ b’L] C7 m?
2o &AL BROR 2l

where the ¢; and the a;j;, are smooth (n,*)-forms and the b;; are smooth (0, *)-forms. We
have thus shown

Proposition 3.2. We can write K = IC1 + Ka, where K1 and Ko are defined by integral
kernels k1 and ko, respectively, that are sums of terms of the form

7 PO

a(C, 2 ; 3.8
A EarP 35
and _

(G 2) A wx Q) (3.9)

respectively, where a((, z) and b(¢, z) are smooth on X x D.

We also need to consider the projection operator P, which is defined by
P = [ P A, (3.10)
¢

where the integral kernel P((, z) is defined in a similar way to (3.7). Namely,
P(¢,2) = wx(¢) A P(C, 2),

where

P(C’Z) A dGy /\"'/\an-i-l = h/\gn,na
cf. [AS2, (5.5)]. Notice that since h and g are smooth, P is smooth, and so |P(C,z)| <
lwx (¢)]. If X has an isolated singularity in € and we choose g according to Example 3.1,
then for each z, ¢ — ¢n.n(C, 2) is supported away from X, and the corresponding P is
then smooth in ¢ and holomorphic in z.

3.2. L**-property of the structure form for a canonical hypersurface.

Proposition 3.3. Let i: Y — Q C C"" be a hypersurface with canonical singularities
and X CC Y. Then there exists a real number q(X) > 2 such that wy € LY(X) for
1 <q < q(X), where wy is the structure form of Y.

Proof. We denote by wy- Grothendieck’s dualizing sheaf (sometimes also called the sheaf
of Barlet-Henkin-Passare holomorphic n-forms on Y'). As Y is a hypersurface, in particular
Cohen-Macaulay, Wy is a locally free Oy-module of rank one, and the structure form wy
is a generator of WY, see, e.g., [AS2] and (3.2).

Let 7 : M — Y be a resolution of singularities such that the exceptional divisor has
only normal crossings. Since Y has canonical singularities, m*wy extends across 7r_1YSmg
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to a holomorphic n-form on M. Pick any Hermitian metric on M and let dVj; be the
corresponding volume form. Then i"QW*wy AT *wy = AdVys for some smooth non-negative
function A on M.

Let s be local coordinates on M and let dVy = (i/2)"ds1AdSiA ... Adsp,AdS,,. Then
dVs = BdV)y; for some smooth positive function B. Let w = i o 7, where i is the inclusion
Y < Q C C""1. Then, on M \ 7 Yyng, s — w@(s) is a local parametrization of Y., C
Q and it is well-known that 7*dVy = det HdV,, where H = !'Jacw - Jacw > 0 and
Jacw = (8731//35#)1,’” is the Jacobian matrix of w. Notice that det H is a non-negative

real-analytic function that vanishes precisely on 7T_1Ysmg. It follows that (det H )_6/ 2 is
locally integrable with respect to dV}s for some € > 0. We now get

7*dVy = det HdVs = det HBdVy; =: CdV)y.
Thus C is a globally defined function and each point in Y has a neighborhood where C~
is integrable for some € > 0. Since 77'X CC M, there is an €(X) > 0 such that C~/2 is
integrable on 771X for all € < €(X).
Recall that |wy|?dVy = i”2wY A Wy. Pulling back to M we get 7*|wy |2CdVyy = AdViy
and thus 7*|wy|?> = AC~!. Hence

€/2

/Iwy\qdvy / AY2C=2H gy, < 0o (3.11)
-1x

as long as ¢ — 2 < €(X), and so we may take ¢(X) =2 + ¢(X). O

Lemma 3.4. Let Y C Q C C3 be a hypersurface with an isolated canonical singularity, and
let X and q(X) be as in Proposition 3.3. Then q(X) < 2+ %, where m is the mazimum of
the multiplicities of the divisors in the unreduced exceptional divisor in a minimal resolution
of singularities of Y.

Proof. Assume that Y = {f = 0} € Q C C3, and that Y has an isolated singularity at
z = 0. Then we claim that on Y.,

wy | = s (3.12)

Ié’f\
for some constant ¢, where as above the norm |wy| is with respect to the norm on Y;¢4
induced by the norm on C3, while |0f]| is with respect to the norm on C3. Indeed, for any
(2,0)-form a on Y;.cq, one has the formula

la AN Of|es
’a‘Yreg = )
0flcs
and thus (3.12) follows from (3.1).

Let A and C be as in the proof of Proposition 3.3. Let 7 : M — Y be a minimal
resolution of singularities of Y. This resolution is crepant, i.e., 7T*Cd2y = w%/[, see for
example [I, Theorem 7.5.1]. Thus, the function A is strictly positive.

Since Y has an isolated singularity at 0, |0f] < |z|, so by (3.12), |wy| 2 1/|z|. Since A
is strictly positive, 7*|wy| ~ C~1/2, and it thus follows from (3.11) that for ¢ > 2,

1
/ \WY|quYZ/ ——— 4V
X a-1x TF|2[172

If Z; is an irreducible component of the unreduced exceptional divisor Z, and Z; has
multiplicity m;, then 7*|z|? vanishes to order 2m; along Z;, and thus, in order for the
integral on the right-hand side to be finite, we must have that m;(¢—2) < 2 for all m;. O

In combination with a calculation of the multiplicities as in for example [I, Example 7.2.5]
or [BPV, Proposition 3.8], we obtain the following corollary.

Corollary 3.5. If Y is a surface with an isolated Ay, D.,, Eg, E7 or Eg-singularity, and
X CCY, then q(X) is at most 4, 3, 2+ 2/3, 2+ 1/2 or 2+ 1/3, respectively.
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In particular, we always have that ¢(X) < 4, so p(X) > 4/3 for all surfaces with canonical
singularities.

3.3. Mapping properties of K.

Proof of the LP mapping properties in Theorem 1.2. By Proposition 3.2 we have the de-
composition K((, z) = k1((, z) + ka2(¢, z), where

1 A
A o kiR =ex(O A 0

where (¢, 2) is bounded. By Lemma 6.3, k1 is uniformly integrable over X in ¢ as well as
in z, and so K1 maps LP(X) — LP(D) continuously for all 1 < p < oo by the generalized
Young inequality, [Ra, Appendix B] and Lemma 2.2.

Note that we can then decompose Ky into the consecutive application of two operators

Q) = e Awx() — / ) Awx (¢ |C(E’z|)2 (3.13)
To analyse this chain, choose 2 < ¢ < ¢(X) so that wx € L9(X). By Hélder’s inequality,
the operator ¢ — ¢ A wyx maps LP(X) — L*(X) continuously for 1 < a < oo defined by
1/a=1/p+1/q (for pso that 1/p+1/q <1).

The second operator in (3.13) can again be analysed by the generalised Young inequality.
By Lemma 6.3, |¢ — 2|72 € L*(X) in ¢ and in z for all s < 2, in particular for s defined by
1/s+1/q =1, since ¢ > 2. Then, since 1/p=1/a—1/q=1/a+ 1/s — 1, it follows from
the generalised Young inequality, [Ra, Appendix B], that

“”H/ rc—z|)2

maps L*(X) — LP(D) continuously. Combining, we see that the composed operator (3.13)
given by the kernel k3 is a bounded mapping LP(X) — LP(D) for any p such that 1/p +
1/q < 1. Thus K is a bounded mapping LP(X) — LP(D) for all p(X) < p < oc.

The kernel k; is integrable in both variables, and by truncating it, we get a bounded
kernel corresponding to a compact operator; by standard arguments, cf., for example [Ra,
Appendix C], this converges to K;, and it is thus a compact operator. If we decompose
the operator Ko as in (3.13), the same holds for the right-most operator, and thus also K2
is compact. O

Proof of the C* mapping properties in Theorem 1.2. Let us first consider the operator K.
Note that for v = 1,2, k,, (¢, 2)p(¢) is a sum of terms of the form K.,(¢, 2)¢' (Q)d¢rAdCy NdZk
and K,¢(z) is a sum of terms (K,¢) (2)dzx = [k,((,2)¢'(C)d¢r A dCy A dZk, where
K, (¢, 2), ¢ (), and (K,p)'(2) are functions. Using that

[(K) o(2) — (Ko) o(w)| < 19|l / 1k, (C, 2) — Ky, (G w)l,
it follows that C, maps into C¢ if
J IR 2) = K¢ wl S 1z - wl (3.14)
for each k..

For v = 1, we may assume that k; is of the form (3.8). Then k] is a sum of functions of
the form (3.8) with a((, ) replaced by one of its coefficients a’((, z). We may assume that
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K} is one such function; then

/ kLG, 2) — KL (Cow)| < / 6/(¢, 2) — a/(¢, w)|

FOf©)
+ [l “ ) oo

Since a((, z) depends smoothly on z, we may assume that |a'(¢, 2) —d'((,w)| < |z —w|, and
since the remaining integrand in 1 (z, w) is integrable in ¢ by Lemma 6.3, I;(z,w) < |z—w|.
The integrand in Is(z,w) is bounded by a constant times

G—zi  G—w
C—2* [¢—w/
and by the same argument as for the Bochner-Martinelli kernel on C2, see, e.g., [LT,
Proposition II1.2.1], and using Lemma 6.3, one obtains that Is(z,w) < |z — w|® for any
a < 1, and thus Ky is C for any a < 1.
We next consider ko. As above it is enough to consider one of the coefficients
b (¢, z)wh ( )77117]/|77|4 of one of the terms (3.9). In view of (2.2) we can choose the co-
efficient w' of wx in L7 for 1 < g < ¢(X). We divide the domain of integration X into

Dy =X rjB\z—w|/2(z)v Dy =X mB\z—w|/2(w)7 and D3:=X \ (Dl UD2)7

G — = SO

=2 10FOF | T

=: I1(z,w) + I2(z,w),

I

where B,(z) denotes a ball of radius r centered at z. We choose 2 < ¢ < ¢(X) and let
p=¢q/(q—1) < 2 be the dual exponent. Since ¢(X) < 4 by Corollary 3.5, p > 4/3. Using
Holder’s inequality and Lemma 6.4, we get

1 1/p B B
[ oS ([ ) S et g
e v e v

for v = 1,2. By the same argument
| ) sl - wfte,
¢eD,

For the integral on D3, we use the following inequality,

Q_Zifg Wi < |z — w|max{ 1 1 }
IC =zt [C—w|™ =2 [¢—wl* [’

see the proof of [LT, Lemma II1.2.2]. It follows that

(G —2)(G — %) (G —w)(G —wy) 1 1

¢ —z[* ¢ —wl* ¢ =27 |¢ —w]?

e.g., by assuming that |[( —z| < |( —w| and adding and subtracting ({; — w;)((j—25)/|¢ —w|*
inside the absolute value sign on the left-hand side. Using Holder’s inequality as above, we

get
p\ 1/p
/ |k5<c,z>—k’2<c,w>s</ ) |
<€D3 CEDg

By (3.15), this is bounded by

1 1 1/p
zZ—w max , .
2 = vl </¢D {|<—zrgp |<—w|3p}>

Since p > 4/3, it follows from Lemma 6.1 that this is bounded by a constant times

|z — w|(|z — w\4_3p)1/p = |z — w|4/p_2.

} . (3.15)

§|z—w|max{

(G —2)(G —2) (G —wi)(G —wy)

¢ —2|* ¢ — wl*
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Since p > 4/3, we get that 4/p—2 < 1. Thus, it follows that Ky is C* for any o < 4/p—2.
We conclude that K is C* for any a < 4/p(X) — 2.

Since (3.14) holds uniformly for 2, w € D, if {¢;}; and thus {¢}; are bounded sequences

in L®(X), then {(K¢;)'}; are equicontinuous in the C*(D)-norm and thus K is compact
by the Arzela-Ascoli theorem. O

Proof of Corollary 1.3. The stalk of Ax at the singular point is a finite sum of currents of
the form

ot A (ICu( - &3 A Ka(&2 A Ki61))),

where each C; is an integral operator as in Theorem 1.2, mapping forms on D; := ;N X to
forms on D; 1, where Q =Q,,1 CC Q, CC--- CC £ cC C? are pseudoconvex domains,
and &; are smooth forms on D;. The corollary now follows from Theorem 1.2. O

3.4. The operators K and P on forms with compact support. Let H C X be a
compact Stein subset such that D is relatively compact in the interior of H. In [AS1] are
constructed integral operators, that we here denote by K and 73 which map smooth forms
with compact support in D to smooth forms in X \ {0} that vanish outside H, such that

©(z) = OKp(2) + Kdp(z) if r=0,1, @(2) = Pp(z) +Kdp(z) if r = 2. (3.16)

In fact, P maps forms with support in D to smooth forms. Moreover, 7590 = 0 unless
r = 2. The kernels for these operators are obtained by choosing the weight ¢ differently;
with notation as in Example 3.1, we let x = x(z) and we interchange the roles of ¢ and z
in the functions s;(¢,z). The resulting weight is then holomorphic in ¢ and has compact
support H in z.

Since the proof of the mapping properties above essentially only uses that ¢ is smooth,
it follows that an analogue of Theorem 1.2 holds also for these operators. The subscript ¢
denotes forms with compact support.

Theorem 3.6. In the situation of Theorem 1.2, the integral operator K extends to an
operator

Lp

0,r;¢

(D) - Lg,rfl;c(X)v p(X) <p < oo, LS?T;C(D) - C(C]X,'r—l;c(X)7 0<a< 4/p(X) -2,
and P extends to an operator L 9..(D) = C§%..(X), p(X) <p < oo

Note that the operators in fact map to forms with support in the fixed compact set H.

4. HOMOTOPY FORMULAS

Proof of Theorem 1.4. By [AS1, Theorem 1.1] the homotopy formula (1.5) holds pointwise
on D,.q if ¢ is smooth on X. For ¢ € Dom 5§p), let {¢;}; be a sequence as in Lemma 2.4.
We can assume that the ¢; are smooth and bounded and with support away from the

singularity {0} (see the proof of Lemma 2.4 in [LR2]). Then the homotopy formula

P = 5/C<pj + /Cé@j (4.1)
holds on D. In fact, since ¢; is supported away from Xy all the terms are smooth on
D, see [AS2, Lemma 6.1]. By Theorem 1.2 we have that K¢; — Ky, and Kdg; — Koy

in LP(D). It only remains to show that K¢y € Dom o). Taking the limit j — oo in (4.1)

implies, by Theorem 1.2, that K¢ € Dom 51(37) and 0Ky = ¢ — Kdp on D. As the @, are
bounded, {K¢;}; is by Theorem 1.2 a sequence of bounded forms such that KLyp; — K¢

and OKp; — 0Ky in LP(D). Hence, K¢ € Dom 5§p) by Lemma 2.4. O
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4.1. Proof of Theorem 1.5. We first remark that the condition () from the introduction
is indeed independent of the sequence of cut-off functions {x}x. Indeed, if {x} } is another
such sequence, then yj — x}. has compact support contained in X*, and on this set, w is
O-closed. Thus,

/wX/\axk/\QO—/wx/\axgc/\QOZ/wXA(Xk—X;g)AagO,
X X X

and this tends to 0 as k — oo by dominated convergence since wx A dy is in L(X).

Proof of Theorem 1.5. We first note that it is enough to prove that
0 = 0Ky + Koy (4.2)

holds in the sense of distributions. Indeed, if it holds, then 0Ky = Kdyp — ¢ is in LP(D) by

Theorem 1.2 since dp € LP(X), and therefore Ky € Dom %) . We note that p>p(X) >
4/3 since ¢(X) < 4 by Corollary 3.5.

Let px be the cut-off functions in Section 2.2 and let ¢ = prp. By the proof of
Lemma 2.3 in [LR2], o — ¢ in LP(X), updp — Oy in LP(X), and Ouz, A ¢ — 0 in LX)
for A = 4p/(p+4) > 1 since p > 4/3. Since @ has support away from the singularity,
it follows as in the proof of Theorem 1.4 that the homotopy formula (4.1) holds on D.
Since p > p(x), Ky, converges to Ky in LP(D) by Theorem 1.2, and it follows that 9Ky,
converges weakly to 0Kp. Since pp, = urp — ¢ and ppdp — d¢ in LP(X), it follows
from Theorem 1.2 that K(pr) — K¢ and K(urdp) — Kdy in LP(D). Thus, using that
Opr = Opr A @ + 0y, it follows that (4.2) holds if and only if

KO A p) =0 (4.3)

in the sense of distributions. If ¢ is a (0, r)-form, then there is nothing to prove for r = 2,
so let us assume that r = 1.

We first consider the case when p > p(X). Then A > p(X) so (4.3) holds by Theorem 1.2,
since Oug A p — 0 in LA(X).

It remains to prove that (4.3) holds for p(X) < p < p(X) when ¢ satisfies (x). To prove
(4.3) we decompose K = K1+ K2 as in Proposition 3.2. We saw in the proof of Theorem 1.2
that K1 is a bounded linear operator Lg, ,,(X) — Lg (D) for any 1 < p < co. Tt follows,
in particular, that K (Oux A @) — 0 in the sense of distributions, since dup A ¢ — 0 in
L()\,r+1(X) where A > 1 since p > 4/3.

We next consider Ky. In view of Proposition 3.2 we may assume that the kernel is of
the form (3.9). To prove (4.3) for Ko we need to prove that

(o (B A ), € (/s L/ ) Awx(O) A THOM(@ A ple) (4

tends to 0 as k — oo for each test form £. By Fubini’s theorem, up to signs (4.4) is equal
to

/wX/\éuk/\go/\/b(C,z)/\{(z)ﬁ?j. (4.5)

¢
We denote the inner integral with respect to z by v({). Note that

- [LDEEG =5

¢ —2|* ’
where ¢((, z) is a smooth (2, 2)-form. Now |y(¢) — v(0)| is bounded by
(Cz ZZ)(C] Zz Cj ) ZiZj|
1) = et0.an B ‘/ I

Since ¢((, z) depends smoothly on (, |¢(¢, 2) —¢(0, z)| < |¢| and thus, in view of Lemma 6.3,
I < [¢]. Moreover, by (3.15) and Lemma 6.3, I> < [¢| [, max(|¢ — z| =3, 12173) S K¢

z
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Since ¢ satisfies (*), and this condition is independent of the choice of xz, we may
assume that x; = pr, and thus f( wx Ak A Av(0) tends to 0 as k — oo. It follows

from (2.5) that [Oux A (7(¢) — v(0))] < Cxx(|¢]) when |(| < 1 and where Y is as in
Section 2.2. Since p > p(X), by Hélder’s inequality, wx A ¢ € L'(X) and therefore
limy, fC wx AOug A A (v(¢) —v(0)) = 0 by dominated convergence. Hence (4.5) tends to
0 as k — oo. g

It follows from the proof of Theorem 1.5 that if ¢ € Dom 51(5)), with p > p(X), then (x)
is automatically fulfilled for ¢, since if py is as in Section 2.2, then

/wX/\é,uk/\gO%O
X

by Holder’s inequality.
It is worth noting that since the condition () does not depend on p, we have the following
consequence of Theorem 1.5:

Corollary 4.1. If the 0y -equation is locally solvable on a canonical surface for some py >
p(X), then is is locally solvable for all p > po.

Morally this means that the number of obstructions to solving the 0,-equation in the
LP-sense is decreasing in p. Theorem 1.1 in [R3] shows that the same kind of phenomenon
holds for homogeneous varieties with an isolated singularity.

Let ¢ € Lg,l(X), where p(X) < p < 4. Assume that ¢ € Dom ;. Then by Theorem 1.4,
¢ = 05K which implies particularly that ¢ = 0,,/Cp. Hence, ¢ satisfies (x). It would be
interesting to know whether the converse is also true, i.e., if ¢ satisfies (), does it follow
that ¢ € Dom 0,?

4.2. Proof of Theorem 1.6. As explained after Proposition 3.2, the operator P is defined
by an integral kernel P((, z) that is smooth with compact support in ¢, and holomorphic
in z. Therefore P extends to a compact operator P : LP(X) — O(D), cf. the proof of
Theorem 1.2.

The formula (1.8) for ¢ € Dom O% and p(X) < p < 4 is proved in the same way as

Theorem 1.4 above, using that (1.8) holds for the smooth functions ¢;, and that Py; — Pe.

)

Now assume that ¢ is a function in Dom &(f , where p(X) < p. We say that ¢ satisfies

(%) if
/wX/\5Xk/\g0/\a—>0 (4.6)
X

for any smooth d-closed (0,1)-form « and sequence x as in Section 4.1. In particular, if
¢ is O-closed, i.e., holomorphic on the regular part of X, then as X is a canonical surface,
Xsing has codimension 2 and thus ¢ is bounded in a neighborhood of the singularity at the
origin. Therefore ¢ € LP for any p > 1 and it follows as for (0, 1)-forms above that (x) is
satisfied.

If ¢ € Dom P and p > p(X), then (1.8) can be verified in the same way as Theorem 1.5
above. If instead p(X) < p < p(X) and ¢ satisfies (4.6), one just needs to make minor
modifications. Namely, at the point where one considers v(¢{) —~(0), then v is a (0, 1)-form,
and one then writes v = 3 v;d(;, decomposes 7;(¢) = 7;(0) + (7:(¢) — 7i(0)) and proceeds
as in the proof above. The condition (4.6) is then finally applied with o = ~;(0)d;.

4.3. Homotopy formulas with compact support. We get versions of Theorems 1.4
and 1.5 also for the operators in Theorem 3.6.

Theorem 4.2. Assume we are in the situation of Theorem 1.2.
(i) Let p(X) < p < 4 and let ¢ be an (0,7)-form in Dom &%) ¢ L2(D). Then K¢ €
Domagp),

0(2) = 0.Kp(2) + Kdsp(2) ifr=0,1, ¢(2) = 0:Kp(2) + Po(z) ifr=2.  (4.7)
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(i) If p(X) < p < o0 and ¢ is a (0,7)-form with r = 0,1, in Dom 8% LE(D), then
l&p € Dom 51(5) and

©(2) = Ko (2) + Kdypip(2). (4.8)
If p(X) < p < p(X), and in addition ¢ satisfies the condition (x), then the same conclusion
holds.
(113) If p(X) < p < o0 and ¢ is a (0,2)-form in Dom &%) ¢ L2(D), then Ky € Dom 87
and

©(2) = 8,Ko(2) + Po(2). (4.9)

The (0,2)-form ¢ satisfies that P = 0 if (1.7) holds, and if p > p(X), then the converse
holds.

These statements are proved essentially by the same arguments as in the proofs of
Theorems 1.4 and 1.5. For (4.7), notice that as ¢ has compact support in D, when choosing
the approximating sequences {y;}; we may, in addition, assume that the ¢; have compact
support in D as well.

For the last statement, notice that the kernel for P has the form hwx with respect to
¢ in a Stein neighborhood of the support of ¢. Since X is Stein, we can assume that h is
holomorphic on X and so Py = 0 if (1.7) holds. Conversely, if Py = 0, then u = K¢ is
a solution to du = ¢ with support on the compact set H, see Section 3.4. It then follows
that (1.7) holds if and only if u satisfies (), which as we saw in Section 4.1 is automatically
satisfied for p > p(X).

Note that if ¢ is a (0,1)-form in LE(X) and dp = 0, then it automatically satisfies (x),
so if p > p(X), then u = I@(p is a solution with compact support to du = .

4.4. On the domain of the dx-operator. The setting in [AS2] is rather different com-
pared to this article. Here we are mainly concerned with forms on X with coefficients in
LP, while in [AS2], the type of forms/currents considered, denoted WY, are “generically”
smooth, see [AW]. They include principal value currents «/f, where f is holomorphic
and « is smooth, and direct images of such currents, but with no growth restrictions on
the singularities. For the precise definition of the sheaf WY we refer to [AS2, AW]. The
d-operator considered in [AS2] is somewhat different from ds and 9,, considered here. For
currents in WY, one can define the product with the structure form wyx associated to the
variety. A current p € W% lies in Dom dy if Ou € W}}H and O(p A wx) = Ou A wx.
Combining our results about X and the 9,- and Js-operator with some properties about
the Wy-sheaves, we obtain a result for the dx-operator, providing a partial answer to a
question in [AS2], cf. the paragraph at the end of page 288 in [AS2].

Theorem 4.3. In the situation of Theorem 1.2, let p(X) < p < 4 and ¢ € Dom 5§p) N
W5 (X). Then K¢ € Dom Ox.

Note that if ¢ € Dom 553’), where p > p(X), then by Lemma 2.3, ¢ € Dom 59), where

A > p(X), so also in this case, Ky € Dom Jx.

Proof. First, by [AS2, Proposition 1.5], K¢ € W(D). Then in particular 9Ky is a pseu-
domeromorphic current, see, e.g., [AW]. Moreover, by Theorem 1.4 ¢ € Dom 5§p ), and
thus 0Ky € LP(D). Now a pseudomeromorphic current in L is in fact in W, cf. [AW].
Hence K¢ € W(D).

Since K¢ € Dom 5§p ), there is a sequence of smooth forms v; with support away from
the singularity such that 1; — K¢ and 9¢; — 0Ky in LP(D). Since wx € L(X) for each
q < q(X), by Holder’s inequality, 1; A wx and 9¢; A wx converge in LY(D) to Ky A wx
and 0Ky A w, respectively. Hence

I(Kp Awx) =1limI(1h; Awx) = lim O; Awyx = 0Ky Awx.
J j
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We conclude that K¢ € Dom Ox. O

5. EXAMPLES AND COUNTEREXAMPLES

In this section, we study the condition () and d,-Koppelman formulas for all types of
canonical surface singularities: A,, n > 1, D,, n > 4, Fg, E7 and Fg. We focus on the
important case of L?-cohomology, i.e., p = 2. However, we also get some statements for
p > 2. All in all we obtain a complete picture about the solvability of the d,,-equation in
the L?-sense at canonical surface singularities.

5.1. The A,-singularities. Recall that the A,-singularity for n > 1 is the variety X =
{f(¢) =0} C C3, where f(¢) = (i¢o — (2

Theorem 5.1. Let X be (a neighborhood of the origin of ) the A, singularity {(1(a =
CAT1Y C C3, let p > 2, and let p € Dom P Lg (X). Then ¢ satisfies the condition ().
In combination with Theorem 1.1 we get the following.

Corollary 5.2. The 0,,-equation is solvable at the A, -singularity in the LP-sense for p > 2.

Proof of Theorem 5.1. Note that X has a branched n + 1 to 1 covering C? — X given by
m(s,t) = (s"T " st). If B = L3 d¢; Ad(; is the standard Kéhler form on C?, so that
(% x = dVy, then we obtain:

B2 = 2(n + 1)%(|s*" T2 + [t2"F2 4 (n 4 1)2|st]*™)dV (s, 1). (5.1)

Recall that by (3.3), we can choose a representation wy = Y w; j d¢; Ad(; of the structure

form such that |w; ;| < 1/|0f|. Since 7*|0f> = |82 + [¢t]*"*2 + (n + 1)?|st|*" we get
from (5.1) that

w5767 S dV (s, ). (5.2)

Let 1, be cut-off functions as in Section 2.2 and let D, = {¢ € X : e~ < |¢| < e},

Then, in view of (2.5), the integral in (x) is a finite sum of integrals, which are bounded
by constants times integrals of the form

o 1 2 < ( ’Wz,] 252 )1/2( 2 2>1/2 —- (] 1/2 T 1/2
L ol = (L crmea) (L, 009) = e

where v € L%,O(X ) and the inequality follows from the Cauchy-Schwarz inequality. Note

that Iy — 0 for £ — oo by dominated convergence because v € LaO(X ) and the domain
of integration shrinks to 0. Therefore it is enough to show that Iy j is uniformly bounded
in k.
From (5.2) it follows that
dV(s,t)
LS 2 :
7 1(Dy) (‘SP”J’_Q + ’t’2n+2 + |St‘2) log (|S|2n+2 + ‘t‘2n+2 + ’8t‘2)

Let us decompose

W_I(Dk) _ {6—26k+1 < |8|2n+2 + |t|2n+2 + |8t‘2 < e—Qek} c (CQ

(5.3)

into By, := 7 1(Dy) N {(1/2)e 2" < |st|2 < e72¢"} and F}, := 7 1(Dy) \ E. Note that
Ep C E; = {(s,t) | e < |st| < e_ek} because 27 1/2¢=¢" 5 gt
obtain by [R4, Appendix B]:

. Therefore we

/ dV(s,t) / dV(s,t)
By (IsPrt2 + 6272 + [st]2) log? (|s |22 + [¢2n+2 + [st|2) — Jig [st]*log? (|st]?) —

uniformly in k.



ESTIMATES FOR THE 9-EQUATION ON CANONICAL SURFACES 17

Next note that on Fy, |s|*"2 + [¢|>"*2 > |st|2. Therefore if (s,t) € F}, satisfies |s| < ],
then |st|? < 2[¢t|?>"*2, and so

672ek+1 < ‘S‘2n+2+ ’t’2n+2+ |st\2 S4|t|2n+27

|t|2n+2 < ‘S‘2n+2+ ’t’2n+2+ |St‘2 < e_QEk,
and |s|? < 2|t|>". By symmetry we get that
Fy © {Ax < [s] < Bi0 < Jt] < V2Is|"} U {Ay < Jt] < By, 0 < [s] < V3It"},
where Aj, = e~ /(ntD) /21/(n+1) and By, = e~/ Now by integration in polar
coordinates
/ dV (s,t)
F, (‘S‘2n+2 4 ’t’2n+2 4 |st\2) 10g2 (|S|2n+2 4 ‘t‘2n+2 4 |st|2)

</ /‘”2 riradridry /B"' a2
~ 12 210g%(r2)  Ja, m2log?(r2)

when k — oo because the integrand is integrable over, say [0,1/2]. Thus (5.3) is uniformly
bounded in k. g

5.2. On the Euler characteristics of the structure sheaf. As a preparation for the
proof of the existence of obstructions for solvability of the J,-equation at canonical singu-
larities in the L?-sense, we need some observations on the behaviour of the Euler charac-
teristics of the structure sheaf under resolution of singularities.

Let F — X be a coherent analytic sheaf over a compact complex space X of pure
dimension n, and let x(F) be the Euler characteristic of F,

n
X(F) =) (~1)/ dim H' (X, F).
j=0

If D is a divisor on X, associated to a line bundle L — X, then X((’)X(D)) is the holomor-
phic Euler characteristic of L.

Proposition 5.3. Let m: M — X be a resolution of singularities of a compact surface X
with at most canonical singularities. Then x(Ox) = x(Onr).

Proof. Since X is a normal space, m.0y = Ox. Moreover, canonical singularities are
rational so that RFfm,0Oy = 0 for k& > 0. Hence, the Leray spectral sequence gives
H*(X,0x) = H*(M,Oyy) for k > 0. O

If we assume that the d,-equation is locally solvable in the L?-sense, then we obtain
another representation of x(Ox) for arbitrary normal complex surfaces.

Theorem 5.4. Let X be a compact normal complex surface, m : M — X a resolution of
singularities with only normal crossings, Z := m~ (X sing) the unreduced exceptional divisor
and E = |Z| the exceptional divisor. If the Oy-equation is locally solvable in the L?-sense
for (0,1)-forms, then

x(0x) = x(Om(Z - E)). (5.4)

Proof. Following [R4, Section 2.1], let Cp, denote the fine sheaves Lg:ioc N Dom d,, and
consider the sheaf complex

0— OX — CO,O i) CO,l ﬂ) Co72 — 0. (5.5)

It is easy to see that (5.5) is exact at Cyo because X is normal; a germ f € ker d,y C Co
is a holomorphic function on the regular locus of X, and so it is also strongly holomorphic
by normality. Moreover, (5.5) is exact at Cp2, see [OR, Theorem 4.3]. (It is usually not
difficult to solve d-equations in the highest degree, see also [S].) In general, (5.5) is not
necessarily exact at Cp 1, but here, we assume that this is the case. Thus (5.5) is a fine
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resolution of Ox; in particular H*(X,Ox) = H¥('(X,Cos)). By [R4, Theorem 1.13]
HN((X,Cpe)) = H¥(M,0p(Z — E)), and so

H"(X,0x) = H*(M,0,(Z — E)),
which proves (5.4). O
Combining Proposition 5.3 and Theorem 5.4 we get:

Corollary 5.5. Let X be a compact complex surface with at most canonical singularities.
If the Oy -equation is locally solvable in the L?-sense for (0,1)-forms on X, then

x(Om) =x(Om(Z — E)) (5.6)
for any resolution of singularities w: M — X with only normal crossings.

So, if we are looking for obstructions to solvability of the 0,-equation in the L?-sense at
canonical singularities, we just need to find configurations violating (5.6).

5.3. Obstructions for J,, at canonical singularities.

Theorem 5.6. There exist obstructions to local solvability of the Oy, -equation in the L?-
sense for (0,1)-forms at singularities of type D,,, n > 4, Eg, E7 and Es.

Hence, (*) does not hold for all ¢ € kerd,, C L(Q)’1 at such singularities.

Proof. Let X be a projective variety with a single singularity of one of the types above,
and 7w : M — X a resolution of singularities with only normal crossings. In view of the
discussion above it suffices to show that (5.6) does not hold. For the D,-singularities,
n > 4, this was proved in the proof of Theorem 4.8 in [P] using the Riemann-Roch formula
for regular complex surfaces

X(Ox(Z ~ ) = x(On) + 5 (2~ B)-(Z~ E) (2~ E) - K),

where K is the canonical divisor on M. Since O(K) is trivial on a neighborhood of the
exceptional set, Z; - K = 0 for any irreducible component Z; of the exceptional set, cf. [D2,
page 135], and thus (Z — E) - K = 0. Pardon proved that (Z — E) - (Z — E) = —2 so that

x(Om) =x(Om(Z - E)) +1 (5.7)
and in particular (5.6) does not hold.

For the remaining singularities, Fg, E7 and Eg, we proceed analogously to [P] and show
that (5.7) holds also for these singularities. Now let 7 : M — X be the minimal resolution
of X. Then the exceptional divisor Z has normal crossings and the irreducible components
E; have self-intersection —2 and pairwise intersections according to the Dynkin diagrams
of Eg, E7 or Eg, see, e.g., [D2]. The labels of the nodes in the following diagrams are the

multiplicities of the corresponding divisors in the unreduced fundamental cycle Z, cf., e.g.,
[I, Example 7.2.5] and [BPV, Proposition 3.8].

Es Er
1 2 3 2 1 2 3 4 3 2 1
2 I 2 I
Es
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This means that in the case of the Eg-singularity, we can label the irreducible components
of Z sothat Z—F = 2Zy+ Z1+ Zy+ Z3 and Z,% =-2, 2y 2,=1itp>1,and Z,-Z, = 0
if w > v > 1. For the Er-singularity we can label the irreducible components of Z so that
Z—FE =32042214+Zs+ Z3+27Z4+ Z5 and ZB = 2forallv, Zy-Z1 = Zy-Z3 = Zy-Z4 =
214y =2y Zs =1, and Z, - Z, = 0 for all other combinations of v # u. Finally, for
the Eg—singularity, we have Z — F = 5Z0 + 3Z1 + Z2 + 223 + 4Z4 + 3Z5 =+ 2Z6 + Z7 and
23:—2f01'aul/, Z(]'Zl:ZO'Zg:Zo-Z4221-ZQ:Z4-Z5:Z5-Z6:Z6-Z7:1,
and Z, - Z,, = 0 for all other combinations of v # p. In all three cases a computation yields
that (Z — F) - (Z — E) = —2, which implies (5.7). O

6. APPENDIX — INTEGRAL ESTIMATES ON ANALYTIC VARIETIES

In this section we recall for convenience of the reader some basic integral estimates for
analytic varieties from [LR2]. Leti: X — @' € CV be an analytic variety of pure dimension
n. We consider X as a Hermitian complex space with the restriction of the standard metric
from CV, ie., X* := reg Of X carries the induced Hermitian metric. With respect to
the volume element induced by this metric, X, is a null set, and we denote by dVx the
extension to X of the volume element on X*. Let B,(z) be the ball of radius = > 0 centered
at the point z € CV. The results below are all consequences of Lemma 2.1 in [LR2] which
asserts that radial integrals on X behave like in C™, which in turn follows from the fact
that the volume of a ball X N B,.(z) is ~ r?", cf. [D1, Consequence I1L.5.8].

Lemma 6.1 ([LR2], Lemma 2.2). Let X C CV be an analytic variety of pure dimension
n, K C X a compact subset and R > 0. Let o > 0. Then there exists a constant C > 0
such that the following holds:

2n—a

d 5 , a < 2n,
X0 (Bry (2\Bry () 1€ — 2 pn—o . a>2n,

forall z€ K and 0 <71 <ry < R.
Lemma 6.2 ([LR2], Lemma 2.3). Let X and K be as in Lemma 6.1. Then

dV-
/ %X(%) < 1, z€eK.
XNBy 5(2) [ — 2[*"1log” [ — 2]

Lemma 6.3 ([LR2], Lemma 2.5). Let X C CV be an analytic variety of pure dimension
n, D CC X relatively compact and 0 < «, 8 < 2n. Then there exists a constant C' > 0
such that the following holds:

1 , a+ [ < 2n,
/ WO <o oglz—wl L atB=2m,
p ¢ —2|*[¢ — w] |z — w8 a4+ B> 2n,

for all z,w € X with z # w.

Lemma 6.4 ([LR2], Lemma 2.7). Let X C CV be an analytic variety of pure dimension
n, K C X a compact subset and R > 0. Let 0 < a < 2n. Then there exists a constant

C > 0 such that:
/ dVX(C) S Cr2n—o¢
XNB.(z) 1€ — w|®
forallze K, we X and 0 <r < R.
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