EXTREMES OF INTEGER-VALUED MOVING AVERAGE MODELS

Andreia Hall University of Lisbon, Portugal email: andreia@gsbl.det.ua.pt

May 28, 1998

Abstract

We study the extremal behaviour of a wide class of integer-valued moving average sequences obtained as analogues of classic moving average (MA) models. The integer-valued moving average (INMA) model is defined by

X_n = ∞∑ i=−∞ β_i ∗ Z_{n−i}, (1) where {Z_n} is an integer-valued sequence of independent and identically distributed random variables, and ∗ represents binomial thinning defined by Steutel and van Haarn (1979) as β ∗ Z = Z∑ i=1 B_i(β), where {B_i(β)} is an independent and identically distributed sequence of Bernoulli random variables, P {B_i = 1} = β. Some particular cases of (1) were introduced by Al-Osh and Alzaid (1988) and separately by McKenzie (1988). We consider a wide class of sequences which includes the models introduced by these authors. The class is defined considering several dependence structures in the thinning operations involved in the terms β_i ∗ Z_n, i ∈ ZZ, for each n. The properties of the class are fully described by Brännäs and Hall (1998) where estimation problems are also considered.

Since the INMA model resembles the MA model replacing scalar multiplication by random thinning, the study of the extremal behaviour of the sequences was mostly motivated by the works of Rootzén (1986) and Chernick et al. (1991). Two situations are considered:

1. In the first the marginal distribution of the sequence has an exponentially decaying tail of the form

1 − F_Z (z) ∼ K[z]^ξ(1 + λ)^{−[z]} when z → ∞, ξ ∈ IR, K, λ > 0.

2. In the second the marginal distribution of the sequence has a regularly varying tail.

For the first case we follow the steps of Rootzén (1986) introducing the necessary changes to account for the discrete nature of the data and the random properties of thinning. Curiously we obtain analogous results as if the INMA model was a kind of MA model through a magic looking-glass. The main result is that the maximum term of the sequence has a limiting behaviour of the form { lim sup_{n→∞} P {M_n − b̌_n ≤ x} ≤ e^{−(1+λ̌)} �x lim inf_{n→∞} P {M_n − b̌_n ≤ x} ≥ e^{−(1+λ̌)}

�(x�1) ,

for an appropriate choice of the constants b̌_n, λ̌. Just as it happened with the MA model, the sequence behaves as if it was independent and identically distributed.

For the second case we start the analysis of the limiting distribution of the maximum term as in Chernick et al. (1991) and proceed with some new relations implied by the thinning operation. Even more surprising than in the first case, we conclude that, for whatever dependence structure considered in the thinning operations, the sequence has the same limiting distribution for the maximum term given by Chernick et al. (1991), which means that the sequence has an extremal index given by θ = 1 ∑_∞ i=−∞ β α i , where α is the index of regular variation.

The results are illustrated by a simulation study.

References

Al-Osh, M. & Alzaid, A. (1988) Integer-valued moving average (INMA) process. Statistical Papers 29, 281-300.

Brännäs, K. & Hall, A. (1998) Estimation in integer-valued moving average models. Notas e Comunicações 3/98, Centro de Estatística e Aplicações da Universidade de Lisboa.

Chernick, M., Hsing, T. & . McCormick, W. (1991) Calculating the extremal index for a class of stationary sequences. Adv. Appl. Prob. 23, 835-850.

Hall, A. (1996) Maximum term of a particular sequence with discrete margins. Comm. Stat. - Theory and Methods 25, 721-736.

McKenzie, E. (1988) Some ARMA models for dependent sequences of Poisson counts. Adv. Appl. Prob. 20, 822-835.

Rootzén, H. (1986) Extreme value theory for moving average processes. Ann. Probab. 14, 612-652.

Steutel, F. & van Haarn, K. (1979) Discrete analogues of selfdecomposability and stability. Ann. Probab. 7, 893-899.