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Abstract. The existence of bifurcation points and nontrivial solutions for the stationary Vlasov-

Maxwell system is studied.

1. Reduction of Vlasov-Maxwell system to the elliptic equations

Consider the Vlasov-Maxwell system(VM)

@rfi(r; v) � v + (qinmi)(E + (1nc)[v �B]) � @vfi(r; v) = 0 (1)
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corresponding to the distribution functions of the form[1]

fi(r; v) = �f̂i(��iv
2 + 'i(r); (v; di) +  i(r))

def
= �f̂i(R;G): (3)

Here
'i = c1i + li';  i = c2i + ki ; ' : R3 �! R; q1 < 0; qi > 0; i = 2; : : : ; N:

 : R3 �! R; r 2 
 � R3; v 2 R3; � 2 R+; �i 2 R
+ def
= [0;1);

di 2 R
3; c1i; li; c2i; ki 2 R

1 = (�1;+1); i = 1; : : : ; N:

The functions ';  generated the electromagnetic �eld (E; B) should be de�ned.
Let the condition is satis�ed:
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converge for 8'i;  i;
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Theorem 1. Let the condition I is satis�ed. Let the functions ';  satisfy the system
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moreover
(r'; d) = 0; (r ; d) = 0; � = (8q��)nm; � = �(4�q)n(mc2): (5)
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Then (fi; E; B) is a solution of VM system.

Introduce the notations: ji
4
=
R
R3 fivdv, �i

4
=
R
R3 fidv, i = 1; : : : ; N and condition:

II. There are the vectors �i 2 R
3 such that

ji = �i�i; i = 1; : : : ; N:

If the condition II. is satis�ed, the system (4) reduces to the form
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the second equation of system (6) is given by
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1 Main Result

Let 
 is a bounded domain in R3 with boundary @
 of C2;� class, � 2 (0; 1] and
the conditions I., II. are satis�ed. Consider the system (6) on the subspace, de�ned by the
conditions (5).
Let '0;  0- are constants such that
*)

NX
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qkAk(lk'
0; kk 

0) = 0

(8)
NX
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0) = 0; N � 3:

Therefore, the system (6) with boundary conditions

' j@
 = '0;  j@
 =  0 (9)

for 8� 2 R+ has a trivial solution ' = '0;  =  0.

Introduce a Banach spaces C2;�(�
) and C0;�(�
); � 2 (0; 1].

De�nition[4]. The point �0 we shall call a point of bifurcation of problem (7), (9), if in 8
neighborhood of point ('0;  0; �0) we �nd a point (';  ; �) satisfying the system (7), (9), and
moreover

j '� '0 j2;�;
 + j  �  0 j2;�;
 > 0:

Further, let '0 =  0 = 0.
Introduce a Banach space E1 of vector-functions u = ('(r);  (r)); ';
 2 C2;�;
 ; (r'; d) = 0; (r ; d) = 0 at r 2 
, ' j@
 = 0;  j@
 = 0

k u kE1
= max (j ' j2;�;
; j  j2;�;
):

Let E2 is Banach space of vector-functions U = (U1; U2), where U1; U2 2 C
0;�;


k U kE2
= max (j U1 j0;�;
; j U2 j0;�;
):

Therefore, the problem on existence of bifurcation point �0 of system (6),(9) would be inter-
preted as a problem on the bifurcation point for the operator equation

(L0 � �L1)u+ �R(u) = 0; (10)
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For calculation of bifurcation points it is necessary �nd such values of �� for which N(L0 �
��L1) 6= f0g.
Introduce the conditions:

III. T1 < 0,

IV. T1T4 � T2T3 > 0.

If @ ^fk(0;0)
@x

> 0, then, III is satis�ed.
Introduce a matrix

k �ij ki;j=1;:::;N ;

where
�ij = qiqj(ljki � kjli)(�j � �i; d):

If the derivatives @Ai

@x
, @Ai

@y
are positive and equal in the point x = y = 0, �ij > 0 i 6= j then

the conditions III, IV are satis�ed.
By �i =
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the elements of �ij are nonnegative by virtue of identities
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Lemma 2. Let the conditions III, IV are satis�ed. Therefore, the matrix � has two single
eigenvalues

�+ = �T1 + o(1); � = �
8�� j q j

m
(12)

�� = ��
T1T4 � T2T3

T1
+ o(�); � =

4� j q j

m
> 0

for �
def
= 1

c2
! 0.

Introduce the homogeneous Dirichlet problem

�� e = �e; e j@
= 0: (13)



Let
IV. �n be an eigenvalue of Dirichlet problem (13), feing, i = 1; : : : ; jn is an orthonormalized
basis in the subspace of eigenvectors 0 < �1 < �2 < : : :.

Theorem 2. Let the condition *) by '0 =  0 = 0, the conditions I-IV are satis�ed, where
�n is odd-multiple eigenvalue. Let �� < 0 is an eigenvalue of matrix �, de�ned in Lemma 2.
Then
1) �n = ��nn�� is a point of bifurcation of VM system.
2) for the point (�n; 0) 2 R1 � E1 there exists a component J�n =� (�; u) � of solutions for
the problem (10). Here the component J�1 is unbounded in the space R1 � E1, and component
J�n ; n � 2 either is unbounded in R1 � E1, or contains except point (�n; 0) the point (�m; 0),
where �m = ��mn��; �m is an eigenvalue of Dirichlet problem (13), �m 6= �n.

The proof follows on the basis of Lemma 3 from the theorem 2.1 of paper [3] and the theorem
1.3 of paper [5].
The results of bifurcation theory [3-5] allow to construct the asymptotics of branches of solution
in neighborhood of bifurcation points of VM system, and also to develop the iterated methods
of it solution .
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