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Abstract. The existence of bifurcation points and nontrivial solutions for the stationary Vlasov-
Maxwell system is studied.

1. Reduction of Vlasov-Maxwell system to the elliptic equations
Consider the Vlasov-Maxwell system (VM)

O fi(r,v) - v + (g:\mi) (E + (1\¢)[v x B]) - 0, fi(r,v) =0 (1)

reQCR veR, filr,v)>0,i=1,...,N

rotkl =0
divB =0
N def
divE = 47rkz::1qk /R3 fr(r,v)dv = p (2)

47 N def .
rotB = — qu/gfk(r,v)vdv =7
¢ R

k=1

corresponding to the distribution functions of the form[1]

fi(r,v) = Mi(—aw? + @i(r), (v,d;) +i(r) € Mi(R, G). (3)
Here
vi=cuy+lLy, vi=cu+kip; ¢o: R*— Ryq1 <0, ¢g>0, i=2,...,N.
YR — R reQCR»veER: NeRT; aiERJ’d:ef[O,oo);
d; € R®; ¢y, i, 94, by € R' = (—o0,+00); i=1,...,N.

The functions ¢, ¢ generated the electromagnetic field (E, B) should be defined.
Let the condition is satisfied:
I. fi(R, G)- are fixed, differentiable functions of its arguments; oy, d;- are free parameters, the

integrals
/ fidv, / fivdv
R3 R3
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Theorem 1. Let the condition I is satisfied. Let the functions @, 1 satisfy the system

N
szquk/ frdv
k=1 R?

N
ANTES V};% /RB(U,d)fkdU,

moreover
(Vp,d) =0, (Vi,d) =0, p=(8gra)\m; v = —(4rq)\(mc?). (5)
Let m
FE = quv%
d 1
B =58+ [ (dxJr).r)an) — [dx Vel o,
where

3 el dm g: / fud
— cons = — v frdv.

) N ~ dk R3 k
Then (f;, E, B) is a solution of VM system.

Introduce the notations: 7; = Jrs fivdv,  pi 2 Jgs fidv, ¢=1,..., N and condition:
I1. There are the vectors 3; € R® such that

If the condition II. is satisfied, the system (4) reduces to the form

N
Ap =) qA;

=1

N
Ay = Av Z(h‘(ﬁi, d)Ai,
i=1

where

Aillp, k) [ v,

d; . .. d;,d ,
If B3; = ——, therefore bytheidentities -
20 Q; (07 ll



the second equation of system (6) is given by

2 N .
Azp:AﬂZkth

2x =

A

1 Main Result

Let 2 is a bounded domain in R* with boundary 9Q of Cy, class, a € (0,1] and
the conditions I., II. are satisfied. Consider the system (6) on the subspace, defined by the
conditions (5).

Let ¢° 9°- are constants such that

*)

N

> @Al k) =0
k=1

N
> ai(Be, d) Ap(Lep®, k) = 0, N > 3.

k=1
Therefore, the system (6) with boundary conditions

¢ loo = ©° ¥ loa =° (9)
for VA € R* has a trivial solution ¢ = ¢, 1) = ¢°.
Introduce a Banach spaces C%%(2) and C%%(Q), « € (0, 1].

Definition[4]. The point \° we shall call a point of bifurcation of problem (7), (9), if in V
neighborhood of point (©°, 4% \°) we find a point (,1, \) satisfying the system (7), (9), and
moreover

o —¢° laan + |0 =4 200 >0.

Further, let ©° = ¢° = 0.
Introduce a Banach space E; of vector-functions u = (¢(r), ¥(r)); ¢,
Y e (Vo,d) =0, (Vi,d) =0at r €Q, ¢log =0, ¢loo =0

| u ||y =max (| ¢ 2,00, | ¥ [20,0)
Let E, is Banach space of vector-functions U = (U, Uy), where Uy, Uy € C%2

U || z= max (| U [oa0, | U

O,a,Q)-

Therefore, the problem on existence of bifurcation point \° of system (6),(9) would be inter-
preted as a problem on the bifurcation point for the operator equation

(Lo — AL )u + AR(u) = 0, (10)
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For calculation of bifurcation points it is necessary find such values of A\* for which N(Lg —

ALy) # {0}

Introduce the conditions:

III. 77 <0,
IV. VT, —Ty15 > 0.

If 22600 5 0 then, TIT is satisfied.
Introduce a matrix

| ©ij |lij=1,...N5,
where
Oij = q:q; (Liks — k;ls)(B; — B, d).
If the derivatives aaf‘vi, 36‘;1' are positive and equal in the point z =y =0, O;; > 07 # j then
the conditions ITI, TV are satisfied.

By g; = 2‘21- the elements of ©;; are nonnegative by virtue of identities

sign@ = sign q, . =2
li a; « lz

Lemma 2. Let the conditions II1, IV are satisfied. Therefore, the matriz = has two single
eirgenvalues

8ma | q
X+ = pTy +o(1), u=—¢
m
(12)
Ty — T5T: 4
X_:7']€14 23_"0(6),77: 7T|q|>0
T1 m

for e ef c% — 0.
Introduce the homogeneous Dirichlet problem

—Ae=ype elpo=0. (13)



Let
IV. p, be an eigenvalue of Dirichlet problem (13), {e;,}, i =1,...,7, is an orthonormalized
basis in the subspace of eigenvectors 0 < p; < po < .. ..

Theorem 2. Let the condition *) by ©° = ° = 0, the conditions I-IV are satisfied, where
lyn tS odd-multiple eigenvalue. Let x_ < 0 1is an eigenvalue of matrix =, defined in Lemma 2.
Then
1) A = —pn\X_ 1s a point of bifurcation of VM system.
2) for the point (\,,0) € R' x E| there exists a component Jy, =< (\,u) = of solutions for
the problem (10). Here the component Jy, is unbounded in the space R' x Ey, and component
Jy,,n > 2 either is unbounded in R' X Ey, or contains except point (\,,0) the point (A, 0),
where Ay, = — i \X—, Hm 1S an eigenvalue of Dirichlet problem (13), pim 7 fin-

The proof follows on the basis of Lemma 3 from the theorem 2.1 of paper [3] and the theorem
1.3 of paper [5].

The results of bifurcation theory [3-5] allow to construct the asymptotics of branches of solution
in neighborhood of bifurcation points of VM system, and also to develop the iterated methods
of it solution .
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