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Abstract

In this paper the influence of errors of function derivatives which have been measured by
experiment (uncontrollable inaccuracy) on the results of inverse problem solution was investi-
gated. It was shown that these errors distort the solution of inverse problem quality near the
beginning of interval where the solution to be analyzed . Several methods intended to remove
the influence of uncontrollable inaccuracy have been suggested . In particular the method of
special filtration of initial data of inverse problem was described .

1 Introduction

The inaccuracy is inevitable in experimental measurings of physical values. It consist of inaccuracy
of measuring instruments , noise value and inaccuracy of visual means. The value of this inaccuracy
can been evaluated by technical indicators of measuring instruments. They does not exceed 5-10
percents as a rule.

The experimental measurings are chosen as initial data for following calculations with the use of
mathematical models in many practical important problems. For example, the inverse problems for
evolutionary processes [1,2 | , the control problems with the use of experimental data [3,4] belong to
this class. The values of function Z(¢), measured in experiment and the values of their derivatives
of various orders in initial moment (ty = 0) #(0),#(0),... are present in these problems. The
order of derivatives is rising with the rise of order of differential equations system which described
the motion of real object. But it is impossible in principle to evaluate the inaccuracy of these
derivatives and they are usually chosen to be of infinite value. The indicated inaccuracy was called
the uncontrollable inaccuracy [5,6].

2 The statement of a Problem

As an example let us consider the inverse problem of unbalance evaluation of deformable rotor
characteristics which has two supports [ 5 |. The physical significance of symbols and parameters
in equations will not be interpreted. The main purpose is simply to preserve the structure of

expressions.
The rotor motion is described by the system of ordinary differential equations of 18th or-
der [5] . The equation for determination of unknown functions (characteristics of unbalance)

21(t), z2(t), z3(t) has a form

/Ot(t — D = w(t),  (i=1,2,3), (1)



where u;(t) are the known functions, obtained from experiment. For example, the function wus(t)
has the form:
t 4 , 4 .
us(t) = [ {13t =17~ N Yia(r) + (2t = 7V~ N i (r) -+
j=1 j=1
+NgYia(t) + N&iip(t) + Ng + Nyt + Ngt® + Not®;
where Nf‘,N{‘,Né“,Nf,NIB,NQB,Nf,Nf,Ng“,Nf are constants,

No = K1ja(0) + Kaiig(0), Ny = K3n'P(0) + Kuiia(0) + K51\ (0) + Ksiis(0),
Ng = K714(0) + Kgnp(0) + K9na(0) + K19ns(0) + Ki1; Ng = Ki1214(0) + Ki3795(0),

K, — K3 are constants; 7j4(t),7jp(t) are the experimental data reflecting the vibration of rotor
supports in vertical direction. It is assumed that the errors of values An®, And, An%, An%, Anl,
Anj, Ana, Anp appeared when values of 0y’ (0), 15’ (0), 74(0), i (0), 74(0), 75(0),14(0), n5 (0) are
measured.

We will determine the influence of errors upon the solution of inverse problem (1).The right
part of equation (1) represents the outlet of initial system 7j4(t), 7i5(t) initiated by unknown impact
z2(t) only. We exclude all the rest actions and initial conditions. The uncontrollable inaccuracy
in initial conditions leads to appearance of the supplementary terms p;y;(¢) in the expression for
ug(t), where y;(t) is the solution of homogeneous initial system z;(t) = 22(t) = 23(t) = 0 with
nonzero initial conditions, u; - const.

Using the equations of motion we obtain the linear expression with regard to 7j4(¢) and 7jg(t):

an () + isn D (8) + 1254 (8) + Y1174 (1) +y10m4(8) +y2umy (£) + Yasn's (£)+

+y2211B(t) + Y2118 (t) + y20mB(t) + Va2 = Z2(1), (2)
where +;; are constant.
Let us consider two functions 7j4(¢) and 7jp(t) which satisfy (2) identically when Z,(t) = 0 for
t > 0 and which satisfy the zero initial conditions:

P (0) =1 (0) = 14(0) = i1 (0) = 74 (0) = 71(0) = na(0) = n(0) = 0. (3)

Let the functions 7 4(¢),75(t) coincide with functions 7j4(¢), 7 (t) when ¢ > 0 and satisfy the
initial conditions :

74(0) = Ana, 7ia(0) = Ank, iia(0) = An%, 7P (0) = A,

~ b < ~(3
ip(0) = Ang, 7ip(0) = Anp, ip(0) = Anp, @y (0) = Arp.
The function Z,(t) will differ from zero when 7 ,(t),75(t) are substituted into expression (2).

So, it is possible to reduce the investigation of influence of uncontrollable inaccuracy to the analysis
of function Z3(t). The coincidence of 7j4(t),7ip(t) and 1 4(t),n5(t) when t > 0 leads to

ia(t) = 4o (t), iB(t) = np()os(t),
where o () is the asymmetric single step-function [7] . By substitution of 7 4(t),75(t) into (2), we
get
22(15) = d1(5+(t) + d05+(t) + ¢y + cit,
when t > 0, where dy,dy, co,c1 are constants, d;(¢) is the asymmetric impulse-function [7]. It is

easy to show that the function Z»(¢) changes essentially the solution of equation (1) .
We obtain the analogous results in the inverse problem of astrodynamics too [2]:

Zo(t) = Bid4(t) + Bod (1),

081, B2 are constants.
This statement remains true for nonlinear problems but the character of influence can be more
complicated.



3 The filtration of initial data

The exclusion of some interval [0,e] ( € is the small value) from solution where it do not true is the
single way to remove the influence of this inaccuracy .

Moreover , where it is possible , it is necessary to set the initial condition for the solution of
inverse problem to correspond the state of rest . Then the all items which determine uncontrollable
inaccuracy ought to be set equal to zero according to physical sense .

The following method of influence removal of uncontrollable inaccuracy on result of inverse prob-
lem solution is suggested: the items which determine the uncontrollable values of initial conditions
are excluded from function ug(¢) in equation (1) by means of the special filtration [6].

The components of a;t kind (a; is constant ) are excluded from function ug(¢) in problem of
unbalance identification because the errors of very these terms can not be evaluated . The function
uz(t) is defined on interval [0,T] and u2(0) = 0.This function is continued on interval [-T,0] by odd
way . Here we used the properties of Leganders polynomial [7] . Let us define the value of a; from
expression

3 T
al = ﬁ /_T tUQ(t)dt

Then the filtered function ug(t) (ug(t) = us(t) — ayt) is substituted into right-hand side of
integral equation of inverse problem instead of ug(t).

The test of numerical computations demonstrate the ample efficiency of suggested method. The
solution of equation of kind (1) by regularization method ( suggested by A.N.Tikhonov) with the
selection of regularization parameter by help of discrepancy method is understood as numerical
computation in this case. It was problematic to analyze the influence of uncontrollable inaccuracy
by numerical computation . We may fix only the general tendency: the numerical approximate
solution is distorted on the part of interval [0,T] equals 0.2T ; the deviation of this solution from
exact solution may be great in uniform metric . The approximate solution distorts smaller in
uniform metric if the value of inaccuracy of initial data ¢ is rising .
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