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General remarks

Linear models like autoregression or ARMA-processes have primarily been
designed for real-valued time series. They are, however, no adequate tools for
integer-valued processes as e. g. the modelling of populations require. A ex-
ible parametric class of parametric models for time series with values in N0

are the integer-valued autoregressive (INAR) processes. In the multivariate
case, these models and estimation procedures are useful for �tting time se-
ries of vectors of counts. Their main advantage is that their autocorrelation
matrices are the same as for the AR(1)-process Y (t) = A � Y (t�1) + "(t).
Therefore, INAR-processes retain some of the properties of the familiar au-
toregressions while allowing for the discreteness of the data.

Notations

p � U =
UX
j=1

Yj

where U is a random variable with values in N0, 0 � p � 1 and Y1; Y2; : : :

are i.i.d. Bernoulli variables, independent of U , with

p = pr(Yj = 1)

In general, for M � 1 let A be an M �M -matrix with entries aij satisfying
0 � aij � 1 for i; j = 1; : : : ;M . Then, for a random vector X with values in
N
M
0
, A�X is de�ned as the NM

0
-valued random vector with i-th component

(A �X)i =
MX
j=1

aij �Xj; i = 1; : : : ;M
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where we assume independence of the counting series of all aij � Xi, i; j =
1; : : : ;M .

Special case

An important aspect of wildlife management is the estimation and forcasting
of the actual size and structure of the game population. An e�ective tool to
approximately determine the size of a region's deer population is the use of
mortality statistics. Here, annually the age and sex of every member of the
population that was hunted or that died from another cause are registered.
From these data, the number of animals of a given age and sex, being part
of the population in a given year, can be reconstructed.

In this case, the mortality statistics were collected over a span of 21 years in a
nearly closed area in the Rhine valley, such that emigration and immigration
give rise to only small errors. The calculations will be restricted to the does
only, as they are responsible for the reproduction of the population. Using
the reconstructed data and assuming stationarity of the population and
independent and identical survival of the single animals, it is possible to use
the following M -variate INAR(1)-process

X(t) = A �X(t� 1) + "(t):

Here, "i(t), i = 1; : : : ;M are included to cope for the small error mentioned
above, and M = 3 is the �xed number of classes considered (separated by
age). The �rst class includes only the newborn deer of age zero to one;
in the second class the animals are of the age between one and two years,
whereas the third class consideres all the rest, i.e. older than two years. The
coe�cient matrix then takes the following form:

A =

0
B@

0  �

�1 0 0
0 �2 �

1
CA

where �1, �2, and � are the probabilities of the deer to survive till the
following year and  and � are the reproduction rates of the classes two and
three. Furthermore, we assume that the deer belonging to class one do not
yet contribute to the reproduction.

If all coe�cients are assumed to be constant, their maximum likelihood
estimates can be calculated.

On the other hand, the reproduction rate seems to decrease as the size of
the population increases. This important feature would be neglected as-
suming the coe�cients to be constant. The new task now is to �nd function
estimates for  and � depending on the density of the population.
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To avoid further assumptions, nonparametric estimation procedures for 

and � using the Nadaraya-Watson-estimator, can be applied. On the basis
of these estimations, we can then �t a function and estimate its parameters.
The remaining parameters �1, �2, and �, which are still constants, are easily
approximated by least squares estimates.
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