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Abstract

In the last few years several papers have been published on the inves-
tigation of discretely supported continuous beam problems. Most of them
analyse the motion forms of the beam under moving load in the frequency
domain, see e.g. Belotserkovskiy [1] in the periodic case and Kalker [2]
in the inhomgeneous case. In contrast to the references above the present
authors have published a finite closed—form time-domain solution for the
periodically supported beam problem [3]. In the present paper we intend to
generalize our previous time—domain results in order to give the actual mo-
tion forms and loading conditions for the inhomogeneously supported beam,
which can be treated in a finite number of steps without involving Fourier
transforms or integration.
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The partial differential equation of the Bernoulli-Euler beam with discrete in-
homogeneous supports under the action of the complex phasor excitation Fye™!d(z—
vt), w € C moving at constant velocity v has the form

84 82 o0 .. .
Eja—xi + PAa—tQZ + Y (M Zj kg Z; +s;25)0(x — 1) = Foe"'o(z —vt). (1)

j=—00

Equation (1) is coupled with the system of ordinary differential equations

i} . o . .
Myj Zj ko Zj +50j 25 = kyj (az(lﬂ)— Zj> +op (20,1) = Z5), 1 €2 (2)

governing the pad/sleeper/ballast elements of the track. Here z(z, t) is the vertical
displacement of the beam, while Z;(¢) stands for the vertical position of the jth

1



sleeper located at z = [;. System (1-2) must satisfy boundary condition

lim z(x,t) =0. (3)
|z| =00

In practice the number of sleepers is finite. The main difficulty with problem
(1-3) is that we cannot guarantee the existence of any continuous solutions under
the action of a moving load in case of finitely many sleepers. Even in the fixed load
case v = 0 a finite number of sleepers is not able to retain the infinite beam if the
exciting phasor is harmonic, altough for Re(w) # 0 the time-domain solution of
problem (1-3) has been constructed by the present authors and Zoltan Zabori in
[4]. Kalker [2] has solved problem (1-3) with finitely many sleepers in the frequency
domain by alterating the differential operator in (1) by a small additional term s%,
where finally ¢ tends to zero. In this paper we choose another way for obtaining
the time—domain solution to the problem.

We suppose that we have finitely many different sleepers of inhomogeneous pa-
rameters my;, ky;, Suj, kpj, 5pj, 7 = 0,1,..., N and different distances between them,
and infinitely many uniform sleepers distributed under the rest of the infinite beam
homogeneously, i.e.

In—lo
N

Mgj 1= My, kbj = kb, Sbj = Sb, kpj = kp, Spj ‘= Sp

L=

y l]’ = l() —|—]L,

for j <0Oorj> N, (4)

where myg,ky,sp,kp,5, are the average values of the corresponding parameters for
j=0,1,..., N computed e.g. by the trapezoid rule as

1 N-1
M = Sl = 1) {msﬂ(ll —lo)+ D myi(ljer — bj—1) + mon(Iy — lNl)} :
j=1

Let ); denote the root of characteristic polynomial P()\) := EIN'+pA(w— \v)?
for i = 1,...,4. Then the transition matrix of the e%*#+(@=Av) component of the
solution from the (n — 1)st part [l,_1,1,] to the nth part can be written as

i€ (L —lp— Yin€j Co,
(Azn)]k = Xi€g(ln—ln—1) <6]k — 4};};\3) , Z,],k = 1, ...,4,

where

1 1 1
— = + i=1

4
Yin Msp(w — Nv)? + kpp(w — ANv) + spn Kpn(w — A\v) + Spy

s 4y
and €; =i/7!, see [3]. The transition matrix from the Oth part to the nth part is
given then by
AZ?I, n S 07
Pin = AinAi,n—l---Aila 1 S n S N,
A?,:]lvAiNAi,N—l---Aila n > N.
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Solutions of the homogeneous equation corresponding to PDE (1) in the region
R x (k= Imt1) have the form

I = )(lm
Zhom(ln + xZ, 7 + t) = Z e(w_/\lv)(lT-H)ei (l‘)TPmCim,
i=1

where the coordinate functions of vector function e; are defined by
(ei(x)); = eMi?,

while ¢;,,, is an arbitrary vector depending on m. A particular solution of PDE (1)
can be given by the methods of [3] as

- ! o) .
part (I + 1, = 4 1) = 3 @A e, ()P N H(L, — Ly + 7 — 0f) P},
v i—1
where H stands for Heaviside’s unit jump function, while f; := [5£2~, 0,0, 0]".

P'(n)°
Boundary condition (3) implies ‘ l|im P, (Cim+erimH(l, 1, +ax—vt)P; ;) = 0.
n|—oo
From this, by the linear independence of the eigenvectors of matrix A; _; one can
deduce c;,, =e'"B; P, \f;, where B; := (D,U; '—D3,U; 'Py)"'D3,U; 'Py is
a constant matrix of size 4 x 4, U; is the matrix composed of the eigenvectors of
matrix A; _; in the way 30, (A 1);s(Ui) sk = k(U jr, [€ix] < 1 for k = 1,2,
while diagonal matrices D15 and Dgy are defined by D;, :=diag(1,1,0,0) and
D;, :=diag(0,0,1,1).
Utilizing the results above the solution of problem (1-4) takes the form
- PRI
2l + 2, = 4 1) = W (THD S e Mite; () Py (Bi + H(ly, — Iy + 2 — vt) )P £
v i=1
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